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QUESTIONS

11 questions - 95 marks - 6 sub-topics
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SUB-TOPIC 2.2

ARITHMETIC OF COMPLEX NUMBERS

Sub-topic 2.2 - 2 questions - 12 marks - lowest tariff first

A



ANSWER >

7. Given that z=a + bi is a complex number where a and b are real constants,

(a) show that zz* is a real number.

2)
Given that
e zz¥=18

z 7 4\/5,
+—i

z¥ 9 9

(b) determine the possible complex numbers z

)
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ANSWER >

( )

Question 7 continued
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ANSWER >

( )

Question 7 continued
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ANSWER >

Question 7 continued

(Total for Question 7 is 7 marks)
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ANSWER >

4 a
3. The complex number z = a + bi where a and b are real constants.
. hat -2 i v imadi
Given that - is purely imaginary,
(a) show that a? = b?
&)
Given also that zz* = 50
(b) determine the possible complex numbers z
©))
L J
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ANSWER >

Question 3 continued

(Total for Question 3 is 5 marks)
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SUB-TOPIC 2.3

COMPLEX CONJUGATES AND ROOTS OF POLYNOMIALS

Sub-topic 2.3 - 4 questions - 30 marks - lowest tariff first

&
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ANSWER >

4 N\
1. fz)=2+az+52 where a is a real constant
Given that 2 — 3i is a root of the equation f(z) =0
(a) write down the other complex root.
ey
(b) Hence
(1) solve completely f(z) =0
(i) determine the value of a
Q)
(c) Show all the roots of the equation f(z) =0 on a single Argand diagram.
ey
\ y,
\ J
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ANSWER >

Question 1 continued

(Total for Question 1 is 6 marks)

Q\Vﬂ
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ANSWER >

4 )
1. fz) = z* — 62° + az® + bz + 145
where @ and b are real constants.
Given that 2 + 5i is a root of the equation f(z) =0
(a) determine the other roots of the equation f(z) =0
%) |
(b) Show all the roots of f(z) =0 on a single Argand diagram.
@ |

Q )

\ J
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Question 1 continued

N2
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ANSWER >

4 A%

Question 1 continued
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(Total for Question 1 is 9 marks)

Question 1 continued

N2
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ANSWER >

4 N\
1. f(z) =322 +pz> + 57z + ¢

where p and ¢ are real constants.

Given that 3 — 2+/2i is a root of the equation f(z) =0

(a) show all the roots of f(z) = 0 on a single Argand diagram,
Q)

(b) find the value of p and the value of ¢.
3)

\ J
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ANSWER >

4 R

Question 1 continued

Q\Vﬂ
18



ANSWER >

~ N

Question 1 continued

Q\Vﬂ
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ANSWER >

Question 1 continued

(Total for Question 1 is 10 marks)

Q\Vﬂ
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ANSWER >

6. f(z)=z+az*+bz+c  where a, b and c are real constants
The roots of the equation f (z) = 0 are z,, z, and z,

When plotted on an Argand diagram, the points representing these roots form the
vertices of a triangle.

Given that
o 7, =2+4i
* the area of the triangle is 12

Determine the two possible functions f (z)

®)

INZ)
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ANSWER >

Question 6 continued

Q\Vﬂ
22



ANSWER >

Question 6 continued

Q\Vﬂ
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ANSWER >

Question 6 continued

(Total for Question 6 is 5 marks)

Q\Vﬂ
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SUB-TOPIC 2.5

MODULUS-ARGUMENT FORM

Sub-topic 2.5 - 1 question - 10 marks - lowest tariff first
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ANSWER >

4 N\
3. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.
z, =-4+4i
(a) Express z, in the form 7(cos®@ +isin@), where reR, >0 and 0 <0 <27
(2)
( 177 . . 177r)
z,= 3| cos—— +isin——
12 12
(b) Determine in the form a + ib, where a and b are exact real numbers,
i =
Z2
(2)
(i) (=)
(2)
(c) Show on a single Argand diagram
(i) the complex numbers z , z, and 4
z
2
(i1) the region defined by {z eC: |Z - Z1| < |z - zz|}
C)
\ y,
\ J

INZ)
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Question 3 continued

N2
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ANSWER >

4 A%

Question 3 continued
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(Total for Question 3 is 10 marks)

Question 3 continued

N2
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SUB-TOPIC 2.8

DE MOIVRE'S THEOREM

Sub-topic 2.8 - 2 questions - 22 marks - lowest tariff first

30



ANSWER >

4 N\
4. The complex number z = e, where @ is real.
(a) Show that
L1
z"+ — =2cosnl
z
where 7 is a positive integer.
(2)
(b) Show that
5 1
cos 0= E(c0559+ 5¢0s360+ 10cos )
5
(c) Hence, making your reasoning clear, determine all the solutions of
cos560+ 5cos30+ 12cos =0
in the interval 0 < 0 < 2«
3)
. J
\ J
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Question 4 continued

N2
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ANSWER >

4 A%

Question 4 continued
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(Total for Question 4 is 10 marks)

Question 4 continued

N2

34



ANSWER >

10. (a) Given that, for n e N
" + N 2cosnb
Zn

z" —i = 2isinnd
zn
show that

8sin* 0 = cos40 — 4c0s20 + 3
(%)

o)

Figure 1 Figure 2
Figure 1 shows the central vertical cross-section of a solid wooden ornament.
Figure 2 shows the curve with equation
1 87
x =sin?| = 0<y<—
[2 g ) g

The region R, shown shaded in Figure 2, is bounded by the curve, the line with
. 87 .
equationy = 3 and the y-axis.

The ornament is modelled by the solid of revolution formed when R is rotated 360°
about the y-axis. The units are centimetres.

(b) Using algebraic integration and the result in part (a), determine, in cm?®, the volume
of wood needed to make the ornament, according to the model. Give your answer to
2 significant figures.

[Solutions based entirely on calculator technology are not acceptable.]
©)
Given that
+ the density of the wood is 0.85 g/cm®
e the mass of the ornament is 6 grams

(c) comment on the suitability of the model.

