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  

4.	 (a)	 Sketch the polar curve C, with equation

r = 3 + 5 cos θ            0  θ  2π

		  On your sketch clearly label the pole, the initial line and the value of r at the point 
where the curve intersects the initial line.

(2)

	 The tangent to C at the point A, where  0 < θ < 
2

π
 , is parallel to the initial line.

	 (b)	 Use calculus to show that at A

cos θ = 
1

5
(4)

	 (c)	 Hence determine the value of r at A.
(1)
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Question 4 continued
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Question 4 continued
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1.

initial line
R

O

Figure 1

	 Figure 1 shows a sketch of the curve with polar equation

2 sinh coshr θ θ� �             0  θ  π

	 The region R, shown shaded in Figure 1, is bounded by the initial line, the curve and the 
line with equation  θ = π

	 Use algebraic integration to determine the exact area of R giving your answer in the 
form  peq – r  where p, q and r are real numbers to be found.

(4)
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Question 1 continued
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7.	

A

O

R

C

Initial line

Figure 1

	 Figure 1 shows a sketch of the curve C with equation

r = 1 + tan θ 0  θ < 
3
π

	 Figure 1 also shows the tangent to C at the point A. 
This tangent is perpendicular to the initial line.

	 (a)	 Use differentiation to prove that the polar coordinates of A are  2,
4
π 

  
(4)

	 The finite region R, shown shaded in Figure 1, is bounded by C, the tangent at A and the 
initial line.

	 (b)	Use calculus to show that the exact area of R is  1
2

(1 – ln 2)
(6)
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Question 7 continued
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Question 7 continued
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Question 7 continued
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  

7.	

A

O

C

B

Initial line

Figure 1

	 The curve C shown in Figure 1 has polar equation

r a 1 sin θ     � θ ��

	 where a is a constant.

	 The tangents to C at the points A and B are perpendicular to the initial line.

	 (a)	 Use calculus to determine the polar coordinates of A and B
(6)

	 The curve C models the perimeter of the surface of a swimming pool.

	 Given that, according to the model, the distance across the pool from A to B is 10 m,

	 (b)	 show that a =
20 3

9 (2)

	 (c)	 Use algebraic integration to determine the surface area of the swimming pool, 
according to the model.

(4)
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Question 7 continued
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Question 7 continued
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Question Scheme Marks AOs 

4(a) 

 

 

Recalls correct shape for the type 

of curve, including ‘dimple’ 
B1 1.2 

Correct position with labelling of 

pole, initial line and point. 
B1 1.1b 

 (2)  

(b) ( ) ( )
d d

sin 3sin 5 sin cos cos cos 2
d d

r A B     
 

= + = +    

( ) ( )( ) 2 2d d
sin 3 5 cos sin sin cos cos

d d
r A B C     

 
= + = + +  

M1 1.1b 

( ) ( )
d d

sin 3sin 5 sin cos 3cos 5 cos 2
d d

r      
 

= + = +  

( ) ( )( ) 2 2d d
sin 3 5 cos sin 5 sin 3cos 5 cos

d d
r      

 
= + = − + +  

A1 1.1b 

( )2 0
d

3cos 5 o0
d

2c s 1
y

x
  −= + =  

or 

( )2 25 1 cos 3cos 5 cos 0  − − + + =  

Leading to a quadratic in cos  

 22 5 cos 3cos 5 0 + − =  

M1 3.1a 

cos
1

5
 =  following a correct quadratic, any extra solutions are rejected 

{
5

c
3

os
7

4


− 
= , quadrant 1 needs cos 0  } 

A1 2.3 

 (4)  

(c) 4r =  B1 1.1b 

 (1)  

(7 marks) 

Notes: 

 (a) 

B1: Recalls the correct cardioid shape for this type of polar curve.  

B1: Correctly placed with the pole, initial line and point where curve crosses the initial line all indicated in 

some way. 

