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QUESTIONS

25 questions - 287 marks - 4 sub-topics
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SUB-TOPIC 4.1

NEWTON'S LAW OF RESTITUTION

Sub-topic 4.1 - 4 questions - 37 marks - lowest tariff first
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ANSWER >

3. A particle P of mass 2m is moving in a straight line with speed 3u on a smooth
horizontal plane. It collides directly with a particle O of mass m that is moving on the
plane with speed 2u in the opposite direction to P.

. I . 4
The coefficient of restitution between P and Q is e, where e > 3

(a) Show that the speed of O immediately after the collision is w

(6

After the collision Q hits a smooth fixed vertical wall that is perpendicular to the
direction of motion of Q. The coefficient of restitution between Q and the wall is f.

(b) Find, in terms of e, the set of values of f for which there will be a second collision
between P and Q.

C))

INZ)



x
W
=
%)
P
<

Question 3 continued
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Question 3 continued
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(Total for Question 3 is 10 marks)

Question 3 continued
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5. Two particles, P and Q, are moving in opposite directions along the same straight line
on a smooth horizontal surface when they collide directly.
The mass of P is 3m and the mass of Q is 4m.
Immediately before the collision the speed of P is 2u and the speed of O is u.
The coefficient of restitution between P and Q is e.

(a) Show that the speed of O immediately after the collision is %(9e + 2)
(6)

After the collision with P, particle QO collides directly with a fixed vertical wall and
rebounds. The wall is perpendicular to the direction of motion of Q.

. i .1
The coefficient of restitution between Q and the wall is >

(b) Find the complete range of possible values of e for which there is a second collision
between P and Q.
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Question 5 continued
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Question 5 continued

(Total for Question 5 is 10 marks)
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5. A particle P of mass 3m and a particle Q of mass 2m are moving along the same straight
line on a smooth horizontal plane. The particles are moving in opposite directions
towards each other and collide directly.

Immediately before the collision the speed of P is u and the speed of Q is 2u.
Immediately after the collision P and Q are moving in opposite directions.
The coefficient of restitution between P and Q is e.

(a) Find the range of possible values of e, justifying your answer.

®)
Given that Q loses 75% of its kinetic energy as a result of the collision,

(b) find the value of e.
3)
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Question 5 continued
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Question 5 continued

(Total for Question 5 is 11 marks)
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4 a
1. Aparticle A has mass 4m and a particle B has mass 3m. The particles are moving along
the same straight line on a smooth horizontal table. The particles are moving in opposite
directions towards each other when they collide directly.
As a result of the collision, the direction of motion of each particle is reversed.
Immediately before the collision, the speed of A is u and the speed of B is ku, where k
is a constant.
Immediately after the collision, the speed of A is 2v and the speed of B is 3v.
The magnitude of the impulse received by A in the collision is 20mv.
(a) Find u in terms of v only.
3
(b) Find the exact value of k.
©)
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Question 1 continued

(Total for Question 1 is 6 marks)
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SUB-TOPIC 4.2

SUCCESSIVE DIRECT IMPACTS

Sub-topic 4.2 - 4 questions - 56 marks - lowest tariff first

&
RA
18



ANSWER >

4 N\
2. Two particles, 4 and B, are moving in opposite directions along the same straight line on a
smooth horizontal surface when they collide directly.
Particle 4 has mass 5m and particle B has mass 3m.
The coefficient of restitution between A and B is e, where ¢ > 0
Immediately after the collision the speed of 4 is v and the speed of B is 2v.
Given that 4 and B are moving in the same direction after the collision,
(a) find the set of possible values of e.
®)
Given also that the kinetic energy of 4 immediately after the collision is 16% of the
kinetic energy of 4 immediately before the collision,
(b) find
(1) the value of e,
(i1) the magnitude of the impulse received by 4 in the collision, giving your answer
in terms of m and v.
(6)
\ J
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Question 2 continued
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Question 2 continued
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Question 2 continued

(Total for Question 2 is 14 marks)
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3. Two particles, 4 and B, have masses 3m and 4m respectively. The particles are moving in the
same direction along the same straight line on a smooth horizontal surface when they collide
directly. Immediately before the collision the speed of 4 is 2u and the speed of B is u.

The coefficient of restitution between 4 and B is e.

(a) Show that the direction of motion of each of the particles is unchanged by the
collision.

®

After the collision with 4, particle B collides directly with a third particle, C, of mass 2m,
which is at rest on the surface.

The coefficient of restitution between B and C is also e.

(b) Show that there will be a second collision between 4 and B.
(6)
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Question 3 continued

(Total for Question 3 is 14 marks)
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4. A particle 4 of mass 2m is moving in a straight line with speed 3u on a smooth
horizontal plane. Particle A collides directly with a particle B of mass m which is at rest
on the plane.

The coefficient of restitution between 4 and B is e, where e > 0

(a) Show that the speed of B immediately after the collision is 2u (1 + e).
(6)

After the collision, B hits a smooth fixed vertical wall which is perpendicular to the
direction of motion of B.

(b) Show that there will be a second collision between A4 and B.
3)

1
The coefficient of restitution between B and the wall is E

Find, in simplified form, in terms of m, u and e,

(c) the magnitude of the impulse received by B in its collision with the wall,

&)

(d) the loss in kinetic energy of B due to its collision with the wall.
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(Total for Question 4 is 15 marks)

Question 4 continued
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A B C
2m 3m 4m

Figure 2
Three small balls, A, B and C, have masses 2m, 3m and 4m respectively.

The balls are initially at rest in a straight line on a smooth horizontal surface, with B
between A and C, as shown in Figure 2.

Ball A is projected towards B with speed 5u and A and B collide directly.
Immediately after the collision, the speed of B is 3u

The balls are modelled as uniform spheres with equal radii.

(a) Find, in terms of u, the speed of A immediately after the collision with B.

(b) Find the coefficient of restitution between A and B.

After the collision between A and B, ball C is projected towards B with speed u
Balls B and C collide directly.
The coefficient of restitution between B and C is f

Given that there is a second direct collision between A and B

(c) find the complete range of possible values of f

®)
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Question 5 continued
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Question 5 continued

(Total for Question 5 is 13 marks)
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SUB-TOPIC 5.1

OBLIQUE IMPACTS BETWEEN SPHERES

Sub-topic 5.1 - 8 questions - 96 marks - lowest tariff first
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4, [In this question, i and j are perpendicular unit vectors in a horizontal plane.]

B

(i+6j)ms!

(7i +2j)ms!

A

Figure 1

Figure 1 represents the plan view of part of a smooth horizontal floor, where AB
represents a fixed smooth vertical wall.

A small ball of mass 0.5kg is moving on the floor when it strikes the wall.
Immediately before the impact the velocity of the ball is (7i + 2j)ms™".
Immediately after the impact the velocity of the ball is (i + 6j)ms™".

The coefficient of restitution between the ball and the wall is e.

(a) Show that AB is parallel to (2i + 3j).

(b) Find the value of e.
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Question 4 continued

(Total for Question 4 is 9 marks)
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7.

[In this question, i and j are perpendicular unit vectors in a horizontal plane.]

B

(8i +2j)ms!

Figure 3

Figure 3 represents the plan view of part of a smooth horizontal floor, where 4B is a
fixed smooth vertical wall.

%
The direction of AB is in the direction of the vector (i + j)
A small ball of mass 0.25kg is moving on the floor when it strikes the wall AB.
Immediately before its impact with the wall 4B, the velocity of the ball is (8i + 2j)ms™!

Immediately after its impact with the wall AB, the velocity of the ball is vms™
1
The coefficient of restitution between the ball and the wall is 3

By modelling the ball as a particle,

(a) show that v =4i + 6j

(b) Find the magnitude of the impulse received by the ball in the impact.

(6
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Question 7 continued
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Question 7 continued
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Question 7 continued
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Question 7 continued

(Total for Question 7 is 9 marks)
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Figure 1

A smooth uniform sphere S of mass m is moving with speed U on a smooth horizontal
plane. The sphere S collides obliquely with another uniform sphere of mass M which is
at rest on the plane. The two spheres have the same radius.

Immediately before the collision the direction of motion of § makes an angle a,
where 0 < a < 90°, with the line joining the centres of the spheres.

Immediately after the collision the direction of motion of § makes an angle f with the
line joining the centres of the spheres, as shown in Figure 1.

The coefficient of restitution between the spheres is e.
(m+ M)tana

Show that t =
(a) Show that tan 8 e ®

Given that m = eM,

(b) show that the directions of motion of the two spheres immediately after the collision
are perpendicular.

2
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(Total for Question 5 is 10 marks)

Question 5 continued
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6. [In this question i and j are perpendicular unit vectors in a horizontal plane.]

A smooth uniform sphere 4 has mass 0.2kg and another smooth uniform sphere B, with
the same radius as 4, has mass 0.4kg.

The spheres are moving on a smooth horizontal surface when they collide obliquely.
Immediately before the collision, the velocity of 4 is (3i + 2j)ms! and the velocity of B
is (-4i — jyms™!

At the instant of collision, the line joining the centres of the spheres is parallel to i
. i .3
The coefficient of restitution between the spheres is 7

(a) Find the velocity of 4 immediately after the collision.
(7)

(b) Find the magnitude of the impulse received by A4 in the collision.
(2)

(¢) Find, to the nearest degree, the size of the angle through which the direction of
motion of 4 is deflected as a result of the collision.
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Question 6 continued

(Total for Question 6 is 12 marks)
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3. [In this question, i and j are perpendicular unit vectors in a horizontal plane.]

A smooth uniform sphere P has mass 0.3kg. Another smooth uniform sphere O, with
the same radius as P, has mass 0.5kg.

The spheres are moving on a smooth horizontal surface when they collide obliquely.
Immediately before the collision the velocity of Pis (ui + 2j)ms™, where u is a
positive constant, and the velocity of Q is (—4i + 3j)ms™!

At the instant when the spheres collide, the line joining their centres is parallel to i.
. o .3
The coefficient of restitution between P and Q is 3

As a result of the collision, the direction of motion of P is deflected through an angle of
90° and the direction of motion of Q is deflected through an angle of a°

(a) Find the value of u
®)

(b) Find the value of o
)

(c) State how you have used the fact that P and O have equal radii.
@
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Question 3 continued

(Total for Question 3 is 14 marks)
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5. A smooth uniform sphere P has mass 0.3 kg. Another smooth uniform sphere Q, with the
same radius as P, has mass 0.2kg.

The spheres are moving on a smooth horizontal surface when they collide obliquely.
Immediately before the collision the velocity of P is (4i + 2j)ms' and the velocity of Q
is (=3i +j)ms.

At the instant of collision, the line joining the centres of the spheres is parallel to i.

