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QUESTIONS

10 questions - 73 marks - 6 sub-topics

A



SUB-TOPIC 1.4

INDUCTION: DERIVATIVES

Sub-topic 1.4 - 1 question - 6 marks - lowest tariff first




ANSWER >

( )
6. Given that
y =¢e”"sinhx
prove by induction that for n € N
4y =™ usinhx + 3 -1 cosh x
dx” 2 2
(6)
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(Total for Question 6 is 6 marks)

Question 6 continued
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SUB-TOPIC 7.3

AREAS AND TANGENTS OF POLAR CURVES

Sub-topic 7.3 - 1 question - 4 marks - lowest tariff first




ANSWER >

4 N\
1.
initial line
@]
Figure 1
Figure 1 shows a sketch of the curve with polar equation
r = 2+/sinh @ + cosh @ 0<o0<nr

The region R, shown shaded in Figure 1, is bounded by the initial line, the curve and the

line with equation 6 =7

Use algebraic integration to determine the exact area of R giving your answer in the

form pe’ — r where p, g and r are real numbers to be found.
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(Total for Question 1 is 4 marks)

Question 1 continued
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SUB-TOPIC 8.1

HYPERBOLIC FUNCTIONS AND GRAPHS

Sub-topic 8.1 - 1 question - 7 marks - lowest tariff first




ANSWER >

4 N\
1. (a) Using the definition of sinhx in terms of exponentials, prove that
4sinh’ x + 3sinh x = sinh3x
(2)
(b) Hence solve the equation
sinh3x = 19sinh x
giving your answers as simplified natural logarithms where appropriate.
)
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(Total for Question 1 is 7 marks)

Question 1 continued

N2
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SUB-TOPIC 8.2

DIFFERENTIATING AND INTEGRATING HYPERBOLIC FUNCTIONS

Sub-topic 8.2 - 4 questions - 31 marks - lowest tariff first
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ANSWER >

4 N\
1. The curve C has equation
y = 31sinhx — 2sinh2x xeR
Determine, in terms of natural logarithms, the exact x coordinates of the stationary
points of C.
)
\ J
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ANSWER >

Question 1 continued

(Total for Question 1 is 7 marks)

Q\Vﬂ
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ANSWER >

4 N\
2 () = tanh” (ﬂj PP
6+ x 2
(a) Show that
1
f'(x)=-
) 2x+3
C))
(b) Hence determine f''(x)
@
(c) Hence show that the Maclaurin series for f(x), up to and including the term in x°, is
Inp + gx + rx’
where p, g and r are constants to be determined.
3)
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(Total for Question 2 is 8 marks)

Question 2 continued

N2
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ANSWER >

4 N\
9 y=cosh"x n=>5
(a) (i) Show that
d2
E{ =n’cosh"x — n(n — 1)cosh” *x
)
d4
(i1) Determine an expression for d—{
X
2
(b) Hence determine the first three non-zero terms of the Maclaurin series for y, giving
each coefficient in simplest form.
2
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ANSWER >

( )

Question 9 continued

Q\Vﬂ
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ANSWER >

Question 9 continued

(Total for Question 9 is 8 marks)
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ANSWER >

4 a
8. Given that
y = cosx sinhx xe R
(a) show that
d*y
a P
where k is a constant to be determined.
®)
(b) Hence determine the first three non-zero terms of the Maclaurin series for y, giving
each coefficient in simplest form.
3
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ANSWER >

Question 8 continued

Q\Vﬂ
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ANSWER >

Question 8 continued
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ANSWER >

Question 8 continued

(Total for Question 8 is 8 marks)
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SUB-TOPIC 8.4

LOGARITHMIC FORMS OF INVERSE HYPERBOLIC FUNCTIONS

Sub-topic 8.4 - 2 questions - 19 marks - lowest tariff first
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ANSWER >

7. Solutions based entirely on graphical or numerical methods are not acceptable.

y = arsinhx

=<V

Figure 1

Figure 1 shows a sketch of part of the curve with equation

y = arsinhx x>0

and the straight line with equation y = f
The line and the curve intersect at the point with coordinates (., )

1
Given that = 5 In3

1
(a) show that o= NE

3)
The finite region R, shown shaded in Figure 1, is bounded by the curve with equation
y = arsinhx, the y-axis and the line with equation y = f
The region R is rotated through 2z radians about the y-axis.
(b) Use calculus to find the exact value of the volume of the solid generated.
(6)
\ J
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ANSWER >

Question 7 continued
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ANSWER >

Question 7 continued
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ANSWER >

Question 7 continued

(Total for Question 7 is 9 marks)
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ANSWER >

4 N\
1. (a) Prove that
1 I+x
tanh!(x) = — In -k <x<k
2 1—x
stating the value of the constant £.
)
(b) Hence, or otherwise, solve the equation
2x = tanh(In+2 = 3x)
(5)
\ J
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ANSWER >

Question 1 continued

(Total for Question 1 is 10 marks)
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SUB-TOPIC 8.5

INTEGRATION USING HYPERBOLIC SUBSTITUTIONS

Sub-topic 8.5 - 1 question - 6 marks - lowest tariff first

31



ANSWER >

1

RN e

(a) Using a substitution, that should be stated clearly, show that

[£(x)dx = Asinh! (Bx) + ¢

where c¢ is an arbitrary constant and 4 and B are constants to be found.

