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QUESTIONS

13 questions - 125 marks - 1 sub-topic

SUB-TOPIC FP1.7a

PROOF BY INDUCTION

Sub-topic FP1.7a - 13 questions - 125 marks - lowest tariff first
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9. Prove, by induction, that for n € Z,n > 2

is divisible by 18

4"+ 6n-10
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Question 9 continued
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Question 9 continued
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(Total for Question 9 is 5 marks)

TOTAL FOR PAPER IS 75 MARKS
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n+2 2n+1

8. Prove by induction that 4~ + 5 is divisible by 21 for all positive integers 7.
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Question 8 continued
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Question 8 continued
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9. Prove by induction that for all positive integers n

ilog(Zr —1) = log
r=1

(2n)!
2"n!
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Question 9 continued
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Question 9 continued
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8. Prove by induction that for n € Z*
f(n) _ 7n—1 + 82n+1
is divisible by 57
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Question 8 continued

(Total for Question 8 is 6 marks)
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9. (i) A sequence of numbers is defined by

WV

U= 5un+1 —6u, n

Prove by induction that, for n € Z"

u =3x2"-2x3"
)

(i) Prove by induction that, for all positive integers 7,
f(n) — 33n—2 + 24n—l

is divisible by 11
)
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Question 9 continued
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Question 9 continued
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9. (i) A sequence of numbers is defined by
u =3
Uy =2u,—2"" n>1
Prove by induction that, for n € N
u,=5x2""'—nx2"
6))
(ii) Prove by induction that, for n € N
f(n)=5""—-4n-9
is divisible by 16
6
X
4
-
bote
oS
%
:
:
:
:
:
:
:
:
S
o%
%
%
%
5%
s
&4
.

INZ]
19



ANSWER >

%

o
5
2
<
<
<
<5
29
<5
25
2
<
<
5%
5%
2
<5

KRR KKK

2R
JRRRX

7

Question 9 continued
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Question 9 continued
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Question 9 continued
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Question 9 continued
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10. (i) Prove by induction that for neZ"

5 —ln_ i 2n+3 -n
4 1) 4n 3-2n
O]
(ii) Prove by induction that for neZ"
f(n) — 82n+1 + 62n—1
is divisible by 7
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Question 10 continued
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Question 10 continued
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Question 10 continued
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8. (i) Prove by induction that, for n € Z"
-2 9Y B 1-3n  9n
-1 4) | -n 3n+1
)]
(i) A sequence of numbers is defined by
=1 wu =4
Uypp = 6un+1 - 9un nzl
Prove by induction that, for n € Z"
u, =3"2(n+2)
)]
L
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Question 8 continued

%

30



ANSWER >

7

Question 8 continued
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Question 8 continued

(Total for Question 8 is 10 marks)
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Leave
blank
7. (a) Prove by induction that for n € N
n ) n
NP =—m+1)2n+1)
r=1 6
)
(b) Hence show that
<2 n 2
Z(r +2) = g(an +bn+c)
r=1
where a, b and ¢ are integers to be found.
“
(c) Using your answers to part (b), find the value of
25
Y (F+2)
r=10
2
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Question 7 continued

INZ]
35



ANSWER >

Leave
blank

Question 7 continued
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(Total 11 marks) |
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8. (i) Prove by induction that, for n € Z*
z”: 22-1
- PPr+1)? (n+1)?
(6)
(i1) Prove by induction that, forn € Z*
f(n)=12"+2x5""
is divisible by 7
(6)
. J

INZ]
37



ANSWER >

K LeaveN
0 blank
Question 8 continued
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9. (1) Asequence of numbers u,, u,, u,,... is defined by
1
u,,, = g(Zun -1 u, =1
Prove by induction that, for n € Z*
u, = 3(%) -1
(6)
(i) f(n)=2"%+3""
Prove by induction that, for n € Z*, f(n) is a multiple of 7
(6)
. J
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8. (a) Using the standard summation formulae show that

Zn(ZrZ - 1) = gn(n + 1)(an + b)

r=1

where a and b are integers to be determined.