Initial line O 

3 5+
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(b) 

M1: Uses siny r =  with the curve and attempts to differentiate. Accept any correct form but may have 

slips in coefficients, so e.g. as shown or 
2 2cos s nos icA B C  + +  can score M1. 

A1: Correct differentiation. Accept equivalents, e.g. 
2 2s3 ico cos 5 5 s n  + −  

M1: Sets their derivative equal to zero (may be implied), using trig identities to form a quadratics for  cos   

Allow this mark form the use of cosr   leads to 3sin 2 5 sin cos 0  − − = , score M1 for factorising 

out sin and finds a value for cos  

A1: Solves their quadratic and selects the correct value for cos . If the other value is given it is A0 unless 

clearly rejected. 

(c) 

B1: Correct value for r 
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Question Scheme Marks AOs 

1 

Area  22

0 0

1 1
d cosh d

2 2
2 sinhr

 

    =
  

= +   

or ( )  
0

1
c s4 s hinh o d

2



  +  

B1 1.1b 

0
2 cosh sinh



  = +   

or 

0 0
0

e e e e
2 d 2 e d 2 e

2 2

 
 

 


 
− −

+ =
 − +  

  


=

   

M1 1.1b 

( ) ( )( )

( )

2 cosh sinh cosh 0 sinh 0

e e e e
2 1 0

2 2

   

 

− −

= + − +

  
 = + − + 
    

+ −
 

or 

( )0e2 e= −  

M1 3.1a 

2 2e= −  or ( )2 e 1 −  A1 2.1 

 (4)  

(4 marks) 

Notes: 

B1: Correct area formula applied, including the 
1

2
 and correct limits, may be seen later, d  may be implied. 

M1: Attempts the integration sinh cosh → and  cosh sinh →  or in terms of exponentials 

1
e d e 


=  

M1: Applies their limits to the integral, subtracts (there must be an attempt to integrate) and uses exponential 

definitions to achieve answer in suitable form. Condone the inclusion of i or a missing ½ from the definitions. 

This can be implied. 

A1: Correct exact answer, no i 
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Question Scheme Marks AOs 

7(a) 𝑥 = 𝑟 𝑐𝑜𝑠 𝜃 = (1 + 𝑡𝑎𝑛 𝜃) 𝑐𝑜𝑠 𝜃 = 𝑐𝑜𝑠 𝜃 + 𝑠𝑖𝑛 𝜃
= 𝑐𝑜𝑠 𝜃 + 𝑡𝑎𝑛 𝜃 𝑐𝑜𝑠 𝜃 

𝑑𝑥

𝑑𝜃
= 𝛼(1 + 𝑡𝑎𝑛 𝜃) 𝑠𝑖𝑛 𝜃 + 𝛽 𝑠𝑒𝑐2 𝜃 𝑐𝑜𝑠 𝜃    or     

𝑑𝑥

𝑑𝜃
= 𝛼 𝑠𝑖𝑛 𝜃 +

𝛽 𝑐𝑜𝑠 𝜃  

𝑑𝑥

𝑑𝜃
= 𝛼 𝑠𝑖𝑛 𝜃 + 𝛽 𝑠𝑒𝑐2 𝜃 𝑐𝑜𝑠 𝜃 + 𝛿 𝑡𝑎𝑛 𝜃 𝑠𝑖𝑛 𝜃 

M1 3.1a 

𝑑𝑥

𝑑𝜃
= −(1 + 𝑡𝑎𝑛 𝜃) 𝑠𝑖𝑛 𝜃 + 𝑠𝑒𝑐2 𝜃 𝑐𝑜𝑠 𝜃    or      

𝑑𝑥

𝑑𝜃
= −𝑠𝑖𝑛 𝜃 +

𝑐𝑜𝑠 𝜃 
𝑑𝑥

𝑑𝜃
= −𝑠𝑖𝑛 𝜃 + 𝑠𝑒𝑐2 𝜃 𝑐𝑜𝑠 𝜃 − 𝑡𝑎𝑛 𝜃 𝑠𝑖𝑛 𝜃 or 

𝑑𝑥

𝑑𝜃
= −𝑠𝑖𝑛 𝜃 +

𝑠𝑒𝑐 𝜃 − 𝑡𝑎𝑛 𝜃 𝑠𝑖𝑛 𝜃 

A1 1.1b 

For example 

{
𝑑𝑥

𝑑𝜃
=} − 𝑠𝑖𝑛 𝜃 + 𝑐𝑜𝑠 𝜃 = 0 ⇒ 𝑡𝑎𝑛 𝜃 = 1 ⇒ 𝜃 =. .. 

