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  

6.	 f (z) = z3 + az2 + bz + c    where a, b and c are real constants

	 The roots of the equation f (z) = 0 are z1, z2 and z3

	 When plotted on an Argand diagram, the points representing these roots form the 
vertices of a triangle.

	 Given that

•	 z
1

2 4� � i

•	 the area of the triangle is 12

	 Determine the two possible functions f (z)
(5)
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Question 6 continued
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4.	 (a)	 Use the method of differences to prove that for  n > 2

ln ln
r
r

n n

r

n

+
−







≡
+( )





=
∑ 1

1

1

2
2

(4)

	 (b)	Hence find the exact value of 

ln
r
r

r

+
−







=
∑ 1

1

35

51

100

		  Give your answer in the form  a ln
b
c





   where a, b and c are integers to 

be determined.
(3)
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Question 4 continued
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Question 4 continued
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Question 4 continued
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5.	 Use the method of differences to prove that for n > 2

4
12

2

1
1r

r

n pn q n
n n

	 where p and q are constants to be determined.
(5)
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Question 5 continued
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2.	 (a)	 Use the Maclaurin series expansion for cos x to determine the series expansion of 

cos
2

3

x



 in ascending powers of x, up to and including the term in x4

		  Give each term in simplest form.
(2)

	 (b)	Use the answer to part (a) and calculus to find an approximation, to 5 decimal places, for

2

2

6

1
cos d

3

  
    ∫

π

π

x x
x

(3)

	 (c)	 Use the integration function on your calculator to evaluate

2

2

6

1
cos d

3

  
    ∫

π

π

x x
x

		  Give your answer to 5 decimal places.
(1)

	 (d)	Assuming that the calculator answer in part (c) is accurate to 5 decimal places, 
comment on the accuracy of the approximation found in part (b).

. (1)
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Question 2 continued
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Question 2 continued
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Question 2 continued
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6.	 (a)	 Express as partial fractions

2 3 6

1 4

2

2

x x
x x

+ +
+( ) +( )

(3)

	 (b)	Hence, show that 

( )( ) ( )
2 2

2
0

2 3 6
d ln 2

1 4

x x x a bπ
x x

+ + = +
+ +∫

		  where a and b are constants to be determined.
(4)
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Question 6 continued
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Question 6 continued
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Question 6 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

(Total for Question 6 is 7 marks)



MARK SCHEMES
official mark schemes

25



MARK SCHEME  ·  Paper 1: Core Pure Mathematics 1  ·  June2025  ·  Q6 ‹  QUESTION4.1  Roots of Polynomials

26

Question Scheme Marks AOs 

6 Method 1: using roots   

2 2 4iz = −  B1 1.1b 

3
112 (4 4) ... 2  or 2
2

h h z h h= − − × ⇒ = ⇒ = + −  M1 3.1a 

( )( ) ( )( )( )2 4i 2 4i 5z z z− − − + −  

or 
( )( ) ( )( ) ( )( )2 4i 2 4i 1z z z− − − + − −  

dM1 2.1 

( )( ) 3 2f 9 40 100z z z z= − + −  

( )( ) 3 2f 3 16 20z z z z= − + +  
ddM1 

A1 
1.1b 
2.2a 

 (5)  

Method 2: using sum, pair sum and product of roots   

2 2 4iz = −  B1 1.1b 

3
112 (4 4) ... 2  or 2
2

h h z h h= − − × ⇒ = ⇒ = + −  M1 3.1a 

Sum = 2 4i 2 4i "5" 9 a+ + − + = = −  
Pair sum = ( )( ) ( ) ( )2 4i 2 4i "5" 2 4i "5" 2 4i 40 b+ − + + + − = =  

Product = ( )( )"5" 2 4i 2 4i 100 c+ − = = −  

OR 
Sum = ( )2 4i 2 4i+" 1 " 3 a+ + − − = = −  

Pair sum = ( )( ) ( ) ( ) ( ) ( )2 4i 2 4i " 1 " 2 4i " 1 " 2 4i 16 b+ − + − + + − − = =  

Product = ( ) ( )( )" 1 " 2 4i 2 4i 20 c− + − = − = −  

dM1 2.1 

( )( ) 3 2f 9 40 100z z z z= − + −  

( )( ) 3 2f 3 16 20z z z z= − + +  
ddM1 

A1 
1.1b 
2.2a 

 (5)  

(5 marks) 
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Notes: 

Method 1: 
B1: States the other complex root. May be implied by later working. 
M1: Uses the area of the triangle to determine at least one value for the real root. You can award for 
sight of one correct value of 3z  