The kinetic energy of O immediately after the collision is half the kinetic energy of O
immediately before the collision.

(a) Find
(i) the velocity of P immediately after the collision,
(i) the velocity of Q immediately after the collision,
(iii) the coefficient of restitution between P and O,

carefully justifying your answers.

(11)

(b) Find the size of the angle through which the direction of motion of P is deflected by
the collision.
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Question 5 continued

(Total for Question 5 is 14 marks)
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A (m) B (3m)

Figure 1

A smooth uniform sphere 4 of mass m is moving with speed U on a smooth horizontal
plane. The sphere 4 collides obliquely with a smooth uniform sphere B of mass 3m
which is at rest on the plane. The two spheres have the same radius.

Immediately before the collision, the direction of motion of 4 makes an angle «, where
0° < a < 90°, with the line joining the centres of the spheres.

Immediately after the collision, the direction of motion of 4 is perpendicular to its
original direction, as shown in Figure 1.

The coefficient of restitution between the spheres is e.

(a) Show that the speed of B immediately after the collision is

%(1 +e)Ucosa
(6)

1
(b) Show that e > 3

“4)
1
(c) Show that 0 < tana < N
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Question 7 continued

(Total for Question 7 is 15 marks)
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3ms™!

Figure 4

Two uniform spheres P and Q have equal radii. The mass of P is 0.3 kg and the mass
of Q is 0.4 kg. The spheres are moving on a smooth horizontal plane when they collide
obliquely.

Immediately before the collision,

* P is moving with speed 5ms™ at 30° to the line of centres of the spheres
* Qs moving with speed 3 ms™ at 60° to the line of centres of the spheres
Immediately after the collision,

e P is moving with speed vms" at 60° to the line of centres of the spheres
e Qs moving with speed wms™" at #° to the line of centres of the spheres

as in the plan view shown in Figure 4.

(a) Show that v = ﬂ
3 ©)
(b) Find (i) the value of w
(ii) the value of ¢
(7)
(c) Find the coefficient of restitution between P and Q.
®)
L J
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Question 7 continued

(Total for Question 7 is 13 marks)
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OBLIQUE IMPACTS WITH WALLS AND PLANES

Sub-topic 5.2 - 9 questions - 98 marks - lowest tariff first
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a4 )
1.
T
", o Hu ms™! W,
< m >
Figure 1

Figure 1 represents the plan of part of a smooth horizontal floor, where W, and W, are
two fixed parallel vertical walls. The walls are 3 metres apart.

A particle lies at rest at a point O on the floor between the two walls, where the point O
is d metres, 0 < d < 3, from W,

At time ¢ = 0, the particle is projected from O towards W, with speed ums™' in a direction
perpendicular to the walls.

2
The coefficient of restitution between the particle and each wall is —

The particle returns to O at time ¢ = T seconds, having bounced off each wall once.

45 - 5d
4y

(a) Show that 7=
(6)

The value of u is fixed, the particle still hits each wall once but the value of d can now vary.

(b) Find the least possible value of T, giving your answer in terms of u. You must give a
reason for your answer.

2
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(Total for Question 1 is 8 marks)
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Figure 1

Figure 1 represents the plan view of part of a horizontal floor, where AB and BC
represent fixed vertical walls, with 4B perpendicular to BC.

A small ball is projected along the floor towards the wall 4B. Immediately before
hitting the wall AB the ball is moving with speed vms™! at an angle 6 to AB.

The ball hits the wall AB and then hits the wall BC.
1
The coefficient of restitution between the ball and the wall 4B is 5

The coefficient of restitution between the ball and the wall BC is e.
The floor and the walls are modelled as being smooth.

The ball is modelled as a particle.

The ball loses half of its kinetic energy in the impact with the wall 4B.

(a) Find the exact value of cos 6.

5
The ball loses half of its remaining kinetic energy in the impact with the wall BC.

(b) Find the exact value of e.
3
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Question 5 continued

(Total for Question 5 is 10 marks)
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6. [In this question, i and j are horizontal perpendicular unit vectors.]

A particle P is moving with velocity (4i — j)ms ™' on a smooth horizontal plane.
The particle collides with a smooth vertical wall and rebounds with velocity (i + 3j)ms™’

The coefficient of restitution between P and the wall is e.

(a) Find the value of e.
(6)

After the collision, P goes on to hit a second smooth vertical wall, which is parallel to i.
. o . 1
The coefficient of restitution between P and this second wall is 3

The angle through which the direction of motion of P has been deflected by its collision
with this second wall is a°.

(b) Find the value of a, giving your answer to the nearest whole number.
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N
B
T
R S
Figure 5
Figure 5 represents the plan view of part of a smooth horizontal floor, where RS and ST
are smooth fixed vertical walls. The vector RS is in the direction of i and the vector ST
is in the direction of (2i + j).
A small ball B is projected across the floor towards RS. Immediately before the impact
with RS, the velocity of B is (6i — 8j)ms'. The ball bounces off RS and then hits S7.
The ball is modelled as a particle.
Given that the coefficient of restitution between B and RS is e,
(a) find the full range of possible values of e.
3
. . 1 . oL 1
It is now given that e = 1 and that the coefficient of restitution between B and ST is 5
(b) Find, in terms of i and j, the velocity of B immediately after its impact with ST.
)
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Question 8 continued
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Q\Vﬂ
87



ANSWER >

C
6ms!
a M/l_
A B
Figure 2

Figure 2 represents the plan view of part of a horizontal floor, where AB and BC are fixed
vertical walls with 4B perpendicular to BC.

A small ball is projected along the floor towards 4B with speed 6 ms™' on a path that
4
makes an angle a with 4B, where tana = 3 The ball hits 4B and then hits BC.

Immediately after hitting 4B, the ball is moving at an angle /5 to AB, where tanf; = %
The coefficient of restitution between the ball and 4B is e.

The coefficient of restitution between the ball and BC is %

By modelling the ball as a particle and the floor and walls as being smooth,

1
(a) show that the value of e = 1

(b) find the speed of the ball immediately after it hits BC.

(c) Suggest two ways in which the model could be refined to make it more realistic.

)

4

2)
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Question 2 continued

(Total for Question 2 is 11 marks)
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~
—a
2
vms!
o
A B
Figure 2
Figure 2 represents the plan view of part of a horizontal floor, where 4B and CD
represent fixed vertical walls, with 4B parallel to CD.
A small ball is projected along the floor towards wall AB. Immediately before hitting wall
AB, the ball is moving with speed vms™ at an angle a to AB, where 0 < a < %
The ball hits wall 4B and then hits wall CD.
1
After the impact with wall CD, the ball is moving at angle 5 o to CD.
The coefficient of restitution between the ball and wall AB is %
The coefficient of restitution between the ball and wall CD is also %
The floor and the walls are modelled as being smooth. The ball is modelled as a particle.
1 1
(a) Show that tan Ea =3
Q)
(b) Find the percentage of the initial kinetic energy of the ball that is lost as a result of
the two impacts.
C))
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6. A particle P of mass m is falling vertically when it strikes a fixed smooth inclined plane.
The plane is inclined to the horizontal at an angle o, where 0 < o < 45°

At the instant immediately before the impact, the speed of P is u.
At the instant immediately after the impact, P is moving horizontally with speed v.

(a) Show that the magnitude of the impulse exerted on the plane by P is museca
&)

The coefficient of restitution between P and the plane is e, where e > 0

(b) Show that v = #*(sin® a + € cos” a)

3
(c) Show that the kinetic energy lost by P in the impact is
1 2 2 2
Emu (1-e“)cos” a
()]

(d) Hence find, in terms of m, u and e only, the kinetic energy lost by P in the impact.
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( )
7.
D P C
a B
V
U
o
I4
w
A B
Figure 2

A small smooth snooker ball is projected from the corner 4 of a horizontal rectangular
snooker table ABCD.

The ball is projected so it first hits the side DC at the point P, then hits the side CB at
the point Q and then returns to A.

Angle APD = a, Angle QPC = f3, Angle AQB =y
The ball moves along AP with speed U, along PQ with speed } and along QA with
speed W, as shown in Figure 2.

The coefficient of restitution between the ball and side DC is e,
The coefficient of restitution between the ball and side CB is e,
The ball is modelled as a particle.
Use the model to answer all parts of this question.

(a) Show that tan 8 = e, tana

“4)
(b) Hence show that e, tana = e, coty
3)
(c) By considering (angle APQ + angle AQP) or otherwise, show that it would be
possible for the ball to return to 4 only if e, > ¢,
(6)
If instead e, =e,, the ball would not return to A4.
Given that e, =e¢,
(d) use the result from part (b) to describe the path of the ball after it hits CB at Q,
explaining your answer.
@
\ J
. .
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Question 7 continued
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Question 7 continued

(Total for Question 7 is 14 marks)
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vms'!

(3i +2j) ms!

Figure 5

Figure 5 represents the plan view of part of a smooth horizontal floor, where RS and
ST are smooth fixed vertical walls.

The vector RS is in the direction of the vector i.

The vector ST is in the direction of the vector (3i + 4j).

A small ball B of mass 0.25 kg is projected across the floor towards RS.
Immediately before the impact with RS, the velocity of B is v ms™!
Immediately after the impact with RS, the velocity of B is (3i + 2j) ms™
The coefficient of restitution between B and RS is %

The ball is modelled as a particle.

(a) Show that the kinetic energy lost by B in the impact with RS is 4 J.

(6)
Immediately after the impact with ST, the velocity of B is w ms™!
Given that the coefficient of restitution between B and ST is %
(b) find w in terms of i and j. ©

B:yfﬂ‘
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Question 8 continued
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Question 8 continued
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Question 8 continued
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Question 8 continued

(Total for Question 8 is 12 marks)
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< QUESTION

If it helps the candidate, ignore their diagram.

3(a)
3u 2u
_’ 4_
Jeler
Vp Vo '
CLM: M1 3.1a
2Mmx3U—Mmx2u=2mv, +mv,  (4u=2v, +V,) Al 1.1b
Impact Law: M1 34
due = -V, +V, Al 1.1b
Attempts to solve for v, dm1 21
VQ = w * Al* 22a
3
(6)
3b) 1y, = @ oe M1 | 11b
Correct rebound speed or velocity of Q seen =+ w B1 34
States a correct inequality
Eg 2™ collision if
f (4+10e)u - (4-5e)u
3 3
f (4+10e)u S (5e—4)u M1 31a
3 3
(4-5e)u o f (4+10e)u
3 3
_ (5e—4)u o f (4+10e)u
3 3
a)f> Se—4 Al | 11b
4+10e
(4)
(10 marks)
Notes:
(@)
INZ)
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< QUESTION

CLM used. Dimensionally correct, mass x velocity. All terms required. Condone sign errors.

