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QUESTIONS

9 questions - 76 marks - 2 sub-topics

A



SUB-TOPIC 6.1

RECURRENCE RELATIONS AS MODELS

Sub-topic 6.1 - 3 questions - 28 marks - lowest tariff first




ANSWER >

7. Martina decides to open a bank account to help her to save for a holiday. Each month

she puts £k into the account and allows herself to spend one quarter of what was in the
account at the end of the previous month.

Let u, (where n>1) represent the amount in the account at the end of month 7.
Martina has £k in the account at the end of the first month.

(a) By setting up a first order recurrence relation for u
expression for u, in terms of n and £.

.+ 1n terms of u,, determine an

(6

At the end of the 8th month, Martina needs to have at least £1750 in the account to pay
for her holiday.

(b) Determine, to the nearest penny, the minimum amount of money that Martina should
put into the account each month.

(2)
(Total for Question 7 is 8 marks)

A




ANSWER >

8. The owner of a new company models the number of customers that the company will

have at the end of each month. The owner assumes that

e aconstant proportion, p (where 0 < p < 1), of the previous month’s customers
will be retained for the next month

e a constant number of new customers, &, will be added each month.

Let u, (where n > 1) represent the number of customers that the company will have at
the end of #n months.

The company has 5000 customers at the end of the first month.

(a) By setting up a first order recurrence relation for u,., in terms of u,, determine an
expression for u, in terms of n, p and .

(6)
The owner believes that 95% of the previous month’s customers will be retained each
month and that there will be 10000 new customers each month.
According to the model, the company will first have at least 135000 customers by the
end of the mth month.
(b) Using logarithms, determine the value of m.

3)

(Total for Question 8 is 9 marks)

A




ANSWER >

5. An increasing sequence {u } for n € N is such that the difference between the nth term
of {u } and the mean of the previous two terms of {u } is always 6

(a) Show that, forn > 3
2u ~u,  —u ,=12
2

Given that u =2 and u,=8

(b) find the solution of this second order recurrence relation to obtain an expression for
u in terms of n.

@)

(c) Show that as n — o0, u — kn where k is a constant to be determined. You must give
reasons for your answer.

2

(Total for Question 5 is 11 marks)

INZ)



SUB-TOPIC 6.2

SOLVING RECURRENCE RELATIONS

Sub-topic 6.2 - 6 questions - 48 marks - lowest tariff first

A



ANSWER >

2. The general solution of the first order recurrence relation
u,, +au, =bn’ +cen+d n=0
is given by
u, = AB)" +5n° +1

where 4 is an arbitrary non-zero constant.

By considering expressions for u , and u , find the values of the constants a, b, ¢ and d.

(Total for Question 2 is 3 marks)

INZ)



ANSWER >

2. The general solution of the second order recurrence relation
U, t ki, + ku,=0 n=0
is given by
u,= (A + Bn)(-3)"

where 4 and B are arbitrary non-zero constants.

(a) Find the value of &, and the value of &,
2

Given that u,=u, =1

(b) find the value of 4 and the value of B.
(2

(Total for Question 2 is 4 marks)

INZ)



ANSWER >

5. Asequence {u,},where n > 0, satisfies the second order recurrence relation
Upiy = %(un+l + un) +3 where u, =15 u, =20

(a) By considering the sequence {vn}, where u, = v, + 2n for n>0, determine an
expression for u, as a function of n.

)

(b) Describe the long-term behaviour of u,

1
(Total for Question 5 is 8 marks)

INZ)
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ANSWER >

8. Asequence {u |, where n > 0, satisfies the recurrence relation

2u,,, +5u,,, =3u, +8n+2

(a) Find the general solution of this recurrence relation.

6
A particular solution of this recurrence relation has u, = 1 and u, = k, where k is a
positive constant. All terms of the sequence are positive.
(b) Determine the value of £.

3)

(Total for Question 8 is 8 marks)

INZ)
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ANSWER >

4. Sequences {x } and {y } for n € N, are defined by

X, =2y *3 and Vo =3x 4,

n+l

x, =1 and y =a

where «a is a constant.

