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QUESTIONS

10 questions - 117 marks - 3 sub-topics
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SUB-TOPIC 3.1

TAYLOR SERIES SOLUTIONS OF DES

Sub-topic 3.1 - 3 questions - 25 marks - lowest tariff first

A



ANSWER >

4 N\

4. The Taylor series expansion of (x) about x = a is given by
Rt (x=a) o

f(x)=f(a)+(x—a)f (Cl)'l‘Tf ((1)+...+r—!f (a)+...

The curve with equation y = f(x) satisfies the differential equation

2 i

cosxd—f+y2d—y+sinx=0 i

dx dx :

Given that (%, 1) is a stationary point of the curve,

(a) determine the nature of this stationary point, giving a reason for your answer.

6) |

d’y . . .

(b) Show that —= = V2 -2 at this stationary point. ;

dx :

C)) ;

(c) Hence determine a series solution for y, in ascending powers of (x - %J up to and

xY |

including the term in (x - Zj , giving each coefficient in simplest form.

(2) §
\. )

\ J
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Question 4 continued
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ANSWER >
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Question 4 continued
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(Total for Question 4 is 8 marks)

Question 4 continued
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ANSWER >

4 N\
3.
dy 2
—=Xx- I
o y @
(a) Show that
5 4 3 2 \?
dx dx dx dx dx
where a, b and c¢ are integers to be determined.
“4)
(b) Hence find a series solution, in ascending powers of x as far as the term in x°, of the
differential equation (I), given that y=1atx =0
(5
\ J
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ANSWER >
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Question 3 continued
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ANSWER >
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Question 3 continued

Q\Vﬂ
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ANSWER >

Question 3 continued

(Total for Question 3 is 9 marks)

Q\Vﬂ
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ANSWER >

2. The Taylor series expansion of f(x) about x = a is given by

f(x) = f(a) + (x - a)f'(a) + ("‘z—f’)Zf"(a) +.. 4 Mfm(a) +...
! r

Given that

(@) show that

4 2 3

where a, b and c are integers to be determined.
4)

d
Hence, given that y =1 and d_); =1 when x=2

(b) determine a Taylor series solution, in ascending powers of (x —2), up to and
including the term in (x — 2)*, of the differential equation (1), giving each coefficient
in simplest form.

(4)

INZ)
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Question 2 continued
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Question 2 continued

Q\Vﬂ
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ANSWER >

Question 2 continued

(Total for Question 2 is 8 marks)

Q\Vﬂ
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SUB-TOPIC 3.2

DES REDUCIBLE BY SUBSTITUTION

Sub-topic 3.2 - 6 questions - 86 marks - lowest tariff first
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ANSWER >

4 N\
10. The motion of a particle P along the x-axis is modelled by the differential equation
d’x dx
2 3.1
" —=2t(t+1)—+2(t+1)x =8¢ I
a2 0
where P has displacement x metres from the origin O at time ¢ minutes, ¢ > 0
(a) Show that the transformation x = fu transforms the differential equation (I) into the
differential equation
2
d—’; BPLUNN
dr dr
C)
Given that P is at O when ¢#=1n3 and when ¢t =1In5
(b) determine the particular solution of the differential equation (I)
®)
\ J
\ J
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Question 10 continued
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ANSWER >

4 A%

Question 10 continued
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Question 10 continued
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ANSWER >

Question 10 continued

(Total for Question 10 is 12 marks)

Q\Vﬂ
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ANSWER >

9. A particle P moves along a straight line.

At time ¢ minutes, the displacement, x metres, of P from a fixed point O on the line is
modelled by the differential equation

2
£ % —2t % +2x + 16¢°x = 41’ sin 2t (D

(a) Show that the transformation x = ¢y transforms equation (I) into the equation

2
¢y 16y =4 sin2s
dr?
3
(b) Hence find a general solution for the displacement of P from O at time ¢ minutes.
®)

INZ)
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ANSWER >

( )

Question 9 continued

Q\Vﬂ
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( )

Question 9 continued

Q\Vﬂ
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( )

Question 9 continued

Q\Vﬂ
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ANSWER >

Question 9 continued

(Total for Question 9 is 13 marks)

Q\Vﬂ
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ANSWER >

2. The vertical height, # m, above horizontal ground, of a passenger on a fairground ride,

t seconds after the ride starts, where ¢ < 5, is modelled by the differential equation

,d’h dh

' — -2t—+2h="¢ I
dr’ dr @
(a) Given that ¢ = ¢, show that
. .dh dh
t_ _ —
O &
i) 2 &*h_d’h dh
T T2 o

(b) Hence show that the transformation ¢ = e* transforms equation (I) into the equation

2
d—i’ 3 oy e
dx dx
@
(c) Hence show that
1
h=At+Bt’ + =1
2
where 4 and B are constants.
(6)
. dh
Given that when ¢t =1, 7= 2.5 and when 7 = 2, E =-1
(d) determine the height of the passenger above the ground 5 seconds after the start of
the ride.
3

INZ)
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ANSWER >
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Question 2 continued
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(Total for Question 2 is 16 marks)

Question 2 continued
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ANSWER >

6. The concentration of a drug in the bloodstream of a patient, ¢ hours after the drug has
been administered, where ¢ < 6, is modelled by the differential equation

2
t2%—5t%+8cz £ 0

where C is measured in micrograms per litre.