@)

B:yfﬂ‘
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ANSWER >

Question 10 continued

Q\Vﬂ
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ANSWER >

Question 10 continued

Q\Vﬂ
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ANSWER >

Question 10 continued

Q\Vﬂ
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ANSWER >

Question 10 continued

(Total for Question 10 is 12 marks)

Q\Vﬂ
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SUB-TOPIC 9.2

GENERAL AND PARTICULAR SOLUTIONS IN CONTEXT

Sub-topic 9.2 - 1 question - 9 marks - lowest tariff first

40



ANSWER >

5. A raindrop falls from rest from a cloud. The velocity, vms ™" vertically downwards,

of the raindrop, ¢ seconds after the raindrop starts to fall, is modelled by the
differential equation

(t+2)%+3v=k(t+2)—3 >0

where k is a positive constant.

(a) Solve the differential equation to show that

4(2 -k
v=£(t+2)—1+(—3)
4 (r+2)
3
Given that v=4 when =2
(b) determine, according to the model, the velocity of the raindrop 5 seconds after it
starts to fall.
3
(c) Comment on the validity of the model for very large values of ¢
ey

INZ)
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Question 5 continued

N2
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ANSWER >

4 A%

Question 5 continued
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(Total for Question 5 is 9 marks)

Question 5 continued

N2
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SUB-TOPIC 9.8

DAMPED OSCILLATIONS

Sub-topic 9.8 - 1 question - 12 marks - lowest tariff first

45



ANSWER >

6. A tourist decides to do a bungee jump from a bridge over a river.
One end of an elastic rope is attached to the bridge and the other end of the elastic rope
is attached to the tourist.
The tourist jumps off the bridge.

At time ¢ seconds after the tourist reaches their lowest point, their vertical displacement
is x metres above a fixed point 30 metres vertically above the river.

When =0
e x=-20
+ the velocity of the tourist is O0ms "'

« the acceleration of the tourist is 13.6ms~

In the subsequent motion, the elastic rope is assumed to remain taut so that the vertical
displacement of the tourist can be modelled by the differential equation

d’x dx
+2k— +17x=0 t>0

Skap Ty

where k is a positive constant.

(a) Determine the value of £
(b) Determine the particular solution to the differential equation.

(c) Hence find, according to the model, the vertical height of the tourist above the river
15 seconds after they have reached their lowest point.

(d) Give a limitation of the model.

)

)

)

)

A
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ANSWER >

Question 6 continued

Q\Vﬂ
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ANSWER >

Question 6 continued
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ANSWER >

Question 6 continued

(Total for Question 6 is 12 marks)

Q\Vﬂ
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MARK SCHEMES

official mark schemes
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MARK SCHEME - Paper 1: Core Pure Mathematics 1 - June2022 - Q7 2.2 Arithmetic of Complex Numbers < QUESTION

7(a) z *= a — bithen zz *= (a + bi)(a — bi) =... Ml 1.1b
zz *= a® + b? therefore, a real number Al 2.4
(2)
z _ a+bi _ (a+bi)(a+bi) _ (a®-b*)+2abi _ 7  42i z _ z* _ Z*
(b) z+  a-bi  (a—bi)(a+bi) aZ+b2 ) + 9 or z* zz* 18 = M1 1.1b
2% = 14+ 8v2i or a+ bi = (gﬁf‘)(a—bi) = 4.
Forms two equations from a? + b? = 18 or M1 3 la
2_p2 2_32
ah =Zora2 b2=zorﬂ=£or zabz=£ora=za+£boe Al 1.1b
18 9 a%+b? 9 18 9 = a?+b 9 9 9
Solves the equations simultaneously
S . _ dM1 | 1.1b
e.g.a” + b* = 18 and a* — b* = 14 leading to a value for a or b
z = +(4+V2i) Al | 22a
5
(7 marks)
Notes:
(@)@

M1: States or implies z *= a — biand finds an expression for zz *

Al: Achieves zz *= a? + b?and draws the conclusion that zz *is a real number. Accept € R as
conclusion, but not just “no imaginary part”.

(b)
M1: Starts the process of solving by using the conjugate to form an equation with real denominators, and
without z* or i? in the equation. Accept as shown in scheme, or may multiply through by a — biand
expand and gather terms. May be implied by correct extraction of equation(s).
M1: Uses the given information to form two equations involving a and b at least one of which includes
42i

9
Al: Any two correct equations arising from use of both given facts. (Note: if multiplying through by a —
bi then equating real and imaginary terms gives the same equation.)

dM1: Dependent on previous method mark, solves the equations to find a value for either a or b.

both. It must involve equating real or imaginary parts of i = g +

A1l: Deduces the correct complex numbers and no extras. Do not accept +4 + /2i

Note: it is possible to solve via polar coordinates, but unlikely to succeed. If you see responses you think
are worthy of credit but are unsure how to mark, use review. Example solutions shown below.

t.
RA
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< QUESTION

z z?

b)) | E=F L 2_14482ior
z* zz* 18
Al . , B Ml | 1.1b
letargz = 0. then — = ——5 = e?¥ = cos 260 + isin26
z? = 18(cos a + isina)where tan a = %E =z =418 (cos%a +
isinla)0r00520+isin20—Z+4—ﬁi:2003 2g—1= Ml 116
2 T9 ' 9 - Al 1.1b
Z,Zsinecose =i§
9 9
costa = \/1(1 +cosa) = \/1(1 +Z) =...and sin-a =
2 2 2 9 2
dM1 3.1
\/1(1 —cosa) = Jl(l —Z) =..or=cosf = ﬂ,sine =1r= |z| a
2 2 9 3 3
Vzz* =+/18
z = +(4 +2i) Al | 2.2a
3)
Q\'f’@

52




< QUESTION

Question Scheme Marks AOs
3(a) 2 atbi (a+bi)(a+bi) (a®—b’)+2abi
Z _a+bi_ ; V_ Al ML | 21
z* a-bi (a—hi)(a+bi) a’+b
a’-b’=0=a’=b** Al* 1.1b
2
Alternative
z a+bi . L .
F—a_bi_k|:a+b|_kl(a—b|) ML ”1
= a-+bi=kai+kb
=a=kb, b=ka
b a b
eg. a=—xb or (k=)==— Al* | 1.1b
a b a
=a’=b?
2
(b) zz*=(a+hi)(a-bi)=a’+b* =50
Solves simultaneously with a2 =b? to find a value for a or b M1 | 3.la
2a®=50=a=.. or 2b°=50=h=..
(z)= 5-5i,5+5i,~5-5i, ~5+5i Al | 11D
Al 2.2a
©))
(5 marks)

INZ)
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MARK SCHEME - Paper 1: Core Pure Mathematics 1 - June2025 - Q3 2.2 Arithmetic of Complex Numbers < QUESTION

Notes:
(@)

. . z L .
M1: Finds an expression for — by rationalising the denominator and collects real parts,
z

eliminating i%terms.
a’ —b* + 2abi a’—-b®>  2abi

e.g. Accept 0 +
J PO a’+b® a’+b’
2 H 2
a“+2abi—-b" . . . S
but BT is insufficient unless they then go on to identify the real parts
+

Allow sign slips but must be a correct use of rationalising the denominator.

