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QUESTIONS

5 questions - 49 marks - 3 sub-topics
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SUB-TOPIC 1.1

THE T-FORMULAE

Sub-topic 1.1 - 3 questions - 23 marks - lowest tariff first




ANSWER >

7. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

0
(a) Use the substitution ¢ = tan (Ej to show that

- ! dé = +dt
2sin@ + cos@ + 2 (t+b) Y
where a, b and ¢ are constants to be determined.
3)

(b) Hence show that

2r

3
- ! dfd =1n &
x 2sin@ + cos@ + 2 3

2

C))
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(Total for Question 7 is 7 marks)

Question 7 continued
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ANSWER >

4 N
5.
1 T
I = J—_dx 0<x<—
4cosx — 3sinx 4
Use the substitution ¢ = tan(%) to show that
| 2+ tan(;)
[ = gll’l +k
1- 2tan()
where £ is an arbitrary constant.
®
\_ J
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ANSWER >

( N

Question 5 continued
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ANSWER >

- N

Question 5 continued
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ANSWER >

Question 5 continued

(Total for Question 5 is 8 marks)
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ANSWER >

4 a
5. (a) Use the substitution ¢ = tan(gj to show that
J‘;dx = %d;
1+ cosecx (1+t )(1+t)
3
(b) Hence show that
j S N
1+ cosecx (x)
1+ tan| =
2
where A and B are constants to be determined and k is an arbitrary constant.
®)
L J
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ANSWER >

Question 5 continued
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ANSWER >

Question 5 continued
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ANSWER >

Question 5 continued

(Total for Question 5 is 8 marks)
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SUB-TOPIC 1.2

TRIGONOMETRIC IDENTITIES USING T

Sub-topic 1.2 - 1 question - 10 marks - lowest tariff first
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ANSWER >

4 N\
2. (i) Use the substitution = tang to prove the identity
sinx —cosx + 1 nmw
—————; =secx+tanx xX#— nez
sinx + cosx — 1 2
)
.. o 0 .
(i1) Use the substitution = tan 5 to determine the exact value of
z
2 5
J —dé
o 4+ 2cosd
giving your answer in simplest form.
)
\ J
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ANSWER >

Question 2 continued

Q\Vﬂ
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ANSWER >

Question 2 continued
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ANSWER >

Question 2 continued

(Total for Question 2 is 10 marks)
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SUB-TOPIC 1.3

SOLVING EQUATIONS USING T

Sub-topic 1.3 - 1 question - 16 marks - lowest tariff first
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ANSWER >

3
" 13+ 6sinx — Scosx

f(x)

X
Using the substitution ¢ = tan(E)

(a) show that f(x) can be written in the form

31+ 1)
2Bt +1)° +6
3)
(b) Hence solve, for 0 < x < 2z, the equation
3
f(x) ==
(x) S
giving your answers to 2 decimal places where appropriate.
3
(c) Use the result of part (a) to show that
4r
J ’ f(x)dx = K(arctan[\/i_ 9) - arctan(\/g;_ 3) + n']
3
where K is a constant to be determined.
®)
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ANSWER >

4 R

Question 8 continued
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ANSWER >

~ N

Question 8 continued
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ANSWER >

4 R

Question 8 continued
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ANSWER >

Question 8 continued

(Total for Question 8 is 16 marks)

Q\Vﬂ
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MARK SCHEMES

official mark schemes
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< QUESTION

missing for this and the next M.

a
M1: Simplifies the integrand to the form —————
pt +qt+r

must be correctly dealt with.