(Note: 33 5 or 1h z= ⇒ = − ) 
dM1: Dependent on the previous method mark. Deduces a correct expression for one of their real 
roots. Award for ( )( ) ( )( )( )32 4i 2 4iz z z z− − − + −  or equivalent e.g. ( )( )2

34 20z z z z− + −  

3z must be real. 
ddM1: Dependent on previous method marks. Multiplies out to find values for the constants a, b 
and c. Award for the sight of at least 2 correct values of the constants a, b and c in any one of their 
attempts at the function. 
A1: Deduces the correct two functions. 
Method 2: 
B1: States the other complex root. May be implied by later working. 
M1: Uses the area of the triangle to determine at least one value for the real root, You can award for 
sight of one correct value of 3z        (Note: 33 5 or 1h z= ⇒ = − ) 
dM1: Dependent on the previous method mark. Attempts sum, pair sum and product for at least one 
of their real roots. 
ddM1: Dependent on previous method marks. Multiplies out to find values for the constants a, b 
and c 
Award for the sight of at least 2 correct values of the constants a, b and c in any one of their attempts 
at the function. 
A1: Deduces the correct two functions. 
Note: There are several methods that can be used to obtain the first method mark: 

• Uses vertices (2, 4), (2, −4) and 3( ,0)x  to determine at least one value for the real root. 
Alternatively uses 3 3( , )x y . This may come from a diagram. Do not be concerned about the 
variables they use. 

             e.g. 3 3 3
112 8 2 or
2

x z x= × × − ⇒ = =  

• Uses the formula for the area of a triangle with vertices 1 1 2 2 3 3( , ) , ( , ) , ( , )x y x y x y  to determine 
at least one value for the real root. Do not be concerned about the variables they use. 

            

1 2 3 2 3 1 3 1 2

3 3 3

3

3 3

1 ( ) ( ) ( )
2

112 2( 4 ) 2( 4) (4 4)
2

24 16 8
or

x y y x y y x y y

y y x

x
z x

 − + − + −  

= − − + − + − −

= − +

⇒ = =

 

• Uses the shoelace method with no sign errors. 
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e.g. Area = 32 2 21
4 4 0 42

x
−

 

3 3
112 (2 4 4 ) (2 4 4 )
2

x x= ×− + − × −  

3

3 3

24 16 8
or

x
z x
= − +

⇒ = =
 

If you are uncertain in how to apply a method, then please send to review. 
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Question Scheme Marks AOs 

4(a) Applies 𝑙𝑙𝑙𝑙 �𝑟𝑟+1
𝑟𝑟−1

� = 𝑙𝑙𝑙𝑙(𝑟𝑟 + 1) − 𝑙𝑙𝑙𝑙(𝑟𝑟 − 1) to the problem in order to 
apply differences. 

M1 3.1a 

�(𝑙𝑙𝑙𝑙( 𝑟𝑟 + 1) − 𝑙𝑙𝑙𝑙( 𝑟𝑟 − 1))
𝑛𝑛

𝑟𝑟=2

 

= (𝑙𝑙𝑙𝑙(3) − 𝑙𝑙𝑙𝑙(1)) + (𝑙𝑙𝑙𝑙(4) − 𝑙𝑙𝑙𝑙(2)) + (𝑙𝑙𝑙𝑙(5) − 𝑙𝑙𝑙𝑙(3))+. . . 
+(𝑙𝑙𝑙𝑙(𝑛𝑛) − 𝑙𝑙𝑙𝑙(𝑛𝑛 − 2)) + (𝑙𝑙𝑙𝑙(𝑛𝑛 + 1) − 𝑙𝑙𝑙𝑙(𝑛𝑛 − 1)) 

dM1 1.1b 

𝑙𝑙𝑙𝑙(𝑛𝑛) + 𝑙𝑙𝑙𝑙(𝑛𝑛 + 1) − 𝑙𝑙𝑙𝑙 2 A1 1.1b 

𝑙𝑙𝑙𝑙 �𝑛𝑛(𝑛𝑛+1)
2

� * cso A1 * 2.1 

 (4)  

(b) 
� 𝑙𝑙𝑙𝑙 �

𝑟𝑟 + 1
𝑟𝑟 − 1�

100

𝑟𝑟 = 51

= � 𝑙𝑙𝑙𝑙 �
𝑟𝑟 + 1
𝑟𝑟 − 1�

100

𝑟𝑟 = 2

− � 𝑙𝑙𝑙𝑙 �
𝑟𝑟 + 1
𝑟𝑟 − 1�

50

𝑟𝑟 = 2

= 𝑙𝑙𝑙𝑙 �
100 × 101

2 � − 𝑙𝑙𝑙𝑙 �
50 × 51

2 � 

M1 1.1b 

                       ∑ 𝑙𝑙𝑙𝑙 �𝑟𝑟+1
𝑟𝑟−1

�100
𝑟𝑟 = 51

35
= 35 𝑙𝑙𝑙𝑙 �100×101

2
÷ 50×51

2
� M1 3.1a 

                       = 35 𝑙𝑙𝑙𝑙 �202
51
� A1 1.1b 

 (3)  
(7 marks) 