(a) Show that the transformation ¢ = e* transforms equation (I) into the equation

2
£—6%+8C:e“ (IT)

dx’ 5)

(b) Hence find the general solution for the concentration C at time ¢ hours.
(7)

Given that when =6, C =0 and c:l—f =-36

(c) find the maximum concentration of the drug in the bloodstream of the patient.

)

INZ)
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Question 6 continued
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Question 6 continued

Q\Vﬂ
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Question 6 continued
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Question 6 continued

Q\Vﬂ
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ANSWER >

Question 6 continued

(Total for Question 6 is 17 marks)

Q\Vﬂ
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ANSWER >

8. A community is concerned about the rising level of pollutant in its local pond and
applies a chemical treatment to stop the increase of pollutant.

The concentration, x parts per million (ppm), of the pollutant in the pond water ¢ days
after the chemical treatment was applied, is modelled by the differential equation

% = —3200Sht —lxtanht D
dr  3x°cosht

When the chemical treatment was applied the concentration of pollutant was 3 ppm.
(a) Use the iteration formula

(d_y) _ O =)
dx/, h

once to estimate the concentration of the pollutant in the pond water 6 hours after
the chemical treatment was applied.

C))

(b) Show that the transformation u =x’ transforms the differential equation (I) into the
differential equation

3
cosht

ey

d—u+utanht =1+
dt
A)

(c) Determine the general solution of equation (II)

C))

(d) Hence find an equation for the concentration of pollutant in the pond water ¢ days
after the chemical treatment was applied.

&)

(e) Find the percentage error of the estimate found in part (a) compared to the value
predicted by the model, stating if it is an overestimate or an underestimate.

&)

A
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Question 8 continued
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Question 8 continued

Q\Vﬂ
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Question 8 continued

Q\Vﬂ
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Question 8 continued

(Total for Question 8 is 17 marks)

Q\Vﬂ
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ANSWER >

7. The concentration, P mgm™, of a pollutant in a reservoir, t days after the pollutant
entered the reservoir, is modelled by the differential equation

LdP _ ypr 1 (I)
P dr

. 1 . . .
(a) Show that the transformation x = o7 transforms equation (1) into the equation

dx
— —2x=-8 1I
Pl (I1)
3)
Given that P=0.5 when t=0

(b) solve differential equation (1) to show that, according to the model,

PZZ;
Af + 2 + ke*

where k is a constant to be determined.

(6)

Given that the concentration of the pollutant in the reservoir, 3 days after the pollutant
entered the reservoir, was 0.034mgm™

(c) comment on the reliability of the model, giving a reason for your answer.

O]

INZ)
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ANSWER >

Question 7 continued

Q\Vﬂ
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Question 7 continued

Q\Vﬂ
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ANSWER >

Question 7 continued

(Total for Question 7 is 11 marks)

Q\Vﬂ
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SUB-TOPIC 6.1

NUMERICAL SOLUTION OF DES

Sub-topic 6.1 - 1 question - 6 marks - lowest tariff first

7
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ANSWER >

4. The velocity vms ', of a raindrop, ¢ seconds after it falls from a cloud, is modelled by
the differential equation

d
o 01v10 >0
dr

Initially the raindrop is at rest.
. . L d - .
(a) Use two iterations of the approximation formula (ay) B % to estimate the

velocity of the raindrop 1 second after it falls from the cloud.

)

Given that the initial acceleration of the raindrop is found to be smaller than is
suggested by the current model,

(b) refine the model by changing the value of one constant.

0y

INZ)
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ANSWER >

Question 4 continued

(Total for Question 4 is 6 marks)

Q\Vﬂ
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MARK SCHEMES

official mark schemes
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< QUESTION

4(a) n\d?y o . ( ) d’y
cos| — |—-+(1) (0)+sin 0=—=.. M1 3.1a
(4jdx2 () 4 dx’
Yy
vl -1<0 therefore a (local) maximum Al 24
(2
2 3 lor2 2
(b) Achieves +smxd y+cosxd y+ay(dy) +y? 28 gicosx 0 or
dx? dx® dx dx
2
d—§'=—tanx—yzsecxd—y—> M1 | 1L1b
dx dx
3 lor2 2
d—¥=isec2xiaysecx(—yj J_ryzsecxtanxd—yiyzsecxd—zl
dx dx dx dx
2 3
—smxd y+cosxd Z+2y(dy) +y? 2 & y+cosx 0 or
dx? d dx dx?
i i 2 Al | 1lb
3—y=—sec X— 2ysecx(gij —yzsecxtanxji—y secxgg
3 3
—sin ) +cos( jd—¥+2( )(0)2+(1)2(—1)+cos( j 0>9Y_ .
d 4 dx®
d M1 1.1b
Alt: d—=—2 2(2(0)-LV2()(0) -1*V2(-1)
3
2 2 dX3 2 2 dx®
Al* 2.1
3
d_)3/ _2-22 _2J2-4 _J7_2+
dx J2 2
4

! (y=)1+(x—%j(0)+(x_—;)(their --1-)+@(J§ o). ME2S

e -

(2
(8 marks)

INA
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MARK SCHEME - Option 3A: Further Pure Mathematics 1 - June2024 - Q4 3.1 Taylor Series Solutions of DEs < QUESTION

Notes:
(@)
'y
M1: A complete method to find the value for W Substitutes into the differential equation
2
T dy ; -7
x ==, y=1,—2 =0and rearranges to find a value for —
dx dx
d’y . :
Al: v =-1<0 therefore a maximum. Must achieve the correct value, or at least a correct
expression and give reason “<0” (oe) and conclusion and no contradictory statements.
(b)
2 3 lor2 2
M1: Differentiates to the form +sin x—- d’y +C0S xd—z + ay[dy +vy° d—g +cosx=0.
dx? dx dx dx

Alternatively, divides through by cos x first and differentiates to achieve the form shown in scheme.