Al: Correct answer in the form required, including the j dt

@) 1 1 2
- dé= X ——
2sin 0 +c0s 0 +2 ( 2t J (1—t2] 1+t M1 | 21
2| — |+ S |+2
1+t 1+t
2 2
dt=j—dt M1 | 1.1b
J4t+(1—t2)+2(1+t2) t? +4t+3
2
——dt
J(t+2)2 1 Al 2.2a
®)
b t+b)—~/c
. J & dt=-2 (R NEl o
(t+bY —c  2c |(t+b)++c|
a a t+b
————dt=—=arctan| — [,c>0 M1 | 3.1
J(t+b)z+c ¥ (ﬁj :
t+2)-1
Note correct answer isJ 22 dt= 2 In(Jr ) |
(t+2)°-1  2(1) (t+2)+1]
3+1 2
Correctly uses the limits t =1 and t=\/§ —In j—;+3 _In‘Z‘ if M1 1.1b
correct.
3+l 1
N M1 | 1.1b
(\/§+3 2
=In 2><‘/§+1><E =In & * Al* 2.1
J3+3 3-3 3
(4)
(7 marks)
Notes:
(@)
1-t?
M1: Applies the correct substitutions sin @ = 2 , €0s0 =—— and d0=—2_dt Thedt may be
1+t 1+t 1+t?

allowing slips in coefficients but the “1 + t”

A
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MARK SCHEME - Option 3A: Further Pure Mathematics 1 - June2024 - Q7 1.1 The t-formulae < QUESTION

(b)

M1: A correct method for the integration, by use of standard formula. Modulus signs are not

necessary. Note that—iartanh(ubj— & In t+b++/c

Ve Jo) 2y |t+b-e

they end up with a positive ¢ then accept for the arctan integral shown in scheme.

is also a correct version. If by error

M1: Correctly uses the limits t=1and t = \/§ in their integral to produce an exact expression. Use
of the original limits is MO, must have changed to t (unless they reverse the substitution).

M1: Correctly combines the In terms with at least one step showing the result of substituting limits
before the final answer, and their final answer must follow this step if no further working is shown.
May be seen before or after the rationalisation. (MO if no In terms.)

Al*cso: Shows the method to rationalise the denominator and correctly completes to the given
answer. Some suitable working must be seen. Note that /3 +3= \@(1+ J§) may be used in the

denominator, followed by cancelling.

(b) J#dt:J;dt
Alt (t+2)" -1 (t+1)(t+3) v | 31
S T O
t+1 t+3
Correctly uses the limits t=1 and t = \@
M1 1.1b
|n(J§+1)—|n(J§+3)—|n2+|n4
J3+1
=In| 2 M1 2.1
[ X\/§+3
=In} 2x V341 =In 23], Al* | 11b
)
(4)
(7 marks)
Notes:
(b)

M1: A correct method for the integration, applying partial fractions and integrating to In terms.

M1: Correctly uses the limits t=1and t = \/§(or correct @ limits if substitution is reversed) to
produce an exact expression.

M1: Correctly combines the In terms with at least one step showing the result of substituting limits
before the final answer, and their final answer must follow this step if no further working is shown.
May be seen before or after the rationalisation. (MO if no In terms.)

Al*cso: Shows the method to rationalise the denominator and correctly completes to the given
answer. Some suitable working must be seen. Note that /3 +3= J§(1+ J§) may be used in the

denominator, followed by cancelling.

€.
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MARK SCHEME - Option 3A: Further Pure Mathematics 1 - June2019 - Q5

1.1 The t-formulae

< QUESTION

Question Scheme Marks AOs
5 42
4cosx—35inx:4(1 2]—3( thj B1 1.1a
1+t 1+t
) ) Bl
a_irt r%=L2 or dx = 2dt2 or dt =" dx oe Mlon | 21
dx 2 dt 1+t 1+t ePEN
1 1 2dt
——dx= X ——
4¢0s X —3sin X 1-t° 2t ) 1+t M1 2.1
4 2 -3 2
1+t 1+t
2 1 -1
= | ———(dt ———(dt ————(dt) etc. .
j4—4t2—6t( ) or J2—2t2—3t( ) or J'2t2+3t—2( ) etc Al 1.1b
-2 -1 A N B
42 +6t—-4 -1) -
t+6t-4  (t+2)(2t-1) (t+2) (2t-1) ML | 31
= S S
(t+2)(2t-1) 5(t+2) 5(1-2t)
1 1 2 .
| == - dt lent
= 5_[(t+2) (2t—1)( ) orequivalen Al 1.1b
1 1 2 1 1
== ————dt==In(t+2)-=In(1-2t)(+k
SI(t+2) oy g () g -2+ e
=1|n[ﬂj(+k)=1|n 2etan() )y A | 21
5 \1-2t 5 |1-2tan(})
(8)
Alternative for final 4 marks:
2 1 1 1 1
= ————(dt)=—= | V—— (dt)=—= | ———— (dt
j4—4t2—6t( ) 2_.-t2+§t—1( ) 2_[(t+3)2_gg( ) M1 31a
1 Al 1.1b
oreg. | ——— (dt
* )iy ™
11 4 [t+3-2
—=x=x—=In| ——2|(+c Al 1.1
2°275 (t+i+j}<+ ) b
1. tan(%)-1 votn tan(%)+2 . tan(%)+2
5 |tan(%)+2 5 |tan()-3 5 | i-tan(})
2(tan(%)+2 tan(%)+2
=ZIn )+2) I (tan () +2) +ZIn2+c Al* 2.1
1-2tan(%) 5 | 1-2tan(%)
L (tan(%)+2)
5 | 1-2tan(%)
(8 marks)