M1 Condone consistent g’s or cancelled m’s.
Al Correct unsimplified equation
M1 NEL used correctly with e appearing on the correct side of the equation. Condone sign errors,

must have the correct number of terms.
Al Correct unsimplified equation. Direction of vq and ve must be consistent with their CLM equation.
dmi Use their correctly formed equations to solve for vo At least one line of working should be seen.

. . 4+10e)u
Correct given answer correctly obtained v, = % *
1 u(4+10e u
Al* Also accept: 3 (4+10e)u u(4-+10e) 3 (4+10e)
10e+4)u .
Do not accept the 4 and 10e reversed eg g is AO*

(b)

Attempt to solve for ve . If vp is found in (a) it must be used in (b) to score this mark.

M1 o T 5e—-4)u
Note that if P is assumed to reverse direction in (a) then v, = u oe

3
. . f(4+10e)u _ .
B1 Correct expression seen for speed or velocity of Q after rebound i% . This may
appear on a diagram.
M1 Correct unsimplified inequality seen. The inequality must be correct, accepts cancelled u’s and/or
3’s
AL Correct inequality, do not ISW.

Allow 1> f to be omitted but do not allow the strict inequality 1> f .

Lo
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< QUESTION

Using CLM: M1 34
6mu—4mu =-3mv+4mw (2u=-3v+4w) Al | 11b
Use of impact law M1 3.1a
w+v=ex3u Al 1.1b
Complete method to find w M1 2.1
WA= —geu+2u w—u(9e+2) * Al* | 22
—3v+4w=2u a Ty .28
(6)
5b 1 u u
W'==—x—(9%+2) |=—(9%+2
2><7( ) ( 14( )) Bl | 11b
v= ;(12e—2) BL | 1ib
For a second collision: w'>v M1 3.3
%e+2>2(12e-2), 0<e<§ Al 1.1b
(4)
(Total 10 marks)
Notes
(a) M1 Use of CLM. Need all terms. Must be dimensionally correct. Condone sign errors.
Accept consistent cancelling of m
Al Correct unsimplified equation for CLM.
They can have v in either direction
Correct use of the impact law (used the right way round)
M1 . NP .
Condone sign errors in finding speed of approach and speed of separation.
Al Correct unsimplified equation. Signs consistent with equation for CLM.
M1 Complete method to find w e.g. by forming simultaneous equations using CLM and
Impact Law and solving. This requires both of the preceding M marks
AL Obtain given answer from correct working.
Accept with 2 + 9e in place of 9 + 2

B:yfﬂ‘
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< QUESTION

Check that the answer does follow from the working.

(b) B1

Speed of Q after impact with the wall. Any equivalent form. Correct speed can be
implied by a correct negative velocity.

Bl

Speed of P after impact with Q. Accept £. Any equivalent form in u and e (seen or
implied)

M1

Form correct inequality using their v and w’. A correct inequality has P and Q both
moving away from the wall

Al

Correct interval only. Accept unsimplified fraction. Need both ends of the interval.
Must be strict inequality at both ends.

B:yfﬂ‘
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Question Scheme Marks AOs
5(a) —>u PP A—
v —>w
Use of CLM M1 31a U.se of pLM. All terms required. .Must be
dimensionally correct. Condone sign errors
3mu—4mu =2mw-3mv  (-u=-3v+2w) Al 1.1b | Correct unsimplified equation
: Use of impact law. Must be dimensionally correct and
Use of impact law M1 34 used correctly. Condone sign errors
_ Correct unsimplified equation

WV =3ue Al 1.1b Signs consistent with CLM equation
Correct strategy to form equation in w and find critical value of . . .

01 Correct overall strategy to find the critical value of e in
€ e( ' ) M1 3.1a | (0,1)ine egby using CLM and impact law to form
(5w= u (9e—1)) equation or inequality in w and solve for e.
w>0:e> % Al 1.1b | One inequality for e correct Condone e > %
Complete strategy to justify the range of values of e M1 314 | Correctstrategy to find the range of possible value of e.
(5v=u(1+6e)) v>0:trueforalle ' i.e find second speed and form second inequality

Therefore % <e<1 Al 2.2a | Correct final conclusion
®)
A

< QUESTION




< QUESTION

Question Scheme Notes
5(b) Use KE to form equation in e. 25% should be used
Final KE = 25% of initial KE M1 3.1a | correctly
Condone if mass cancelled throughout

2 _ 2

%mex%:lx%mexmz (or W=%x 2u) Alft 1.1b | Correct unsimplified equation — follow their w
2 Or equivalent. Correct conclusion
= (9e-1)°=25, e=< onl
( ) °73 Y Al 1.1b ISW after correct answer.
®)
(11marks)
A
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< QUESTION

Either
ForB:  20mv=3m(3v—(—ku))
Alft | 1.1b
Or
CLM:  4m(u) — 3m(ku) = 3m(3v) — 4m(2v)
k=1 Al | Llb
9
@)
(6 marks)

Notes: Working in parts (a) and (b) may be marked together.

(@)
Use of | =m(v—u)on A or equivalent complete method to form an equation in
terms of u and v (and m) only (not k). Must consider change in momenta but

M1 condone in the wrong order or velocity sign errors. Might see (2v + u) rather than

(2v —-u). Dimensionally correct equation with correct mass and velocities pairings.
If CLM equation is formed in (a), then an impulse-equation must also be used to
eliminate k for this mark. Allow consistent omission of m.

Al | Correct unsimplified equation in u and v (and m)

Correct only, ISW after u=3v

Al AOQ for only v :%
(b)
Correct use of impulse-momentum equation or CLM to form an equation in k, u, v
M1 . . - . .
(and m). All terms required, allow consistent omission of m. Dimensionally correct.
Alft Correct unsimplified equation in k, u and v. No need to replace u and v (follow

through their positive u if substituted)

A1l | Correct exact value. Accept 13 or recurring decimal 1.2 with correct notation.

Qﬁ@/ﬂ'
118



< QUESTION

Question Scheme ‘ Marks AOs

2(&) —> x y&—
—y % 2v
Use of CLM M1 3.1a
5mv+6mv(=11mv) =5mx—-3my  (1lv=>5x-3y) Al 1.1b
Use of impact law M1 3.1a
v=e(x+y) Al | 11b
1lev =5ex —3ey v
= x=—(11e+3 .
{ 3v =3ex —3ey 8e( ) ML 3da
v
=—(5-11e Al 1.1b
Y=g (5-1le)
e>0 (= x>0) = 5-11e>0 M1 34
5
=0<e<— Al 2.2a
11
8)
(b) Form equation for KE M1 2.1
2
Lesmavi= 22 Lsma Y (110 +3) Alft | 11b
2 100 2 64e
(4(11e+3)=(+)80e) e =% Al | 11b
Impulse =-5m(v—Xx) M1 | 3.1a
__5 ( _Q_3_Vj
8 8e
& 11 Alft | 1.1b
Or 3m(2v —V——V)
8
. 15
Magnitude =Emv Al 2.2a
(6)

Alt(b) Form equation for KE M1 2.1
1><5m><v2=£><l><5mxx2 Al 1.1b
2 100 2
Av_@ P — BN - A1 1 1h

INZ)
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< QUESTION

Impulse =-5m(v—Xx) M1 | 3.1a
=-5m (v - ﬂj
2
Al 1,16
Or:3m (ZV + !J
2
. 15

Magnitude = I mv Al 2.2a

(6)
(14 marks)

Notes:

(M1

All terms required. Dimensionally correct. Condone sign errors

Al

Correct unsimplified equation

M1

Used correctly. Condone sign errors

Al

Correct unsimplified equation

M1

Use their correctly formed equations to solve for v or w or a multiple of v or w

Al

Both velocities correct

M1

Use their velocities (in general form — not by considering one specific value) to form
inequality for both moving in the same direction.

Al

Correct only.

(b)M1

Dimensionally correct. Condone 16% on wrong side Allow M or 5m

Alft

Or equivalent. Correct unsimplified equation. Follow their x Allow M or 5m

Al

Correct answer only Allow M or 5m

M1

Correct use of | =mv—mu. Must be subtracting.

Alft

Accept + Follow their x, y, e

Al

Correct only. Must be positive.

A
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< QUESTION

Question Scheme ‘ Marks AOs

3(a) Taking left to right as positive,

2u % u—
—>y % w
X y
CLM: M1 3.1a
6mu +4mu(=10mu)=3mv+4mw (10u =3v+4w) Al | 11b
Impact Law: M1 3.4
w-v=e(2u—u)(=eu) Al | 11b
Solve for v or w M1 2.1
w=;(10+3e) Al | 11b
v= %(10—4e) Al | L1b
0<e<l = 10+3e>0and10-4e>0
. . _ - L Al* | 2.2a
hence both particles still travelling in the original direction. *
®)
(b) CLM: 4mw=4mx+2my (2w=2x+Y) M1 | 3.1la
Impact: y—x=ew M1 34
= w(2-8)=3x, x=%(10+3e)(2—e) M1 | 1.1b
Consider v—xX i.e. E(10—4e)—£(10+3e)(2—e)
7 21 M1 | 21
(3¢* —8e+10)
Show that v—x >0 Ve M1 1.1b
Complete correct argument and conclusion * Al* | 2.2a
(6)
(14 marks)

Notes:

(2)M1 | All terms required. Condone sign errors.

Al Correct unsimplified equation

INZ)
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< QUESTION

M1 Law used correctly. Condone sign errors

Al Correct unsimplified equation

M1 Use their correctly formed equations to solve for v or w

Al Either velocity correct

Al Both velocities correct

Al* Use possible values of e to justify given result from correct working.

(b)M1 | All terms required. Condone sign errors

M1 Correct use of impact law. Condone sign errors

M1 Use their correctly formed equtions to find velocity of B (x)

M1 Form relevant difference for a second collision

M1 Complt_ate correct metho_d (g.g. differentiation or completing the square or discriminant ) to
determine when inequality is true

Al* Reach correct conclusion from correct work.