(C))

(b) Hence find, in exact form in terms of natural logarithms, the mean value of f(x) over
the interval [0, 3].
(2)
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ANSWER >

Question 3 continued

(Total for Question 3 is 6 marks)
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MARK SCHEMES

official mark schemes
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< QUESTION

Question Scheme ’ Marks AOs
6 dy _ 2e%* sinh x + e%* cosh x = ae?* sinh x + be?* cosh x
dx M1 2.2a
or e** (asinh x+bcosh x)
&Y _gr (2sinh x+cosh x)
dx
. - Al 2.4
n=1then dy _ g2 Esmh X+ECOSh X
dx 2 2
{so the result is true for n = 1}
(Assume the result is true for n = k, then)
Must be an attempt at the product rule, with k’s in all terms
k+1
((jjx'H)l/:Ae2X (f(k)sinh x+g(k)cosh x)+e** (f (k)cosh x+g(k)sinh x) M1 2.1
k+1 k k k k
d—ksll = 2e% 3—Jrlsinh X+ 3 _1cosh X |+e* 3—+1cosh X+ 3 _1sinh X
dx“* 2 2 2 2
k k
-1). 1
=2 [(3“ 1143 5 ]smh x+(3k 148 2+ Jcosh XJ
or dM1 1.1b
k '
= g2 [Msinh x+¥ccsh xj
k+1 k+1
=g 3 +1sinh x+3 1coshx Al 2.1
2 2
If true for n = k then true for n =k + 1, and as also true for n = 1, so the Al 24
result is true for all positive integers or true n € N '
(6)
Alternative using exponential definitions
. ef—-e™) 1
=e?sinhx= y =e* ==(e* —¢*
y y ( > j > ( )
M1 2.2a
d 1
Y_ —(3e3X —e")
dx 2
n =1 then Al 2.4

NG
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< QUESTION

(Assume the result is true for n =k, then)

d'y o [ 3 +1(e*—e) 3F-—1[ef+e*
—2-¢ +
dx* 2 2 2 2

3k 1 3k 1
—n2X X —X 3x X
{2 2 J— 2 2 M1 2.1

Then differentiates

dk+1y 3 e2x 3k+1 +1 eX _e—X N 3k+1 _1 eX +e—X
dx+ 2 2 2 2

Simplifies
dk+kl31/ e 3 1) 3 1 dM1 | 1.1b
dx " 2 2 2 2
Using the given result
dk+1y o 3k+1 +1 eX _e—X 3k+l _1 eX+ e—X
k+1 =€ +
dx 2 2 2 2 Al 2.1
= 3><—ke3" Lo 3 e _Lex
2 2 2 2
If true for n = k then true for n =k + 1, and as also true for n = 1, so the Al 24
result is true for all positive integers or true n € N '
(6)
(6 marks)

Notes:

M1: Differentiates to a correct form

Al: Correct derivative and reaches appropriate form to deduce the result is true for n = 1, minimum
d 4 . 2

Y _ 2| Zsinh x+ Zcosh x

dx 2 2

M1: (Makes the inductive assumption and) attempts the (k +1) th derivative from the k th derivative. Allow
slips in coefficients but must be evidence of the use of the product rule. Must be of the form

k+1
3xk+¥ = Ae? (f (k)sinh x+g(k)cosh x)+e*(f (k)cosh x+g(k)sinh x)

dM1: Dependent on the previous method mark. Factors out the exponential and gathers the sinh x and cosh x
terms. Accept either form shown or equivalent.




MARK SCHEME - Paper 2: Core Pure Mathematics 2 - June2023 - Q6 1.4 Induction: Derivatives < QUESTION

Al: Reaches the correct form from correct work. Must have the “k+1 " showing. Depends on the previous two
method marks.

Al: Makes appropriate concluding sentence covering the points indicated in scheme. Depends on all method
marks having been scored. Must have reached at least the second line shown in the dM mark, and made an
attempt at checking n =1 (though the first A mark need not have been scored if insufficient detail shown).

Maybe seen as a narrative throughout their solution.
This mark requires all necessary brackets throughout.

Alternative: using exponentials

M1: Uses the exponential definition of sinhx and differentiates to a correct form

Al: Correct derivative and uses the exponential definitions of sinhx and coshx to deduce the result is true for
n=1

M1: (Makes the inductive assumption and) attempts the (k +1) th derivative from the k th derivative. Uses the
exponential definition of sinhx first and then differentiates to a correct form

dM1: Dependent on the previous method mark. Collects exponential terms and simplifies

Al: Reaches the k + 1 th derivative. Uses the exponential definitions of sinhx and coshx in the result,
simplifies and achieves the correct result

Al: Makes appropriate concluding sentence covering the points indicated in scheme. Depends on all method
marks having been scored. Must have reached at least the second line shown in the dM mark, and made an
attempt at checking n =1 (though the first A mark need not have been scored if insufficient detail shown).

Maybe seen as a narrative throughout their solution.
This mark requires all necessary brackets throughout.