Notes: 

(a) 
M1: Uses the subtraction laws of logs to start the method of differences process. 
dM1: Demonstrates the method of differences process, should have a minimum of e.g  r = 2, r = 3, r 
= 4,  r = n – 1 and r = n shown -- enough to establish at least one cancelling term and all non-
disappearing terms though the latter may be implied by correct extraction if only the first few cases 
are shown. Allow this mark if an extra term for r = 1 has been included. 
A1: Correct terms that do not cancel - must not contradict their list of terms so e.g. if r = 1 was 
included, then A0A0 follows. The ln 1 may be included for this mark. 
A1*: Achieves the printed answer, with no errors or omissions and must have had a complete list 
(as per dM1) before extraction (but condone missing brackets on ln terms). If working with r 
throughout, they must replace by n to gain the last A, but all other marks are available. 
NB For attempts at combining log terms instead of using differences, full marks may be awarded for 
the equivalent steps, but attempts that do not make progress in combining terms will score no marks. 
(b) Condone a bottom limit of 0 or 1 being used throughout part (b).                                                    
M1: Attempts to split into (the sum up to 100) – (the sum up to k) where k is 49, 50 or 51 and apply 
the result of (a) in some way. Condone slips with the power.  
M1: Having attempted to apply (a), uses difference and power log laws correctly to reach an 
expression of the required form. 
A1: Correct answer. Accept equivalents in required form, such as 35 𝑙𝑙𝑙𝑙 5050

1275
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Question Scheme Marks AOs 

5 
 ( )( )2

4 4 ..., ...
1 1 1 1 1

A B A B
r r r r r

≡ ≡ + ⇒ = =
− − + − +

 

( )NB 2, 2A B= = −  
M1 3.1a 

2 22
1 3

r = ⇒ −            

dM1 2.1 

2 23
2 4

r = ⇒ −  

2 24
3 5

r = ⇒ −  

2 21
2

r n
n n

= − ⇒ −
−

 

2 2
1 1

r n
n n

= ⇒ −
− +

 

2 22 1
1n n

+ − −
+

 A1 1.1b 

( ) ( )
( ) ( ) ( )

2 23 1 2 1 2 3 3 2 2 2 3 2
1 1 1

n n n n n n n n n n
n n n n n n

+ − + − + − − − − −
= =

+ + +
 M1 1.1b 

( )( )
( )

3 2 1
1

n n
n n
+ −

+
 cso A1 2.2a 

 (5)  

(5 marks) 
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Notes: 

M1: A complete strategy to write as partial fractions 
dM1: Dependent on previous method mark. Completes the method of differences process, must 
have a minimum substitution of r = 2, r = 3, r = n – 1 and r = n. Condone the use of r for n for this 
mark. 
If pairs of terms are not seen in each substitution for r, this mark can be implied by sight of 

2 22 1
1n n

+ − −
+

following correct partial fractions. 

A1: Correct ‘fractions’ from the beginning and end that do not cancel. Accept exact equivalents. 
Must be in terms of n 
M1: Combines all their ‘fractions’ (at least two algebraic fractions) over a correct common 
denominator, leading to a quadratic in the numerator, where brackets may not be expanded. Condone 
the use of r for n for this mark. 

A1: Since the form of the solution is given, only accept ( )( )
( )

3 2 1
1

n n
n n
+ −

+
 and not equivalents, but isw 

Do not accept values for p and q written alone. 
Note: If they start with 0r = , 1r =  or 3r = , the maximum they can score is M1M0A0M1A0 
Similarly, if they use 1r n= +  the maximum they can score is M1M0A0M1A0  
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Question Scheme Marks AOs 

2 (a) 

 
( ) ( )

2
2 4

2 3 3
cos 1 ... ...