Al: Correct differentiation, any alternative form is acceptable.
2

d : d
M1: Substitutes in x = %’ y :1,d—i =0, their value of d_x)! ='-1" as appropriate for their expression,

3

and rearranges to find a value for — (if not already done so).

dx’
d3
Al1*: Shows that F =22 from correct working with at least one suitable intermediate line —
_ L diy d’y .
being either an unsimplified o or aF =... , before the final answer. Must have come from
X X

a correct derivative expression. Note that in the Alt the correct form comes out much easier, so look
for at least one unsimplified line before the final answer.

(©

d
M1: Uses the Taylor’s series expansion with the correct values for Y, =1, L =0, —y f 2 (or
Ioodx T dx
3 2
their j—y if they had a different answer to (b)) and their value of d_le . Must include the 1 at the
X

3

start.

Al: Correct simplified expansion. The “y =" may be missing. Accept with O(X —%) as a second

term. ISW after a correct simplified expression if further attempts to simplify are made.

€.
RA
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MARK SCHEME - Option 3A: Further Pure Mathematics 1 - June2019 - Q3 3.1 Taylor Series Solutions of DEs < QUESTION

Question Scheme Marks AOs

aivil: X UIEN L£9.94... Or TOr gx Uien L£5.04... 1€adIng 1O a value ana wnere n nas ciearly peen

defined earlier.
Dependent on both previous method marks

Al: Awrt 16.5
Note that a minimum we would expect to see for full marks is:
h=04
yo y1 y2 ys Y4
X 0.4 0.8 1.2 1.6 2
y eO.lB e0.64 e1.44 e2.56 e4
1.173... 1.896... | 4.220... | 12.935... | 54.598...

h
Ax2[Yo+4y,+2y, +4y, +Y,]=165

(Note that a calculator gives 16.030...for the area)

Question Scheme Marks AOs
2 , du ., du d’u
U=x"=—=3X",—=6X,— =6 M1 1.1b
dx dx dx
2 3
v=sinkx:>@=kcoskx,d—\zl=—kzsinkx,d—\§=—kscoskx,
dx dx dx
" 5 ML | 21
— =k*sinkx,— =k® coskx
dx dx
5
d—{:x3k5coskx+5><3x2><k“sinkx+5><4><6x><(—k3coskx)+
dx s ML | 21
XX x 6 (—k? sinkx)
3!
:(k2x2—60)k3xcoskx+15(k2x2—4)kzsinkx Al 1.1b
(4)
(4 marks)

Notes

M1: Differentiates u = x° three times. Need to see X* —=..x*> >..Xx >k

M1: Uses v = sinkx to establish the form of the derivatives. Need to see at least alternating
k--sinkx and k--coskx with increasing powers of k for at least 3 derivatives.

M1: Uses a correct formula with 2 and 3! (or 6) with terms shown to disappear after the fourth
term. This needs to be a correct application of the theorem so that the correct binomial
coefficients need to go with the correct pairings of their derivatives. If there is any doubt, at least
3 terms should have the correct structure. Allow equivalent notation for the binomial coefficients

5)(5
e.. [Oj(l) etc. or °C,, °C, etc.

Al: Correct expression in the required form with correct values of A, B and C. Apply isw if
necessary e.g. if a correct expression is followed by A =60, B =15,C = —4
(NBA=-60,B=15,C=-4)

If there is no use Lebnitz’s theorem e.g. repeated differentiation of products, this scores no
marks.

RA
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MARK SCHEME - Option 3A: Further Pure Mathematics 1 - June2019 - Q3 3.1 Taylor Series Solutions of DEs < QUESTION

Question Scheme Marks AOs
3(8) 2 3 2 2
d_¥:1_2yﬁz>d_¥:_2 d_z'_z(ﬂJ M1 1'1E
dx dx  dx dx dx Al 11
4 2 3 2 2 3
L{:—zﬂd—g—zyd—{—ztd—yd—i':—ﬁﬂd—ﬁ'—zyd—g aM1 | 2.1
dx dx dx dx dx dx dx dx dx
5 3 2.2 4 3
Cy_ ohydy ofdy) , dy ,ddy
dx dx dx dx dx dx dx
Al 2.1
dy odyd’y (d%
=-2y—-8——-6| —
ydx4 dx dx® dx?
(4)
(b)
x:O,yzlz(ﬂ) =0-1°=-1 B1 2.2a
dx J,
d’y d’y 2
=1-2(1)(-1)=3,| — -2(1)(3)-2(-1) =-8
) -raey-a( §F) —2me-2
d'y M1 1.1b
[WJO =-8(-1)(3)-2(1)(-8)=34, Al | 11b
d°y 2
— :—2(1)(34)—8(—1)(—8)—6(3) =-186
dx” ),
y=y(0)+x(d—yj X+X—2[d2—¥j +X—3[£¥J +X—4(£¥J +X—5(£¥J +.
dx J,  2t{dx® ), 3t{dx® ), 4tldx® )~ 5!{dx* ) M1 2.5
With their values
3., 8., 34, 186
(y:)l—x+5x _EX o X _EX +
3, 4., 17, 31, Alft 1.1b
(Y=)l-x+=x ==X+ =x ==X +...
2 3 12 20
()
(9 marks)
Notes
(a)
M1: Attempts to find the second and third derivatives:
This requires ﬂ=1+2yd—y or ﬂ=+2yy followed b ﬂ—+2 ﬂ+ or
dx* " Tdx o dx*  Cdx Yo TV ae T
3 2
d—y:i...iz(ﬂ)
dx® dx
Al: Correct second and third derivatives.
dM1: Continues to differentiate to reach the 5! derivative. This is dependent on the first
method mark but there is no need to check the detail and the mark can be awarded as long
as the 5™ derivative is reached.
Al: Completes the process, collecting terms if necessary, to obtain the correct expression
(NBa=-2,b=-8,c=—6)