€.
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< QUESTION

Question Scheme Marks AOs

1 17 1
Area==| r’do== [2 sinh @+ cosh 0} 2 {de}
2 2
0 0
B1 1.1b
1 .
or —j 4(smh 6+ cosh 0) {da}
2
0
= 2[cosh 6 +sinh 9]”
0
or
. . M1 1.1b
0 _ -0 0, o0 z
2| &2 48 FC lag=2| ¢ do=2[e’]
2 2 0
0 0
= 2((cosh 7 +sinh 7)—(cosh 0+sinh 0))
_ e +e +e —€ _(1+0)
2 2 M1 3.1a
or
= 2(e” - e°)
—2e" -2 or Z(e” —1) Al | 21
(4)
(4 marks)
Notes:
1
B1: Correct area formula applied, including the 5 and correct limits, may be seen later, d@ may be implied.
M1: Attempts the integration sinh @ — +cosh&and cosh @ — £sinh @ or in terms of exponentials
'[e’w do=Lew
A
M1: Applies their limits to the integral, subtracts (there must be an attempt to integrate) and uses exponential
definitions to achieve answer in suitable form. Condone the inclusion of i or a missing %2 from the definitions.
This can be implied.
Al: Correct exact answer, no i




MARK SCHEME - Paper 2: Core Pure Mathematics 2 - June2024 - Q1 8.1 Hyperbolic Functions and Graphs < QUESTION

Question Scheme Marks AOs
l(a) eX _e—X 3 eX _e—X
4sinh3x+3sinth4[ 5 ] +3( 5 j
, , M1 2.1
E4e —-3e"+3e " —e +3e—e
8 2
3x —-3x
z%zsinhfﬂ* Al* | 1.1b
2
(b) sinh 3x =19sinh x = 4sinh® x + 3sinh x =19sinh x
sinh3x =19sinh x = 4sinh® x —16sinh x =0 M1 3.1a
4sinh x(sinhzx—4)=0
sinhx=0=x=0 Bl 2.2a

sinh> x=4=sinhx =42

=x=1In (i2+,/(12)2 +1) M1 1.1b

x=|n(2+\/§) or x=In(—2+\/§)oee.g. x=—|n(2+\/§) Al 1.1b
x=|n(2+\/§) and x=|n(—2+\/§)
Alternatively, x:ln(\/giz) oe e.g. x:iln(2+\/§) Al 1.1b

or %In(914\/§)

®)

(7 marks)

Notes

a

f\/l)lz Begins the proof by expressing sinh x correctly in terms of exponentials, substitutes and
makes progress in cubing the bracket.
Award for obtaining an expression of the form Ae*+ Be* + Ce ™™ + De ** but terms do not need to
be collected.

Note that (> —2+e)(e*—e™) = e¥ —¢e* —2e*+2e* +e* -
AL1*: Fully correct proof with no errors. Must see = sinh3x ore.g. LHS = RHS

b

§\/I)1: Uses part (a), collects terms and attempts to factorise or cancel sinh x.
This can be implied if they go straight from their cubic to writing all correct answers for sinh x
including zero from their calculator.

B1: Deduces the root x = 0, allow In1 but not In[0+ In \/0+1J

M1: Proceeds to sinh x = « and uses the correct logarithmic form of arsinh to obtain at least one
exact value for x

Alternatively, candidates proceed from sinh x = « to substitute the exponential form and then
solve a 3TQ in e* to obtain at least one exact value for x

Al: One correct non-zero solution

Al: Both correct non-zero solutions and no incorrect other solutions, but isw if they go on to
evaluate these answers incorrectly.

Allow X = |n(J§i2) for listing both solutions

RA
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< QUESTION

Alternative if candidates substitute the exponential form at the start:
M1: Candidates substitutes the exponential form for each term and proceeds to find a four term

cubic equation in e** =0, which may not be correct.
B1: Deduces the root x = 0, allow In1 but not In [0+ In \/0+1]

M1: They factorise their cubic, proceed to obtain exact values for e**, then take logs to obtain at
least one exact value for x

If they go directly to decimal answers this will usually score MO unless they recover to exact
form.

Al: One correct non-zero solution

Al: Both correct non-zero solutions and no incorrect other solutions, but isw if they go on to
evaluate these answers incorrectly.

This is how this would be awarded:

(e3x _e—SX) =1g(ex —e* )

2 2
e¥ —e ¥ -19e*+19e " =0
e™ —1-19"+1%* =0 M1 (for cubic in e =0)
e™ +19e"+19%e™ -1=0
= (e* -1 (" -18” +1)=0
e =1, 9+45

2x =In1, 2x=|n(94_r4\/§)