Al*: Sets real part equal to zero and then achieves the correct equation, with no errors seen.

z a’-b%+2abi
T I I
z* a‘+b

? =b%is insufficient, as they have not set or identified their real part as zero.

Alternative:
ML1: Substitutes z=a-+bi and z*=a-bi, sets equal to an imaginary number such as ki but not i.
Then expands brackets, eliminating i* terms, achieving an equation equivalent to a -+ bi = kai + kb

Al*: Equates real parts and imaginary parts and uses their pair of equations to eliminate k and then
achieve the correct equation, with no errors seen.

If you see a method that involves using exponentials, or modulus argument form, or working
backwards, or any other method which may be worthy of credit, please send to review.

(b)
M1: Uses the information zz*=150 to form another equation for a and b, with no imaginary terms
present. Then solves simultaneously to find a value fora or b

If they obtain a® —b? =50 this will be M0
Al: At least two correct complex numbers. Accept e.g. +(5+5i)

Al: Deduces all 4 correct complex numbers. Accept e.g. £5+5i or i(5i5i)

Note: Correct answers with no workings can achieve M1A1A1

RA
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< QUESTION

Question Marks AOs
1(a) 2+ 3i Bl | Llb
@
®) () zx=24+30 so z4+zx*= 4’ zz *= 13
52
Z+Z*+(X=0=>a=...0r QAZZ *= —52=>a=—@=...0r
z? — (sum roots)z + (product roots) = Oor (z — (2 + 3))(z — M1 3.1a
(2-30) =..
= (z2—-4z+13)(z+4) =>z=..
z=2%+3i, —4 Al 1.1b
(i) (2% — 4z + 13)(z + 4) expands the brackets to find value for a
Ora=pairsum=—-4(2+3i+2—-3i)+ 13 =... Ml 1.1b
Or f(=4)/f(2+3) =0>...5a=..
a=-3 Al 2.2a
C)]
(©) | /\1!‘"\
3+ =
Blft 1.1b
—b— . > fe
— i 3
._‘3 4= -]
@
(6 marks)
INZ)
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MARK SCHEME - Paper 1: Core Pure Mathematics 1 - June2022 - Q1 2.3 Complex Conjugates and Roots of Poly... < QUESTION

Notes:

()
B1: 2 + 3i

(b)

@

M1: A complete method to find the third root. E.g. forms the quadratic factor and uses this to find
the linear factor leading to roots. Alternatively uses sum of roots = 0 or product of roots = +52
(condone sign error) with their complex roots to find the third. Note they may have used the factor
theorem to find a first, which is fine. If they have found a first, then the correct third root seen
implies this mark. The method may be implied by the third root seen on the diagram.

Al: Correct roots, all three must be clearly stated somewhere in (b), not just seen on a diagram in
part (c).

(i)

M1: Complete method to find a value for a e.g. multiplies out their quadratic and linear factors to
find the coefficient of z, or uses pair sum, or uses factor theorem with one of the roots (may be done
before finding the third root) but must reach a value for a.

Al: Deduces the correct value of a. May be seen as the z coefficient in the cubic (need not be
extracted, but if it is it must be correct).

©

B1ft: Correctly plots all three roots following through their third root in part (b). Must be labelled
with the “—4” further from O than 2, but don’t be concerned about x and y scale. If correct look for
one root on the negative real axis, with the other two symmetric about real axis in quadrants 1 and 4,
but follow through their real root if positive. Accept (0,—4) labelled on the real axis in correct place
as a label.

RA
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MARK SCHEME - Paper 1: Core Pure Mathematics 1 - June2024 - Q1 2.3 Complex Conjugates and Roots of Poly... < QUESTION

Question Scheme Marks AOs
1(@) z=2-bi Bl | 12
(z-(2+5i))(z—(2-5i))=...
or M1 3.1a
Sum of roots = 4, Product of roots = 29 — z* +...
=72 —47+29 Al | 11b
24—623+a22+bz+145=(22—4z+29)(zz+cz+5) M1 | 3.1a
72-27+5=0 Al 2.2a
72 -271+5=0=>1z=.. M1 1.1b
z=1+2i Al 1.1b
()
(b) A
Im
(2.5) Bift | 1.1b
(12)
(1,-2) Re
B1 1.1b
(21 -5)
)
(9 marks)
Notes
(@)
Note: if there are multiple attempts or attempts which start in main scheme before switching to an
Alt, then mark the most complete attempt.
B1: Identifies the correct complex conjugate as another root.
M1: Formulates a correct strategy — main scheme. Uses the conjugate pair and a correct method
to find a quadratic factor.
Al: Correct quadratic.
M1: Uses the given quartic and their quadratic to establish the other quadratic factor — by
inspection or long division etc. resulting in a 3TQ
Al: Deduces the correct second quadratic.
M1: Solves their second quadratic.
Al: Correct second conjugate pair (isw if they try to write in a factorised equation).
(b)
B1ft: A pair of complex roots plotted correctly, either both 2+5i or follow through their second
pair of complex roots. Just the points are needed. Allow if there is no labelling for this mark, as
long as there is a pair of roots symmetric in the real axis.
B1: Fully correct and labelled sketch with both sets of roots shown in approximately the correct
locations. Just the points are needed. Labelling may be by coordinates or labels on axes, and
accept tick marks as unit increments for labels. The (1,£2) roots must be within the sector
spanned by (2,£5) (as in the diagram).