Q‘yfﬂ‘
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< QUESTION

4(a) S, =
T TB’ ? Vp
CLM: M1 3.1a
2mx3u =2mv, +mv, 2mx3u =-2mv, +mv,
Al 1.1b
(6u=2v,+V;) (6u=-2v,+Vvy)
Impact Law: M1 3.4
3ue=-V, +V, 3ue=v, +v, Al 1.1b
Solve for v, M1 2.1
(vg=) 2u(l+e) * Al* | 22a
(6)

4(b) Solve for v, M1 3.1a
Vy=Uu(2—e) vy =u(e-2) Al | 11b
Complete and correct Complete and correct
explanation: explanation:
0<e<1 =v,>0 0<e<1 =v,<0

) ) Al 2.4
= A continues to move = A continues to move
towards the wall towards the wall
= A will collide again with B. | = A will collide again with B.
(©)

4(c) Rebound speed or velocity of B = + %x 2u(l+e) Bl 34
tm[-u(l+e)-2u(l+e)] M1 3.1a
31+e)mu Al 1.1b

3

4(d) Attempt at KE loss of B M1 3.4
1
Em[(2u(1+ &)’ ~(u(t+e))’ | Al | 31a

2 2
M Al 1.1b
2
®3)
(15 marks)
Notes:

A
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MARK SCHEME - Option 3C: Further Mechanics 1 - June2024 - Q4 4.2 Successive Direct Impacts

(@)
Use of CLM, all terms required, dimensionally correct (mass x velocity in each

M1 term). Mass and velocity paired correctly. Condone sign errors on velocities.
Condone consistent extra g and/or consistent missing m (in every term).

Al Correct unsimplified equation.
Correct use of Impact Law, dimensionally correct, condone sign errors on

M1 velocity.
MO if separation and approach are on the wrong sides.

Al Correct unsimplified equation, the direction of A must be consistent with their
CLM.

M1 Use their correctly formed equations to solve for ve

AL* Given answer correctly obtained and exactly as printed. Working should include
an equation in vg only before reaching the given answer.

(b)

M1 Use given answer in (a) to solve for va. If seen in (a) it must be used in (b) to earn
this mark.

Al Correct expression seen for velocity of A after impact.
Correct and complete explanation with no incorrect statements. Must include all
of:
e O<e<lor0<e<lor 0<e<1or “forale’
e v,>0 orv, <0 (must be correct for their v,)

Al* e Must refer to the wall.
e A continues to move with unchanged direction or towards the wall (eg do not accept

descriptions for direction of travel as ‘to the right” or similar)

e Conclude second collision between A and B
Note: A0* for explanations that rely on comparing speed of vz and v,

(©

B1 Correct unsimplified expression for rebound speed or velocity of B, may be seen
on diagram or elsewhere in working. Accept positive or negative.

M1 Attempt to find difference in momenta, dimensionally correct (mass x velocity).
Must use given answer from (a) for VVb. Condone use of e or e’ in place of ¥2

Al Correct answer, must be positive. Accept any equivalent form that is either
factorised or reduced to 2 terms eg 3(1+e)mu , 3mu + 3emu

(d)
Attempt at KE loss of B: clear attempt at a difference in KE of B before and after

M1 impact with the wall. Must use velocity of B from (a). Condone use of e or e’ in
place of % .Dimensionally correct, condone subtraction either way round.

Al Correct unsimplified expression for KE loss of B

. . 3mu’(l+e)®  3mu’(l+2e+e’
Al Any equivalent factorised form eg (2 ) , ( 5 ) ,

\t.
RA
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< QUESTION

E O d

Instantaneous ()
rest
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< QUESTION

3u—v=exb5u 3u+v=ex5u Al | 1.1b
1
()
v 3u u >, Bu, 2
’
T ~ v
Use of CLM M1 | 34
3m(3u) + 4m(~u) = 3mx + 4my 3m(3u) +4m(-u) =3m(—x)+4my | A1 | 1.1b

Use of NEL M1 | 34
y—x=fx@Bu-—-u) y+x=fx@Bu--u) Al | 1.1b
E.g. E.g.
3x+4y=>5u -3x+4y=5u
y —x = 4uf y + X = 4uf M1 | 1.1b
:x:%(S—le) 0e. :>x=%(16f—5) 0e.
V> X V> —X
= Ly Ys-161) = Ly _Yaet—s) M1 | 3.1b
2 7 2 7
i< f<1 Al | 2.2a
32 ~ .
()
(13 marks)
A
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< QUESTION

Al Correct only.
()

Use CLM, dimensionally correct, with correct mass and velocity pairings. Must have all
M1 non-zero velocities. Condone sign errors. Follow their directions for the unknown
velocities of B and C after impact. (Ignore the diagram if it benefits the candidate.)

Al Correct unsimplified equation.

Correct use of NEL for B and C, dimensionally correct. Condone sign errors on velocity.
M1 Must have all non-zero velocities. Condone use of another letter for f.

MO if separation and approach are on the wrong sides.

Correct unsimplified equation, the directions of B and C after impact must be consistent
with their CLM equation.

Al

Solve simultaneous equations with two unknowns to find an expression for the velocity of
M1 B after the second collision in terms of f and u. Condone use of another letter for f.

Must use CLM and NEL to reach x = ... or a multiple of x = ...

Dependent on 3 previous M’s. Complete method to find the values of f for a second

dM1 | collision. Must consider A and B moving in the same direction and the speed of A > speed
of B.

0.094 < f <1 (0.094 or better) Both ends required with correct inequality signs and must
use f as coefficient of restitution.

Al

Qﬁ}*@'
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< QUESTION

Question “ Marks AOs
4(a) Use of I=mv-mu or v—-u M1 2.1
I=05((i+6j)—(7i+2j)) (=(-3i+2j)) Al | 11b
Use of scalar product ~ (-3i+2j).(2i+3j)=—-6+6=0 M1 | 1.1b
Hence impulse perpendicular to (2i+3j),so AB must be parallel to
. Al* | 2.2a
(2i+3)). *
(4)
iti 2i+3j):
4(a) alt | Components of velocities parallel to (2i+3j) ML | 21
(ijanzj).(zi+3j)=(ij(14+e)
J13 V13
1 1 Al 1.1b
— |(i+6]).(2i+3])=| — |(2+18
[ o eran=( g5 o
Simplify and compare values M1 1.1b
Hence component of velocity parallel to (2i +3j) is unchanged, so
. Al* | 2.2a
AB must be parallel to (2i+3j). *
“4)
4(a) alt | Use conservation of velocity parallel to ai +bj M1 2.1
7i+2j).(ai+bj)=(i+6j).(ai+bj
(7i+2).(ai +bj) =i +6i) (2 +bi) |
(=>7a+2b=a+6b)
Find ratio of a and b to obtain direction: (b:%a) M1 1.1b
Hence AB must be parallel to (2i+3j). * Al* | 2.2a
4)
4(b Use scalar product to find components of velocities perpendicular to
(b) the wall M1 3.1b
1 I 1 -17
— |(=38i+2])(71+2j =[—j -21+4 (:—]
(a3 AL 11b
1 s o A 1 9 Al 1.1b
— |(-3i+2j)(i+6j)=| ——= |(-3+12) |=—=
(e ) ()
Use of impact law M1 34
9
e=— .
17 Al 1.1b
Q‘s’/@
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< QUESTION

(©)
(9 marks)
Notes:
(a@)M1 | Must be finding the difference between two momenta or two velocities
Al Correct unsimplified equation for the impulse or for change in velocity
M1 Use of scalar product or equivalent. In the alt method allow full marks if V13 not used.
Al* Reach given conclusion from correct working

If working with angles, score
M1 for correct method to find components parallel to the wall
Al for +/53c0s40.36..° and /37 c0s24.23..°

M1 for comparing the two values
A0 because the work has involved decimal approximations (since working towards an
exact given answer).

Alternative: Could use etan24.2..°=tan40.36..°

(b)M1 | Condone if not using a unit vector

Al One correct value
Al Second correct values

If working with angles, score M1A1A1 for +/53sin40.36..° and /37 sin 24.23...°

M1 Use their components the right way round in the impact law. Condone sign error.
Al 0.53 or better (0.52941...... )
£
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< QUESTION

Question Scheme Marks AOs

7(a) Component parallel to the wall: [%(I +]j).(8i +2j)} M1 2.1
=52 Al 1.1b
Use of impact law perpendicular to wall: M1 34
Component perpendicular to wall after impact
L
= —=(-1+]).(81+2]) |[=—~2
3[J§( I J)} V2 Al | 11b
For a complete method to find v M1 1.1b
= v =(5i+5j)+(-i+j)=(4i+6j) * Al* | 2.2a
(6)
(a) alt If v=ai+bj component parallel to the wall: M1 2.1
(8i+2j).(i+]j)=(ai+bj).(i+j) (a+b=10) Al 1.1b
Use of impact law: M1 34
-2 (8+20).(-i+])=(ai +bj).(-i+])  (2=-a+b) Al | 11
For a complete method to find v M1 1.1b
= v =(4i+6j) * Al* | 2.2a
(6)
(@) alt2 | Angle to wall =31° , component parallel to the wall: M1 2.1
=/68c0s31°=7.07 Al | 1.1b
Component perpendicular to the wall M1 34
=% 68sin31°=1.42 Al 1.1b
For a complete method to find v M1 1.1b
—v= (J5_2c0556.3°i ++/52sin 56.3°j) = (4i+6j) Al* | 2.2a
(6)
b 1 =0.25(4i+6j)—0.25(8i +2j
(b) (__) (_ _) N w1 | a1
(1=0.25(-i+]J)-0.25(3i-3])) (I1=(-i+]))

INA
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< QUESTION

Use of Pythagoras M1 1.1b
[1]=+2(Ns) Al | 11b
3
(9 marks)
Notes:
(M1 Use of scalar product or equivalent. Allow M1 if not using unit vector
Al Correct unsimplified expression for component parallel to wall
M1 Correct use of impact law perpendicular to the wall. Condone sign error
Al Correct unsimplified expression for component perpendicular to wall
M1 Complete method to solve for v
Al* Obtain given result from correct working
Use of I =mv—mu with velocities or perpendicular components of velocities. Must be
(b) M1 . B
subtracting but allow subtraction in either order.
M1 Correct use of Pythagoras to find modulus
Al Accept 1.4 Ns or better

Q‘yfﬂ‘
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< QUESTION

If it helps the candidate, ignore their diagram.

U
(m) (M)
« -
N
R v,
Usina l
V cos S V2

—
Vsin g

U sin a seen as velocity component of S, perpendicular to line of centres

after impact. Bl 34
CLM along line of centres M1 3.1b
mU cosa =mv, + My, Al 1.1b
NEL used along line of centres M1 3.3
eUcosa= —V,+V, Al 1.1b
tan g = I SN aM1 | 21
Vl
Solve to produce an equation for tan # inm, M, e and & dmi 1.1b
tan g = % * Al* 1.1b
®)

5(a) altl U sina seen as velocity cpt of S, perpendicular to line of centres after B1 3.4
impact.
CLM along line of centres M1 3.1b
mU cosa =mV cos S+ Mv, Al 1.1b
NEL used along line of centres M1 3.3
eUcosa= —-Vcosf+v, Al 1.1b

INZ)
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< QUESTION

Usina . .
tan g = r Vsing=Usina dm1 2.1
p V cos S p
Solve to produce an equation for tan # inm, M, e and dmi 1.1b
(m+M)tanea
tanf=———"—7"-—~* Al* 1.1b
p (m—eM)
®)
5(b) Use the given condition to find the direction of S after impact.
Eg

¢ m=eM = tan = ortang is undefined so S=90" oe
e m=eM = Vv, =0so velocity component of S parallel to line of

M1 3.1b

centres is zero.