x=0, x:%ln(9t4\/§) B1, M1, Al, Al




MARK SCHEME - Paper 2: Core Pure Mathematics 2 - October2020 - Q1 8.2 Differentiating and Integrating Hype... < QUESTION
Question Scheme Marks AOs
1 dy
— =31cosh x—4cosh 2x B1 1.1b
dx
dy 2
=2 =31cosh x—4(2cosh® x—1) M1 | 3.1a
dx
8cosh® x—31coshx—4 =0 Al | 11b
(8cosh x+1)(coshx—4)=0= cosh =... M1 | 11b
cosh x =4, (—é) Al 1.1b
coshx=a=>X= |n(a+\/a2 —1) 0r|n(0¢+\/oe2 —1)
or—In (a +a? —1)0r In (a —a? —1)
M1 1.2
or
X+ - X
€T° _4p - 8"+ 7=0D e*=..b x= In(...)
iln(4+J1€) or In(4i\/1—5) Al 2.2a
()
Alternative
d ex+ e—x er+ e—2x
—y:31003h Xx—4cosh 2x or 31 -4 — Bl 1.1b
dx 2 2
. @+ e X0 ) - g0 .
Using cosh x = +and sinh x = + as required
i P ERE e
X X0 2X 2x 9 M1 3.1a
T Y L Al | 11b
§ 5 & 2 &
leading to 4e** - 31e*- 31e*+ 4= 0 o.e.
4e™ - 31e¥- 31e*+ 4=0
Solves M1 1.1b
p e'=..
e* = 4=+ /15 or awrt 7.87,0.13 Al | 11b
x= In(b) where b is a real exact value M1 1.2
In(4+15) Al | 2.2a
()
(7 marks)
Notes
B1: Correct differentiation
M1: Identifies a correct approach by using a correct identity to make progress to obtain a
quadratic in cosh x
Al: Correct 3 term quadratic obtained
M1: Solves their 3TQ
Al: Correct values (may only see 4 here)
M1: Correct process to reach at least one value for x from their cosh x

€.
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< QUESTION

. . . . 1
Al: Deduces the correct 2 values with no incorrect values or work involving cosh x = 8

Alternative

B1: Correct differentiation

M1: Using the exponential form for cosh x, and sinh x if required, and forms a quartic equation
for e*with all terms simplified and all on one side

ALl: Correct quartic equation for e*

M1: Solves their quartic equation in e*

Al: Correct values to two decimal places or exact values

M1: x= In(b) where b is a real exact value

Al: Deduces the correct 2 values only

Bﬁ?fﬂ‘
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MARK SCHEME - Paper 2: Core Pure Mathematics 2 - June2024 - Q2 8.2 Differentiating and Integrating Hyperbol...

< QUESTION

43

Question Scheme Marks AOs
2(a) d(3—xj
=) (0206 |
dx (6+x)2 '
f(x):tanh*[—g_xJ:f’(x): 1 - x -9 .
6+ X 1_(3—x) (6+x) dM1 | 3.1a
6+ X
(6+x)° -9 -9 -1,
= - =X > = = Al* | 21
36+12X+ X" —9+6X—X (6+x) 18x+27 2x+3
4
Alternative 1 for part (a)
d(S—xj
o) _(or0)-(6-) |
dx (6+x)2 '
y:tanh‘l(ﬂj:ﬂanhyzﬂjsech yﬂ_ -9 >
6+ X 6+ X dx (6+x)
dy 1 -9 1 -9 dM1 | 3.1la
o 7% 2 = 7 % 2
dx 1-tanh®y (6+Xx) 1_(3—xj (6+Xx)
6+X
(6+x)° -9 -9 -1,
= - =X s = = Al* | 21
36+12X+ X" —9+6X—X (6+x) 18x+27 2x+3
4)
Alternative 2 for part (a)
3-X
f(x)=tanh [ 32X |- L1 Meix —lln( J j Ml | 3.la
6+x) 2 1_3—X 2 \3+2x Al 1.1b
6+X
3- 1 3+2x -18
f(x _tanh‘l( j =f'(x)==
L. Al* | 1.1b
2X+3
4
Alternative 3 for part (a)
_ Y _ a7 Y
tanhy:f(x):(3 x) e’ —e’ 3 X, i -1 3-x
6+ X el +e”’ 6+x ey+1 6+ X M1 3.1a
o9 Al | 11b
2X+3
1 9 1 2x+3 -18
==In =f'(x)== .
=3 (2x+3j (=33 “2x+3) aM1 | 3.1a
L. Al | 1.1b
2X+3
4)
t.
IRA



MARK SCHEME - Paper 2: Core Pure Mathematics 2 - June2024 - Q2 8.2 Differentiating and Integrating Hyperbol... < QUESTION

Notes

(a) Do not allow misreads of tanx for tanhx in this question; this would be a maximum of
M1A1 for part (a)

. -X . .
M1: Attempts to use the quotient (or product) rule on 3-x to obtain an expression of the form

6+ X
ACT0-BB-X) 5.0 or CE-x)(6+x)2+DE+X)"
(6+x)

Alternatively, candidates may also write 2_ Xas —1+ 5 J and then differentiate to find an
+X +X

expression of the form L)Z which may be seen embedded in their working.

(6+x
. 3-X 3 X . . . .
They may also write as - and then differentiate to find an expression of the
6+ X 6+Xx 6+Xx
form > 0e
(6+x)

Al: Correct expression in any form.

dM1: A complete method to find the derivative using the chain rule to obtain
;2 x (their -9 ZJ
1 ( 3- xj (6+x)
6+ X
This is dependent on the first M mark.

Al*: Reaches the printed answer with sufficient working and no errors, with at least one
intermediate line.

