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QUESTIONS

5 questions - 54 marks - 3 sub-topics
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SUB-TOPIC 1.1

NORTH-WEST CORNER METHOD

Sub-topic 1.1 - 1 question - 9 marks - lowest tariff first

A



ANSWER >

3. The table below shows the stock held at each supply point and the stock required at
each demand point in a standard transportation problem. The table also shows the cost,
in pounds, of transporting the stock from each supply point to each demand point.

Q R S Supply
A 23 18 12 45
B 8 10 14 27
C 11 14 21 34
D 19 15 11 50
Demand 75 37 44

The problem is partially described by the linear programming formulation below.
Let x; be the number of units transported from i to j
where i e {A,B,C,D}
je {Q,R,S} and x; >0
Minimise P = 23x,, + 18x,z +12x,5 + 8xpy  + 10xpz + 14xpg

+ lxgq + 14xcg + 21xeg + 19xpq + ISxpp + Tlxpg

(a) Write down, as inequalities, the constraints of the linear program.

)

(b) Use the north-west corner method to obtain an initial solution to this transportation
problem.

0y

(c) Taking AS as the entering cell, use the stepping-stone method to find an improved
solution. Make your route clear.

)

(d) Perform one further iteration of the stepping-stone method to obtain an improved
solution. You must make your method clear by showing the route and the

* shadow costs
e improvement indices

+ entering cell and exiting cell

“4)
(Total for Question 3 is 9 marks)




SUB-TOPIC 1.2

STEPPING-STONE METHOD

Sub-topic 1.2 - 3 questions - 36 marks - lowest tariff first

A



ANSWER >

1. Table 1 shows the cost, in pounds, of transporting one unit of stock from each of four supply points,
A, B, C and D, to each of four demand points, P, Q, R and S. It also shows the stock held at each
supply point and the stock required at each demand point. A minimum cost solution is required.

P Q R S Supply

A 15 14 17 11 23
B 10 9 16 12 42
C 11 13 8 10 18
D 15 13 16 17 19

Demand | 25 45 12 20

Table 1

Table 2 shows an initial solution given by the north-west corner method.

P Q R S
A 23
B 2 40
C 5 12 1
D 19
Table 2

(a) Taking DQ as the entering cell, use the stepping-stone method to find an improved
solution. Make your method clear.
(2)

(b) Perform one further iteration of the stepping-stone method to obtain an improved
solution. You must make your method clear by stating the

e shadow costs

e improvement indices

® route

e entering cell and exiting cell.

C))

(c) Determine whether the solution obtained from this second iteration is optimal, giving
a reason for your answer.
3

(d) State the cost of the solution found in (b). "

(Total for Question 1 is 10 marks)




ANSWER >

3. Table 1 shows the cost, in pounds, of transporting one unit of stock from each of four
supply points, A, B, C and D, to three sales points, P, Q and R. It also shows the number
of units held at each supply point and the number of units required at each sales point.

A minimum cost solution is required.

P Q R Supply

A 25 24 17 42
B 7 12 14 68
C 13 11 20 25
D 16 15 13 40

Demand | 59 72 44

Table 1

Table 2 shows an initial solution given by the north-west corner method.

P Q| R
A | 4
B | 17 | s1
C 21 | 4
D 40
Table 2

(a) Taking AR as the entering cell, use the stepping-stone method to find an improved
solution. Make your method clear.

2

(b) Perform one further iteration of the stepping-stone method to obtain an improved
solution. You must make your method clear by stating

e shadow costs
e improvement indices

® route

e entering cell and exiting cell.

C))

(c) Determine whether the solution obtained from this second iteration is optimal, giving
the reason for your answer.

3)
(d) Formulate this situation as a linear programming problem. You must define your
decision variables and make the objective function and constraints clear.
(6)
(e) Explain why the Simplex algorithm cannot be used to solve transportation linear
programming problems such as that formulated in (d).
ey

(Total for Question 3 is 16 marks)




ANSWER >

3. The table below shows the cost, in pounds, of transporting one unit of stock from
each of four supply points, A, B, C and D, to three demand points, P, Q and R. It also
shows the stock held at each supply point and the number of units required at each
demand point.

A minimum cost solution is required.

P Q R Supply

B 29 30 28 41

C 29 33 26 29

D 32 34 36 45

Demand 57 31 62

(a) Use the north-west corner method to obtain an initial solution to this
transportation problem.

1)

(b) Perform one iteration of the stepping-stone method to obtain an improved solution.
You must make your method clear by showing the route and stating the

» shadow costs
e improvement indices

» entering cell and exiting cell
(4)

(c) Formulate the transportation problem as a linear programming problem. You must
define your decision variables and make the objective function and constraints clear.