28



MARK SCHEME - Option 3A: Further Pure Mathematics 1 - June2019 - Q5 1.1 The t-formulae < QUESTION

Notes

B1: Uses the correct formulae to express 4cos x — 3sin x in terms of t

B1(M1 on ePEN): Correct equation in terms of dx, dt and t — can be implied if seen as part of
their substitution.

M1: Makes a complete substitution to obtain an integral in terms of t only. Allow slips with the
substitution of “dx” but must be dx = f(t)dt where f(t) # 1. This mark is also available if the

_ 42
candidate makes errors when attempting to simplify 4(1 Iz } _3(1 Zttzj before attempting the
+ +

substitution.

Al: For obtaining a fully correct simplified integral with a constant in the numerator and a 3 term
quadratic expression in the denominator. (“dt” not required)

M1: Realises the need to express the integrand in terms of partial fractions in order to attempt the
integration. Must have a 3 term quadratic expression in the denominator and a constant in
the numerator.

Al: Correct integral in terms of partial fractions — allow any equivalent correct integral. (“dt” not
required)

Al: Fully correct integration in terms of t

A1*: Correct solution with no errors including “+ k” (allow “+ ¢”*) and with the constant dealt
with correctly if necessary. The denominator must also be dealt with correctly. E.g. if it appears
as 2t — 1 initially and becomes 1 — 2t without justification, this final mark should be withheld.
Alternative for final 4 marks:

M1: Realises the need to express the integrand in completed square form in order to attempt the
integration. Must have a 3 term quadratic expression in the denominator and a constant in
the numerator.

Al: Correct integral with the square completed — allow any equivalent correct integral (“dt” not
required)

ALl: Fully correct integration in terms of t

A1*: Correct solution with no errors including “+ k™ (allow “+ ¢) and with the constant dealt
with correctly if necessary as shown in the scheme and with the denominator dealt with correctly
if necessary.

Note that it is acceptable for the “dt” to appear and disappear throughout the proof as long as the
intention is clear.

RA
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< QUESTION

Question Scheme Marks AOs
5(a) 1 1 1+2( P +2t+1
l+cosecx=1+——=1+ or 1+ =
sin x 2t 2t 2t
1+¢
or Bl 1.1a
i.{.l
1+cosecx=smx+l=1+t2
sin x 2t
1+1¢°
1 2t 2
dx=j X dt )
f1+cosecx £ 42t+1 147 Ml 21
f;dﬁ det* Al* | 1.1b
1+ cosec x (1+t2)(1+t)
3)
(b) 4t At+B C D
2 ZE 2 +_+—2
(1+t )(1+t) L+ 1+t (1+1)
or
4¢ At+B Ct+D
2 ZE 2 + 2
(1+2)(1+2)" 1+ (141) Ml | 3.la
or
4t At+B C Dt+FE
2 ZE 2 +_+—2
(1+t )(1+t) L+ 1+t (1+1)
Leading to finding the value for at least one constant
4t _ 2 2
(1=2)(1+e) 140 (151 Al | L
L—Ldt—Zarctant+i Al 22
1442 (1+t)2 1+¢ -4
=2arctan (tan%)+ +hk=x+ +kcso ML 116
1+tan2 1+tan% Al 2.1
&)
(8 marks)
A