t.
RA
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MARK SCHEME - Option 3A: Further Pure Mathematics 1 - June2019 - Q3 3.1 Taylor Series Solutions of DEs < QUESTION

Allow dash/dot notation for the derivatives but the final answer must be in the correct form.
2

Note that if % = iZy% is obtained initially, allow a full recovery in (a).
X X

Note that (a) can be found using Leibnitz’s theorem and the following scheme should be applied:

d? d d2 d
)2/ =1+2y— Yo Z’ 2y—= y

dx dx d dx

times.

Al: All correct

ey dyd dy o dy) ., dyd
'dxz 2d—§d—x¥—3 2d_id_xy_3 Z(d—x)z/j _2y_y_y (correct application of Leibnitz)

dx® dx
4 3 2.,\?
Al: =_2yu_8d_yd_y_6[d_y]

M1: followed by an attempt to differentiate y 3 times and g—is

dx*  dx dx® dx?
2

dy _,

As in the main scheme, if o _ZyQ
X

5 is obtained initially, allow a full recovery in (a).
X

Alternative for (a):

d’y dy 2 s dy dy . ,dy
—1-2y L =122y (x—y?) =1-2xy + 2y = =2 = 2y —2x 2 +6y2 2.
I yd y( y) ey dx® y der y dx

Score for the second derivative form as in the main scheme and then an attempt at the third
derivative with at least 2 terms correct.

Al: Fully correct

Then as main scheme.

(b)

B1: Deduces the correct value for y'(0)

M1:

M1: Finds the values of all the other derivatives at x = 0 up to 5. There is no need to check their
values as long as there is no obvious incorrect work, but values for all the derivatives up to the
5" must be found

Al: All values correct (as single values — e.g. do not allow unsimplified)

M1: Applies the correct Maclaurin series for their values including the factorials up to the term in
X5

ALft: Correct expansion, follow through their values for the derivatives. This does not have to be
simplified but the factorials need to be evaluated. Once a correct, or correct follow through
expression is seen apply isw.

AOs

uestion Scheme ‘ Marks

RA
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< QUESTION

Question Scheme Marks AOs
2(a 3
(2) jx{+3jxf+,4x%+3y=o 4,B#0
d3 d ‘ M1 2.1
2 - 32 uxL By 4B#0
dx dx dx
d? 4y, d’y dy
) 3dx2 -2x—-2y=0
or Al 1.1b
3
d_y= 3dJ2/+2xd—y+2y
dx® dx dx
4
LA L L N
dx? dx dx dx dx dx
Or
4 3 2
d i’ :_3d_)3)+2xd_)21+2d_y+2d_y M1 1.1b
dx dx dx dx dx
or
4
d i)z dJ3}+2 d? v dy
dx dx dx? dx
4 2 3
d_i’ 4dy zde;_3d)3} cso Al 2.2a
dx dx dx dx
“)
(b) dy d’y
2= —4+4-3=5 .
X y " 2 2 Bl 2.2a
d3y
(Ej =2(2)(1)+2(1)-3(5) =9
? Ml | LIb
dy| _
| =40)+2(2)(5)-3(9) =51
2
yzy(z)Jr(x_z)(d_y) +M AN
R Ml | 25
(36—2)3 d3_y +(x—2)4 d*y N ’
31 ldx? 41 (dxt ), 7
y:1+(x_2)+§(x—2)2—§( —2) 17(x—2)4+...
2 2 8
Or Al 1.1b
5 2 3 3 17
yer a2 (2 22y + L (o2 ¢
“)
(8 marks)




< QUESTION

Notes

(a)
M1: Attempts to differentiate including an attempt at the product rule to achieve the correct form
in any order
Al: Correct differentiation
MI1: Continues to differentiate using the product rule again to reach the 4™ derivative to achieve
the correct form dly = Ad}—y+ Bxdz—y+ Cd—y+ Dd_y in any order

dx* dx’ dx? dx dx
A1l: Completes the process to obtain the correct expression (a =4, b =2, ¢ = —3) with no errors
seen and correct notation throughout and = 0 where applicable cso
(b)

B1: Deduces the correct value for »"(2)

M1: Finds the values of the derivatives at x = 2. There must be evidence of the correct values of

x=2,y= 1,% =1 being used at least once

M1: Uses the correct Taylor series expansion with their derivatives. Must be using y =1,—=—=1

i
dx
in their series expansion. If no method is shown they must have all terms correct for their
derivatives

A1l: Correct expansion must include y = or f(x) = somewhere




< QUESTION

10 (a) ax _
x—tu:d—x—d—ut+u or d—u=tdt—x (0e) Bl 2.2
B dt  dt dt t?

