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  

4.	 The velocity v ms–1, of a raindrop, t seconds after it falls from a cloud, is modelled by 
the differential equation

d
d
v
t

 = –0.1 v 2 + 10    t  0

	 Initially the raindrop is at rest.

	 (a)	 Use two iterations of the approximation formula d
d

y
x

y y
hn

n n�
�
�

�
�
� �

��1  to estimate the 

		  velocity of the raindrop 1 second after it falls from the cloud.
(5)

	 Given that the initial acceleration of the raindrop is found to be smaller than is 
suggested by the current model,

	 (b)	 refine the model by changing the value of one constant.
(1)
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  

Question 4 continued
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8.	 A community is concerned about the rising level of pollutant in its local pond and 
applies a chemical treatment to stop the increase of pollutant.

	 The concentration, x parts per million (ppm), of the pollutant in the pond water t days 
after the chemical treatment was applied, is modelled by the differential equation

d

d

x
t

t
x t

x t= + −3

3

1

3
2

cosh

cosh
tanh ( )I

	 When the chemical treatment was applied the concentration of pollutant was 3 ppm.

	 (a)	 Use the iteration formula

d

d

y
x

y y
hn

n n





≈
−+( )

1

		  once to estimate the concentration of the pollutant in the pond water 6 hours after 
the chemical treatment was applied.

(4)

	 (b)	Show that the transformation  u = x3  transforms the differential equation (I) into the 
differential equation

d

d

u
t

u t
t

+ = +tanh
cosh

( )1
3

II

(3)

	 (c)	 Determine the general solution of equation (II)
(4)

	 (d)	Hence find an equation for the concentration of pollutant in the pond water t days 
after the chemical treatment was applied.

(3)

	 (e)	 Find the percentage error of the estimate found in part (a) compared to the value 
predicted by the model, stating if it is an overestimate or an underestimate.

(3)
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Question 8 continued
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Question 8 continued
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Question 8 continued
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Question 8 continued
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  

1.	 (a)	 Given that

y = ecosec2x

		  complete the table below with the value of y corresponding to  x = 2, giving your 
answer to 2 decimal places.

x 1.5 1.75 2 2.25 2.5

y 2.73 2.81 5.22 16.31

(1)

	 (b)	 Use Simpson’s rule, with all the values of y in the completed table, to estimate, to 
one decimal place, the value of

e d
cosec

2

1 5

2 5

x x
.

.

∫
(3)

	 (c)	 Using your answer to part (b) and making your method clear, estimate the value of

e d
cot
2

1 5

2 5

x x
.

.

∫
(2)
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Question 1 continued
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Question Scheme Marks AOs 

4(a) Identifies 𝑡0 = 0, 𝑣0 = 0, (
𝑑𝑣

𝑑𝑡
)
0
= 10 and ℎ = 0.5  B1 3.4 

𝑣1 = 𝑣0 + ℎ (
𝑑𝑣

𝑑𝑡
)
0
⇒ 𝑣1 = 0 + 0.5 × 10 =. ..  M1 1.1b 

𝑣1 = 5  A1 1.1b 

(
𝒅𝑣

𝒅𝑡
)
1
= −0.1(5)2 + 10 =. . . {7.5} 

𝑣2 = 𝑣1 + ℎ (
𝑑𝑣

𝑑𝑡
)
1
⇒ 𝑣2 = 5 + 0.5 × 7.5 =. .. 

M1 3.4 

𝑣2 = 8.75
 
so 8.75 ms−1 A1 1.1b 

 (5)  

(b) 
𝒅𝑣

𝒅𝑡
= −0.1𝑣2 + 𝐴where 0 < 𝐴 < 10 B1 3.5c 

 (1)  

(6 marks) 

Notes: 

(a) 

B1: Uses the model to identify the correct initial conditions and requirements for h. May be implied 

by use in the equation. 

M1: Applies the approximation formula with their values for 𝑣0,  (
𝑑𝑣

𝑑𝑡
)
0
and h to find a value for 𝑣1 

A1: 𝑣1 = 5 

M1: Uses their v1 to find a value for (
𝑑𝑣

𝑑𝑡
)
1
and applies the approximation formula with their values 

for 𝑣1,  (
𝑑𝑣

𝑑𝑡
)
1
and h to find a value for v2 

A1: 𝑣2 = 8.75or  8.75 ms−1 

(b) 

B1: Reduce the value of 10 or explains this is what needs reducing, but do not accept 0 or negative 

values in place of the 10. Note: “change the 10” is B0 if it does not explain how to change it. 
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Question Scheme Marks AOs 

8(a) At 6 hours 0.25t =  so “h” is 0.25 B1 3.1b 

At t = 0  2

d 3 cosh 0 1 4(3) tanh 0 ...
d 3 cosh 0 3 23 7
x
t

+  = − = =
× 


 M1 3.4 

So 1
4 ""3 "0.25" ...