{
𝑑𝑥

𝑑𝜃
=} − 𝑠𝑖𝑛 𝜃 + 𝑐𝑜𝑠 𝜃 = 0 ⇒ 𝑠𝑖𝑛 𝜃 = 𝑐𝑜𝑠 𝜃 ⇒ 𝜃 =. .. 

{
𝑑𝑥

𝑑𝜃
=} − 𝑠𝑖𝑛 𝜃 + 𝑐𝑜𝑠 𝜃 = √2 𝑐𝑜𝑠 (𝜃 +

𝜋

4
) = 𝜃 =. .. 

or 

{
𝑑𝑥

𝑑𝜃
=} − (1 + 𝑡𝑎𝑛 𝜃) 𝑠𝑖𝑛 𝜃 + 𝑠𝑒𝑐2 𝜃 𝑐𝑜𝑠 𝜃 = 0 

⇒ −𝑠𝑖𝑛 𝜃 −
𝑠𝑖𝑛2 𝜃

𝑐𝑜𝑠 𝜃
+

1

𝑐𝑜𝑠 𝜃
= 0 ⇒ −𝑠𝑖𝑛 𝜃 +

1 − 𝑠𝑖𝑛2 𝜃

𝑐𝑜𝑠 𝜃
= 0 

⇒ −𝑠𝑖𝑛 𝜃 + 𝑐𝑜𝑠 𝜃 = 0 ⇒ 𝑡𝑎𝑛 𝜃 = 1 ⇒ 𝜃 =. .. 

or 

{
𝑑𝑥

𝑑𝜃
=} − 𝑠𝑖𝑛 𝜃 − 𝑡𝑎𝑛 𝜃 𝑠𝑖𝑛 𝜃 + 𝑠𝑒𝑐 𝜃 = 0 

⇒ −
1

2
𝑠𝑖𝑛 2 𝜃 − 𝑠𝑖𝑛2 𝜃 + 1 = 0 ⇒ 𝑠𝑖𝑛 2 𝜃 + 2 𝑠𝑖𝑛2 𝜃 − 1 = 1 

⇒ 𝑠𝑖𝑛 2 𝜃 − 𝑐𝑜𝑠 2 𝜃 = 1 ⇒ √2𝑠𝑖𝑛 (2𝜃 −
𝜋

4
) = 1 ⇒ 𝜃 =. .. 

or 

{
𝑑𝑥

𝑑𝜃
=} − 𝑠𝑖𝑛 (

𝜋

4
) + 𝑐𝑜𝑠 (

𝜋

4
) = 0 

{
𝑑𝑥

𝑑𝜃
=} − (1 + 𝑡𝑎𝑛 (

𝜋

4
)) 𝑠𝑖𝑛 (

𝜋

4
) + 𝑠𝑒𝑐2 (

𝜋

4
) 𝑐𝑜𝑠 (

𝜋

4
) = 0 

{
𝑑𝑥

𝑑𝜃
=} − 𝑠𝑖𝑛 (

𝜋

4
) + 𝑠𝑒𝑐2 (

𝜋

4
) 𝑐𝑜𝑠 (

𝜋

4
) − 𝑡𝑎𝑛 (

𝜋

4
) 𝑠𝑖𝑛 (

𝜋

4
) = 0 

dM1 3.1a 

              𝑟 = 1 + 𝑡𝑎𝑛 (
𝜋

4
) = 2  therefore A (2, 

𝜋

4
)* A1* 2.1 

 (4)  

Area bounded by the curve =
1

2
∫(1 + 𝑡𝑎𝑛 𝜃)2  {𝑑𝜃} M1 3.1a 
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(b) =
1

2
∫( 1 + 2 𝑡𝑎𝑛 𝜃 + 𝑡𝑎𝑛2 𝜃) {𝑑𝜃}

=
1

2
∫(1 + 2 𝑡𝑎𝑛 𝜃 + [𝑠𝑒𝑐2 𝜃 − 1]) {𝑑𝜃} =. .. 