(a) Show that x ., —6x +8x =3

@
(b) Solve the second-order recurrence relation given in (a) to obtain an expression for x,
in terms of @ and n.
®)
Given that x, = 28225
(c) find the value of a.
(2)

(Total for Question 4 is 11 marks)

INZ)
12



ANSWER >

( )
7. Asequence {un}, where n > 0, satisfies the first order recurrence relation (*)

L'|n+1=0”’ln_lb)(kn) (*)
where a, £, k are non-zero constants and « # k

(a) Determine, in terms of a, 8, k and n, the general solution of this recurrence relation.

4)
Given that u = L and u, = 0, where T is a constant,
(b) show that a particular solution of the recurrence relation is

T-n
e (1 (4 j
a
un = T
()
a
®)

Taylor borrows a sum of money, L, to buy a house.

Taylor arranges a loan which enables them to increase their repayment as their
income grows.

The terms of the loan require Taylor’s repayments to be made once a year.

On each anniversary of the loan being taken out, 6% interest is charged on the
outstanding balance and Taylor makes an annual repayment of the total loan.

Taylor’s total annual repayment of the loan will increase by 4% each year and the whole
debt will be cleared in exactly 40 years.

The recurrence relation (*) can be used to model this situation.
(c) (i) State the value of «
(i) State the value of k

(iii) State the relevance of g in (*)

@)

(d) Show that after 30 years, according to the model, the outstanding debt is larger than
the original loan.

)
(Total for Question 7 is 14 marks)




MARK SCHEMES

official mark schemes

&
RA
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< QUESTION

Question Marks AOs
(@) |, =0T,k BL | 33
(aux equation m — 0.75=0=) complementary function is A(0.75) " B1 1.1b
Consider a trial solution of the form u =2 s0 1—0.754=k M1 1.1b
General solution isu =A(0.75) "+ 4k Al 1.1b
u, =k 075A+ dk=k=>A=... M1 3.4
u =4k(1-(0.75)") Al | 22a
(6)
(b) 4k( 1-0.758) =1750=k=... dM1 | 34
k=486.1721068. .. =k =486.18 Al 2.2a
)
(8 marks)
Notes:
(a) B1: CAO
B1: CAO

M1: substituting their trial solution into the recurrence relation (which must be of the form

u, , =au +kwhere a=0.75 or +0.25) in an attempt to find their A

n+ 1

Al: CAO for the general solution (may be implied by subsequent working)

M1: using the conditions in the model and their expression of the form
A(a) "+ Bk where a is 0.75 or + 0,25 to calculate A (which if correct is — 4k)

Al: CAO for the particular solution (may be an expression without «, =  accept any equivalent
forme.g. u =4k - 3k(0.75) "~ ')

(b) dM1: Applying n = 8 to their general solution of the form A( &) "+ Bk where a is 0.75 or 0,25
equal to 1750 (dependent on both M marks in (a))
Al: CAO — must be 486.18

A
15



MARK SCHEME - Option 4D: Decision Mathematics 2 - June2022 - Q8 6.1 Recurrence Relations as Models < QUESTION

8(a) | Un,=PU,+k BL | 33
(aux equation m— p =0=>) complementary function is A(p)’ B1 1.1b
Consider a trial solution of the form u, =4 so 41— pA=Kk M1 1.1b
General solution is u, = A(p)" +1L Al 1.1b

-p
U, =5000 = 5000 = A(p)+1L and solve for A M1 | 34
u, =[ 5000——K_ | prrs K Al | 22a
1-p 1-p
(6)

(b) | Setk=10000, p=0.95and u, ..135000 Bl 3.1b

[5000— 10000 )(0.95)“”+ 10000 " ;35000

1-0.95 1-0.95
m-1 1 1
(0.95"™*,, 3 = (m-1)log(0.95),, log 3 =>m.... M1 1.1b
m...22.418... so 23 months after the company was first up Al 3.2a
@)
(9 marks)

Notes:
(a) B1:CAO
B1:CAO

M1: substituting their trial solution into the recurrence relation in an attempt to find their 4 (which

if correct is 1L)
Al: CAO for the general solution

M1.:using the conditions in the model to calculate A(which if correctis p™* [5000—%))
-p

Al: CAO for the particular solution (oe)

(b)B1: Applying u,, .. 135000 (or equality or strict inequality) to their general solution together with
correct values for k and p (dependent on both M marks in (a))

M1: dependent on previous B mark — solving their equation using logarithms

Al: CAO — must be rounded to 23

Special case: A common misread is 500 for 5000. Mark as a misread so final A marks in (a) and (b)
deducted.