27
x ≈ + × =  M1 1.1b 

After 6 hours concentration of the pollutant is approximately awrt 

3.04 ppm (3 s.f.) or 82
27

ppm A1 3.2a 

 (4)  

(b) 2d
dd
d3 x

t
u x
t

×=  or 2

1 d
3 d

d
d

u
x t

x
t

=  or 

2
2

d
h

d d 3 h
d

3 cosh 1 tan
d 3 cos 3d
u t

x
x t

t x
x

t
u x

t
 × =  


= −


+  
B1 2.2a 

So 
2 2 2

d 3 cosh 1 1 d 3 cosh 1tanh tanh
d 3 cosh 3 3 d 3 cosh 3

d 3 1 tanh
d cosh

x t u tx t x t
t x t x t x t

u u t
t t

+ +
= − → = −

→ = + −
 

2

1
3

2 2
3 3

d 3 cosh 1 1 d 3 cosh 1tanh tanh
d 3 cosh 3 d 33 3 cosh

d 3 1 tanh
d cosh

x t u tx t u t
t x t tu u t

u u t
t t

+ +
= − → = −

→ = + −

 

M1 2.1 

d 3tanh 1 *
d cosh
u u t
t t
+ = +  A1* 1.1b 

 (3)  

(c) 
( )I.F. exp d exp ln cosh cost hanh t t tt 

= = = 
 ∫  B1 2.2a 

3'cosh ' 'cosh ' 1 cosh 3
cos

d
h

du t t t tt
t

  ⇒ = + +  
   

=∫ ∫  M1 1.1b 

cosh sinh 3 ( )u t t t c⇒ = + +  M1 1.1b 

cosh sinh 3u t t t c= + +   or 
3

co c
ta

os
nh

sh h
t

t t
cu t= + +  oe A1 1.1b 

 (4)  

(d) 3, 27cosh 0 sinh 0 3(0) 270 27xt u c⇒ = ⇒ == − == −  M1 3.4 
1
33 "27

o
"tanh

c sh t
tx t + ⇒ = + 

 
 M1 3.4 
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1
33 27tanh

cosh
tx t

t
+ = + 

 
 (oe) A1 3.2a 

 (3)  

(e) 
( )

1
30.75 27

tanh 0.25 ...( 3.0055...)
cosh 0.

(0.25)
25

x
 +

+ = ==  
 

 M1 3.4 

% error is .3.0055... 3.037...
3.0055...

100 ..× =
−  M1 1.1b 

Estimate in (a) is an overestimate by 1.05% (3 s.f.) A1 3.2a 

 (3)  

(17 marks) 

Notes: 

(a) 
B1: Identifies a correct step length for the situation – 6 hours is a quarter of a day, so h = 0.25 

M1: Uses 0" " (0) 3y x= =  and 0t =  to find 
0 0

" "d d
d d
y x
x t

   =   
   

. Accept with whichever notation used, 

as long as it is clear they are attempting the correct things. 

M1: Applies the approximation formula with their “h” and their 
0

" "d
d
y
x

 
 
 

 

A1: For awrt 3.04 ppm. Accept 82
27

ppm 

(b) 

B1: A correct equation relating d
d
u
t

 and d
d
x
t

 from the chain rule. 

M1: Makes a complete substitution for x and d
d
x
t

 in equation (I) or a complete substitution for u and

d
d
u
t

 in equation (II) 

A1*: Simplifies correctly to achieve the given result. 
(c) 
B1: Correct integrating factor found or spotted. Allow for ln coshe t  

M1: Applies IF to achieve 3"cosh " "cosh " 1
cosh

du t t t
t

 = + 
 ∫  

M1: A reasonable attempt to integrate the RHS. Need not include constant of integration. If I.F. 
correct allow for sinh 3 ( )t t c± + +  
A1: Correct general solution, either implicit or explicit form including the context of integration 
(award when first seen and isw)  
(d) 
M1: Uses the initial conditions in an appropriate equation to find the constant of integration.  
Either t = 0 and u = 27 in the answer to (c), or t = 0 and x = 3 if substitution for x occurs first. 
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M1: Reverses the substitution and rearranges to find equation for x, with evaluated constant 
included. 
A1: Correct equation, any equivalent form, but must be x = … 
(e) 
M1: Uses their model solution to find the value at t = 0.25  

M1:  Applies 0actual value estimate
actual value

10×
−  with their values. 

A1: States part (a) is overestimate by 1.05% 
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Question Scheme Marks AOs 

1(a) 3.35 cao B1 1.1b 

 (1)  
(b) Step length = 0.25 B1 1.1b 

   1
"0.25" 2.73 16.31 2 "3.35" 4 2.81 5.22

3
        M1 1.1b 

4.8   A1 1.1b 

 (3)  
(c) 2 2 2

2.5 2.5 2.5
cot cosec 1 cosec

1.5 1.5 1.5

1 1
e d e d e d "4.8"

e e
x x xx x x       M1 3.1a 

a w r t  1 .8  A1ft 1.1b 
 (2)  

(6 marks) 
Notes 

(a) 
B1: Correct value 3.35 only, this may be seen in the table or in the script 
(b) 
B1: Correct step length, may be seen in the application of Simpson’s rule formula. Could be seen 

as 1.75 – 1.5 or 
2.5 1.5

4


 

M1: Correct application of Simpson’s rule using their step length. If no step length stated and 

uses    1
ends 2 evens 4 odd

3
     this is M0 

A1: Awrt 4.8 must be using 3.35 from (a) 
Note calculator answer is 4.67 is no marks 
Note Answer only with no working is no marks,  

Note: If they write    1
ends 2 evens 4 odd

3
h      which leads to awrt 4.8 this gets B1M1A1 

If their answer is incorrect this would be B0 (if no h stated) M0A0 
(c) 

M1: Uses a correct identity to express  
2cote dx x  in terms of 

2cosece dx x and then uses correct 

index work to allow 
2

2.5
cot

1.5
e dx x  to be evaluated using part (b) 

1
"4.8"

e
  

A1ft: Awrt 1.8 or follow through 
1

their (b)
e
  which must be evaluated and correct for their (b) 

rounded to 1 d.p. 
If uses Simpson’s rule again this is M0 A0 
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