RA
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MARK SCHEME - Paper 1: Core Pure Mathematics 1 - June2024 - Q1 2.3 Complex Conjugates and Roots of Poly... < QUESTION

@) 7=2-5i BL | 12
Alt1 _ _ 92 g2 _
a+p=4af=2"+5"=... and M1 312
a+ f+y+0=16,afy5 =+145
+pB=4,a=29 and
at+p=hab Al | 1.1b
a+p+y+0=6aby0 =145
—y+5=2, y5=£:(2—5)5=% M1 | 3.1a
"29" 29
0?—-26+5=0 Al 2.2a
62-26+5=0=6=... M1 1.1b
=1+2i Al 1.1b
)

Notes

(@)
B1: Identifies the correct complex conjugate as another root
M1: Formulates a correct strategy — sum and product approach. Attempts formulae for sum and

product of the two know roots and all four roots — allow sign errors, o+ =4,af =2* +5° =...
a+ f+y+0=16,afy5 =+145

Al: Correct equations a+ S =4,a3=29 a+ B+y+35=6,afy5 =145 (seen or implied).

M1: Uses the sum and product of known roots to reduce to equations in just the unknown roots and
attempts to solve simultaneously. Note allow if they assume complex roots and use A+ ui for the

two unknown roots.
Al: Deduces the correct quadratic for remaining roots.

MZ1: Solves their quadratic Al: Correct second conjugate pair
(@) z=2-5i Bl | 1.2
Alt2 f (2+5i)=0=>—21a+2b +1038+(~20a—5b+450)i = 0 ML | 31a
= 21la—-2b-1038=0,20a+5b-450=0 Al 1.1b
—a=..,b=.. M1 3.1a
a=42 andb=-78 Al 2.2a
7' —67°+"42"7° -"78"2+145=0=> 17 =... M1 1.1b
z=1+2i,(2+£5i) Al | 11b

()
Notes
(@)

B1: Identifies the correct complex conjugate as another root- seen anywhere

M1: Formulates a correct strategy — factor theorem approach. Applies the factor theorem with either
complex root and equates real and imaginary terms to form simultaneous equations in a and b

Al: Correct equations need not be simplified.

M1: Solves the equations to find values for a and b. Do not be concerned with the algebra.

Al: Correct values

M1: Solves the resulting quartic — may be by calculator. Note that if roots are stated by calculator
they must correspond to their found a and b, but allow for rounding to nearest integer.

Al: Correct second conjugate pair from fully correct work.

€.
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< QUESTION

Question Scheme Marks | AOs
1(@) B =3+22i is also a root BL | 12
af =170+ =6 Bl 1.1b
57
aﬂ+a7+ﬁ7=? M1 | 1ib
57
ay+ﬁy=?—17=7(a+ﬂ)=67:>7/=... M1 | 3.1a
1
== Al 2.2
Y 3 a
Im .
B1 1.1b
’ : ke
B1ft 1.1b
)
(a) Alternative:
B=3+22i i also a root B1 12
(z—(3+2J§i ))(z—(s—zﬁi )): 22 —62+17 Bl | 11b
f(z)=(2" -62+17)(3z+a)=3z" +az’ ~182° —6az + 51z +17a ML | 1.1b
=5l-6a=5T=a=-1=y=.. M1 3.1a
1
== Al 2.2
Y 3 a
Then B1 B1ft as above
()
b
(®) 3—2«/§i+3+2\/§i+%:—§:> p=..
or M1 3.1a
. A1 ¢ B
(3-2J§|)(3+2J§| )xg_—§:>q =..
p=-19 or q=-17 Al | 11b
p=-19and q=-17 Al | 11b
3
(b) Alternative:
f(z):(zz—62+17)(32—1)=323+ pz° +572+q M1 | 3.1a
.},5‘



MARK SCHEME - Paper 1: Core Pure Mathematics 1 - October2020 - Q1 2.3 Complex Conjugates and Roots of ... < QUESTION

=>p=..,0=..
p=-19 or q=-17 Al 1.1b
p=-19and q=-17 Al 1.1b
@)
(10 marks)
Notes

(@)

B1: Identifies the correct complex conjugate as another root

B1: Correct values for the sum and product for the conjugate pair

M1: Correct application of the pair sum

M1: Identifies a complete and correct strategy for identifying the third root

Al: Deduces the correct third root

B1: 3+2+/2i plotted correctly, in quadrants 1 and 4 which are reflections in the real axis. Do not
be concerned about labelling or scaling.

B1ft: Their real root plotted correctly, in correct relative position to the two complex roots. Scales
are not needed but if correct, the real root must be close to the origin compared to the complex
roots.

Alternative:

B1: Identifies the correct complex conjugate as another root

B1: Correct quadratic factor obtained

M1: Expands their quadraticx(3z + “a”) or attempts to factor out the quadratic, or use long
division, leading to a factor (3z + “a”). Implied by seeing(z* —6z+17)(3z+a) with any value
of a (or with their quadratic).

M1: Proceeds to extract the root from their third factor of from (3z + “a”).

Al: Deduces the correct third root. If not explicitly stated, look for it on their diagram.

Bl: 3+24/2i plotted correctly, as above

B1ft: Their real root plotted correctly as above.

(b)

MZ1: Correct strategy used for identifying at least one of p or g

Al: At least one value correct

Al: Both values correct

Alternative:

M1: Correct strategy by expanding their quadratic and linear factors to identifying at least one of

porqg
Al: At least one value correct
Al: Both values correct

Note: some may attempt to use the factor theorem with the complex root.
f(3—2iﬁ)=36+ p+q+i(—228ﬁ—12ﬁp)=o

2" B1: equate real and imaginary components to 0 to get correct equations
36+ p+Qq=0,-228/2-12:/2p=0

1%t M1: solves their equations = p=-19,q=-17

2"4 M1: Solves the cubic (may be from calculator). The 1%t B1 may then be implied for the second
complex root, and the rest as main scheme.
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< QUESTION

Question Scheme Marks AOs
6 Method 1: using roots
z,=2-4i B1 1.1b
12=1(4——4)xh:>h=...:>23=2+h or 2—h M1 | 3.1a
(z—-(2-4i))(z-(2+4i))(z-5)
or dmMi 2.1
(z-(2-4i )( (2+4i))(z-(-1))
(f(z)) =2°-92%+40z-100 ddM1 | 1.1b
(f(z2)) =2°-32*+162+20 Al 22a
®)