Conclusion: After the collision, S moves perpendicular to the line of centres
and the other sphere moves parallel to the line of centres i.e. they move at Al* 24
right angles oe *

)
(10 marks)
Notes:
(a)
B1 Usina or U cos(90—«) used as the perpendicular velocity component of S after impact. Must
be seen in working for (a) or on a velocity diagram.
M1 CLM along the line of centres. Dimensionally correct, correct no. of terms, condone sin/cos

confusion and sign errors.

Al Correct equation.

NEL used correctly along the line of centres with e appearing on the correct side of the equation.
M1 Condone sin/cos confusion as long as it is consistent with their CLM. Condone sign errors but
must have the correct number of terms.

Al Correct equation (the signs of vi and v, must be consistent with their CLM)

Use of the fact that S moves at £ to the line of centres after the collision. Use of their

dM1 . . .
components after the collision to form an equation in /. Dependent on both previous M’s.
Eliminate v, to produce an equation for tan f inm, M, e and @ . Dependent on first two M’s in
dM1 m-—eM
(b) Note: v, =u COSa( j
m+M

Al* Given answer correctly obtained. Must match printed answer EXACTLY.

5(a) altl
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< QUESTION

U sina or U cos(90—«) used as the perpendicular velocity component of S after impact. Must
be seen in (a) or on a velocity diagram.

Bl

CLM along the line of centres. Dimensionally correct, correct no. of terms, condone sin/cos

M1 . .
confusion and sign errors.

Al Correct equation

NEL used correctly along the line of centres with e appearing on the correct side of the equation.
M1 Condone sin/cos confusion as long as it is consistent with their CLM. Condone sign errors but
must have the correct number of terms.

Al Correct equation (signs and sin/cos must be consistent with their CLM)

Use of the fact that S moves at S to the line of centres after the collision. Use of their

dM1 . . .
components after the collision to form an equation /. Dependent on both previous M’s.
Eliminate V cos /3 to produce an equation for tan f# inm, M, e and « . Dependent on first two
M’s in (b)

dM1

Note: Vcosﬁ:ucosa(m_eM )
m+M

Al* Given answer correctly obtained. Must match printed answer EXACTLY.

(b)

Use of given condition to deduce that 8 =90° or that velocity component parallel to line of
centres is zero.

M1

Correct explanation using given information. Must refer correctly to the direction of both particles,
Al* eg perpendicular, at right angles, parallel and perpendicular to the line of centres,
Do not accept horizontally and vertically since the surface is defined as horizontal.
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< QUESTION

Question Scheme Marks AOs
6(a) 4
(-4i - j) ms*
B 0.4 kg
(3i +2j) ms* ) v
Use the model to find the component perpendicular to the line of
Perpendicular to line of centres: 2j B1 3.4 | centres.
Correct value seen or implied
CLM parallel to the line of centres M1 31b L{se of F:LM parallel to line of centres. Need all terms and
dimensionally correct. Condone sign errors
0.2x3-04x4=04w-02v  (-5=2w-v) Al 1.1b | Correct unsimplified equation.
. Correct use of impact law parallel to the line of centres.
Impact law parallel to the line of centres M1 3.4 Condone sign errors
Te=v+W =3=v+w Al 1.1b | Correct equation with % used.
. Complete strategy to find components parallel and perpendicular
Complete strategy to find V, M1 3.1b to line of centres, eg by using CLM and impact law
v, = —1—31i +2j (m 5_1) follow their 2j Alft 11b | Vjcorrect, follow their aj for 2j(a0)
)
6(b) . : _ 11 . .
Magnitude of impulse on A: 0.2 3—(—3) M1 3.1b | Evidence of use of m(v—u) parallel to the line of centres
11 4
=0.2 §+3 =3 (Ns) Al 1.1b | 1.3(Ns) or better
)
A
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Question

Scheme

< QUESTION

Notes

6(c)

. Complete method for finding the requir: le.
Use of scalar product to find the angle M1 31a plete met 0; or findi zgt € requi e: angle 1
' Allow for tan™* = or tan™ = and tan™* — or tan™* =
2 3 11 6
(3i+2j).(—%i+2j)
cosf = Alft 1.1b | A correct unsimplified expression Follow their V,. Do not ISW
157
J13x, [/
9
0=118° Al 1.1b | Correct answer only. (Q asks for the nearest degree) Do not ISW
Alternative method: 180° —tan™ % —tan™ 1—61
62° probably scores M1AOAQ
43 411
Or tan™ —+tan™ —
2 6
@)

(Total 12 marks)

N
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< QUESTION

Question ‘ Marks AOs

3(a) (wi + 3j) ms™
(—%i +2j) mst
(Ui + 2j) mst (-4i + 3j) ms?
For P after: Component in j direction =2 B1 34
Deflected through 90° so velocity after = (—ﬂi + 2j)(ms‘1) B1 3.4
u
CLM parallel to line of centres: M1 3.1a
0.3(U +£j=0.5(4+w) Alft | 1.1b
u
Impact law parallel to line of centres: M1 3.1a
wed=3ua) Alft | 1.1b
u 5
3u+ 12 =20+5w
2 ! ML | 11b
—+5w=3u+12
u
(:%=32,) u=1 Al 2.2a
®)
(b) For Q after: w=-1 Bl 1.1b
V=-i+3]j Bift | 1.1b
Find relevant angle between directions M1 3.1a
al= tan‘13—tan‘1%
. aO—cos-l( 449 j Alft | 1.1b
5><«/]3
a=347 (35) Al 1.1b
®)
©) The line of centres is parallel to the surface the spheres are moving B1 354
on, so the impulse acts parallel to the surface. '
1)
(14 marks)




< QUESTION

Notes:

(@) B1 | Correct only Check the diagram

Bl Correct only. Seen or implied.

M1 Correct use of CLM. Need all terms. Condone sign errors

Alft Follow their components of velocity of P, with or without a value for the i component.
M1 Correct use of the impact law. Condone sign errors

Alft Follow their components of velocity of P, with or without a value for the i component.
M1 Solve their correctly formed simultaneous equations to obtain value of u.

Al Correct only

(b) B1 | Correct only

Bift Follow their w

M1 Correct method to find a relevant angle between the directions

Alft Correct unsimplified expression. Follow their v

Al 35 or better (34.695...) 0.61 radians

(c)B1 Or equivalent that explains that the line of centres is parallel to the surface

.\v‘
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< QUESTION

Question ‘ Marks AOs
5(a) 2jms! jms™
uimst P 0 vims™!
(i + 2j) ms (-3it+j)ms!
Components perpendicular to the line of centres after the collision:
. 1 . a4 B1 34
vy =2j(ms?), vy =j(ms?)
Kinetic energy: M1 3.1a
%XO.ZX(VZ+1)=%x%><0.2x(9+1) Al | 11b
CLM parallel to line of centres: M1 3.1a
0.3x4-0.2x3=0.2v-0.3u (6 = 2v—3u) Al 1.1b
Impact law parallel to line of centres M1 3.1a
v+u=e(4+3) Al 1.1b
Solve for v;, v, ore M1 1.1b
2. . S
vp=§|+21(ms ) andv, =2i+j(ms™) Al | 1.1b
et Al | 11b
21
Ifv=-2 = u= _10 = P and Q have passed through each
= =73 P g Al* | 24
other: impossible, so solution is unique *
(11)
(b) Use trig to find angle between velocities M1 | 3.1la
8 +4
3 a2 a1
cosé = S or @=tan 2——tan 5 Alft | 1.1b
V20,4 %
0 =45° (% rads) Al | 11b
®)
(14 marks)
Notes:
Q‘\'/"ﬂ



< QUESTION

()B1

Seen or implied. Correct only

M1

Equation for KE of Q. Dimensionally correct. Condone % on the wrong side.

Al

Correct unsimplified equation in v*

M1

Equation for CLM. Correct terms required. Condone sign errors. Dimensionally correct.

Al

Correct unsimplified equation

M1

Correct use of impact law. Condone sign errors

Al

Correct unsimplified equation.

M1

Complete method to solve for v, v, ore

(Working in e gives v = %(6+21e) and 441e* +252e—-64=0)

Al

Both velocities correct. Need to see answers in the form ai + bj or equivalent

Al

Correct only. 0.19 or better (0.19047....)

Al*

Or equivalent justification of given result. e.g. a negative value for e is not possible

(b) M1

Use of trig or equivalent to find a relevant angle between two velocities
e.g by scalar product or difference between angles.

Alft

Correct unsimplified equation in € . Follow their v,

Al

Correct only. (0.785... radians) Do not ISW

A
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< QUESTION

@) CLM along line of centres M1 3.1b
mU cosa =—mv,, +3mv, mU cosa =-mV sina +3myv, Al 1.1b
Impact Law used along line of centres M1 33
eUcosa= v, +V, eUcosa= Vsina+v, Al 1.1b
Solve for v, DM1 | 21
1 *
Z(1+ e)U cosa Al* | 2.2a
(6)
7(b) Unsimplified expression for v, | Unsimplified expression for M1 21
seen V sin o seen '
= %(Be DU cosa oe seen Al 1.1b
Solve v, >0 to find an Solve Vsing >0 tofind an
. ; : . M1 3.1b
inequality for e inequality for e
Correct and complete reasoning leading to e > s Must include:
3 Al* | 2.2a
correct inequality for v,, 0°<a <90° or aisacute, cosa > 0.
(4)
7(c) VeI(_)c_lty ci)mpqnent of A, perpendicular to the line of centres, after B1 33
collision = Usina
Use of 90° deflection:
1(39—1)U cos o M1 2.1
tana = -
Usina
Correct equation in e and tan «
Al 1.1b

tan® o =%(3e—1) oe

INA
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< QUESTION

e<l1 =>tan2aS% DM1 | 3.1b
0<tana < % since 0°<a<90° * Al* | 2.2a
®)
(15 marks)
Notes:
(@)

Use of CLM along the line of centres with mass and velocities paired correctly.

M1 Correct no. of terms, condone sin/cos confusion and sign errors on velocities. Allow
consistent missing m’s and/or consistent extra g’s (every term).

Al Correct unsimplified equation

Use of Impact Law along the line of centres. Correct no. of terms, condone sin/cos

M1 confusion and sign errors but e must be on the correct side of the equation

Al Correct unsimplified equation (signs consistent with CLM equation)

DM1 | Dependent on both previous M’s. Solve for their v,

Given answer correctly obtained and EXACTLY as printed.