MARK SCHEME - Option 3A: Further Pure Mathematics 1 - June2025 - Q5 1.1 The t-formulae < QUESTION

Notes

(a)

B1: Selects the correct formulae to express 1+C€0secX in terms of z. May be seen within the

integral

M1: Makes a complete substitution to obtain an integral in terms of ¢ only, including

dx=—2_dr

1+t

ATl*: Correct proof with no errors or omissions, must see the factorisation if the denominator is

expanded first. Long division or equivalent with #* +1 or (1+ 1)2 or ;+1

(b)

M1: Realises the need to express the integrand in terms of partial fractions and attempts the

correct form, condone the use of x instead of ¢ on their numerator with #’s on the denominator.

Must attempt to find at least one constant term

Al: Correct partial fractions.

Al: Correct integration, must have scored the previous marks, no need for the constant of

integration

Note an incorrect form such as _ + B + ¢
1+¢£5 1+¢ (1+t)2

can lead to a correct answer but is

MOAOAO

MI1: Reverses the substitution to express in terms of x

Al: Correct answer with no errors including “+ & must have scored all the previous marks in
part (b)

A B
+

to find the values for 4 and B, please send to
2 2
1+7 (1+1¢)

Note Verification method using

review

RA
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< QUESTION

Question Scheme Marks AOs

2(i) 2t 1-¢
inx— +1 2 4y
S 2 R LY S M1 | Lb
sinx+cosx—1 2t 11—t
2 T 2_1
1+ 1+t
_2t-(1-1)+1+¢ or = 21+ +1+¢
2 +1- —(1+1%) 2+1-12-1-1%)
e 2 2 2 M1 2.1
numeratorzzt d t)2+1+t denominator==2t-'_1 ! 2(l+t)
1+¢ 1+1
and divides
28042t 1+t
=_+2(=L Al | Llb
2t -2t 1-t¢
t+1 1+t £+2+1 1+ 2
1w =2 1= 1=p
M1 3.1a
1+ 2t 1+2t+¢
Alt: secx+tanx=——+——= >
-t 1-t -t
1
= +tanx =secx+tanx *
cosx AL* 21
) .
D= (t+1) =1+t = LHS hence result proved.*
(A=-0)(1+1) 1-¢
5
" . U]
(i) J‘(z) 5 5 2
—dé= —x——dt
(o) 4+2cosf (0)4+21—t 1+t
1+¢
Alternatively
de 1 2?"-_" 1 .
= _gectEli= leading to
dg 2 28 cosq+1 s Mt 21
“ 1-¢
[%J 5 V5c0s0+5 5[1+t2j+5
J‘ —d6’=J~ — — dr= —~ dt
(o) 4+2cos0 (o) 4+2cos0 4+2(1—tJ
0) 1+¢
(1) M
10 5
= dt:J. dr o.e. Al 1.1b
LO) 40+2)+2(1-1%) ) 3447
)
= SXLarctan[L) M1 1.1b
V3 NEWANS '
Q‘\'fﬂ



MARK SCHEME - Option 3A: Further Pure Mathematics 1 - November2021 - Q2 1.2 Trigonometric Identities usi... < QUESTION
tan z
= > arctan( ! J 0|or arctan 4 arctan[tan(o)] M1 2.2
== = |~ - - .2a
3 NE) NE) 3 V3
= 5”\/5 oc inasurd form e.g. — Al 1.1b
18 63
)]
(10 marks)

Notes:
()

M1: Applies the -formulae to the left-hand side of expression. Allow slips in signs of the terms.

M1: Multiplies numerator and denominator through by 1+¢° (allow if they forget to multiply the
1’s). Alternative works separately on the numerator and denominator to combine terms and then
divides.

quadratic

Al: Correct with terms gathered, award where first seen, need not have cancelled 2t for

quadratic
this mark.
M1: Cancels 2¢, multiplies numerator and denominator by 1+¢ and splits to sum of two terms. If
working from both sides, this mark is for substituting the z-formulae into the right-hand side and
combining to single fraction.
A1*: Correct completion to given result. No errors in proof. If working from both sides, a suitable
conclusion is needed, e.g “hence proven”.