Method 2: using sum, pair sum and product of roots
z,=2-4i B1 1.1b
12=%(4——4)xh:>h=...:>23=2+h or2-h M1 3.1a

Sum= 2+4i+2-4i+"5"=9=-a
Pair sum = (2+4i)(2-4i)+"5"(2+4i)+"5"(2—4i) =40 =b
Product = "5"(2+4i)(2-4i)=100=—c

OR dM1 | 2.1
Sum = 2+4i+2-4i+"(-1)"=3=-a

Pair sum = (2+4i)(2-4i)+"(-1)"(2+4i)+"(-1)"(2-4i)=16=b
Product = "(-1)"(2+4i)(2—-4i)=-20=—c

(f(z)) =12°-92°+40z-100 ddM1 | 1.1b
(f(z)) =2°-32°+162+20 Al | 22a
®)
(5 marks)
INZ
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Notes:

Method 1:

B1: States the other complex root. May be implied by later working.

M1: Uses the area of the triangle to determine at least one value for the real root. You can award for
sight of one correct value of z,

(Note: h=3=12z,=50r -1)
dM1: Dependent on the previous method mark. Deduces a correct expression for one of their real
roots. Award for (z—(2-4i))(z—(2+4i))(z-2,) or equivalent e.g.(z* -4z +20)(z - z,)

Z,must be real.

ddM1: Dependent on previous method marks. Multiplies out to find values for the constants a, b
and c. Award for the sight of at least 2 correct values of the constants a, b and ¢ in any one of their
attempts at the function.

Al: Deduces the correct two functions.

Method 2:

B1: States the other complex root. May be implied by later working.

M1: Uses the area of the triangle to determine at least one value for the real root, You can award for
sight of one correct value of z;  (Note: h=3=2z,=50r -1)

dM1: Dependent on the previous method mark. Attempts sum, pair sum and product for at least one
of their real roots.

ddM1: Dependent on previous method marks. Multiplies out to find values for the constants a, b
and c

Award for the sight of at least 2 correct values of the constants a, b and c in any one of their attempts
at the function.

Al: Deduces the correct two functions.
Note: There are several methods that can be used to obtain the first method mark:

e Uses vertices (2, 4), (2,—4) and (X;,0) to determine at least one value for the real root.
Alternatively uses (X,,Y,;) . This may come from a diagram. Do not be concerned about the
variables they use.

e.g. 12:%><8><|x3—2|: Z,= OF X, =

e Uses the formula for the area of a triangle with vertices (X, Y,),(X,,Y,),(X;, ¥,) to determine
at least one value for the real root. Do not be concerned about the variables they use.

[%|X1(y2 - y3)+ Xz(ya - y1)+ Xs(yl - yz)|:|

1
12= E'Z(_4_ Ya)+2(y; —4) + x;(4——4)|

24 =|-16+8x|

=Z,= 0F X =

o Uses the shoelace method with no sign errors.

&
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< QUESTION

e.g. Area= —
24-4 0 4

1‘2 2 X 2‘
1
12=E|(2><—4+4X3)—(2><4—4X3)|

24 =|-16+8x,|
=>Z,=0r X;=
If you are uncertain in how to apply a method, then please send to review.

INZ)
63



MARK SCHEME - Paper 1: Core Pure Mathematics 1 - June2023 - Q3 2.5 Modulus-Argument Form < QUESTION

\Question Scheme Marks = AOs
3
@) €.0. |z|=+[(-4)%+4% oOr argzlzn—%oe M1 | 1.1b
(3 :)4\/§(C033T”+isin37”) oreg. (3 :)\/S_z[cos%ﬂﬂsingfj Al | 1.1b
(2)
b i " "
(®)0) i:—4\/5 cos("?’—ﬂ"—ﬂ—”j+isin("S—”"—N—”J =
zZ, 3 4 12 4 12
or
"3—”i" W3, 177,
n_razre et ()
z, Lz 3
el2 M1 | 3.la
or
V2-6) (V246
L _ 4+ 4i y 4 4 _
o (V2B (V24| (2B, (V26
4 4 4 4
o242 206 22 206 22 [ 26
=3 3|0r 3 |3or_3+|—3 Al 1.1b
(2)

Notes
(a) Correct answer with no working scores both marks in (a)

M1: Any correct expression for |z| or argz, e.g. |zy| =~ [(—4)2 + 42 orargz = ;[_%

Al: Correct expression. The "z, =" is not required.
This mark is not for correct modulus and correct argument it is for the complex number written in the

required form. Condone the missing closing bracket e.g. (z, :)\/ﬁ(cos%ﬂnsin%

(b)(i) Correct answer with no working scores no marks in (b)(i)

M1: Employs a correct method to find the quotient. E.g.
e uses modulus argument form and divides moduli and subtracts arguments the right way round
o uses exponential form and divides moduli and subtracts arguments the right way round
e converts z, to Cartesian form and multiplies numerator and denominator by the complex

conjugate of the denominator. Allow if the “3” is missing for this method. Allow with decimals for
this method e.g i_ —4 + 4i —0.258...+0.965...i _

X
z, —0.258...-0.965...i -0.258...+0.965...i
If they convert z, to Cartesian form it must be correct as shown or correct decimals.
Al: Correct exact answer in the required form.

Do not allow e.g. —%(\/Eh/gi) or ﬂ

isw.
Provided a correct method is shown as above, allow to go from the forms in the main scheme to the
correct exact answer with no intermediate step.

unless a correct form is seen previously then apply

\t.
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< QUESTION

(i) zg =3 (cos(4x17_”j+isin(4x17—”j]
12 12
or
(22)4=(3e12”iJ _gterz M1 Lib
or
| ([JM} (2:4)) -
Z, =43 -1 =
4 4
%_ﬂ ?_ ﬂorE i[-%} Al 11b
(2

(b)(ii) Correct answer with no working scores no marks in (b)(ii)
M1: Applies De Moivre’s theorem correctly to Z, . E.g. uses polar form or exponential form and

17
calculates the modulus as 3* and the argument as 4 x 1—2”

4
For attempts at z; = {3([‘5_‘/6]— [ (‘/E“L*/ED} you would need to see:

4 4

e the correct exact form used

e aclear and convincing attempt to expand the brackets e.g. by using a full binomial expansion or a
complete attempt to multiply all 4 brackets together but you are not expected to check every detail

e afinal answer in the required form with no obvious errors seen

So 73 ={{[@J—{@D} 821 81‘/—| scores no marks.