=
1

2
[2 𝑙𝑛|𝑠𝑒𝑐 𝜃| + 𝑡𝑎𝑛 𝜃] or 𝑙𝑛|𝑠𝑒𝑐 𝜃| +

1

2
𝑡𝑎𝑛 𝜃    or  − 𝑙𝑛𝑐𝑜𝑠 𝜃 +

1

2
𝑡𝑎𝑛 𝜃 or =

1

2
[−2 𝑙𝑛|𝑐𝑜𝑠 𝜃| + 𝑡𝑎𝑛 𝜃] 

A1 1.1b 

=
1

2
[2 𝑙𝑛 |𝑠𝑒𝑐 (

𝜋

4
)| + 𝑡𝑎𝑛 (

𝜋

4
)] −

1

2
[2 𝑙𝑛|𝑠𝑒𝑐(0)| + 𝑡𝑎𝑛(0)] 

= (𝑙𝑛 |𝑠𝑒𝑐 (
𝜋

4
)| +

1

2
𝑡𝑎𝑛 (

𝜋

4
)) − (𝑙𝑛|𝑠𝑒𝑐 0| +

1

2
𝑡𝑎𝑛 0) 

{= 𝑙𝑛 √2 +
1

2
} 

dM1 1.1b 

Area of triangle =
1

2
𝑥𝑦 =

1

2
(2 𝑐𝑜𝑠

𝜋

4
) (2 𝑠𝑖𝑛

𝜋

4
) =. . . {

1

2
× √2 × √2 =

1} 

The equation of the tangent is 𝑟 = √2 𝑠𝑒𝑐 𝜃 then applies  

Area bounded of triangle =
1

2
∫ (√2 𝑠𝑒𝑐 𝜃)2
𝜋

4
0

 {𝑑𝜃}  

M1 1.1b 

Finds the required area = area of triangle – area bounded by the curve 

= 1 − [𝑙𝑛 √2 +
1

2
] 

May be seen within an integral =
1

2
∫(√2 𝑠𝑒𝑐 𝜃)2  {𝑑𝜃} −

1

2
∫(1 + 𝑡𝑎𝑛 𝜃)2  {𝑑𝜃} 

M1 3.1a 

=
1

2
(1 − 𝑙𝑛 2) * cso A1* 2.1 

 (6)  

Alternative 

Area bounded by the curve =
1

2
∫(1 + 𝑡𝑎𝑛 𝜃)2  {𝑑𝜃} 

=
1

2
∫(1 + 2 𝑡𝑎𝑛 𝜃 + 𝑡𝑎𝑛2 𝜃) {𝑑𝜃} let 𝑢 = 𝑡𝑎𝑛 𝜃 ⇒

𝑑𝑢

𝑑𝜃
= 𝑠𝑒𝑐2 𝜃 

Leading to { } { }
2

2 2

1 (1 2 ) 1 2
d 1 d ...

2 1 2 1

u u u
u u

u u

+ +
= = + =

+ +

ó ó
ô õõ

 

M1 3.1a 

1

2
[𝑢 + 𝑙𝑛(1 + 𝑢2)] A1 1.1b 

1

2
[(1 + 𝑙𝑛(1 + (1)2)) − (0 + 𝑙𝑛 1)] or 

1

2
[(𝑡𝑎𝑛 (

𝜋

4
) + 𝑙𝑛 (1 +

𝑡𝑎𝑛2 (
𝜋

4
))) − (𝑡𝑎𝑛(0) + 𝑙𝑛(1 + 𝑡𝑎𝑛2(0)))] 