)
(b) Prove by induction that, for n € N

n

27(3"—2)2 _ nz(n+1)(9n—7)

4

r=1

6))
Using the results from parts (a) and (b) and showing all stages of your working,

(c) determine the value of n for which

n 2n
Szr(3r ~2) = 152(27‘2 -1)
r=1 r=1

(Solutions relying entirely on calculator technology are not acceptable.)
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Question 8 continued
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Question 8 continued

(Total for Question 8 is 13 marks)
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9. (a) Prove by induction that, for n € N
. 3 1 2 2
Zr =—n(n+1)
r=1 4
)
(b) Using the standard summation formulae, show that
” 1
Zr(r+ Hr—1)= Zn(n +A)n+B)n+C)
r=1
where A, B and C are constants to be determined.
C))
(c) Determine the value of n for which
n 2n
3N rr+ D(r—-1) =173 7
r=1 r=n
)
L J
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official mark schemes, in the same order as the questions
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MARK SCHEME - IAL FP1 (WFMO01) - June 2023 - Q9 FP1.7a Proof by induction < QUESTION

Nember Scheme Notes Marks
9 f(n)=4"+6n-10 neZ n>2

General guidance:
Apply the way that best fits the overall approach.
Condone work in e.g., n instead of k.
Attempts with no induction e.g., not using f(k) in an equation with f(k +1) score a max of 11000.
Using e.g., f(k + 2) — f(k + 1) requires a clear indication of assuming f(k + 1) is true to access the last three marks.
Alternative explanations are unlikely to access the last three marks unless there is a fully convincing justification of

divisibility, e.g., f (k+1)—f (k) = 3x4* +6 followed by “Since 3x4“is a multiple of both 3 and 4 and hence 12,

3x4* +6is divisible by 18” is not a sound argument. Attempts that involve further induction on different
expressions must be complete methods to access the last 3 marks.
Allow use of —18 but if any different multiples of 18 are involved e.g., 36, the first Al requires “36 is a multiple
of/divisible by (but not “factor of”) 18” oe for each case
B1: Any correct numerical expression that is not just “18” is sufficient for this mark
e.g., 16 + 12 -10, 28 — 10, 42 + 2. Starting with e.g., f(3) scores a max of 01110.
Ignore an extra evaluation of f (1) but a comment on f (1)’s divisibility is final AO sincen>2

Final Al: There must be evidence that trueforn =k = trueforn =k +1but it could be minimal and be scored in
a conclusion or a narrative or via both. So if e.g., “Assume true for N =K ...” is seen in the work followed by “true
for n =k +1” in a conclusion this is sufficient.

Condone “forall ne Z”, “all ne Z n>2”,“all Z > (or >) 2”butnot N R

f(ijr/?)y %(k) f(2)=4+6x2-10=18 Obtains f(2) = 18 with substitution | B1
f(k+1)=4""+6(k+1)-10 Attempts f(k+1) M1
f(k+1)—F (k) =4 +6(k+1)-10—(4 +6k-10)|  Attempts f (k +1)—f (k), uses
=44 +6=3x4"+6 4t = 4x 4 & obtains pf (k)+g(k) | M1
= 3(4k + 6k —10)—18k +36 with g(k) linear (allow constant= 0)

Correct factorised expression
f(k+1)=4f(k)+18(2—k) Allow 4f(k)+18><2—18><k

. . If f(k + 1) is not made the subject Al
f(k) may be written in full then e.g., “true for f(k + 1) — f(k)” is
also required

Full conclusion/narrative and no

True for n = 2, if true for n = k then true for .
errors. All marks needed but allow if

=k+

n=k+1so t_n_Je for _all nez (n>2) BO provided this mark was only Al

Minimum in bold. withheld for insufficient working.
®)
f(\kNai’)Z f(2)=4"+6x2-10=18 Obtains f(2) = 18 with substitution | B1

+1)=...
f(k+1)=4""+6(k+1)-10 Attempts f(k+1) M1
—Axd* 1 6k—4 Uses 4" = 4x 4" & obtains

pf (k)+g(k)with g(k) linear (allow | M1

:4(4"+6k—10)—18k+36 fant 0)
constant #

=4f (k ) + 18(2 - k) Correct factorised expression

Al
f(k) may be written in full Allow 4f (k)+18x2-18xk

True for n = 2, if true for n = k then true for Full conclusion/narrative and no
errors. All marks needed but allow if

=k+ >
n=k+lsotrueforall neZ (n>2) BO provided this mark was only Al

Minimum in bold. withheld for insufficient working.