Similar guidance applies if they attempt to expand /3 { (005117_2”+ isin 117_2”)}
ALl: Correct exact answer in the required form.

8143 iJ or 81-8L3i
2 2
Provided a correct method is shown as above, allow to go from the forms in the main scheme to the
correct exact answer with no intermediate step.

unless a correct form is seen previously then apply isw.

Do not allow e.g. 8?1[1_



(©)(i) and (ii)

< QUESTION

A
Im
\
q \
\ -
AY -
\ -
\ Prag
3 -
\ ,r/
3 -
\ -X
-
-\
== \ »
-~ N Ll
- \
’ R
K e
Ay
Z N
—
\
AY
Z7 \
ZZ

Notes:

(©)()
B1: z; and Z, correctly positioned. Look for correct quadrants with Z; approximately on
y =-xand Z, belowy = x closer to the origin than Z; . Note that the points are

usually labelled but mark positively if it is clear which points are which if there is
no labelling.

Bl

1.1b

B1ft: 2 in the correct quadrant. Follow through their answer to (b)(i).
Zp

Note that the point is usually labelled but mark positively if it is clear which point it
is. It is sometimes labelled as Z; which is fine.

B1ft

1.1b

(i)
M1: Draws a line (solid or dashed) that is the perpendicular bisector of z;z,, or draws a
line that crosses z,z, and shades one of the sides of this line.

M1

3.1a

A1l: Aline drawn (solid or dashed) that is the perpendicular bisector of z,z, with either
side shaded as long as it is clear they are not discounting the upper region. The Bl in
part (i) may not have been scored but Z; must be in quadrant 2 and Z, in quadrant 3.

Note that some candidates are drawing the region on a separate diagram and this is

acceptable. You do not need to see a line joining Z;to Z,.

Al

1.1b

(4)

(10 marks)
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Question Scheme Marks AOs
4(a) _ A _
Zn+in5e'n'9+ ig Eemg—O—eimH M1 1.1b
z e
=cosn@+isinn@+cosnd—isinnd =2cosnd* Al* 2.1
2
(b) (z+2) =32c0s°0 BL | 2.2a
a4\ s 3 1 3 .5 M1 1.1b
(z+z ) =72>+52°+10z+10z " +527° +z Al 11b
32c0s’0=(z°+z2°)+5(2°+z2%)+10(z+z*
(27 +2°)+5(z*+27)+10(z+27) ML | 21
=2¢0s560+10c0s36 +20cosd
cos’ @ = %(cos 560 +5¢0s36+10c0s ) * Al* 1.1b
5)
© c0s50+5c0s30 +10cosd =—-2c0s8 = 16cos® & = —-2cos Bl 3.1a
2cos6(8cos* 0+1)=0=0=... M1 | 1.1b
8cos* @ +1=0 has no solution so cosd =0
H—Z 3_7r Al 2.2a
2’ 2
3)
(10 marks)
Notes

(a)

M1: Substitutes z into the LHS and simplifies the powers as shown. Allow if they go direct to
trigonometric expressions without exponentials. The mark is for sorting out the negative index.
Al1*: Converts the exponential form to trigonometric form correctly and correctly completes the
proof with no errors seen. The trigonometric expansion must be clearly seen. Condone missing
brackets in e.g cos—n@ terms if intent is clear. Note the LHS of the identity may be implied.

(b)

B1: Deduces that (z+ z‘l)5 =32cos® @ Do not accept 2° for 32. May be implied.

M1: Attempts to expand (z + z‘l)s. Correct binomial coefficients must be used, terms need not be

simplified. Condone at most one slip in powers.

Al: Correct expansion, terms need not be gathered but powers must have been simplified.

M1: Sets their expressions equal and applies the result from (a) — grouping must be shown.
Al*: Reaches the printed answer with no errors and relevant steps all shown.

(c)

B1: Uses the result from (b) to deduce the correct equation.

M1: Must have attempted to use part (b) to obtain « cos® @ = Scos@ or equivalent. Collects to
one side and attempts to factorise and solve. Note dividing through by cos 8 is MO.

Al: Rejects the inappropriate solution and selects cosd =0 and obtains the correct values only.
The equation must have been correct. There must have been some consideration of the

8cos* #+1 e.g. stating 8cos* 6 > 0 so no solutions, or attempting to find complex roots and
deducing no answers. May be minimal, but some consideration that no roots arise from this part
must have been given.

Note: The correct answer will appear from incorrect attempts — the M must be gained in order to
award the A. E.g. assuming the equation reduces to cos® 8 =0 will score BOMOAO.

Likewise, answers only scores BOMOAO (questions says hence so use of (b) must be seen).
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Alt (a) 1 _ cos? nd+ 2icosndsin nd —sin’ nd +1

— = — M1 1.1b
cosn@ +isinnd cosn@ +isiné

1 ..
2" +-—=cosn@+isinnd +

=

_ 2c0s® n@+2icosndsinng _ 2cosnd(cosnd +isinnd)

— — =2cosng* | Al* 2.1
cosn@d+isinng cosn@d+isinng

(2)

Notes

Alt: by De Moivre
M1: Applies De Moivre on both terms and puts over a common denominator.
Al1*: Complete correctly, using 1—-sin® n@ = cos®* nd and cancelling cosné+isinnd . No errors

seen.
Alt (b) c0s56 = Re(cos50 +isin50) = Re(cos @ +isin 6)’ Bl | 22a
(cos@+isin @)’ =c® +5ic’s +10i%c’s? +10i°c?s® + 5i‘cs* +i°° M1 | 11b
Re(cosé+isin @)’ = cos® §—10cos® #sin® @ +5cos Hsin* @ Al | 11b

cos56 = cos® @ —10cos’ 49(1— cos? 9) +5¢0s 0(1— cos? 9)2
=16c0s’ §—20cos’ & +5c0s M1 21

=16c0s’ 0—%(c053¢9+30050)+50030

:>00559:%(c0559+500539+10c030)* Al* | 11b
®)

Notes

Alt: by De Moivre
B1: Correctly stated or clearly implied De Moivre statement for cos56

M1: Attempts to expand (cos&+isin 49)5 Correct coefficients but allow one slip per main scheme.