*
Al Working should include an equation in v, only before reaching given answer.
(b)
ML Use the given expression for v, to find an unsimplified expression for v, or V sina

Note: If seen in (a) it must be used in (b) to achieve the mark.

Al Correct unsimplified expression for v, or V sin«a seen

M1 Solve v, >0 or Vsina >0 to find an inequality for e

Given answer complete and correctly obtained with no incorrect statements.
Complete explanation must include:
e correct inequality for v,

*
Al e 0°<ar<90° or aisacute
e cosa>0
Leadingto e >§
©

Velocity component of A, perpendicular to the line of centres, after collision is U sina
Bl May be seen labelled on the diagram or written as an expression early on in their working.
Does not need to be used here.

Use of perpendicular deflection to form an equation in & and e (and U). Allow reciprocal.
M1 | Alternative methods include:

U cos a) ) ( —Vy

U sin o Usin a) = 0 with v, substituted

e scalar product of vectors, eg (

.%.
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< QUESTION

tana+tan 8
1-tanatanpf

e tan(a+p) = with a+=90 = 1—-tanatanf=0> -

A correct equation in tano and e only

Al 2
eg tanzazl(Se—l) or e=M oe
4 3
DML Dependent on previous M. Clear explanation using e < 1 to form an inequality in tana.

Condone, use of max e =1 = max tan’a=...

Given answer obtained from correct and complete working with no incorrect statements.

Al* | Complete explanation must justify both sides of inequality using both e < 1 and 0° <«
<90° (allow « is acute)

A
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< QUESTION

(b) Velocity of Q perpendicular to the line of centres unchanged M1 34
Either wsin §° = 3sin 60° {: ?]
23 Al 1.1b
or a=3sin60° £= —3]
2
CLM parallel to the line of centres M1 34
Either 0.3x5c0530°—0.4x3c0s60° = 0.4wcos§°—0.3vcos60° Al 11b
Or 0.3x5¢0s30°—0.4x3c0s60° =0.4b —0.3x '
wsing° = ﬁ a= ﬁ
Solve for w or € using A or \Zf dM1 | 3.1a
weosge = 53 b33
2 2
0=43 (42552..) or w=3.8 (3.84182....) Al 2.2a
6=43 (42.552..)and w=3.8 (3.84182....) Al 2.2a
()
(c) NEL parallel to the line of centres M1 | 3.1b
e vC0s60°+wcosd° =e(5c0s30°+3c0s60°)
Alft | 1.1b
e x+b=e(5c0s30°+3c0s60°)
e=0.73 (0.73300....) Al | 11b
®)
(13 marks)
Notes:

A
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MARK SCHEM

. ébn}ion 3

C: Further Mechanics 1 - June2025 - Q7

Use the model for components of Q perpendicular to the line of centres. Condone sin/cos

M1 confusion if clearly working perpendicular to the line of centres.
MO if speeds are used instead of components.
Al Correct unsimplified equation.
Correct use of CLM parallel to the line of centres. Dimensionally correct. Need all
M1 terms. No need to replace v. Condone sign errors. Condone sin/cos confusion consistent
with perpendicular components. Must have correct mass-velocity pairings.
MO if speeds are used instead of components.
Al Correct unsimplified equation (no need to replace v).
Dependent on both previous M marks. Complete method using two correctly formed
equations to obtain w or #. i.e. form an equation in w or & only and solve to reachw = ...
dM1 |oré=...
If numerical values appear without working out, a complete method using a calculator
may be implied by correct answers following correct equations.
AL One value correct to 2 sf or better, §=43 (42.552...) or w=3.8 (3.84182....)
& must be in degrees.
AL Both values correct to 2 sf or better, =43 (42.552...) and w=3.8 (3.84182....)
& must be in degrees.
(©)
Correct use of NEL parallel to the line of centres. Must form an equation in e and their
components parallel to the line of centres. Condone sign errors. Condone sin/cos
confusion consistent with perpendicular components. If seen in earlier work, NEL must
M1 be used in (c) to earn the marks here.
MO if separation and approach are on the wrong side.
MO if speeds are used instead of velocity components.
Alft Correct unsimplified equation (in e and their components parallel to the line of centres).
Al Correct answer, 2 sf or better.
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< QUESTION

Question Scheme Marks AOs Notes
la Speed after first impact = %U B1 3.4 | Correct use of impact law, seen or implied. Allow +/-
Correct use of impact law a second time, seen or implied.
Speed after second impact = éu Bl 3.4 P P
Allow +/-
Correct method for total time M1 21 | Useoft= d or equivalent for at least 2 of the 3 parts added
v
d 3-d Alft | 1.1b  Unsimplified expression for T with all 3 terms and at most one
T =—t—+— error. Follow their speeds.
u 3u gu

Alft | 1.1b | Correct unsimplified expression for T. Follow their speeds

_4d+18+27-9d  45-5d

Al* | 2.2a  Obtain given answer from correct working

4u 4u
(6)
1b e Least T when d is maximum

. quthest distance at highest speed B1 2.4 | Correct reasoning

e Highest average speed

e Sketch graph of function

i.e. d=3 least T = % = % Bl 2.2a | Correct answer only. Any equivalent form. (E)
u
)
(8 marks)

A
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< QUESTION

Question Scheme ‘ Marks AOs
5(a) Use the model to find components of velocity after first impact:
1 Bl | 1.1b
gvsin& B1 34
vcosd
I 11 L, 01 (a1, .,
Kinetic energy: =x=mv°==m| v°cos“ 8 +=v-sin“ ¢ M1 3.1b
2 2 2 9
l:l+§c0329 M1 1.1b
2 9 9
1=cosz o, 0030=£ Al 1.1b
16 4
©)
(@ alt | \working with initial velocity v = xi—yj , after impact vexi+l yij BL | 1.1b
3 B1 34
11 1 1
KE: Zx=m(x*+y?)==m| x> + = y? 1 | 31b
<M +y)=3 ( 9’ ) M
2 9., Y 3
==X, ==tanfd=—F7 ,
y 7 X ﬁ M1 1.1b
cos&:ﬂ Al 1.1b
4
®)
(b) Use the model to find components of velocity after second impact:
evcosl
B1 1.1b
. B1 34
3vsmé'
Kinetic energy: Ll =tmfedv?cos?o+Lvisino
4 2 2 9
11 1 1 1 ML | 3.1b
or =x=m| v? COSZG+—VZSin20)=—m(EZV2 c0320+—vzsin26j
2 2 9 2 9
ENRPCIE ) M1 | 11b
4 16 9 16
:>e2:§, e= 3 Al 1.1b
7 7
®)
(b)alt | After second im — exis Ly Bl | 1ib
fter second impact v EXI+3yj B1 34




< QUESTION

11 1 1
KE: =x=m(x*+y?*)==m| e’x* +=y° .
4><2( y)z( gyj M1 | 3.1b
2
4e2x2+£y2=x2+y2, 4e2=1+§(l) M1 | 1L1b
9 9\ x
L3 el 3 Al | 11b
7 7
®)
(10 marks)

Notes:

(a) B1
Bl

Parallel component correct
Perpendicular component correct Check the diagram

M1

Equation for KE inv,8 . Dimensionally correct. Includes all components. Condone %

used on wrong side

M1

Form and solve equation in coséd

Al

Or exact equivalent

(b) B1
B1

Parallel component correct
Perpendicular component correct

M1

Equation for KE in x,y. Dimensionally correct. Includes all components. Condone % used

on wrong side

M1

Use their cosé to form and solve equation in e

Al

Or exact equivalent

Q‘yfﬂ‘
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< QUESTION

6(a) V=43 vi=]
u=(4-j)

kmmheﬁm(—Sbkﬁ),i=%Gﬁi+4D

Complete method to find direction of normal (perpendicular to wall)

(m) ((i+3]) - (4i- ) ML) 2l
(—3i+4j) or any parallel vector Al 1.1b
Resolve both velocities parallel to impulse M1 3.1a
.o (1 . 1

Approach: (4i —j).(—)(—3|+4j) =——6 N.B. 1 is not required

5 5 5 Al | 11b

N | .o 9 1. .
Separation: (i + 3j). c (-3i+4j) ZE N.B. A is not required
e = separation speed /approach speed DM1 3.3
e= % (0.56 or better) Al 1.1b
(6)
6(b) - %
1 1 wall // to i
Vi §x3:1
3 P
v = (i+3j) w=0-D

Complete method to find both components of rebound velocity
e //towall (i), unchanged M1 21
e Perp(j), § %3

Both velocity components correct, may be given if seen on a diagram. Al 1.1b

Complete method to find the angle of deflection, a°
Eg
e Using trig
3 1
o — -1 — -1 —_
a® =60+ @ = tan (1)+tan ( )

1 DM1 | 3.1a

e Using scalar product

a® = cos™! (

(i+3))-(1-j) ) =COS_1< —2 )
V12 +32V12 + 12 V102
Note: tan @ = itan 6 may be used in working

o =117 (nearest whole number) Al 1.1b

A
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< QUESTION

(4)
(10 marks)

Notes: Allow column vectors throughout the question

(@

Complete method to find the direction of the normal (perpendicular to the wall).

Eg

e Main scheme: use of impulse equation with difference in momenta, m is not required
M1 so may see only the difference in velocities.

¢ Find the direction of the wall first by equating parallel components then find a
perpendicular direction using the scalar product or otherwise.

Eg (4i—j) - (xi+y))=({+3)) - (xi+yj) = 3x =14y
Wall direction // (4i + 3j) = Impulse direction // (—3i+4j)

Al Any correct vector parallel to impulse (—3i+4j)

Complete method to resolve both velocities parallel to impulse

e Using the scalar product (main scheme)

e Using trig: velocity components from shown on diagram
V10sin(B—0) = 1.8

V7 ‘/l_:l/all //'to (4i + 3j)

V17 sin(0 + ) = 3.2

M1
i
where tan@ =2 tana = - l:an/_')’:E
4 4 1
e Using rotation matrix : velocity components shown on RHS of matrix equation
(cosB —sinB)( 4 ) _ (3.2
sin@ cosf /\-1 2.6
cos@ —sinf@\s1\_ 1.8
(sine cos @ )(3) "\ 26 )
S
Al Both correct velocity components parallel to impulse, allow positive or negative values in
both cases.
DM1 Dependent on previous M. Use of Impact Law parallel to impulse. Ratio of speeds correct

way up (separation + approach)

Al Correct answer (0.56 or better)

(b)

.},5‘
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< QUESTION

Method to find velocity after impact with second wall: i component unchanged, j

M1 component:§ (3) . Condone sign errors.