©)
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MARK SCHEME - IAL FP1 (WFMO01) - June 2023 - Q9

FP1.7a Proof by induction

< QUESTION

?\::Jer;tgzp Scheme Notes Marks
9 cont. f(n)=4"+6n-10 neZ n>2
Way 3 f(2)=4°+6x2-10=18 Obtains (2) = 18 with substitution | B1
(K +1) —mf (k)
f(k+1)=4“"+6(k+1)-10 Attempts f (k+1) M1
f(k+1)-mf (k)=4""+6(k+1)-10—m(4* +6k —10
(k+1)-mf (k) ) (k1) ( ) Attemptsf (k +1)—mf (k) and
:(4—m)4 +(6—6m)k—4+10m uses a value of m to obtain M1
e.g. m=-14=18x4" + 90k —144 cx 4% +...where c is a multiple of
e.g. m=4=>-18k +36 their 18 or uses m = 4
) A correct factorised expression
eg. f(k+1)=—14f (k) +18(4“ +5k ~8) | Allow —14f (K)+18x4* +18x5k ~18x8
f(k+1)=4f(k)+18(2-k) If f(k + 1) is not made the subject | Al
(k) may be written in full then e.g., “true for f(k + 1) — mf(k)” is
also required
True for n = 2, if true for n = k then true for er:i)lig ‘X’H%ﬁ'&%@g{i‘g‘&?gﬂgx y
=K+ .
n=k+1so t,rl,m for .all neZ (n>2) BO provided this mark was only Al
Minimum in bold. withheld for insufficient working.
(©)
Way 4 f(2)=4*+6x2-10=18 Obtains f(2) = 18 with substitution | B1
f(k)=18M
(k) f(k+1)=4""+6(k+1)-10 Attempts f(k+1) M1
Sets f(k)=18M , uses 4*** = 4x 4*
f(k)=18M, f(k+1)=4x4"+6k-4 (_) _
Ax18M — 18Kk +.35 & obtains pf (k)+g(k)withg(k) | M1
=4x 18k +
linear (allow constant= 0)
_ A correct factorised expression
f(k+1)=18(4M +2-k) Allow 18x4M +18x2—18xk Al
True for n = 2, if true for n = k then true for Full conclusion/narrative and no
n=k+1sotrueforall neZ (n>2) errors. All marks needed but allow if |
o . BO provided this mark was only
Minimum in bold. withheld for insufficient working.
(©)
PAPER TOTAL: 75
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MARK SCHEME - IAL FP1 (WFMO01) - June 2021 - Q8 FP1.7a Proof by induction < QUESTION
Question Scheme Notes Marks
Number

f(n)=4""7+5"" divisible by 21
g n=14+5=189=9x21 f(1)=21x9 Accept f(0) =21 as an BI
(Orn=0, 42 +5'=21) alternative starting point.
Assume that for n =k, f(k) = (4 +5*") is
divisible by 21 for k € Z*.
Applies f(k+1) with at least 1 power
fk+1)—f(k) = 4" + 577 — (452 1. 574 correct. May be just as f(k + 1), or as part | M1
of an expression in f(k + 1) and f(k).
For a correct expression in f(k + 1),
= 4447 42557 g4t 5 and possibly f(k), with powers reduced | Al
to those of f(k).
=3.4"2 124 5"
=3f(k)+21.5"" or =24f(k)—21.4""* For one of these expression or
equivalent with obvious factor of 21 in | Al
each.
Makes f(k+1)the subject or gives
- clear reasoning of each term other than
f(k+1) =4f(k)+21.5 f(k+1) being divisible by 21. dM1
Dependent on at least one of the previous
accuracy marks being awarded.
{ f(k+1) is divisible by 21 as both f(k) and 21
are both divisible by 21}
Correct conclusion seen at the end.
If the result is true for n = k, then it is now true for | Condone true for n N 1 state’d earlier.
n=k+1. As the result has shown to be true for n | Depends on both M’s andA’s, but may be Al cso
= 1 (or 0), then the result is true for all # (€ Z*) scored if the B is lost as long as at least
’ ’ f(1) = 189 was reached (so e.g. if the 21x9
was not shown)
(6)
ALTfor | 5 —1 4%+ 5° =189 =9x21 ,
first 4 I As main scheme. B1
marks (Orn=0,4"+5 =21)
T -
fk+1) - af(k) = 443 4 5243 _a(4k+2 + 52k+1) Attgmpts f(k + 1) in any equation (as M1
main scheme).
For a correct expression with any o,
+1)— —(4— k+2 _ 2k+1 ) p Yy a,
fk+1) —aflk) = (4-a)4™" +(25-a)3 with powers reduced to match f(k). Al
f(k+1) — af(k) = (4—a)(47 + 5% 1) 4 21,52 Any suitable equation with powers sorted
02 eokel w2 | appropriately to match f(k) Al
flk+1)—af(k)=25—a)(4"" +577)-21.4
NB: a =0,a =4, a =25 will make relevant terms disappear, but marks should be
awarded accordingly.
Total 6
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MARK SCHEME - IAL FP1 (WFMO01) - January 2023 - Q9 FP1.7a Proof by induction < QUESTION