(i)
M1: Applies the substitution including the use of d@ = " 2

—dt¢ (Limits not needed for first three
t
marks).

Al: Simplifies correctly to a recognisable integrable form.

M1: Integrates to the form K arctan (tj where a” is their constant term.
a
M1: Deduces correct limits and applies them the correct way round OR deduces integral in terms of
6 from their integration and applies original limits the correct way.
Al: 57;;/5 or equivalent in surd form.

Note use of calculator does not lead to the exact value required in the question = 1.51149947
This can score M1 A1 M0 M1 A0

€.
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< QUESTION

Question Scheme ‘ Marks AOs
8(8) | f(x)= 3
42
13+6x 2 _5x 17l M1 | 11b
1+t 1+t
2
S 0 B— M1 | 1.1b
13(1+t%) +12t -5(1-t°)
2 2 2
=—?;(1+t ) = for example 23(1+t ) or S+
18t% +12t +8 209t +6t+1)+6  2[(3t+1)*-1]+8
Al* 2.1
3L+t%)
2(3t+1)*+6
3
2 1.1b
() f(x)=§:Lt2)=§:21+2ﬁ2=54t2+36t+24
7 23t+1)°+6 7 M1 —
=11t° +12t+1=0
=S AU+)(t+)=0=>t=... M1 1.1b
t=-1t= 1 Al 1.1b
11 '
= x=2arctan (“their t")+ 2z for a negative t dM1 | 3.1a e
X = 37”0r awrt 4.71 and awrt X =6.10 Al 1.1b
®)
(c) 3(1+1?%) 2 3
= =] ——dt B1 2.1
I ) _[2(3t+1) 16 140 I(&+1)2+3
= K arctan (M (3t +1)) u=(3t+1)= Karctan(Mu) M1 | 1.1b
L arctan(3t+1) —iarctan (Lj Al 1.1b
B 3 3 3 '
4 x 4
3 3
I f(x)dx=J. f(x)dx+J f(x) dx
3 3 i
) 5 i} ol Bl 3.1a
=J‘ ...dt+j ...dtor‘[ ...du+J. ..du
? —0 3+ —0
3
) 1 2]
- - +...
7 NG Na No M1 1.1b
Q‘Q'/@
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< QUESTION

\/_[arctan(\/— gj—arctan(\/g+3n+ Al 1.1b
3 3 3
3t+1 3t+1 T T
+ILr2\/_arctan[T) ﬁrifarctan[Tj_ +m—[—m) M1 3.1a
=£(arctan[\/§_ J—arctan(\/— 3] EJ Al 2.1
3 3 3
8
(16 marks)
Notes:
@

M1: Uses one correct substitution

M1: Both substitutions correct and attempts to multiply through numerator and denominator by
1+t2.

Al*: Completes to the correct expression with no errors seen. Must see an intermediate step
simplifying the denominator — most likely one of the ones seen in the scheme.

(b)
ML1: Equates the result in (a) to % and simplifiesto a 3TQ

M1: Solves their equation by any valid means.
Al: Correct values for t

dM1: Dependent on first method mark. Applies the correct process to find at least one value for x
from a negative value for t. (If two positive values are found in error, this mark cannot be scored.)

Al: Both answers correct and no others in range.
(©
B1: Applies the substitution including the use of dx = %

tZ

dt

M1: Attempts the integration to achieve K arctan (M 1+ 3t)) or Karctan(Mu)if using a substitution
of u=(3t+1).

dt 3

May use substitution 3t+ 1= \/§taan> d—= ?secqu
q

3 3.3 agt +

—d = — ——arctan
3 a= 3q g

QOO
[SUSE IO

Al: Correct integral.
B1: Changes the limits and splits the integral around =

M1: Applies their limits * /=" and ' /3"to their integrand.
Al: Correct “arctan” expressions.

M1: Correct work to evaluate the *oo limits
ALl: Fully correct solution.