R D
RA
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< QUESTION

Question Scheme Marks | AOs
5(a) u, —%(uH +U,,)=6 = 2up — (Upq +Up_2) = 12 1M1 21
2Up —Up_q — Up_p =12 1A1 2.2a
)
(b) aux equation 2m? —-m—-1=0=>m=1m = —% 1B1 2.1
n
u, =A+B(-3) 2B1 | 1.1b
particular solution try u,, = An
L2n—An+A—-An+ 21 =12 = A[= 4] ML 1 11b
n
U, =A+B (— %) + 4n 1A1 | 1.1b
uy=2=>2A-B=-4 2M1 | 1.1b
U, =8=>4A+B=0 3aM1 | 1.1b
2 8 2 8 1\"
A=_§,B=§$un=_§+§(_5) +4n 2A1 | 2.2a
(7
u, > 4n (k=4) 1M1 2.1
© Asn — oo (— 1)n — 0 and 4n is considerably greater than _z
"\ 2 3 1A1ft | 1.1b
)
(11 marks)

Notes:

(a) 1M1: attempt to write given information in terms of a recurrence equation (allow sign errors and
errors in notation)

1A1*: CAO (NB equation is provided in the question so must see a correct unsimplified
recurrence relation which is simplified with no errors to the required form for this mark).

(b) 1B1: CAO for auxiliary equation and corresponding solutions (this mark can be implied by
correct complementary function)

2B1: complementary function CAO. Condone lack of ‘un=".
1M1: substitutes u,, = An into their 2nd-order recurrence relation and solves to obtain 1= ...
Note: 2An —A(n—1) —A(n — 2) = 12 0.e. > A1 = -+ can earn this mark
Note: Do not condone sign errors or errors in coefficients e.g.
2in—A(n+1)—A(n—2) =12 is MO
2n = 2A(n—=1) — A(n—2) = 12) is MO
1AL: Correct general solution. Condone lack of ‘Un =",
2M1: Forms one equation in A and B. General Solution must be of the form.

171
un=A+B(—;) + un wherep # 0

3dML1: Forms a second equation in A and B. Dependent on the previous method mark.
2A1: Particular solution CAO. Do not condone lack of ‘Uup= ...




< QUESTION

(c) M1: Obtains correct limit (ft their particular solution which must be of the correct form i.e.
n
Uy =A+B(—%) + un where g # 0)
ALft: Provides correct reasoning including comments relating to both of the following:
° — 0 (— l)n -0
n ) 2
o '— § becomes negligible (compared to 4n as n — )

2 T
Note: Condone ‘— 3 becomes insignificant’

INZ)
18



< QUESTION

Question Scheme Marks AOs
2 u =A3) T+ 5(n+ 1) 2+ 1 B1 1.1b
w, =A(3)(3) +5(n+1)2+1
M1 1.1b
=>un+l=3( u, = Snl— 1D +5(n+ 1) 2+ 1
U, o~ 3u,=- 10n24 10n+ 3 Al 1.1b
©))
Alternative 1
u,,  +oau, = 0
_ _ B1
U,y = —au,
C.F. u, = A(—a)"
—a=3 = a=-3
Particular solution
Try a2+ pun+v = 21=5 u=0vrv=1 M1
Sn+ D2+ 1-3(52+1) =bn2+ en+ d Al
=>b=-10 c=10 d=3
©))
Alternative 2
un+l+aun=3A(3)”+5n2+10n+6 B1
+ aA(3)" +5an + a
Compares coefficients
54+ 5a=0b > b=-10
c=10 Al
6+a=d > d=3
©)
(3 marks)

INZ)
19



< QUESTION

Notes for Question 2

B1: any correct expression for u, |
M1: eliminating A to form a first order recurrence relation containing «, , and «
Al:CAOforu, , —3u, =—10n%+ 10n+ 3(need not explicitly state a= - 3,b=— 10,c=10,d=3)