Question Scheme Marks
9 - (2x1)!
Forn=1, log(2r-1)=log(2-1)=1logl and log| ———— |=logl
Zog(r )=log(2-1)=log g( T j g 81
Sotrueforn=1
- 2K)!
(Assume the result is true forn =k, so Zlog(Zr—l) = Iog((zkk)l'j Then)
k+1 - - Ml
(2k)!
log(2r —1)=log SRl +log(2(k +1)-1)
r=1
B (2k)!
_Iog( 2k|(!><(2k+1) M1
o (2k+1)! 2k +2 o (2k+2)! M1
= X = B S ——
N 2k “2k+2 g 2“x2(k +1)!
2k +2)!
g(zk“(k +1)J
Hence result is true for n =k +1. As true for n = 1 and have shown if true for Al
n =Kk then it is true for n =k +1, so it is true for all ne N by induction.
(6)
(6 marks)
Notes:
@)

B1: Checks the result for n = 1. Must see both sides (possibly in one line) identified as logl or 0
but may not see much more than this.

M1: Makes the inductive assumption (may be implied) and applies it to the question by adding the
(k+1)™ term to the expression for the sum to k terms. Allow if there are minor slips (e.g. a missing
factorial) if the intent is clear.

M1: Attempts to combine or split log terms appropriately. Not dependent, so may be scored if the
wrong term is added in the previous M as long it is a log term.

M1: Introduces the relevant cancelling factors to achieve the (2k + 2)! term. The introduction of the
factors must shown or implied in an intermediate step. Alternatively, may decompose from the k+1
statement to achieve the same intermediate expression.

Al: Achieves correct expression from correct work (or correctly shows equivalence).

Al: Completes the induction by demonstrating the result clearly, with suitable conclusion conveying
“true for n = 17, “assumed true for n = kK and “shown true for n =k + 1, and “hence true for all n”.
Depends on all except the B mark, though a check for n = 1 must have been attempted.

NB Allow the M’s and first A if n is used throughout but the steps are correct, but must have used a
different variable for the final A.
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< QUESTION

k+1
Alt steps if splitting logs: Z :
tStEPsl Sp |tt|ng 093 |Og(2r _1): Iog[%j+log(2k +1) M1
-1 :

=log (2k)!-log(2°k!)+log(2k +1) M1

2 kDY) _ oo @RHDNKD))
2x(k+D) ) O (k)