Al Correct velocity components after impact, may be given if seen on a diagram.

Complete method to find the angle of deflection for their velocity after second impact.

DM1 Dependent on previous M.

Al Correct answer, must be rounded to nearest degree.

Ucosa 0 Ucosa 0
— — —
U U
U sina A(m)  BQGm) U sina A(my B (@3m)
@ o
—— — — —
Va Vg V sina Vg
INA
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< QUESTION

Question Marks @AOs

8a
V=06i+... Bl 3.4
..... 86] B1 3.4
8 1 3
i twithST > —<—, O<e<= B1 A
impact wi 5 <3 <e< 5 3.1b
3
8b Perpendicular to ST: direction +(—i +2j) B1 1.2
Component parallel to ST: (6i +2j)- A(2i +j) M1 | 3.1b
=[(ei+zj).i(zi+ j)=)i(1z+z) AL 11b
J5 J5
Component perpendicular to ST:i[%(& +2j)-y(-i +2j)) M1 3.4
—— (—6+4) Al | 11b
245
L ivj)s L L)) ML | 3.1b
v-EE @ EE
28 1 14 2)\. (27. 16
——Zli+| =+=|j=| =i+=j|or(5.4i+3.2 =
(5 5) (5 5)1 (5 J) ( i) (ms? Al | 22a
(7
8balt1 | Perpendicular to ST: direction +(—i +2j) B1 1.2
W = ai +bj = (6i+2j).(2i +j) = (ai +bj).(2i + j) M1
14=2a+b Al
i%(6i+2j).(—i+2j)=(ai+bj).(—i+2j) M1
2b—a=+1 Al
Solve simultaneous equations for a and b M1
wz(%n%j) or (5.4i+3.2j) (ms? Al
(7
8balt2 | Perpendicular to ST: direction +(—i +2j) B1 1.2
v=6i+2j=p(2i+]j)+q(-i+2j) M1 3.1b
A



< QUESTION

14 -2
6=2p—q, 2=p+2q (p:E, ngj Al 1.1b
Component perpendicular to ST J_r% xq(—i+2j) M1 34
1 A
J_rzxq(—|+2j) Al 1.1b
. . 14, 1 2, . _.
Solve for p and q to obtain velocnyw=€(2|+])+Exg(—|+21) M1 | 3.1b
W=(2—57i+%jJ or(5.4i+3.2j) (ms?) Al 2.2a
()
8balt 3
u
a—B=81.° B1
Component of w parallel to ST is |v|cos(a — ) M1
7
=40 cos(a — (:«/Ex—:G.ZG..) Al
Component of w perpendicular to ST is %|V|sin (a—p) M1
1 . Jao 1
+=x+/40sin(a — = x —==0.447... Al
W =|w|cos(a +8)i+|w|sin(a +8)j M1
W= [%| + %j) or(5.4i+3.2j) (ms?) Al
()
(Total 10 marks)
8a
Component parallel to the wall unchanged. Could be on a diagram or implied if they use
Bl etana =tan g
Use of impact law perpendicular to the wall. Could be on a diagram or implied if they use
Bl ' ctana=tanp

Qﬁ?fﬂ‘
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< QUESTION

Bl Use the direction to determine the range for e. (could come via etana =tan f <1/2)

8b

Correct vector perpendicular to ST seen or implied

B1
4 can have any scalar value

M1 | Use scalar product to find component of v parallel to ST. A can have any scalar value

Al | Correct unsimplified expression for the magnitude

Use scalar product and impact law perpendicular to ST to find magnitude of component
M1 | perpendicular to the wall. For their perpendicular vector Must clearly be using e=%. »

can have any scalar value.

Al | Correct unsimplified expression for the perpendicular component. Allow +

Combine the magnitudes and directions to obtain the velocity. The perpendicular should

M1 now be in the correct direction.

Al | Correct simplified velocity.

8b alt

Correct vector perpendicular to ST seen or implied.

Bl
4 can have any scalar value

M1 | Correct method for component parallel to ST

Al | Correct equationinaand b

Correct method for component perpendicular to ST

M1 . .
Allow = For their perpendicular vector

Al | Correct equationinaandb

Solve for a and b to obtain velocity. Using the correct direction for the perpendicular

M1
component

Al | Correct simplified answer.

8b
alt2

Correct vector perpendicular to ST seen or implied.

Bl
4 can have any scalar value

M1 | Split v into components parallel and perpendicular to ST

Al | Two equations in p and q

M1 | Use the impact law perpendicular to ST For their perpendicular vector

Correct unsimpified perpendicular component.

Al With q or their g

Lo
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< QUESTION

M1 Solve for p and q to obtain velocity Using the correct direction for the perpendicular
component
Al | Correct simplified total.
8balt3
sin(a—p)= %,cos(a—ﬂ) = %
B1 | Seen orimplied. 50 50
1
tan(a—p)==
7
M1 | Correct use of their |v| and their -
Al | Correct unsimplified
M1 | Correct use of % their |v| and their o — g
Al | Correct unsimplified
Use of Pythagoras and correct method for 6+ «.
27 . 16
cos(a+60)=——,sin(a+0)=———
M1 (a+0) 5197 (a+6) 5197
a+0=30.65°
Al | Correct simplified total.
Q‘s'/@
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< QUESTION

Question Scheme Marks AOs Notes
2(a) After hit AB:  —6cosa(=vcosp) (=3.6) B1 3.1b | Use model to find component parallel to the wall
Use of impact law: M1 3.4 | Use model and impact law perpendicular to the wall
) . 24e .
Teesina (=vsinpg)| = = (=4.8e) Al 1.1b | Correct perpendicular component
. Use % and their components to form equation in e
tanﬂ—l—ses'n“(—%;gj ML 21 Jio
3 6eosal 5 5 ' [v:%=3.79]
e= 18 _ 1. Al* 2.2a | Correct answer from correct exact workin
T 3x24 4 : g
If only see etan « = tan g with no explanation of where it comes
from then score 0/5
®)
(b) After hitBC: 1 g B1 1.1b | First component correct
1 18( 9
- > X 5 = 3 Bl 3.4 | Second component correct
Alternative: B1 for speed of impact with BC =3.79.....
B1 for path on leaving BC at 56.3...° to BC
Speed = 2\/22 +32 M1 1.1b | Use Pythagoras’ theorem or trigonometry to find the speed
= @ (ms) Al 1.1b | Any equivalent form. 2.2 or better (2.1633....)
5
4)
Q&'f@
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< QUESTION

©) An appropriate refinement B1 3.5c | Two independent refinements relating to the modelling e.g.
Include friction between the floor and the ball
Include friction between the ball and the walls
Give the ball dimensions .

Consider air resistance

A second independent appropriate refinement and

; ) B1 3.5¢ * ! !
no incorrect refinements e Spin/ rotation
Do not accept comments about mass / gravity / levels /
perpendicularity
)
(11 marks)
A
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< QUESTION

Question Scheme ‘ Marks AOs

7(a) Use model to find components of velocity after the impacts:
veosa B1 3.1b
) B1 3.4
gvsina 4
g Vsine B1 3.1b
B1 34
Vcosa
ﬂvsina
tan— = 9 (: ﬂtanaj M1 3.1b
2 vcosa 9
4x 2t
t=tan—= :>t=9(1_t2) M1 1.1b
1-t? =g, t=% * Al* | 2.2a
()
(b) z
tang=-—S—=> Bl | 1.1b
114
9
: 1o L (o (4
change in KE Emv —Em v Ccos® a + §v sin® « M1 3.1b
1 ,(16 16 9
2" (257817 25
% of KE lost =100 1— 1 M1 1.1b
~mv?
2
=28.888...(%) Al | 11b
(4)
(11 marks)
Notes:
(a)B1
Bl
B1 One mark for each component correct.
Bl
M1 Form expression for tan% in terms of tan«

INZ)
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< QUESTION

M1 Form and solve equation in tan%

Al* Obtain given answer from correct working

NB: This is a “Show that ..” question. A candidate who assumes, without proof, that

[24
tan 5= e’ tan o can only score the last two marks.

(b)B1 Correct use of t =% Must be seen / used in part (b)

Dimensionally correct expression for change in KE

M1 NB note that they may not show component parallel to the wall
M1 Dimensionally correct expression for the percentage of KE lost.
0 260
Al Accept 29(%) or better Accept S
Q‘Q'/@
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< QUESTION

Vi B == ..';sina
SN s a
~a
CLM along the plane: M1 3.1a
(m)usina =(m)vcosa Al 1.1b
Impulse-momentum perp to the plane: M1 3.1a
I =m(vsina —(-ucosa)) Al 1.1b
HY)
usin mu .
I =m( % tucosa) =— (sin? @ +cos? @) = museca* Al* | 22a
cosa cosa
(%)
6(a) altl 1 M1 3.1a
ITcoser u
v M1 3.1a
e
Impulse-momentum vertically.
Al 1.1b
lcosa=m(0—--u
( ) Al 1.1b
| =museca * Al* 2.2a
(%)
6(a)alt2 | jntroduce and use an !
expression for e
euUcoSa
CLM along the plane: M1 3.1a
usina unchanged Al 1.1b
Finds an expression for e together with Impulse-momentum perpendicular
eucos
totheplane tana =———% —e=tan’a and M1 3.1a
usina
I =m(eucosa —(—ucosa))
I =m(ucosatan® a —(-ucosa)) Al 1.1b
H)
usin mu .
I =m( % fucosa)=—" (sin? @ +cos? @) = museca* Al* | 22a
cosa cosa
(5)
Q‘Q’f’@
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< QUESTION

6(@)alt3 | yse a vector approach and I 0
magnitude of impulse [,u]
-V
0
NG’
CLM along the plane: M1 3.1a
(m)usina =(m)vcose  (thisleadsto v=utana) Al 1.1b
Impulse-momentum as a vector equation followed by Pythagoras to find the
magnitude.
iy M1 3.1a
I =m[ J and [I|=myVv?+u?
u
1] =m+u®tan® a +u’ Al 1.1b
I =m\/u2(1+tan2a) =myu?sec? a = museca* Al* | 22a
()
6(b) NEL: eucosa =Vvsina M1 34
Squaring and adding their expressions for v sina and v cosa. M1 1.1b
V2 =u®(sin® a +e”cos’ a) * Al* | 11b
@)
6(c 1 1 .
© KE loss = Emuz—zmuz(smzcwez cos’ a). M1 2.1
Use sin o +cos® & =1 to give
1 Al* 1.1b
KE loss = Emuz(l—ez)cos2 a*
)
6(d) Use tan’ & =€ oe to eliminate a in given expression from (c) M1 3.1a
1 1 1
KE Loss = —mu’(l-e) or —=mu’—(1-¢%) Al 1.1b
2 2 l+e
)
(12 marks)
Notes:
(®)
M1 Correct no. of terms, dimensionally correct, mass x velocity, condone sin/cos confusion.
Al Correct equation
M1 Dimensionally correct. Must be subtracting, but condone subtracting in the wrong order and
sin/cos confusion




< QUESTION

Al

Correct unsimplified equation

Al*

Given answer correctly obtained. Must be EXACT factorisation.