dx du d’x d%u, .du
@ o T e g oo
: , Bl | 1.1b
deu ldx 1d°x 1(,,dx
di?  t2dt tdt® t*\ dt
2
| dUp o0 —2t(t+1)[d—ut+u}+2(t+l)tu=8t3e‘
dt dt dt
2
tsd—g+2t2d—u—2t(t+1)d—ut—2t(t+1)u+2t(t+1)u:8t3et M1 | 1.1b
dt dt dt
2
0 o B s B e QU oy 2t(t 4 )u =Bt
dt dt dt dt
2
ZTg_Zz—l:zge‘* Al* 2.1
4)

(b) m’ -2m=0=m=0, 2 M1 | 1.1b
u= A+ Be? Al 1.1b
PS=u=2¢ Bl | 22a
du o du L et
E_ke'ﬁ_)”e = Le' -2he' =8e' > A =...{-8} ML 34
= u=PS+CF
u="A+Be*"-8e' or x=("A+Be""-8e' )t Alft | 2.2a
x=(A+Be* -8 )t
x=0,t=In3andt=1In5 M1 3.4
0=A+Be?*_8e" =0=A+9B-24
0=A+Be? —8e" = 0=A+25B—40
A+9B =24

A=..{15! B=..{1 .
A+ZSB=40}:> s} B =t} M1 | 31
x=(15+¢* —8e' )t (o) Al | L1b

(8)
(12 marks)

N2
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MARK SCHEME - Option 3A: Further Pure Mathematics 1 - June2024 - Q10 3.2 DEs Reducible by Substitution < QUESTION

Notes:
@

B1: Deduces a correct first derivative of X=tU connecting g—: and 3—? Mos likely the main version

shown, but alternatives are possible.
2 2

B1: Correct second derivative of X=1U connecting 2% and 3%; There may be alternatives.

M1: Substitutes their first and second derivatives into the equation and makes some attempt to
expand the brackets (need not reach the final answer). (Note if you see answers substituting into the
second equation that you feel are worth merit use review.)

Al1*: Fully correct proof with no errors and omissions. There must be a clear line of working where
the relevant terms cancel.

(b)

M1: Forms and solves the quadratic auxiliary equation m? —2m=0 (may be implied by the correct
CF).

Al: Correct CF.

B1: Deduces the correct form of the PI.

M1: Uses the model to find the general solution. Differentiates the correct form of the PI twice
(coefficient slips only permitted) and substitutes into the differential equation to find the value of A,
leading to u=PIl+CF

Alft: Deduces the general solution for u or for x, follow through their CF.

M1: Uses the model and x =0, t =In3 and t = In5to form two simultaneous equations (need not be
fully correct, but correct substitution must be seen at least once in each equation, and allow if slips
are made rearranging). May undo the substitution first and use x and t, or may use x=0=u=0 and
substitute to find the constants in their equation for u, but they must form suitable equations using
correct conditions.

dM1: Dependent on the previous method mark. Proceeds to solve to find the values of the constants
in their equation.

AL: Correct particular solution x =(15+e* —8e' )t (may be expanded).
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x dy 1dx
9(a) Useofx—tytoglve——y+t—or y=1-— —t—2+tdt oe B1 1.1b
d’x _dy | dy d%y d?y _ 1dx [ 2x [ 1d?x 1dx M1 2.1
wata Tt T et o i wa Al | 11b
d?x dx
t? [thelr —2] -2t [their —] + 2[ty] + 16t2[ty]=4t3sin2t
d dt M1 | 21
or [their D+ 162 =4sinz2t
t
dy
2[2+2 4t dtz] — 2ty + t2] + 2[ty] + 16¢7[ty] =
d2
4t3sin2t t d—¥+16t3y 4°sin2t =2 1 16y = 4sin2¢ * (o Al | 11b
in reverse)
®)
(b) Solves m? + 16 = 0 to give m =. .. M1 | 1.1b
(y =)Acos4t+ Bsin4t Al 1.1b
Particular integral (y =)Asin2t+ ucos2t B1 2.2a
dy . a’y ; b
E=21cosZt—2ysm2tandF=—4/1$ln2t—4y0032t M1 1.1
Substitutes into the differential equation and finds values for A and u
[-4Asin2t —4ucos2t] +16[Asin2t+ pucos2t] =4sin2t dM1 2.1
SA=.., U=
1
y="Acos4t+ Bsin4t" +§sin2t Alft | 1.1b
x = t[their y] M1 34
1
x=t[Acos4t+Bsin4t+§sin2t Al 2.2a
(©))
(13 marks)
Notes:
(@
B1: For a correct suitable first derivative expression linking % and %.
M1: Uses the product rule to find an equation linking second derivatives from their first derivative
expression.
Al: A correct second derivative expression.
dM1: Substitutes the first and second derivatives and replaces x with tyto obtain a differential
equation in y and t only. Alternatively, may go in reverse and replace y with f etc in the second
equation to obtain a differential equation in x and t only.




< QUESTION

Al*: Simplifies their expression with a correct intermediate stage/working to reach the printed
answer. Alternatively, correct working in the other direction to achieve equation (I) from the final
equation.

(b)

M1: Forms the correct auxiliary equation and attempts to solve (any values after the correct AE
seen)

Al: Correct complementary function. Accept for this mark if they give it in terms of x - you are
looking for the correct form for the CF.