Alternative 1:
M1: see main scheme
Al: see main scheme

dM1: A complete method to find the derivative using the chain rule:
Rearranges the equation and uses implicit differentiation. Must proceed from sech?y or

equivalent to 1—tanh? y and then substitute for tanhy

This is dependent on the first M mark.
Al*: see main scheme

Alternative 2:

1+3_—X
6+ X

_3=x
6+X

M1: Uses the logarithmic form of artanh to obtain k In

Al: Correct simplified expression
dM1: A complete method to find the derivative to obtain

, .9 9 Y
f'(x)=kx |1+ | their x| their
3+2X 3+2x

Alternatively uses log rules to partition their expression and then differentiates each term.
This is dependent on the first M mark.

RA
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MARK SCHEME - Paper 2: Core Pure Mathematics 2 - June2024 - Q2 8.2 Differentiating and Integrating Hyperbol... < QUESTION

Al*: Reaches the printed answer with sufficient working and no errors.

Alternative 3:

M1: Takes tanh of both sides to obtain tanhy in terms of x and expresses tanhy correctly in terms
of exponentials and makes e’ the subject.

ALl: A correct expression for e?¥

dM1: Rearranges their function to the form k In(
bx+c

] and uses the chain rule to find a

1 bx+c k
=—X X
2 a (bx+c)

and then differentiates each term.
This is dependent on the first M mark.

derivative of the form f(x) or uses log rules to partition their expression

2

Al*: Reaches the printed answer with sufficient working and no errors

(b) 2
.I:" X) = =
[F(x)=] 2xs3) Bl | Llb
(1)
7 s (5] o= § o}
f(0)=tanh 5 _2In3 , F(0)= 3 f (O)—9 M1 | 11b
2
[f(x)]=f(0)+xf’(0)+x?f”(0) M1 | 11b
1.1
=Iny3-=x+=x° Al | 11b
V3 379
(3)
(8 marks)
Notes
(b)
B1: Correct second derivative in any form such as e.9. ————or 2(2x+3)_2
(4%* +12x+9)

(c)
M1: Attempts at least two of the values of £(0), £(0) and ”'(0)

M1: Correct application of the Maclaurin series for all of f(0), f'(0) and f”(0) where all are
non-zero values. Substitutes their values into a correct expression. This mark is not dependent.

Al: Correct expansion.
Award if written as a single expression, or p, g and r written separately.

Ignore any extra terms written as powers of x> and above, isw when a correct answer is seen.

€.
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< QUESTION

Question ‘ Marks AOs ‘
9(a)(i) Z—z =...cosh™ ~ ' x sinhx
d*y n—-2_ ;32 n-1
Tz =...cosh x sinh” x +...cosh x coshx
Alternatively M1 1.1b
_ (eXteX\ . dy _ eXre N\ rox_g=x
y= ( 5 ) Ieadmgtoa—...( > ) ( 5 )
d’y (ex + e"‘)n_2 (ex - e‘x)z N (e" + e‘x)n
el 5 5 5
d
% =ncosh™~ ' xsinhx
2
z= n(n — 1) cosh™ * x sinh® x + ncosh™ x
Alternatively Al 2.1
dy (e" + e‘x)n_l (e" - e‘x)
dx '\ 2 2
d?y e + e X\"7? re¥ —e7X\2 e* +e \"
W="("_1)( 2 ) ( 2 ) +n( 2 )
d*y n-2 2 n
prvhe n(n — 1) cosh x (cosh®x —1) + ncosh™ x M1 2.1
% = n? cosh™ x —n(n — 1) cosh™ ~ ? x* cso Al* | 11b
4)
.. d3
(@)(ii) d_x}; =...cosh™ ~ ' xsinhx —...cosh™ ~ ® x sinhx
d*y ML | 11b
dx*
=...cosh™ ~ 2 x sinh®* x +...cosh™ x —...cosh™ ~ *x sinh* x —... cos
d3
d_x); =n3cosh™ ™ ' xsinhx —n(n — 1)(n — 2) cosh™ ~ > x sinhx
4
d_xZ =n3(n— 1) cosh™ ~ ? x sinh® x + n® cosh™ x Al | 11b
—n(n—1)(n—2)(n—3)cosh™ ™ *xsinh*x —n(n—1)(n
—2)cosh™ " *x
2
Alternative 1
using Z%’ =n?y —n(n—1)cosh™ ™ *«x
leading to% = nzi—z—...coshn ~3xsinhx M1 | 11b
d* d?
d_xi, = nzd—x}zl—...cosh" “*xsinh®x—...cosh™ " *x
&
N2
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< QUESTION

d? d

d_x); =n2d—i}—n(n— 1)(n — 2) cosh™ ~ > x sinh x
d4 d2

gy n? £y_ n(n—1)(n—2)(n—3) cosh™ ~ * x sinh® x

dx* ' dx?
—n(n—1)(n—2)cosh™ ™ *x

Al

1.1b

O]

Alternative 2
2
y = cosh™ x = d_x}zl =n2cosh"x —n(n—1) cosh™ ™ *x
’y
y =cosh" ?x = preiatt cosh™ % x —...cosh™ ~*x
d*y

i n?[n? cosh™ x —n(n — 1) cosh™ ~ ? ]

—n(n
— 1D)[...cosh™ ?x —...cosh™ ~ * x]