{=
1

2
𝑙𝑛 2 +

1

2
} 

dM1 1.1b 

Area of triangle =
1

2
𝑥𝑦 =

1

2
(2 𝑐𝑜𝑠

𝜋

4
) (2 𝑠𝑖𝑛

𝜋

4
) =. . . {

1

2
× √2 × √2 =

1} 
M1 1.1b 
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Finds the required area = area of triangle – area bounded by the curve 

= 1 − [𝑙𝑛 √2 +
1

2
] 

M1 3.1a 

=
1

2
(1 − 𝑙𝑛 2) * A1* 2.1 

 (6)  

(10 marks) 

Notes: 

(a)  

M1: Substitutes the equation of C into 𝑥 = 𝑟 𝑐𝑜𝑠 𝜃and differentiates to the required form 

A1: Fully correct differentiation 

dM1: Dependent on previous method mark. Sets their 
𝑑𝑥

𝑑𝜃
= 0 and uses correct trig identities to find 

a value for θ. Alternatively substitutes 𝜃 =
𝜋

4
 into their 

𝑑𝑥

𝑑𝜃
 and shows equals 0. 

A1*: Shows that r = 2 and hence the polar coordinates (2, 
𝜋

4
) from correct working 

(b) 

M1: Applies area =
1

2
∫ 𝑟2 𝜃 𝑑𝜃, multiplies out, uses the identity ±1 ± 𝑡𝑎𝑛2 𝜃 = 𝑠𝑒𝑐2 𝜃to get into 

an integrable form and integrates. Condone missing 𝑑𝜃, limits are not required for this mark 

A1: Correct integration. Note may include θ – θ if the one’s were not cancelled earlier. 

dM1: Dependent on the first method mark. Applies the limits of 𝜃 = 0 and 𝜃 =
𝜋

4
 and subtracts the 

correct way round. Since substitution of the limit 𝜃 = 0is 0 so may be implied 

M1: Correct method to find the area of triangle seen. This may be minimal but area = 1 only is M0, 

they need to show some method. 

M1: Finds the required area = area of triangle – area bounded by the curve 

A1*: Correct answer, with no errors or omissions. cso 

Alternative 

M1: Applies area =
1

2
∫ 𝑟2 𝜃 𝑑𝜃, multiplies out, uses the substitution 𝑢 = 𝑡𝑎𝑛 𝜃 to get into an 

integrable form and integrates. Limits are not required for this mark 

A1: Correct integration 

dM1: Dependent on the first method mark. Applies the limits of u = 0 and u = 1 or substitutes back 

using 𝑢 = 𝑡𝑎𝑛 𝜃 and uses the limits 𝜃 = 0 and 𝜃 =
𝜋

4
 and subtracts the correct way round. Since 

substitution of the limit 𝜃 = 0is 0 so may be implied 

M1: Correct method to find the area of triangle  

M1: Finds the required area = area of triangle – area bounded by the curve 

A1*: Correct answer, with no errors or omissions. cso 
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Question Scheme Marks AOs 

7(a)    

  2 2

cos 1 sin cos cos sin cos
d cos cos 1 sin sin   or  sin cos sin
d

x r a a
x A B A B C

     

      


    

    
 

or 
   cos 1 sin cos cos 0.5sin 2

d sin cos 2
d

x r a a
x A B

    

 


    

 
 

M1 3.1a 

 d sin cos 2
d

x a  

    or   2cos 1 sin sina      

or  2 2sin cos sina       
A1 1.1b 

  2

2

d sin cos 2 0 sin 1 2sin 0
d
2sin sin 1 sin ...

x a    


  

       

   

 

or 

 2 2 2 2

2

d sin cos sin 0 sin 1 sin sin 0
d
2sin sin 1 0 sin ...

x a      


  

         

    
 

M1 3.1a 

 1sin 1
2

   A1 1.1b 

11
2

r a
     

 and 1 1sin
2

      
 M1 1.1b 

3 ,
2 6

a     
 and  

3 5,
2 6

a     
 A1 2.2a 

 (6)  

(b) 
E.g. 3 cos

2 6
x a     

 
3 32 10 ...