B1: Deduces a correct form of the particular integral (must include at least A sin 2 t but may be no
more than this). SC if by error the CF includes sin 2t allow B1 for a P1 of form At sin2t +
utcos2t

M1: Differentiates the PI twice.

dM1: Dependent on the previous method mark. Substitutes y and ZZT;: into the differential equation

leading to values for the constant(s).

ALft: Correct general equation for y following through their CF, which must be a (hon-constant)
function of t. Must be in terms of t and starty = ...

M1: Links the solution to the solution of the model equation to find the general solution for the
displacement.

Al: Deduces the correct general solution for the displacement. Must be x =...
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3.2 DEs Reducible by Substitution

< QUESTION

Question Scheme Marks | AOs
2(a)(i
@ tzexjﬂ:ex% dh _ e dh M1 1.1b
dh dh dt dx
dh dh
t—=—=* * .
T dx Al 2.1
ii 2 2
@ (dh_dn_ &'h dn_dhdx ML | 11b
dt dx dt® dt dx® dt
dh+@ d’h dx d’h }Q_dh
2 w2
dt>  dt  dx® dt dt*> tdx® dt AL* 51
2dh d’h _d’h dh Q dh,
dt? dx* dt dx’® dx
4
b 2
® P TR LI
t " dhx X O B1* | 11b
=-—-3—+2h=e¥*
dx dx
1)
© m’—-3m+2=0=>m=1, 2 M1 | 1.1b
(h=)Ae* +Be” Alft | 1.1b
Plis C=ke* B1 2.2a
dh o3 d’h ax N 1| ML 1.1b
dx_Sk v — =9%ke* =9k -9k +2k =1=k = :>PI.(h_)2e AL 11b
h=Ae* +Be*” +1e* = h=At+Bt* +it’* Al* | 2.2a
(6)
(d) t=Lh=25=25=A+B+1 M1 3.4
%:A+28t+§t2:>—1=A+4B+6 M1 34
A=5B=-3=h=5t-3t"+1t’ Al | 11b
t=5=h=5x5-3x5"+5 M1 | 1.ib
height is 12.5m (including units) Al 3.2a
®)
(16 marks)
Notes
(@)()
M1: Uses the chain rule (must be a clear statement of this before substitution or clear implication
of it use) with an attempt to differentiate t = €* to form an equation linking % and g—h (or
X
their reciprocals) in terms of either x or t. Note they may take Int first, which is fine. Note
that ? Zh with no supporting working is MO.
X
Al1*: Correct proof with no errors.
(i)

t.
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M1: Differentiates again with the product and chain rule, fully and correctly on at least one

2 2
product, in order to establish any second derivative equation linking % and 3—2
X

Al1*: Correct proof with no errors.

(b)

B1*: Shows clearly the substitution of the given results into the differential equation and obtains
the given transformed equation with no errors.

(©

M1: Forms and solves a quadratic auxiliary equation.

Alft: Correct form for the CF for their AE solutions which must be +1,+2 (ie accept sign errors

solving the AE). The h = is not needed and condone e.g. Ae* +Be” =0

B1: Deduces the correct form for the P1. Must be in terms of x for the equation 1.

MZ1: Differentiates their Pl twice and substitutes their derivatives into the DE to find “k”.

Al: Correct PI (for equation 1) seen or implied by working. May or may not be combined with
the CF for this mark.

Al*: Forms the correct GS for h in terms of x and deduces the correct GS for the height in terms
of t with no errors. This is a given answer, so must have seen the GS in terms of h before
proceeding to this answer. Accept with the constants A and B either way round (or with other
constants).

(d)

M1: Uses the conditions of the model (t = 1, h = 2.5) to form an equation in A and B,
dh
MZ1: Differentiates and shows of evidence of using the conditions of the model (t = Z'E = —1j to

form another equation in A and B.

Al: Solves simultaneously to obtain correct constants and hence a correct equation connecting h
with t.

M1: Substitutes t = 5. If substitution is not seen you will need to check their answer matches their
expression.

Al: Obtains 12.5 m using the model. Must include the units.
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< QUESTION

Question Scheme Marks AOs
6(a) Examples:
t:exzﬁze"% or d_Cztd_Cord_C e*XdC ord_Czld_C M1 1.1b
dC dC dx dt dt dx dt tdx
e, C_dC_dC dx_ dC d au1 | 21
dx dt dx® dt  dt? dt Al | 11b
d’C 1 .d*C 1dC 2dC d’C dcC
o T W &
d dc d’C dC _dC ML | 21
— —5t— 8C:—2———5— +8C
dt? dt dx°  dx dx
2
d_S_Gd_C+8c:e3X* Al* | 1.1b
dx dx
)
Mark (b) and (c) together and ignore labelling
(b) m’—6m+8=0=>m=2,4 M1 | 1.1b
(C =)Ae™ +Be” Alft | 1.1b
Plis C =ke* Bl | 2.2a
2
d—C=3ke3X d—C_9ke3X:9k 18k +8k =1=>k =-1 M1 | 1.1b
dx dx?
C = Ae*™ + Be* —¢* Al | 1.1b
t—e*=>C=.. M1 | 3.4
C = At +Bt*-t° Al | 2.2a
)
(c) t=6,C=0=1296A+36B-216=0 M1 34
Z—Ct: =4At% + 2Bt —3t* = —-36 =864A+12B 108 M1 3.4
A=0,B=6=C=6t*-t* Al 1.1b
(?j—(f=12t—3t2=0:>t=4:>C=... ddM1 | 1.1b
C=6(4)"—(4)’ =32pgL* Al | 3.2a
®)
(17 marks)
Notes
(@)
) _ - Lo dC dC . . .
M1: Uses t = * to obtain a correct equation in terms of o dt and t(ore )or their reciprocals
X

t.
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dM1: Differentiates again correctly with the product rule and chain rule in order to obtain an
2 2