(®)
(Total for Question 3 is 10 marks)




SUB-TOPIC 1.3

TRANSPORTATION AS LINEAR PROGRAMMING

Sub-topic 1.3 - 1 question - 9 marks - lowest tariff first




ANSWER >

5. A standard transportation problem is described in the linear programming
formulation below.

Let x; be the number of units transported from i to ;
where i € {A, B, C, D}
je{R,S, T} and x; > 0
Minimise P = 23x,g + 17x4s + 24x,r + 15x5g + 29xps + 32xp1
T 25xcg + 25xcs + 27xcr + 19xpr + 20xps + 25xpr

subject to

Given that the problem is balanced,

(a) state the value of £.
ey

(b) Explain precisely what the constraint z X;g = 44 means in the

transportation problem.

)

(c) Use the north-west corner method to obtain the cost of an initial solution to this
transportation problem.

)

(d) Perform one iteration of the stepping-stone method to obtain an improved solution.
You must make your method clear by showing the route and the

e shadow costs
* improvement indices

* entering cell and exiting cell.

Q)
(Total for Question 5 is 9 marks)

A
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MARK SCHEMES

official mark schemes
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< QUESTION

Question Marks AOs
3(a '
@) D275 Dag>3 x> Al | 25
&)
Q R S
A | 45
(b) B | 27 B1 1.1b
C 3 31
D 6 44
1)
Q R S Q| R| S
A | 45-6 0 Al 14 31 M1 2.1
B| (27 ivin B | 27
© @7 giving
C| 3+6 |31-0 C| 34 Al | 22a
D 6+6 | 44-0 D 37 | 13
)
23 16 12
Q R | S
d 0 Al X 2 X M1 2.1
-15 B| X 9 |17 Al 1.1b
-12 c| X 10 | 21
-1 D| -3 X | X
Q R S Q R S
A|ll4-0 31+6 Al 1l 44 M1 1.1b
B giving | B | 27
C C| 34
D| @ 13-6 D| 13 37
Entering cell is DQ and exiting cell is DS Al 222
4)
(9 marks)
Q‘\'/"ﬂ



< QUESTION

Notes:

(a) M1: At least five equations or inequalities with unit coefficients (with at least 3 correct)
Al: CAO must be inequalities — check signs and notation carefully. If individual terms written
out in full check suffices.
(b) B1: CAO for north-west corner method
(c) M1: A valid route shown, AS chosen as entering cell, only one empty square used, 6s balance
Al: CAO (with no zero in cell CR)

(d) M1: Finding 7 shadow costs and 6 improvement indices (no additional zeroes but condone if
clearly differentiated)
Al: CAO (Alternative shadow costs: columns 0, -7, -11 rows 23, 8, 11, 22)
M1: A valid route shown, their most negative 11 chosen, only one empty square used, 6s balance
Al: cao — including the deduction of both entering and exiting cells




< QUESTION

B
1) C 5_¢g 1+0 B | 2 40 1A1 1.1b
D 0 19-6 C 121 6
D 5 14
)
15 14 16 18
P Q R S
0 A X 0 1 -7
M1 1.1b
(b) -5 B X X 5 -1
-8 C 4 7 X X 1A1 | 1.1b
-1 D 1 X 1 X
P Q R S PIQ| R[S
Al23-6 0 Al 9 14 2M1 | 1.1b
B|2+6 |40-6 B|16 | 26
¢ C 2] 6
D 5+0 14-6
D 19
Entering cell is AS and exiting cell is DS 2A1 2.2a
(4)
15 14 9 11
P Q R S
© 0 A X 0 3 X 1M1 2.1
-5 B X X 12 6 1A1 | 1.1b
-1 C -3 0 X X
-1 D 1 X 8 7
A negative Il so solution is not optimal 2A1 2.4
®)
(d) (£)1086 1B1 | 1.1b
1)
(10 marks)

INA
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< QUESTION

Notes:

(a) IM1: A valid route, only one empty square used, 6°s balance.
Note: If not entering in DQ, allow this mark for a valid route and entry in CP or DP only.
1A1: CAO
(b) 1M1: Finding (exactly) 8 shadow costs and (exactly) 9 improvement indices for their improved
solution
1A1: Shadow costs [Alt: A(15), B(10), C(7), D(14), P(0), Q(-1), R(1), S(3)] and 11 CAO. Please
check top table for Shadow Costs.
2M1: A valid route, their most negative Il chosen, only one empty square used, 6’s balance
2A1: CAO - including the deduction of all entering and exiting cells
(c) 1M1: finding all 8 shadow costs and all 9 negative improvement indices or sufficient number of
shadow costs for at least 1 negative Il found (May just see SC: A, C, P and S and Il: PC). This
mark is dependent on the previous M mark in (b) which will therefore indicate a correct
mathematical argument leading from the initial solution to the confirmation or not of the
optimality of the current solution
1A1: CAO negative Il from correct working
2A1: CSO for (a), (b), (c) including the correct reasoning that the solution is not optimal because
there is a negative I1. Do not allow for ‘some IIs are not positive” o.e. [Alt shadow costs: A(15),
B(10), C(14), D(14), P(0), Q(-1), R(-6), S(-4)].
(d) 1B1: CAO ignore lack of or incorrect units.

Subtracting each entry from a value > 203
100 106 129 123

e, 2 48 58 48 1B1 1.1b

92 123 126 111

0 15 66 19

0 6 29 23
~. 10 46 56 461 .. .

B:yfﬂ‘
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< QUESTION

Question

W ET S

AOs

3(a) B |17+0| 510 B | 21| 47 e
C 21+ 6 | 4-0 C 25 Al 1.1b
D (40) D 40
)
25 30 17
P Q R
0 A X -6 X
M1 1.1b
(b) -18 B X X 15
-19 C 7 X 22 Al 1.1b
-4 D -5 | -11 | X
P 9 R P Q R
A|38-0 410 A 210 M1 1ab
B|21+6 | 47-6 B|S9| 9
C (25) C 25
D 0 40 -0 D 38| 2
Entering cell is DQ and exiting cell is AP Al 2.2a
(4)
14 19 17 M1 ”1
0 A 11 5 X Al 1.1b
-7 B X X 4
-8 C 7 X 11
-4 D 6 X X
No negative Ils so solution is optimal Al 24
®)
Let x; be the number of units (of stock) transported from (supply
(d) o o B1 3.3
point) i to (sales point) j
where i €{A,B,C,D} and je{P,QR} (x; >0) B1 | 33
Minimise 25X,p + 24X,q +17Xaq + 7Xgp +12Xg0 +14Xgg B1 25
+13Xep +11Xcq + 20Xcg +16Xpp +15X 50 +13Xpg B1 33

A
16



MARK SCHEME - Option 4D: Decision Mathematics 2 - October2020 - Q3 1.2 Stepping-stone Method < QUESTION

D Xy S42,D X5 <68, X <25, Xp; <40 accept = Bl | 3.3
D X259, X272, X 244 accept = | Bl | 3.3
(6)
The Simplex algorithm cannot be used as not all the constraints are in
(e) the form > x <k where k is a positive constant B1 3.5b
@)
(16 marks)
Notes:

(a) M1: avalid route, only one empty square used, 6’s balance
Al: cao
(b) M1: Finding all 7 shadow costs and the 6 improvement indices for the correct 9 entries
Al: Shadow costs and Il CAO
M1: A valid route, their most negative 1l chosen, only one empty square used, 6’s balance
Al: CAO - including the deduction of all entering and exiting cells
(c) M1: finding all 7 shadow costs and the 6 improvement indices — this mark is dependent on the
previous M mark in (b) which will therefore indicate a correct mathematical argument
leading from the initial solution to the confirmation or not of the optimality of the current
solution
Al: CAO (shadow costs and 1ls)
Al: CSO including the correct reasoning that the solution is optimal because there are no
negative Il
(d) B1: Correct definition of x;
B1: Correctly defining the set of values that i and j can take
B1: ‘Minimise’ + correct number of terms in objective
B1: Correct objective function
B1: Correct supply constraints (allow ‘equals’ or written out in full €.g. X,p+ Xao+ Xar < 42)

B1: Correct demand constraints (allow ‘equals’ or written out in full)
(e) B1: Correct justification of why the Simplex algorithm cannot be used to solve transportation LP

Cr Ul up = /-\ké) R + Dk—l}n = dUXxlIlidry egqudtiormris

4(a)
(m-2)(m+1)=0 M1 3.1a

m-m-2=0=a=-1,f=-2 Al 2.2a

€.
RA
17



< QUESTION

2
pdlllbuld.l bUIUlIUIILIy Un=/L\—O/A,u =/Lk—o n+1,u =/L\—J}n+2
(b) n+1 n+2 Ml 21
9/1+3/1—2/1=20(:/1=2) M1 1.1b
Uh=A(2) +B(-1) +2(-3
A B, ), Al | 1.1b
2u)=u;=>2A+2B+4=2A-B-6 M1 1.1b
u,=164 = 16 A+ B +162 = 164 M1 1.1b
1 10 1,..» 10 n n
A=—_B=—"—=u =_(2) ——(-1) +2(-3 Al 2.2
S B=—5 = u,=5(2) - (1) +2(-9) a
(6)
(8 marks)