=log(2k +1)!- Iog[

Q\?ﬂ
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MARK SCHEME

- 1AL FP1 (WFMO1) - June 2024 - Q8

FP1.7a Proof by induction

< QUESTION
Question
Number Scheme Notes Marks
8 f(k) — 7k—1 +82k+1
General guidance:
Apply the Way that best fits the overall approach.
Condone work in e.g., n instead of k.
Allow use of -57 but if any different multiples of 57 are involved, e.g., 114, the last Al
additionally requires “114 is a multiple of/divisible by (but not “factor of””) 57 oe for each case
Ignore work re the divisibility of f(2), f(3) etc but starting with e.g., f(2) scores a max of 01110.
Final Al: There must be evidence that trueforn =k = trueforn =Kk +1but it could be
minimal and be scored in a conclusion or a narrative or via both. So if e.g., “Assume true for
n=XK...” is seen in the work followed by “true for N =Kk +1” in a conclusion this is sufficient.
May say “is divisible by 57” for “true”. Condone “forall N € Z” butnot N € R
Way 1 n=1: f(1)=[7°+8=]513, Obtains 513 for f(1) and shows 513 is a1
fkad) 513-57=9 oe divisible by 57. Allow %52 =9
—f (k) [f (k+1) :]7(k+1)—1 4 gkt {: 7k +82k+3} Attempts f(k +1) M1
[f(k +1) =1 (k) :] Obtains expression for f(k +1)—f(k) in 7¢* M1
7(7k—1)_7k—1 1+ 82 (82k+1>_82k+1 and g2« only
_ k-1 2k+1 2k+1
=6(7"+8%)+57(8™) M1: Obtains expression for f(k+1) in terms
= f(k+1)=7f(k)+57(8"") of f(k). May not see f(k+1)=...
or Al: Correct expression. Must see f(k +1) =... 'Xlll
= 63(7"‘1 +82k+1)_57<7k-1) Allow if e.g.,
. k-1 2k+1 k-1 2k+1
(k1) = 64f(k)—57(7"’1) 7f (k) written as 7(7""+8%)or7(7**)+7(8%)
] Makes correct conclusion or narrative with
Shown true for n =1 and if true for n no errors throughout. Minimum in bold.
=k then true for n =k + 1 so true for | Requires all previous marks but can follow Al
alln (eZ") BO if that mark was withheld for omitting to
show that 513 is divisible by 57.
(6)
Way 2 n=1: f()=[7°+8=]513, Obtains 513 for f(1) and shows 513 is
5135729 o8 divisible by 57. Allow 252 =9 Bl
f(k+1)=
[f(k+1) =] 700 8200 (= 7 1 g7 Attempts f(k +1) M1
- - —
[f (k +1) :J7(7"‘1)+8Z (82“1) Obtains expression for f(k+1) in 7**and M1
82k+1 Oﬂ|y
_ k-1 2k+1 2k+1
=7(7"+8%)+57(8%7) M1: Obtains expression for f(k +1) in terms
= f(k+1)=7f(k)+57(8"") of f(k). May not see f(k+1)=...
or Al: Correct expression. Must see f(k +1) =... 'Xlll
= 64(7“l +82k+1)_57(7k*1) Allow ife.g.,
. k-1 2k+1 k-1 2k+1
(k)= 64f(k)—57(7"’1) 7f (k) written as 7(7"*+8%)or7(7**)+7(8%)
) Makes correct conclusion or narrative with no
Shown true for n =1 and if true for n errors throughout. Minimum in bold.
=k then true for n =k + 1 so true for | Requires all previous marks but can follow Al
alln (eZ") BO if that mark was withheld for omitting to
show that 513 is divisible by 57.
(6)

KA
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Question
Number

2 n=l=u =3x2-2x3=0 Shows the result is true for n =1 and n =
n=2=u,=3x2"-2x3=-6 2. Ignore references to n = 3.

Scheme Notes Marks

Bl

Substitutes u, =3x2" —2x3* and u, , =3x2"" =2x3"" into
(y,r =) 50, —6u, = 5(3>< 2k —2><3k”)—6(3><2k —2><3k) Mi
(The inductive assumption may be tacit for this mark.)

(4,,) =15x 21 —10x3"*" —18% 2" +12x3" | Gathers to a correct two term expression.
=15% 25 _ 9% 28 10 x 3K 4 4 x 3K Accept alternative forms such as Al

— 6x 25 _gx 3k 12x2F —18x3F

Achieves this result with no errors — must

u,,, =3x2""? —2x3" be clear it is u,,, but this may have been | Al

seen at the start.

If the result is true for n = k and n = k + 1 then it is true for n = k + 2. As the result has
been shown to be true for n =1 and n = 2 then the result is true for all n.

Correct conclusion including all the bold points in some form. Depends on all previous
marks.