Alternative 1

B1: Considers the C.F. and deduces @ = — 3 with no other values stated
M1: Obtains P.S. and forms equation using u 3u,

Al: CAO foru,

+
n+1 —

|~ 3u,=—10n2+ 10n+ 3(need not explicitly state a = — 3,b=—10,c=10,d=3)

Alternative 2

B1: Forms the correct equation for « o toan,

M1: Attempts to compare coefficients — at least three terms seen
Al: CAO

B:yfﬂ‘
20



< QUESTION

Question Marks AOs
2() | (m+3)°=0 M1 | 3.1a
k=6 and k, =9 Al | 11b

@)

b U, =1= A(-3)’ =1
(®) ’ (=2) ML | 11b
U, =1= (A+B)(-3)=1

A=1and B=—% Al 1.1b

@)
(4 marks)

Notes:

(a) M1: Correct auxiliary equation (may be implied by 6, 9 correct) from u, =(A+Bn)(-3)"

Al: CAO —allow values stated implicitly i.e.,u,,, +6u,,, +9u, =0

n+2 n+l

(b) M1: Uses u, =u, =1and attempts to find A and B

Al: CAO - allow values stated implicitly e.g.u, = (1—%n)(—3)"

INZ)
21



< QUESTION

1

S(a) un+2=5( un+l+un) +3
vn+2+2(n+2)=%(vn+]+2(n+l)+v"+2n)+3 M1 2.1
W, =V, —V,=0 Al 1.1b
2mi—m-1=0=(2m+ 1) (m-1) =0-.m=-05and 1 dvi | 1.1b
1\
v =A+ B(— E) Alft | 1.1b
u0=15=>v0=15
Bl 1.1b
u,=20=v =18
A+B=15
1 and solve for A and B M1 1.1b
A——B=18
2
1\
u =17- 2(— ZJ +2n Al 2.2a
(7
(b) As n— o ,the terms of « are (approximately) given by the linear B1 94
expression 17 + 2n
1)
(8 marks)

Notes:

(@) M1: Substituting u_=v + 2n to obtain a second-order recurrence relation inv_only
Al: CAO Correct homogeneous second-order recurrence relation

dM1: Solving their three-term auxiliary equation (dependent on previous M mark) (if no auxiliary
equation seen, correct expression implies this mark)

Alft: Correct general solution for v following their roots or complimentary function if they do
not obtain homogeneous relationship.

B1: Either converting the first two given values for the sequence for u to v or for stating the
corresponding general solution for «

M1: Setting up two equations using their solution and solving for their A and B (if correct A =17

1
and B = —2) (dependent on general solution of the form A + B( @) " where a is — B or —2)

Al: CAO (may be an expression without « =  accept any equivalent form e.g.
n—1
u =17+ (— i) + 2n)
" 2

(b) B1: Explanation that as n becomes large the terms of the sequence are (approximately) in
arithmetic progression (or equivalent) dependent on correct expression for «




< QUESTION

Question Scheme Marks AOs
5(a) Special Case — does not use the transformation Max 6/8
2un+2_ un+1_urz:6 MO
A0
2un+2 un+ 1= un=0
2m?=m—-1=0=(2m+1) (m-1)=0..m=-05and 1 M1
1\»
CF.u =A+ B[— 5) Alft
Trial solution An
1 1
AMn+2)——i(n+1) ——in=3
2 2 B1
=i=2 P.S.2n
. 1"
General solution u =A+ B(— E) +2n
A+B=15
1 and solve for A and B dm1
A——B=18
2
1\
u =17- 2(— ;) +2n Al
(7
(b) As n— oo ,the terms of « are (approximately) given by the linear B1
expression 17 + 2n
1)
(8 marks)
Notes:
(a) MO: Transformation not used
AO0:
M1: Setting up and solving their three-term auxiliary equation (if no auxiliary equation seen,
correct expression implies this mark)
Alft: Correct complementary function for «  following their roots
B1: Finding the correct particular solution and stating the corresponding general solution for «




< QUESTION

dM1: Setting up two equations using their solution and solving for their A and B (if correct A =
17 and B = - 2) dependent on previous M mark (dependent on general solution of the form