(b)

M1

Attempt at NEL

M1

Squaring and adding their expressions for v sina. and v cosa. to obtain V2.

Al*

Given answer correctly obtained. Must be EXACT.

(©

M1

Expression for difference of KE interms of m, u, & and e

Al*

Given answer correctly obtained. Factorisation must be EXACT.

(d)

M1

Complete method to eliminate « e.g. using tan’ & =e to eliminate «

s 1
Any trig identity used must be correct eg sec’ @ =1+e€ or cos’ @ = 1—
+e

Al

Correct answer.

Note: The diagram below is an aide for marking. In reality, the velocity
components cannot be represented by the side lengths of the snooker table.
The magnitude of PC is not the magnitude of U cos«a

D Ucosa I Ucosa=Vcosf c
« B
80-a—/3
Vv . .
eUsina=Vsing
u 904
Usina 90+ -y 0
90—¢, y
eUsina=Vsin B=W cosy
a+y-90 w
90—y
A B

eUcosa=el cos =W siny

NG
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< QUESTION

7(a) (Vsin g =)eUsina B1 3.4
(V cos S =)U cosa B1 34
Eliminate U and V from two equations M1 1.1b
tanB=e tana * Al* 2.2a
4)
7(b) Form a correct equation fory #and e;
tan y = e, tan(90° — f3)
tany =e,cot 8 B1 1.1b
coty = —tan B
eZ
tany =e, x =e,x 1 M1 3.1b
T g e tana '
g tana=e,coty * Al* 2.2a
@)
7(c) | (angle APQ + angle AQP) = (180° —a — ) +{180° — (90° - B) - 7)} =
2700y M1 | 1.1b
Otherwise:
e anglePAQ=a+y—-90
To return to A, (angle APQ + angle AQP) < 180°, since APQ is a triangle
Otherwise: M1 3.1b
e angle PAQ>0
270° —a—y <180° => a>90° —y oe Al 1.1b
tan « > tan(90° — ) oe See notes for completion using addition M1 1.1b
formulae. '

INZ)
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< QUESTION

e, cot
207 S coty M1 | 11b
&
e,>¢e * Al* 2.2a
(6)
7(d) From (b), & =90° —y, so it moves parallel to AP oe B1 24
Eg parallel to the initial velocity .
(14 marks)
Notes:
(@)
B1 e,U sin « seen from a relevant equation or on a diagram.
B1 U cosa seen in a relevant equation or on a diagram.
M1 A clear method using two equations to eliminate U and V.

GIVEN answer correctly obtained. Must include two equations showing how to reach both
tan £ and e tan « . It is not sufficient to use the side lengths of the snooker eg using

AL* tan g = % oe is not sufficient.

Accept tan S =¢ tana or e tana =tan B

(b) This part states ‘hence’ so £ must be used.

Form a correct expression for tany or coty in terms of e; and $ or (90 — ). May quote result from

Bl (a) or obtain again.

M1 Use result from (a) to eliminate tang and form an equation in a, vy, €1, €2

Given answer correctly obtained. The solution must include the replacement of tang and
Al* rearrangement to the correct form.

Accept e tana=e,coty or e,coty=¢ tana

(©

M1 Clear attempt to find angle sum (condone slips) or another relevant starting point eg an
expression for angle PAQ
Clear statement to form an inequality eg

M1 e the correct angle sum < 180 is acceptable
e angle PAQ>0

Al Correct simplified inequality in correct form

M1 Correct method to form an inequality in tan or cot

M1 Using part (b) to eliminate the angles
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< QUESTION

Al* Given answer correctly obtained
7(c) alt | Use of trig identity
M1 (angle APQ + angle AQP) = (180° —a — ) + {180° -(90°-p)- y)} =270-0—y
M1 To return to A, (angle APQ + angle AQP) < 180°, since APQ is a triangle
e, cot e
tan(a+7)=w and tane =222 or tang = —2
l-tanatany e e tany
Al Leads to
e, +e tan’
tan(a +y) = L kL
e tany—e,tany
+e, tan?

180> (@+7)>90 = tan(a+y)<0 = —2t&@ 7 4

M1 g tany—e, tany
Condone if 180 >’ is not stated again.
Since numerator > 0

M1
g tany—e,tany <0

AL e >e*

(d)
Use the given information in (b) to make any equivalent statement with a correct reason and no
incorrect statements.

B1 e a=90°—y, soit moves parallel to AP
e a=90° -y, soit moves parallel to the initial velocity
Do not accept ‘it moves parallel to the initial speed’.




< QUESTION

=4Q) * Al* | 2.2a
(6)
(b) Method [1] using scalar product and components of w = ai +bj and
ALT1 | (3i+2j) parallel to ST (3i+4j). Allow without % M1 | 3.1b
L (3i +4j).(ai +bj) = 2 (3i + 4j).(3i + 2j)
S S Al | 11b
{3a+4b=17}
Method [1] using scalar product and components of w = ai +bj and
(3i+2j) perpendicular to ST, (—4i+3j). Any multiple of (—4i+3j). ML | 31b
1 .
Must have i§' Allow without %
L (4i+3j).(ai+bj)=-1 F(—m +3j).(3i+2j)]
5 315 Al | 11b
{-4a+3b=2}

Complete method [1] to solve for a and b and form w

3a+4b=17
{ = w=ai+bj M1 ) 21

—4a+3b=2
43. 74 . . . .
=—ji+— i-J notation required
T (- quired) Al | 2.2a
(6)
(b) Method [2] using scalar product and component of (3i+2j) witha mi | a1b

unit vector parallel to ST (3i+4j)

INA)
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< QUESTION

(b) Method [3] finding coefficients to express (3i + 2j) as multiples of

M1 3.1b
ALT3 | (3i+4j)and (—4i+3j).
3i+2j=p(3i+4j)+q(-4i+3j) Al 1.1b
Equat ts and solve for p and 3=3p-4 ML | 3.b
e components and solve for pand g: e .
qua ponents and s pand g: eg 2-4p+3q
17 6
p_ﬁ q_—g Al 1.1b
Complete method [3] to combine correctly with + 1 and form w
3
1 dM1 2.1
W= p(3i+4j)+—§><q(—4i+3j)

43. 74 - ; .
=—i+— i-J notation required ,
i toed () quired) Al | 2.2a
(6)
(b) Method [4] using rotation matrix on 3i + 2j M1
SHEREE
= Al
-4 )2 -3
1
Method [4] using ig with the correct component to find velocity M1
relative to ST.
17
5
H Al
5
Complete method [4] to reverse rotation and form w dm1

A
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< QUESTION

Method [5] using speed and direction parallel to ST M1 3.1b
weoss =+13cosy (=3.4) Al | 11b
Method [5] using speed and direction perpendicular to ST with + % M1 3.1b
wsin5=%J1_33in y(=0.4) Al | 11b
Complete method [5] to combine modulus with angle (4 +5) and
form w
dM1 2.1
== 2593 cos(B+6)i+— 2593 sin(B+6)j
43. 74 - . .
=—i+— i-j notation required ,
TAETL (i quired) Al | 22a
(6)
(12 marks)
Notes:
(@)
Correct only, 3i. Accept a magnitude of 3, if seen with correct direction indicated.
B1 Accept trig components with 3 and direction indicated
3
E.g. vcosd =+/13cosa =13 x— =3
) NE
Correct use of the impact law perpendicular to RS with % and 2. Allow +.
M1 MO if separation and approach are on the wrong side.

A
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< QUESTION

components ie %x 0.25(62)—%><0.25(22), the method is incomplete.

Al* Max score BIM1A1M1A1AQ0*
o |f the given answer is obtained by considering the KE of the perpendicular

components, %XO.ZS(GZ)—%XO.ZS(ZZ) and states that the KE parallel to RS is

unchanged, all marks are available.
o If the solution only consists of the energy equation, this is insufficient working for a

given answer %x 0.25(3° +6°) —%x 0.25(3 +2°). Max score BIMOAOMLALAQ*

(b) Method [1] Accept column vectors throughout working but must be in i-j form for final
ALT1 | Amark.

Method [1] using scalar product and components of w = ai +bj and(3i+2j) parallel to

M1 ST (3i+4j) i.e. any multiple of (3i+4j) to form an equation in a and b.

Allow without % .

Al Correct equation in a and b.

Method [1] using scalar product and components of w = ai +bj and (3i + 2j)
perpendicular to ST (—4i+3j) i.e. any multiple of (—4i+3j) to form an equation in a

1 .
and b. Must have J_rg. Allow without %

N.B. It is possible to form 2 simultaneous equations using 2 perpendicular equations
M1 . .
instead of 1 parallel and 1 perpendicular

NEL: %(—4i+3j).(ai+bj)=—% [%(—4i+3j).(3i+2j)} = —da+3p=2

perp.. 120252 | and 1 3|=0 = sa+dp=17
b—2 4

Al Correct equation in a and b.

@*@'
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< QUESTION

1 .
dm1 i§ with (—4i+3j) component.

Al Correct i-j form. Accept :—:i +%j or (1.72i +2.96j)

(b) Method [3] Accept column vectors throughout working but must be in i-j form for final
ALT 3 | Amark.

Method [3] finding coefficients to express (3i+2j) as multiples of (3i+4j)and
(—4i+3j)

M1

Al Correct expression

M1 Solve to obtain the coefficients.

Al Correct only.

1
dM1 | Dependent on previous 2 M’s. Complete method [3] to w. Must see i§ with (—4i+3j).

Al Correct i-j form. Accept g—gi +;—‘51'j or(1.72i + 2.96j)

(b) Method [4] Accept column vectors throughout working but must be in i-j form for final
ALT 4 | Amark.

M1 Method [4] using rotation matrix on 3i + 2j

Al Correct matrix expression

. 1 . . .
M1 Method [4] using ig with the correct component to find velocity relative to ST.

Al Correct only.

dM1 | Dependent on previous 2 M’s. Complete method [4] by reversing rotation to form w

A
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< QUESTION
3

Dependent on previous 2 M’s. Complete method [5] to combine the modulus with the
g relevant angle and form w
M1 = =
W= 2593 cos(B+68)i+ 2593 sin(B+6)j
Al Correct i-j form. Accept 3, Ej or(1.72i +2.96j)
25 25
Q%’”@
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