The powers of i need not be simplified for the attempt at expansion, accept if only the real terms
are shown. Allow c and s notation.
Al: Correct real terms extracted with the i's removed.

M1: Applies sin® @ =1-cos® @ to reduce to an equation in cosé and applies
cos’ @ = %(cos 360 +3cos 49)(quoted or derived — allow a slip if derived) to get to an equation

without powers of cos terms.
Al*: Reaches the printed answer with no errors and relevant steps all shown.

€.
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< QUESTION

Question Scheme Marks AOs
4
10(2) (z—l] = (2isin®)" =16sin ¢ BL | 11b
z
1) et G (3 ()5
I——| =2"+4(7°)| —— |+6(Z2°)| —— | +4(z2)| —— | +| —— M1 2.1
(o) =2l o)1) a7 o[
:[z4+i4}—4[22+i2}+6 Al | 11b
z z
R
Uses z" +—=2cosnd
z M1 2.1
{16sin* 0} = 2c0s 40 -8c0s20+6
8sin* @ = cos40 —4c0s20 +3 * cso Al* | 1.1b
©)
(b) 1 VY
A2
VO|=7ZJ(SIH (EyD dy Bl 3.4
- 4 1
vol={n}fsm (Ey) (dy) M1 | 11b
1
={7r}Ig(cos(Zy)—4cos(y)+3) (dy)=...
1(1 . .
:{n}[g(zsm(2y)—4sm(y)+3yﬂ Al 1.1b
:ﬂ[%{%sin(h%j—%in(%jJ{Sx%rjj—o}
dM1 3.4
awrt 7.3 (cm?®) Al 1.1b
©)
©) Mass = “7.3” x 0.85 M1 29
Mass = 6.2 (grams) therefore a good model Alft | 3.5a
)
Alternative 1
Volume = 6+0.85=... M1 2.2b
Volume = 7.1 (cm?®) therefore a good model Alft | 3.5a
)




< QUESTION

Alternative 2
Density = 6+"7.3" M1 2.2b
Density = 0.82 (g/cm?®) therefore a good model Alft | 3.5a
2
(12 marks)
INZ)
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Notes:

(@)

B1: See scheme. This can appear anywhere in the proof.
Accept 2*sin‘ @ for 16sin* @, but not (2sin )’

Alternatively, they may instead substitute sin & :%[z —%) into the expression 8sin* @ . This can

be implied but must come from correct work. This can appear anywhere in their proof.

4 4
e.g. 8sin"9=8 i(z—lj or 8sin*0=8 (z_lj i4
2 z z 2

4
and allow 8sin* @ =1Kz—lﬂ
2 yA

4
M1: Finds the expansion of (z —1] which may be unsimplified. All five terms must be present.
z

Condone sign slips only
Al: Correct expansion, with terms grouped.

M1: Uses z" +in =2cosng to write in terms of cos46 and cos 28
z

Al*: Achieves the printed answer with no errors or omissions. Cso Follows AOQ.

(b)

2
B1: Correct formula ﬂj [sin2 (% yD dy (butnot vol= ﬂj x? dy) used to find a volume, stated or

implied, ignore limits. If there is a missing 7 or dy in their integral, then withhold this mark only.
However, this mark may be awarded if zand dy are seen together later in their integral.

Do not award the following marks if algebraic integration is not used. For example finding an
answer of 7.3 without algebraic integration will obtain MOAOdMOAOQ

M1: Uses the result in part (a) to express the volume in an integrable form and attempts to integrate.
Award for an integral of the form J%(Acos(Zy)+ Bcos(y)+ C) (dy) with at least one term

integrated correctly. Do not be concerned if they use a different variable such as 6 fory.

Special Case:
If they have not used part (a) and instead use the double angle formulae:

2
sinfa =2 —Lcos2q and sin*a= 1—1005205) with azly
2 2 2 2 2

In this case they must obtain an exact integral equivalent to J%(cos(Zy)—4cos(y)+3) (dy) and

proceed to integrate at least one term correctly.

Al: Correct integration. May be in terms of another variable such as &. Ignore =

&
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87

5
dMZ1: Dependent on previous method mark. Finds the required volume using ;rJ' x> dy and applies

0
their limits to their integral and subtracts the correct way round.

If there are no limits seen substituted, then a correct final answer implies the correct use of limits
and the inclusion of 7. This is provided they have already achieved an integrated expression of

%@sin(Zy)—%in (y)+3yj oe with correct limits seen, possibly on their integral.

If their integration is incorrect, then there must be evidence of substituting both limits in each of
their terms and subtracting. Allow the omission of subtracting zero provided their integration would
produce zero for the lower limit.

Al:awrt 7.3
(©
M1: Finds the mass of the ornament by multiplying their volume by 0.85

Alft: Draws an appropriate conclusion about the suitability of the model, comparing their two
masses.

If the masses differ by 10% then they must conclude it is a good model.

If the masses differ between 10% and 20% then they may conclude it is either a good model or poor
model.

If the masses differ by greater than 20% then they must conclude it is a poor model.

Alternative 1
M1: Finds the volume of the ornament by dividing the mass of 6 grams by 0.85 g/cm?®

Alft: Draws an appropriate conclusion about the suitability of the model, comparing their two
volumes.

If the volumes differ by 10% then they must conclude it is a good model.

If the volumes differ between 10% and 20% then they may conclude it is either a good model or
poor model.

If the volumes differ by greater than 20% then they must conclude it is a poor model.

Alternative 2
M1: Finds the density of the ornament by dividing the mass of 6 grams by 7.3 g/cm?®

Alft: Draws an appropriate conclusion about the suitability of the model, comparing their two
densities.

If the densities differ by 10% then they must conclude it is a good model.

If the densities differ between 10% and 20% then they may conclude it is either a good model or
poor model.

If the densities differ by greater than 20% then they must conclude it is a poor model.