M1

1.1b

2
y = cosh™ x = d_x}zl =n2cosh"x —n(n—1) cosh™ ™ *x
d?y
y=cosh “x= Tx?
= —2)2cosh" ?x —(n—2)(n—3)cosh™ " *x
d4
d_xi, = n?[n? cosh™ x —n(n — 1) cosh™ ~ * x|
—n(n
— D[ —2)? cosh™ *x — (n— 2)(n

—3)cosh™ ™ * x|

Al

1.1b

@

Alternative 3
ing &Y = 2
Using—— =n (
d3y
dx3
x.n—1 n-3

N e e e

dty (ex + e‘x)n_z (e" - e"‘)z N (ex + e‘x)n_z
dx4 s 2 2 'R 2

n—4 X 2

() () ()

e*+e™*

> )n —nn—-1) (ex+2—e_x)n_zleading to

n-2

M1

1.1b

dy (e" + e"‘)"'l (e" —Ze"‘) (= 1)(n

dx3 2
n-3

dx3 =n
) (e" + e"‘) (e" — e"‘)
) 2 2

Al

1.1b

.\v‘
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< QUESTION

dy _ " (e" + e"‘)"'z (e" - e"‘)z o (e" + e"‘)"‘2
dx* -1 2 2 n 2
eX 4+ e X\t e — e7X\?
- De-20-3)(S5—) (S5 -
eX + e *\"?
-De-2)(S5—)
2
O]
(b) Whenx = 0
y:l' y'=0’ yn= nZ_n(n_l)' y(3)= 0’
(4) — 3 _ _ _
y n®—nn—-1mn-2) 2 M1 L1h
Uses their values in the expansiony = y(0) + xy'(0) + ’;_' y"(0) +
x3 (3) x4 (4) !
B4 0) + oY 0)+...
y=1+ nsz + —(3n2;:n)x4 +...CSO Al | 25
O]
(8 marks)
Notes:
@)

M1: Uses the chain rule and product rule to find the first and second derivatives which must be of
the required form, condone sign slips

Alternatively uses the exponential definition and uses the chain rule and product rule to find the first
and second derivatives which must be of the required form.

Al: Correct unsimplified first and second derivatives, may be in exponential form.

M1: Uses the identity + cosh® x + sinh®x = 1

Al*: Achieves the printed answer with no errors or omissions e.g. missing x’s

(a)(ii)

M1: Uses the chain rule and product rule to find the third and fourth derivatives which must be of
the required form, condone sign slips

Al: Correct fourth derivative, does not need to be simplified ISW

Alternative 1

M1: Using % =n2y —n(n — 1) cosh™ ~ ? x to find the third and fourth derivatives which must be

of the required form, condone sign slips
Al: Correct fourth derivative, does not need to be simplified ISW

Alternative 2
2
M1: Usingy = cosh™ x = % =n2cosh™ x —n(n —1) cosh™ ~ *x
d%y

y =cosh" ?x = 2= cosh™ % x —...cosh™ ~ * x leading to




< QUESTION

d4
d_xi, = n?[n? cosh™ x —n(n — 1) cosh™ ~ *x] —n(n — 1) [their

Al: Correct fourth derivative, does not need to be simplified ISW

d(cosh™ ? x)
dx

Alternative 3

M1: Uses the exponential definition and uses the chain rule and product rule to find the third and
fourth derivatives which must be of the required form.

Al: Correct fourth derivative, does not need to be simplified ISW

(b)

M1: Attempts the evaluation of all four of their derivatives at x = 0 and applies the Maclaurin
formula with their values. Note thaty (2 (0) = 0 andy® (0) = Omay be implied as they will
have a multiple of sinh0. If their y(®)(0) # 0 they allow this mark for their first 3 non-zero
terms

Al: Correct simplified expansion from correct derivatives cso




< QUESTION

8(a) %: Asin xsinh x 4+ B cos x cosh x M1 1.1b
2
a_ —sin xsinh X 4 cos x cosh X and d—¥= —2sin xcosh x Al 1.1b
dx dx
3
d—y=Csmxcoshx g—gchosxcoshx-kEsinxsinhx
di( X M1 2.1
d—xi/: F cosxsinh x (unsimplified)
d’y _ d'y :
W:—Zcosxcosh X—2sin xsinh X and d7=—4cosxsmhx Al 1.1b
4
37}1':_43, Al | 21
5)

(b) d5y _ll n dy dsy — n n n "eay M
ﬁ_ —4 & or d?__ 4"cos xcosh x+"4"sin xsinh x or B1ft 5 93
y® ="_4"x<theiry’
When x= 0
y=0, y'=1 y"'=0, y¥=-2 y?¥=0, y¥=4
Uses their values in the expansion M1 | 11b
y=y(0)+xy (0)+ y“(O) y® (0)+ y@ (0)+ yo0)+...

XX X
(y= ”“?‘5* Al | 25
3)
(8 marks)
Notes:
(@

M1: Uses the product rule to find the correct form for at least the first derivative.

Al: Achieves correct first and second derivatives. Need not be simplified.

M1: Uses the product rule to find the correct form for the second, third and fourth derivatives.
Al: Correct (unsimplified) expressions for the third and fourth derivatives.