. . d C . L
equation involving e and o This needs to be fully correct calculus work allowing sign
X
errors only.
Al: Correct equation.
dM1: Shows clearly their substitution into the differential equation (or equivalent work) in order
to form the new equation. Dependent on the first method mark and dependent on having

obtained two terms for the second derivative.
2

Allow substitution for Z—gand (37? into equation (I1) to achieve equation (1)

Al*: Fully correct proof with no errors

(b)

M1: Forms and solves a quadratic auxiliary equation m* —6m+8=0

Alft: Correct form for the CF for their AE solutions which must be distinct and real

B1: Deduces the correct form for the PI (ke*)

MZ1: Differentiates their PI, which is of the correct form, and substitutes their derivatives into
the DE to find “k”

Al: Correct GS for C in terms of x (this must be seen explicitly unless implied by subsequent
work)

MZ1: Links the solution to DE (I1) to the solution of the model to find the concentration at time t
Al: Deduces the correct GS for the concentration

If a correct GS is fortuitously found in (b) (e.g. from an incorrect PI form, allow full recovery in
(©).

(c)

M1: Uses the conditions of the model (t = 6, C = 0) to form an equation in A and B.

***Note that is acceptable to use their C in terms of x for this mark as long as they use x =In 6
whenC=0

M1: Uses the conditions of the model [t = 6,%—? = —36] to form another equation in A and B.

***Note that it is not acceptable to use (:Ij_C =-36 with x =In 6, as it is necessary to use
X

dc¢ _dCdx e.g. —36=(4Ae"" +2Be’"* -3¢’ )xe " or —216 = 4Ae¢*"® +2Be™"* —3e”"°
dt  dx dt

Al: Correct equation connecting C with t

ddM1: Uses a suitable method to find the maximum concentration. E.g. solves Z—(t: =0 for tand

substitutes to find C. Allow a solution that solves %—C =0 for x and uses this correctly to find C.
X

Dependent on both previous method marks.
Al: Obtains 32 pgL* using the model. Units are required but allow e.g.
e micrograms per litre
° pug/lL
o gl
o gl
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Scheme

Marks

05|

AOs

Question

8(a) At 6 hours ¢=0.25 so “h” is 0.25 B1 3.1b
dx 3+cosh0 1 4
Atr=0 —=———" " ——_(3)tanh0=...| =—
& 3x3cosho 300 ( 27) M1 | 34
So x, ®3+"0.25"x 4 =... M1 1.1b
27
After 6 hours concentration of the pollutant is approximately awrt
3.04 ppm (3 s.f.) or %ppm Al 3.2
C))
(b) ((11—1't=3x2><21g r%%:? or
t t X t t
du du dv . ,(3+cosht 1 Bl | 22a
=T x— =3x — ——xtanht
dt dx df 3x“cosht 3
dx 3+cosht 1 1 du 3+cosht 1
—=2———xtanht—>—2—=2———xtanht
So dt 3x"cosht 3 3x* dt 3x"cosht 3
—>d—u= 3 +1—wutanht
d¢t  cosht
dx 3+cosht 1 1 du 3+cosht 1% M1 2.1
E=—3xzcosht—§xtanht—> EE= 3 ——u? tanht
3u3 3u3 cosht
d_u= 3 +1—wutanh¢
dt cosht
d—u+utanht=1+ 3 s Al* 1.1b
dt cosht
3)
(©
LF.=exp| | tanhsdr |=exp(Incosht) = cosh? B1 2.2a
3
:u'cosht'zj'cosht'(1+ jdtz{-“cosht+3dt} M1 1.1b
cosht
= ucosht =sinhz+3t(+c) M1 1.1b
ucosht =sinh#+3¢t+c or u=tanht+ + ¢ oe Al 1.1b
cosht cosht
)
(d) t=0= x=3,u=27= c=27cosh0—sinh 0—3(0) =27 M1 3.4
1
:>x=(tanht+u)3 M1 | 34
cosht
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1
x:[tanht+ 3 +27j3 (0¢) Al 32a
cosht
(©))
@ 3
0.75+27) )
x(0.25) =| tanh 0.25 +g =..(=3.0055...) M1 3.4
cosh 0.25
% error is 3’0055"'_3'037"’><100=... M1 1.1b
3.0055...
Estimate in (a) is an overestimate by 1.05% (3 s.f.) Al 3.2a
(©))
(17 marks)
Notes:
(@)
B1: Identifies a correct step length for the situation — 6 hours is a quarter of a day, so 2= 0.25

M1: Uses "y,"=x(0)=3 and ¢ =0 to find (%} = (%) . Accept with whichever notation used,
0 0

as long as it is clear they are attempting the correct things.

M1: Applies the approximation formula with their “4” and their [%)
0

Al: For awrt 3.04 ppm. Accept %ppm

(b)

B1: A correct equation relating (cll—u and iiﬂ from the chain rule.
t t

M1: Makes a complete substitution for x and m in equation (I) or a complete substitution for u and
t

du . .
— 1n equation (II
5 el (1D)

A1*: Simplifies correctly to achieve the given result.