4
a a     or .5s .in

3
.

3 / 2a
aπ

= ⇒ =  

or 
2 2 2

2 210 ...3 3 32 cos
2 2 32
a a aa π

⇒      = + −    ⇒ 
  

=
  

 or 

3
2 ...10

2sin sin
3 6

a

aπ π ⇒ ==  or 
2 2

23 sin ...
6

3
2

35
4 2
a ay a aπ    = + =   


⇒ ⇒ =

  
 

M1 3.3 

20 3
9

a  * A1* 2.1 

 (2)  

PMT
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(c)  

 

221 1 2sin sin d
2

1 11 2sin cos 2 d cos sin 2
2 2

dr K

K K p q r

  

     


      

               

 


 M1 3.4 

400 3 12cos sin 2
27 2

1
2 4

  
            




 A1 1.1b 

Area bounded by the curve  

 
2

1 20 3 1 sin d
2 9





 


 
     




 or  
2 2

0

1 20 3 1 sin d
2 9



 
 
     




           200 3 1 3 12 2cos 2 sin 4 0 2cos 0 sin 0
27 2 4 2 4

  
                    

 

or 

           200 3 1 3 12cos sin 2 2cos sin
27 2 4 2 4

     
                    

 

dM1 3.4 

200
9

  or awrt 69.8 (m2) A1 1.1b 

 (4)  
(12 marks) 

Notes: 

(a)  

M1: Substitutes the equation of C into cosx r   and differentiates to the required form. The d
d

x


 

need not be seen – if it is a clear attempt at differentiation allow the marks. 
A1: Fully correct differentiation. 

M1: Uses correct trig work to solve d 0
d

x

  to achieve a value for sin  via a 3 TQ in sin (oe) 

A1: Correct values for sin . The 1−  need not be stated but any other values found will be A0. 

M1: Uses  1 sinr a    and their  1sin ...   (or 1cos−  if by error they ended up with a value 

for cos θ – and may have come from d 0
d

y

 ) to find a polar coordinate. May be implied by a correct 

coordinate following sin 1
2

θ =  having been found. 

A1:  Deduces the correct polar coordinates from correct work for A and B with no incorrect extras. 
May be listed, or may given as ( ), rθ . You may ignore values from sin 1θ = −  that are not used. 

 
NB: Allow the final two marks in (a) if it is initially forgotten but the correct work is done as part of 
answering part (b). 
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(b) 
M1: Uses 2 10x   where cosx r   to find a value for a by any valid method. Several are shown 
in the scheme, there may be variations on these.  
A1: Correct value achieved with no errors cso. Must see a correct unsimplified equation in a with 
trig terms evaluated before the final answer. 
(c) 
M1: Attempts to use the model and area 21 d ,

2
r 

    
 multiplies out, uses the identity 

 2 c1sin s 2
2

1 o    to get into an integrable form and integrates. Limits are not required and the 

1
2

 may be missing for this mark. Condone the a not being squared. 

NB: There may be less direct methods attempted (e.g. integration by parts). Such attempts must be 
complete attempts reaching an integral of the correct form. If you are unsure in any cases then use 
the review system. 

A1: Correct integration of 21
2

dr 
      condoning the 1

2
 not being present at this stage. Allow with 

a2 used instead of the value. 

dM1: Dependent on the first method mark. Full method for the area, with correct 21 d
2

r



   and 

applies correct limits over 2π  ( 0  and 2   or    and   ), or applies  2 dr



  with 

limits  to 
22

π π
− . Accept equivalent combinations of limits split as two integrals and summed, but 

must be a full method. If no evidence of the substitution of limits is seen accept answers following 
the integral as long as suitable limits were linked to the integral. Condone if just 0−  is shown for a 
lower limit of 0 substituted. 
A1: Correct area. Must have substituted for the a. 
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