Notes:

(a) M1: Uses given complementary function to find auxiliary equation corresponding to second-

order recurrence relation

Al: cao for both and 8 ) )
(b) M1: substitute u, = 4 (=3) into their second-order recurrence relation

M1: forms linear equation in A only

Al: correct general solution

M1: use 2u,= u, to form an equation in B (and possibly A)
M1: use u,= 164 to set up a second equation in A and B

Al: cao

.\v‘
18




< QUESTION

Marks AOs

3(a) P Q R
A | 35
B |22 ] 19 B1 1.1b
C 12 | 17
D 45
1)
(b)
27 28 21
P Q R M1 | 21
0 A X -5 4
2 B X X 5 Al 1.1b
5 C -3 X X
15 D -10| -9 X
P Q R P/ QIR
A A |35 M1 | 11b
Bl22-0]|19+06 B | 103l
c 0| 17+ 0 C 29 Al 2.2a
D D | 12 33
9 45_ 0 - - -, . -
Entering cell is DP and exiting cell is CQ
(4)
©) Letx, be the number of units (of stock) transported from (supply point) i B1 33
to (demand point) j '
where i€ {A,B,C,D} and j € {P,Q,R}(x,>0) BL | 25
Minimise 27x ,,+ 23x , + 25x ,  + 20x g+ 30x + 28x
+29x pt+ 33x 6+ 26x g+ 32xpt 34xDQ+ 36xpp Bl 3.3
Doy S35 D xy <AL D x <29, D ap <45 accept = Bl | 33
inP>57,inQ>3l,inR>62 accept = Bl 3.3
©®)
(10 marks)

INZ)
19



< QUESTION

Notes for Question 3

(@)

B1: CAO for north-west corner method

(b)

M1: Finding 7 shadow costs and 6 improvement indices

Al: Shadow costs and Il correct (Alternative SC rows 27, 29, 32, 42 columns 0, 1, -6)
M1: A valid route, their most negative 11 chosen, only one empty square used, #’s balance

Al: CSO (for (b)) so all previous marks in this part must have been awarded — including exiting and
entering cells stated correctly. Improved solution must be 6 numbers only with no additional 0 in CQ

(c) Check all suffixes carefully for accuracy and consistency
B1: Correct definition of x,; must clearly state that this is the number of units transported

B1: Correctly defining the set of values that i and j can take
B1: ‘Minimise’ + correct objective function

B1: Correct supply constraints with unit coefficients

(allow ‘equals’ or written out in full e.g. x , ,+ X0t X € 35)

B1: Correct demand constraints with unit coefficients
(allow ‘equals’ or written outin fulle.g. x , , + x5, + X, + x,p = 57)




< QUESTION

5(a) k=39 B1 2.2a
1)
(b) To ensure that the total amount transported to destination R from the | o, 2.4
four supply points cannot be less than the demand of 44 T 2.4
)
R S T
A | 34
(©) B [10 ] 17 BL | 1.1b
C 20 | 21
D 18
2942 Bl 2.2a
)
23 37 39
R S T
0 A X -20 | =15
(d) -8 B X X 1 M1 21
-12 C 14 X X Al 1.1b
-14 D 10 -3 X
R S T R S T
A | 34-60 0 A 17 | 17 M1 1.1b
B |10+60 | 17-6 B | 27
c C 20 | 21
D D 18
Entering cell is AS and exiting cell is BS Al 2.2a
(4)
(9 marks)
Notes:
(a) B1:CAO

(b) B1: Partial correct reasoning — must include at least two of ‘destination R’, ‘supply points’,
‘cannot be less’/’must be at least’, ‘demand of 44’ oe (do not accept ‘greater than or equal to”)

B1: Fully correct reasoning — all points covered as stated above. No incorrect statement.
(c) B1: CAO for north-west corner method (six correct figures in correct cells only, no zeros)
B1: CAO for initial solution (2942)

(d) M1: Finding 7 shadow costs and 6 improvement indices
Al: CAO




< QUESTION

M1: A valid route shown, their most negative Il chosen, only one empty square used, 0’s balance
Al:cao — (no zeros) including deducing entering and exiting cells

For reference:

R S T Supply

A 23 17 24 34
B 15 29 32 27
C 25 25 27 41
D 19 20 25 18

Demand 44 37 k

B:yfﬂ‘
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