(©

B1: Correct integrating factor found or spotted. Allow for e

Incosht

M1: Applies IF to achieve u"cosh?"= I"cosh t"(l + 3 ) dt
cosht

M1: A reasonable attempt to integrate the RHS. Need not include constant of integration. If I.F.
correct allow for +sinh¢+ 3¢(+c)

Al: Correct general solution, either implicit or explicit form including the context of integration
(award when first seen and isw)

(d)
M1: Uses the initial conditions in an appropriate equation to find the constant of integration.
Either =0 and u = 27 in the answer to (c¢), or £ = 0 and x = 3 if substitution for x occurs first.




< QUESTION

M1: Reverses the substitution and rearranges to find equation for x, with evaluated constant
included.
Al: Correct equation, any equivalent form, but must be x = ...
(e
M1: Uses their model solution to find the value at = 0.25
M1: Applies actual value - estimate x100 with their values.
actual value

Al: States part (a) is overestimate by 1.05%

A
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Question Scheme Marks AOs

7(a) Examples:
1 dx 2 dP
X=— = —=———
P dt P’ dt
or
dp _dP dv_ P dx
dt dx dr 2 dt
or
-~ dpP 1 -3 dx
> —=-—x 2=
dr 2 dr
or
3 3
ar lx_2 = dx =£x£= —2x? x(4tP3 —P)
dx 2 dt dP dt
or

M1 3.1a

x=L2:>xP2=1:>P2£+2Px£=O

P dt d
or

lez:lﬂzl:zpd—l)z—izﬂ

P X dt x° dt

1 P’ dx 4¢ 1 dx 4¢

—><———=——12>———=——

P 2 dt x 2x dt  x

1
e
2 dt  x 2x dt  x

%=—2xix(4tP3—P)=—2x5>< —_ Ml 1.1b
dt

1 1 dx 4¢ 1 dx 4¢
X 1=-

%—2x=—8t * cso Al* 2.1

dr
A
(®) [ Bl | 22a

xe = J.—Ste’z’ {dr} M1 1.1b

=4 - [4e7™ {dt} Ml | 3.a
=4te +2e +k Al 1.1b

1
2 At 1 2e M 1 k> =2+k=k=.12
xe © N 0.5> { } M1 34

or
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< QUESTION

xe ' =dte™ +2e +k = x =4t +2+ke” :%: 4t + 2 + ke
P=051=0=>—5=2+k=k=..{2}
5
1 2 > 1
— =4t+2+2" = P = >~ €SO Al 2.1
P 4t +2+2e
(6
(© _ o 1 _
t=3=> P = == P=0.03490326... M1 3.4
14+2¢
This value is close to 0.034 so the model is reliable.
e Between 0.0323 and 0.0357 good model
e Between 0.0306 and 0.0323 or 0.0357 and 0.0374 either a Alft | 3.5a
good or bad model with reasoning
e Less than 0.0306 or more than 0.0374 bad model
2
(11 marks)
Notes
(a)
M1: Identifies and applies a correct strategy for the differentiation. This may be seen when 4P is

dt
substituted into the equation.
M1: Substitutes into the given differential equation and proceeds to an equation in x and ¢ only.
AT*: Correct proof with sufficient working shown and no errors, cso

(b)

B1: Deduces the correct integrating factor
M1: Applies their integrating factor / to obtain Ix = IiSIt {dt} condone missing d#

M1: Recognises that integration by parts is required and applies this correctly to reach the form
=A™ —.[Be’z‘ {dt}

Al: Correct integration including an arbitrary constant

M1: Uses the conditions given in the model to find the constant of integration. This may be seen
before rearranging to get P> =..., condone a slip

Al: Correct equation with no errors seen, cso, missing df during working would lose this mark
Note that the first 4 marks in (b) can also be obtained as follows:

Bl: AB: m—2=0=>m=2=>x=Ae” (Correct CF)
MI1:Pl: x=at+b=> ? =a (Selects the correct PI form and differentiates)
t

MI1: a-2ar-2b=-8t= a=..(4),b=..(2) (Substitutes and compares coefficients to find @ and
b)

Al: x=4¢+2+ Ae” (Correct expression)

(c)

M1: Uses the model with ¢ = 3 to find P, where p? >0 or compares their value of P? with

0.001156 = 0.034°
Alft: Compares their value of P with 0.034 and makes a suitable conclusion, making any

comparison with P* is AQ
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Question Scheme Marks  AOs

4@) | Identifies ty = 0, vy =0, (%)0 =10and/ = 0.5 Bl | 34
v1=v0+h(%)0=>v1=0+0.5x10 =.. M1 | 1.1b
vy =5 Al | 11b

dv
(E)l = —0.1(5)% + 10 =...{7.5}

v M1 | 34
S +h(E) = v, =5+05x75=..
1
v, = 8.75508.75 ms™! Al 1.1b
®)
() | 2 =—01v?+ Awhere 0 < A < 10 Bl | 35c
1)
(6 marks)
Notes:
@

B1: Uses the model to identify the correct initial conditions and requirements for h. May be implied
by use in the equation.

M1: Applies the approximation formula with their values for vy, (%)oand h to find a value for v,

Al:v; =5
M1: Uses their v to find a value for (%) and applies the approximation formula with their values
1
for vy, (2) and h to find a value for v
dat/q

Al: v, = 8.750r 8.75ms™!
(b)

B1: Reduce the value of 10 or explains this is what needs reducing, but do not accept 0 or negative
values in place of the 10. Note: “change the 10” is B0 if it does not explain how to change it.
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