1
A+ B(a) "+ Cn where a is — ; or —2)
Al: CAO (may be an expression without » = accept any equivalent form e.g.
1 \n-1
u =17+ (— —) + 2n)
1 2

(b) B1: Explanation that as n becomes large the terms of the sequence are (approximately) in
arithmetic progression (or equivalent) dependent on correct expression for «

B:yfﬂ‘
24



< QUESTION

Question Scheme Marks AOs
8 (a) aux. equation is 2m2+ 5m—3=0=>m=... M1 2.1
complementary function is A(0.5) "+ B( —3) " Al 1.1b
Particular solution try «_=an+ b and substitute into recurrence
. n M1 1.1b
relation
2(a(n+2) +b) +5Ca(n+ 1) +b) =3(an+ b) + 82+ 2 and by comparing
Imear4 2n=dgconstant terms gives dML | 1.1b
9a+ 4b=2
(u,=)AC05)"+B(=3)"+2n—4 Alft | 1.1b
®)
A+B-4=1 .
(b) leadingto A=...and B = ... ddM1 | 34
0.5A—3B-2=k
(unz)(34+ 24 )( 0.5) "+ ( -2 ]( -3) 7+ 2n— 4 and setting their
- o 07 ’ dddM1 | 3.1a
=
k=0.5 Al 2.2a
®3)
(8 marks)

INZ)
25



MARK SCHEME - Option 4D: Decision Mathematics 2 - June2024 - Q8 6.2 Solving Recurrence Relations < QUESTION

Notes for Question 8

Note mark (a) and (b) together

(a) M1: correct auxiliary equation and attempt to solve (leading to two distinct values of m)

Al: CAO for complementary function (accept if seen in subsequent working)

M1: correct form for particular solution and substituted n + 2, » + 1, » into recurrence relation
dM1: compares coefficients and setting up both equations in «, 5(so one equation in a only and one
equation in a and b (although a may have already been found from the first equation)) — dependent
on previous M mark (a=2and b =-4)

Alft: correct general solution following through their complementary function (must be their C.F. +
2n —4) Please award for a fully correct solution seen either here or being used in (b)

(b) ddM1: use correct initial conditions correctly to form simultaneous equations in their A, B and k
and attempt to solve for A and B — dependent on the previous two M marks. Award this mark for
Either
e eliminating either A or B from the correct two equations leading to one of
TA =2k + 34 or 7B =1— 2k (accept any equivalent form)
Or
¢ eliminating both A and B from their equations using the initial conditions and obtaining
expressions in terms of k

34+ 2k 1-2k
B=—

If correct A=

dddM1.: setting coefficient (which must be a linear expression in k) of their ( — 3) * equal to zero —
dependent on the previous three M marks (and at least one root of the auxiliary equation being
negative)

Al: CAO (must be from correct working)

t.
RA
26



< QUESTION

4(&) Xn+2 = 2yn+1 +3:> Xn+2 = 2(_4Xn +3Xn+1)+3

Leading to x,,, —6X.,, +8X, =3* B1 2.2a
)

(b) aux equation m*-6m+8=0=>m=2m=4 B1 2.1
x,=A(2)"+B(4)" Bl | 1.1b
particular solution try X, =4

M1 1.1b
S A-61+81=3 = A[=1]
x,=A(2)"+B(4)" +1 Al | 22a
X, =1=2A+4B=0 M1 1.1b
y,=a=>X,=2a+3 Bl 3.1a
4A+16B+1=2a+3 M1 1.1b
a+l a+l n- n-
-t ; ) 5! : ) x —(a+1)(8) " ~(a+1)(2) " +1 0) = Al | 22a
®)
6 6 .