Al: Correct fourth derivative in terms of y from correct work. Note do not accept just k = —4, we
4

d'y
must see the —-=—-4
dx* y
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(b)

B1ft: Correct fifth derivative or value for the fifth derivative deduced following through on their k
from part (a). If they have stated y’ incorrectly allow for y® —*_ 4"« their y' provided their y’
is non-zero

M1: Attempts the evaluation of all the derivatives at x = 0 and applies the Maclaurin formula
correctly with their values to achieve at least three non-zero terms.

Al: Correct simplified expansion. Accept with f(x) = ... or with nothing before — mark the
expression. Accept as a list of terms.

8(a) U=CoSX v =sinhx

Alt u'=-sinx  v'=coshx
u"=-cosx v"=sinhx M1 L1b
m H m Al 11b
u"=sinx v" =cosh x
u" =cosx v" =sinh x
d'y | .
d—4:uv'v+4u'v“'+6u“v“+4u'“v'+u'”v:... M1 | 21
X
= c0s xsinh X —4sin x cosh x — 6 cos xsinh x + 4sin x cosh x + cos xsinh x Al 1.1b
dy
d—4:(—4cosxsinhx:)—4y Al | 21
X

)

There may be attempts via Leibnitz theorem.

M1: Attempts first four derivatives for each of cos x and sinh x
Al: Correct derivatives.

ML1: Applies Leibnitz theorem correctly with their derivatives.
Al: Correct unsimplified expression.

Al: Correct fourth derivative in terms of .

There may be rare cases where exponential forms are used in part (a). For reference here are the
derivatives they should get.

y =%(eX —e’x)cosx

dy X -X 1, X \ei 1, : 1, :

&:E(e +e )cosx—E(e —e )smx:Ee (Cosx—3|nx)+5e (cosx+sinx)

Y e [l T

Fva (e +e )smx{—ze (cosx smx)+2e( sin x—cos x) 2e (cosx+smx)+2e ( smx+cosx)}
3

%:—(ex—e’x)sinx—(ex+e’*)cosx

4
37=—(ex+e’x)sinx—(ex—e’x)cosx—(e*—e’x)cosx+(ex+e’x)sinx:—2(e*—e’*)cosx:—4sinhxcosx

NB Some are misreading the function as y = cosh xsinh x or y =cosxsin x. These can be

score method marks as long as work is equivalent (ie via product rule), but reduction of the
problem to triviality via an identity is less demand and so will score MO0. Allow SC Al for the
first A if the equivalent form is reached via the misread to that shown in the scheme.

RA
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< QUESTION

Question Scheme ‘ Marks AOs

7(a) Using arsinha =%In3 1
2 P —
T In(a+x/a +1)_2In3 B1 10
eZ —e 2
a=—
2
Na 1 a+Va?+1=13
3 NN ML | 11b
a= \/§:>a=... a'+1=\3-a
2 a2+1=3—2\/§a+a2:>a=...
a=£ or = Al 2.2a
3 3
@)
1
(b) Volume = 7rj-0§|nssinh2 y dy B1 2.5
2
el —e”’ e —2+e
zr dy={z} || ————|d
M1 3.1a
or
{n}f%costh—%dy
l(lezy_Zy_le_zy)
4\2 2 dM1 1.1b
or Al | 1.1b
%sinth—%y
Use limits y =0 and y=%|n3 and subtracts the correct way round M1 1.1b
(4 .
Z(g—ln 3] or exact equivalent Al 1.1b
(6)
(9 marks)
Notes:
(@)

B1: Recalls the definition for sinh [% In 3]or forms an equation for arcsinh x

M1: Uses logarithms to find a value for & or forms and solves a correct equation without log

Al: Deduces the correct exact value for &
Note using the result

In[%+ [%)2+1]—|n(%+\/§J—In\/——%In3 therefore arsinh[%]=%ln3

INA
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< QUESTION

B1 for substituting in « into arcsinhx, M1 for rearranging to show% In3, Al for conclusion

(b)

1
B1: Correct expression for the volume ~ J?' *sinh? y dy requires integration signs, dy and correct

limits.

M1: Uses the exponential formula for sinh y or the identity cosh 2y = +1+ 2sinh? y to
write in a form which can be integrated at least one term

dM1: Dependent of previous method mark, integrates.

Al: Correct integration.

M1: Correct use of the limits y =0 and y=%|n3

Al: Correct exact volume.