3 2 24

x x
x

 
 

= − + − = 
 
 

   or 

2
2 4

1 ... ...
18 1944

x x 
− + − = 

 
   or  

2 4
1 2 1 1 2 1 2

1 cos 1 1 ...
2 3 2 2 3 4! 3

x x x       
  =  − + −               

 

M1 2.2a 

2
41

1
9 243

x
x= − +  A1 1.1b 

 (2)  

(b) 
2

4

3 2 4

1
1

1 19 243 ln
9 243

x
x

x
x A x Bx Cx

x x

− +

= − + = + +   

where A, B and C 0   

M1 3.1a 

2
41

ln
18 972

x
x x− +   A1ft 1.1b 

= awrt 0.98295 A1 2.2a 

 (3)  

(c) Calculator = awrt 0.98280 B1 1.1b 

 (1)  

(d) E.g. the approximation is correct to 3 d.p. B1 3.2b 

 (1)  

(7 marks) 

Notes: 

(a) 

M1: Deduces the required series by using the Maclaurin series for cos x, replacing x with 
3

x
 and 

squares, or first applying the double angle identity (allow sign error) and then applying the series for 

cos x with 
2

3

x
. Attempts at finding from differentiation score M0 as the cosine series is required. 

A1: Correct series 

(b) 

M1: Divides their series in part (a) by x and integrates to the form 2 4lnA x Bx Cx+ +  

A1ft: Correct integration, follow through on their coefficients and need not be simplified. 

A1: Deduces the definite integral awrt 0.98295 

(c) 

B1: Correct value. 

(d) 

B1: Makes a quantitative statement about the accuracy, so e.g. how many decimal places or 

significant figures it is correct to, or calculates a percentage accuracy to deduce it is reasonable. Do 

not accept just “underestimate” or similar without quantitative evidence. Allow for a reasonable 

comment as long as (b) is correct to at least 2 s.f. but (c) must be the correct value.  
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Question Scheme Marks AOs 

6(a) 2𝑥𝑥2 + 3𝑥𝑥 + 6
(𝑥𝑥 + 1)(𝑥𝑥2 + 4) =

𝐴𝐴
𝑥𝑥 + 1

+
𝐵𝐵𝐵𝐵 + 𝐶𝐶
𝑥𝑥2 + 4

⇒ 2𝑥𝑥2 + 3𝑥𝑥 + 6

= 𝐴𝐴(𝑥𝑥2 + 4) + (𝐵𝐵𝐵𝐵 + 𝐶𝐶)(𝑥𝑥 + 1) 
M1 1.1b 

e.g. 𝑥𝑥 = −1 ⇒ 𝐴𝐴 =. . . ,  𝑥𝑥 = 0 ⇒ 𝐶𝐶 =. . . ,  coeff 𝑥𝑥2 ⇒ 𝐵𝐵 =. .. 
or 

Compares coefficients and solves to find values for A, B and C 
2 = 𝐴𝐴 + 𝐵𝐵,  3 = 𝐵𝐵 + 𝐶𝐶,  6 = 4𝐴𝐴 + 𝐶𝐶 

dM1 1.1b 

𝐴𝐴 = 1,   𝐵𝐵 = 1,   𝐶𝐶 = 2 A1 1.1b 

 (3)  

(b) 

( ) ( )

2 2

2 2 2

0 0
2

2

0

1 2 1 2 d  d
1 4 1 4 4

ln 1 ln 4 arctan
2

x xx x
x x x x x

xx xα β λ

+
+ = + +

+ + + + +

  = + + + +     

∫ ∫  M1 3.1a 

= �𝑙𝑙𝑙𝑙(𝑥𝑥 + 1) +
1
2
𝑙𝑙𝑙𝑙(𝑥𝑥2 + 4) + 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 �

𝑥𝑥
2
��
0

2

 A1 2.1 

= �𝑙𝑙𝑙𝑙(3) +
1
2
𝑙𝑙𝑙𝑙(8) + 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 1� − �𝑙𝑙𝑙𝑙(1) +

1
2
𝑙𝑙𝑙𝑙(4) + 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(0)�

= 

= �𝑙𝑙𝑙𝑙(3) +
1
2
𝑙𝑙𝑙𝑙(8) + 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(1)� − �

1
2
𝑙𝑙𝑙𝑙 4� = 𝑙𝑙𝑙𝑙 �

3√8
2
� +

𝜋𝜋
4

 
dM1 2.1 

𝑙𝑙𝑙𝑙�3√2� +
𝜋𝜋
4

 A1 2.2a 

 (4)  

(7 marks) 
Notes: 
(a) 
M1: Selects the correct form for partial fractions and multiplies through to form suitable identity or 
uses a method to find at least one value (e.g. cover up rule). 
dM1: Full method for finding values for all three constants. Dependent on first M. Allow slips as 
long as the intention is clear. 
A1: Correct constants or partial fractions. 
(b) 
M1: Splits the integral into an integrable form and integrates at least two terms to the correct form. 
They may use a substitution on the arctan term 
A1: Fully correct Integration. 
dM1: Uses the limits of 0 and 2 (or appropriate for a substitution), subtracts the correct way round 
and combines the ln terms from separate integrals to a single term with evidence of correct ln laws at 
least once. 
A1: Correct answer 

 