© As x, =28225=(a+1)(4) —(a+1)(2) +1=28225 leading to ML | 34
a=..
a==6 Al 2.2a

@
(11 marks)
Notes:

(a) B1: Correct reasoning to derive given result — sufficient working must be shown as recurrence
equation given in question

(b) B1: cao for auxiliary equation and corresponding solutions (this mark can be implied by the
correct complementary function)

B1: cao for the complementary function

M1: Substitute X, =4 into their second order recurrence relation and solve for 1
Al: Correct general solution

M1: Forms one equation in A and B using X, =1

B1: Uses original recurrence relation for x_,, to derive the expression 2a + 3

n+l
M1: Setting up a second equation in A and B
Al: cao (oe e.g., X, =0.25(a+1)(4)" -0.5(a+1)(2)" +1)
(c) M1: Using X, =28225 to form a linear equation in a and attempt to solve for a
Al: cao for a




< QUESTION

Question Scheme Marks AOs
7(a) aux. equation is m — a=0=>complementary function is Aa” B1 2.1
Particular solution try « = Bk" and substitute into recurrence relation M1 1.1b
Bk"*1— aBk"= — pk" = Bk— aB= — $ and solve for B dvi | 1.1b
pk"
u =Aa"+ Al 2.2a
a—
(4)
(b) From given conditions: u j=L=A + P =L
. a-k M1 | 34
and u,=0=>Aa’+ =0
a—k
Eliminating g which if correct is Aa”+ (L—A) kT=0 dMl | 3.1a
Re-arrange to get an expression fo; Aintermsof L, k, T and « (which
for reference if correct is A= ) ddM1 | 3.1a
kT — T

Eliminate A and g from their general solution to obtain an expression
foru intermsofL,k, T, nand aonly

u = a"+ |L— k"
no\ kT— T kT— T
Lkn Lkn aT kT— non
un= pr kT(aT_ kT_”a")= a_T_ﬂ (?_ o7 )
(IT (lT
Lin K\r-n), Al 2.2a
un=—1_(£)T 1- ;
©)

(© | (Da=1006 BL | 22a
(i k=1.04 B1 292
(iii) p is the amount that Taylor repaid on the first anniversary of the '

. B1 3.1b
loan being taken out
®)
(d) L1040 . 1.04 )40-30
u30— 1— (1__04)40 - 1.06 M1 34
1.06
u,,=(1.05...) L>L so, after 30 years the outstanding debt (which is Al 3.4
(2.05...)L) is larger than the original loan (L) '
)
(14 marks)

A
28



MARK SCHEME - Option 4D: Decision Mathematics 2 - June2025 - Q7 6.2 Solving Recurrence Relations < QUESTION

Notes for Question 7

(@)

B1: CAO for complementary function (condone if stated as u, = Aa")

MZ1: correct form for particular solution and substituted into recurrence relation

dM1: simplifying (by eliminating n) and solving for their constant (B)

Al: correct general solution (must be un =) (must be fully simplified)

(b)

M1: Form two equations using their general solution, and both given conditions

dM1: Eliminate either A or g from their two equations (formed from the given conditions)
ddM1: Re-arrange to obtain an expression for either g or Aiinterms of L, k, T, nand «

They may eliminate A and then obtain an expression for and then substitute for this

a— k
dddM1: Eliminate both A and s from their general solution to obtain an expression for « in terms
of L, k, T, nand aonly
Al: CSO - correctly derive given result (so sufficient working must be shown)
(©)()
B1: CAO for a
(i)
B1: CAO for k
(iii)
B1:CAO for the relevance of g in (*) must be clear that this is the amount repaid one year after the
loan is taken out. Accept e.g original amount repaid or initial repayment and condone reference to
0" year if clear that this is the first repayment (do not accept annual repayment)
(d)
M1: Substitute T = 40, n = 30 and their values of «, k into correct particular solution (accept sight of
1.05L for this mark even if full calculation not shown)
Al: CAO that the outstanding debt after 30 years is larger than the original debt (so must see some
reference to 1.05L (or better) and L) (accept 1.05L > L) (must follow from a correct calculation)

In part (c) for those that at attempt to verify (rather than show the given result) then the first 3 M
marks are as in the main scheme (M1 for using the given conditions to form two equations, dM1 for
eliminating A, ddM1 for obtaining an expression for g (which for reference if correct is
Lal(a—k)
p= al— kT
k, T, nand « only — which if correct should be equivalent to
Lk" k

., - au”=m{k— () (F)-aral5) )=~ k[%] The final A mark is for correctly showing

), then the fourth M mark is for obtaining an expression for u_, ,—au intermsofL,
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— p( k") with a correct expression for g explicitly seen (in terms of L, k, T and «)).
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Alternative for (b)
If they eliminate A first
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