B:yfﬂ‘
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Question Scheme Marks AOs
1(a) sinhy e’ —e™ M1 2.1
=tanh*(x)=tanhy=x=x = = '
Y (x) Y coshy e’+e” Al | 11b
Note that some candidates only have one variable and reach e.g.
x="°_or tanhx=3"2_
e"+e e +e
Allow this to score M1A1
x(e” +1)=e” —-1=e” (1-x) =1+x =e” :?—X M1 | 1.1b
—-X
1+X 1+x 1 1+x
2y _ 2y = I — _| * *
e —1_X:> y n(l_ j:>y > n(l—x] Al 2.1
Note that * (x—1)+x+1=0can be solved as a quadratic in e”:
o _ —0-4(x-D)(x+1) _—J4(L-x)(x+1) _2{/(1-x)(x+1)
2(x-1) 2(x-1) 2(1-x)
1
_ (x+1) ~ =1In(x+1)*
(1-x) 2 (1-x)
Score M1 for an attempt at the quadratic formula to make €’ the subject
(condone + +...) and A1* for a correct solution that rejects the positive
root at some point and deals with the (x — 1) bracket correctly
k=1or -1<x<l1 Bl 1.1b
(5)
@ 1, (1 1, (1 "1 ML | 21
Way 2 tanh* x = =In| =X | = x = tanh| = In| ==X :el — '
2 \1-x 2 \1-x =X Al 1.1b
e +1
Inh'—x 1—'—7)(_
elx-1 q_
X=— =1 X —=x M1 | 1.1b
e 41 T+l Al | 21
1-x
Hence true, QED, tick etc.
(®) 2x:tanh(ln \/2—3x):>tanh‘1(2x)zln J2-3x M1 3.1a
1, (1+2x) 1 1+2x
=In ==In(2-3x)=> =2-3x )
2 [1—2xj 2 ( ) 1-2x M1 21
6x>—9x+1=0 Al 1.1b
6x° —9X+1=0=X=... M1 | 1.1b
y 957 Al | 32a
12
(%)
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Alternative for first 2 marks of (b)
e2In\/2—3x _1
ezl ML | 21
2-3x+1
(10 marks)
Notes

()

If you come across any attempts to use calculus to prove the result — send to review
M1: Begins the proof by expressing tanh in terms of exponentials and forms an equation in
exponentials.

(¢7—e”)/2 e eV ¥ 1

(eV+e7)/2" & +e” eV +1

Allow any variables to be used but the final answer must be in terms of x. Allow alternative
notation for tanh™x e.g. artanh, arctanh.

Al: Correct expression for “x in terms of exponentials

M1: Full method to make e?”" the subject of the formula. This must be correct algebra so allow
sign errors only.

Al1*: Completes the proof by using logs correctly and reaches the printed answer with no errors.

Allow e.g. %'n(f—ﬂj L X+1, Lin X Need to see tanh‘1x=%ln(l+—x) as a conclusion

- 2 1-x 2 |1-x 1-x

The exponential form can be any of

but allow if the proof concludes that y = % In GJF—X) with y defined as tanh™ x earlier.

B1: Correct value for k or writes -1 <x <1

Way 2

M1: Starts with result, takes tanh of both sides and expresses in terms of exponentials
Al: Correct expression

M1: Eliminates exponentials and logs and simplifies

Al: Correct result (i.e. x = x) with conclusion

B1: Correct value for k or writes -1 <x <1

(b)

M1: Adopts a correct strategy by taking tanh™ of both sides

M1: Makes the link with part (a) by replacing artanh(2x) with %'” G+ 2

j and demonstrates the

use of the power law of logs to obtain an equation with logs removed correctly.
Al: Obtains the correct 3TQ
M1: Solves their 3TQ using a correct method (see General Guidance — if no working is shown
(calculator) and the roots are correct for their quadratic, allow M1)
9+4/57

12

Al: Correct value with the other solution rejected (accept rejection by omission) so X =

scores AO unless the positive root is rejected
Alternative for first 2 marks of (b)
M1: Adopts a correct strategy by expressing tanh in terms of exponentials
M1: Demonstrates the use of the power law of logs to obtain an equation with logs removed
correctly

RA
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Question Scheme Marks AOs

3(a) 3.
Way 1 X=Esmhu Bl 2.1

3
x—coshu du M1 3.1a
\/4x +9 \/4 (2) S|nh2u+9

1
=1=du Al 1.1b

2
= ldu=1 =ls nh™ 2Xj+c Al 1.1b

2 2 2 3
(4)
W(:))/z x=gtanu BL | 21
dx 1 3 .,
= x —Sec-u du M1 3.1a
Jax? +9 \/4(%)tan2u+9 2
1
= Esecu du Al 1.1b
2
1 2X 2X
:%In(secu+tanu):aln ?+ 1+(?j
Al 1.1b
u =£sinh‘1 (%}rc
2 3

(@ x—lu or x=kuwherek>0 k+#1 B1 2.1

Way 3 )

du M1 3.1
J‘x/4x+ J‘J 4(3)u®+9 2 :

P

du | or= du forx=ku Al 1.1b

1 1
ZJ\/u2+9

:lsmh 14 smh 12 e Al | 1.1b
2 2 3
(b) Mean value =

— 1smh (ij =1xls|nh ( ><3j(—o) M1 2.1

) 3/, 3 2 3
=%In(2+\/§) (Brackets are required) Alft | 1.1b

)

(6 marks)
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Notes

(a)

B1: Selects an appropriate substitution leading to an integrable form

M1: Demonstrates a fully correct method for the substitution that includes substituting into the
function and dealing with the “dx”. The substitution being substituted does not need to be

1
JATF ()T +9

with the f'(u)correct for their substitution. E.g. if x = % u is used, must see dx = %du not 2du.

“correct” for this mark but the substitution must be an attempt at J' xf'(u) du

Al: Correct simplified integral in terms of u from correct work and from a correct substitution
ALl: Correct answer including “+ ¢”. Allow arcsinh or arsinh for sinh* from correct work and
from a correct substitution

(b)

M1: Correctly applies the method for the mean value for their integration which must be of the
form specified in part (a) and substitutes the limits 0 and 3 but condone omission of 0

Al: Correct exact answer (follow through their A and B). Brackets are required if appropriate.