&
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< QUESTION

Question Scheme Marks AOs
5(a
@) (t+2)ﬂ+3v=k(t+2)—3:>ﬂ+ﬂ=k—i
dt 3 da t+2 t+2 M1 3.1b
=2 —(t2)
=v(t+2) = [(k(t+2)' -3(t+2)") dt=... ML | 1.1b
V(t+2) = 5(t+2)'~(t+2) (+0)
[Alt (t+2)°v= i 2kt® —t® + 6kt® — 6t° + 8kt —12t(+c)}
t=0,v=0=c=8-4k M1 34
3 Kk 4 3
v(t+2) =Z(t+2) —(t+2) +8-4k
Al* 2.1
4(2-k
:>v=5(t+2)—1+(—3)*
4 (t+2)
(©)
(b) 4(2-k
v=4,t=2:>4=k—1+gz>k=...(5.2) M1 | 3.1b
"5.2" 4(2-"5.2")
>V=——(5+2)-1+——“ = M1 A4
g Gy ML) 3
Velocity is 8.06ms™ (awrt) Al 3.2a
®)
(c) E.g.
e The model suggests the velocity increases indefinitely which is
unlikely
e The raindrop will reach the ground/doesn’t fall forever so not Bl 3.5a
valid
e The raindrop will reach a terminal velocity after a finite time so
not good model
1)
(9 marks)
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Notes

(a)
M1: Begins to solve the problem with a correct process to find the integrating factor for the
A

—d
model. Look for an attempt at e’ t+2 " — . where A is a constant (positive or negative). For
attempts at IF by recognition they must achieve form A(t+ 2)3

M1: Attempts the solution of the differential equation using a correct method with their
integrating factor. The dt may be implied. They must attempt the integration as part of the
method, though it need not be correct — any changed function will do. So score for

v x their IF =their attempt at integrating their IFx (k _tizj allowing for errors expanding this
+

bracket.

Al: Correct solution. The + ¢ may be missing for this mark.

M1: Interprets the initial conditions to find the constant of integration — must have a constant of
integration for this mark and the correct initial conditions must be clear.

Al*: Obtains the printed answer with no errors and at least one intermediate line between

v(t+2) = ;(t +2)" =(t+2)’ +c and the stated answer. Allow terms in different order, but the

8—4k must be factorised.

(b)

M1: Uses the given conditions to establish the value of k in the model

dM1: Uses their value of k and the equation of the model with t =5 to find a value for v. If a
value of k has been found accept “t =5 v =...” with any value for an attempt.

Al: Correct value including units (allow awrt 8.06 ms). Accept exact answer 5531/686
(c)

B1: Evaluates the model by making a suitable comment — see scheme for examples. Accept
answers relating to the size of velocity increasing beyond what is reasonable or answers that
allude to the situation not being able to continue for ever. Accept if symbols are used, e.g. “as
t — o0,V — o0 which cannot happen” but must include a comment on validity, not just a

statement about what happens (e.g. t —» o,v — o with no comment).

Do not accept e.g. “v does not tend to a value” as this is just a statement about what happens.
If contrary information is given then award BO.

Some examples of borderline answers seen.

“Not valid as rain is limited to how fast its velocity is therefore can’t be big.” Scores B1
“Due to gravitational force and not huge height between cloud and ground, the model would be
inaccurate for large period of time, because the velocity of raindrops would be a big number,
which is unlikely.” Bl

“Not valid for very large value of t as raindrop will not move that fast.” BO

“Raindrop has very little mass so effect due to gravity is lower. Unlikely to have a 1000ms*
raindrop. Not very valid model for large values of t” B1

“The water droplet wouldn’t always follow the model in cases where it hits a surface” BO

“No valid as raindrop will hit ground soon. Speed can be infinitely big which is not plausible.”
Bl

“Would not be valid as the raindrop likely has already hit the ground.” B1

You may need to use your judgement on whether their comments are acceptable.
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< QUESTION

Question Scheme Marks = AOs

6(a) 5k (13.6)+2k(0)+17(-20)=0=k =... M1 3.3
k=5 Al 1.1b
)
(b) Solves their 25m? +10m+17=0 = m=... M1 3.1b
m=-0.2+0.8i Al 1.1b
x =% (Acos0.8t+Bsin0.8t) Alft | 11b
t=0,x=-20= A=... (=—20) M1 34
dx_ —0.2e°* ( Acos0.8t + Bsin0.8t)
dt M1 1.1b
+e7%(-0.8Asin 0.8t +0.8B c0s0.8t)
t=0%=0:>—0.2A+0.8B=03B=... (=-5) dM1 | 34
x=¢"%(-20c0s0.8t-5sin0.8t) o.e. Al | 11b
()
©) Vertical height =30+ [ e °*** (~20c0s(0.8x15) - 5sin(0.8x15)) | M1 | 3.4
Vertical height = awrt 29.3 m Al 2.2b
)
(d) For example
It is unlikely that the rope will remain taut
The model predicts the tourist will continue to move up and down, Bl 3.5b
(but in fact they will lose momentum)
The tourist is modelled as a particle
1)
(12 marks)
Notes:
(@)
. dzx dx . . . . .
M1: Substitutes a =13.6 F 0 and x =—20into the differential equation to find a value for k.

Allow if there are sign slips but must be attempting the values in the correct places.
Al: Correct value k=5

(b)

M1: Forms and solves the auxiliary equation.

Al: Correct solution to the auxiliary equation (not follow through).

Alft: Correct complementary function for their solutions to their auxiliary equation. (Follow
through on distinct real, repeated or complex roots.)
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< QUESTION

M1: Uses the information from the model t=0 x=-20 to find a constant or equation linking two
constants in their equation.

M1: Differentiates an expression of the form € (Acos At+Bsin AQt) using the product rule to find
an expression for the velocity.

dM1: Uses the information from the model, t =0 3_: =0 to find and solve another equation for the
constants.

Al: Correct equation for displacement.

(c)

M1: Finds the height above the river by finding the displacement after 15 seconds and adding 30
Al: Vertical height = awrt 29.3 m

(d)

B1: Any suitable comment relating to the given model or the outcomes of it. See scheme for
examples. Do not accept just “air resistance has not been considered” as the question does not say
this was ignored. However, if a valid consequence of what including air resistance would mean to
the model, then the mark may be awarded.