Alcso

3

(ii) f(n) — 332y pdn-l

f)=3"+2°=11 Shows the result is true for n =1 B1

f(k +1)—f(k) = 3202 4 gk g3z _ pdicd

— 27 % 33/(72 + 16 % 241{71 _ 33k72 _ 24k71 — 26 x 33/{72 + 15 x 24k71 (: &33/{ + E24kj
9 2 Ml

Attempts f (k + 1) — f (k) and reaches o x 3% > + fx 2% or ax3* + px2*
(Mark variations on the theme as appropriate here and in the following marks.)
=15x(3% 7 +2% ) +11x 3" or

=26x% (33"*2 4% ) —11x 2%

Correct expression with f(k) evident. Al

Makes f(k + 1) the subject and states
f (k + 1) = 16f(k) +11x3%*2 or divisible by 11 (oe — may be implied by
ke conclusion), or gives full reason why f(k | dM1
f(k+1)=27f(k)-11x2 + 1) is divisible by 11.
Dependent on first M
If the result is true for n = k then it is true for n =k + 1. As the result has been shown to
be true for n = 1, then the result is true for all n.
Correct conclusion including all the bold points in some form. Depends on all previous
marks.
| 6)

Total 10

Alcso

RA
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ALT 1 f)=3"+2>=11 Shows the result is true for n =1 B1
f(k + 1) — 33k+1 + 24k+3
fk+1)=27x3"% 2 +16x2*" or 3x3* +8x2* M1
Attempts f (k + 1) and reduces power to a x 37> + Bx 2% or ax3* + fx2*
F(k+1)=16x(3"2 +2%")+11x 3" or
Correct expression Al
Fk+1)=27x(3%7 +2% )= 11x 2%
f (k + 1) =16f (k) +11x3%2 or States divisible by 11 (oe— may be
ai implied by conclusion) dM1
f(k+1)=27f (k)-11x2 Depends on first M
If the result is true for n = k then it is true for n =k + 1. As the result has been shown to
be true for n = 1, then the result is true for all n. Alcso
Correct conclusion including all the bold points in some form. Depends on all previous
marks.
ALT 2 f()=3"+2>=11 Shows the result is true for n = 1 B1
Let 372 +2%" =11M
f(k+1) — 33k+l +24k+3
£k+1)=27(11M =27 )+ 2% or 3% 4 16(11M —3772) Ml
Attempt f (k + 1) and expresses in terms of M
f(k+1)=297M —11x2*" or 176 M +11x3**2 | Correct expression Al
v i Takes out a factor of 11, or gives full
F(k+1)=11(27M =2 )or11(16M +3%7) | reason why f(k+1) is divisible by 11. | dM1
Depends on first M
If the result is true for n = k then it is true for n =k + 1. As the result has been shown to
be true for n = 1, then the result is true for all n. Alcso
Correct conclusion including all the bold points in some form. Depends on all previous
marks.
ALT 3 . 3 .
fh)=3 +2" =11 Shows the result is true for n = 1 Bl
f(k+1)—0(f(k)=33k+l +24k+3_a(33k—2+24k—]) Ml
Attempts f (k+ 1) —a f (k) where @ =16 or 27 or other appropriate value.
=(27—0{)33k_2+(16—0¢)24k_l e.g. . i
Correct expression for their & where
=11x3*7? (+(16 —16)x 24! ) or a common factor of 11 is clear. (E.g. | Al
=((27-27)x3%2) -11x2% @=3)
Makes f(k + 1) the subject in an
I expression where 11 is a clear
Eg. f (k + 1) =16f (k) +11x37 or common factor and states divisible
- e - imolied b dM1
f(k+1)—27f(k)—11><2 by 11 (oe —may be implied by
conclusion).
Dependent on first M
If the result is true for n = k then it is true for n =k + 1. As the result has been shown to
be true for n = 1, then the result is true for all n. Alcso
Correct conclusion including all the bold points in some form. Depends on all previous
marks.

N
RA
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Question
Number

Scheme Notes

Marks

8

n

Z(r+1)(r+2)

r=0

@)

n
Zr2 +3r+2 = 2+%n(n+1)(2n+1)+gn(n+l)+2n
r=0
M1: Attempt to use at least one of the standard formulae correctly

Al: For %n(n+1)(2n+1)+gn(n+l)+(2n or2n+2)

Al:Fully correct expression

M1A1A1

én(n+1)(2n+1)+2n(n+1)+2n+2:(n+1)Llsn(2n+l)+2n+2}

Attempt to factorise (n + 1)
It is a “show” question so this must be seen (in any equivalent form).
If their expression does not allow for factorising (n +1) score MO

M1

May obtain a cubic and extract a different

1 2
g(n+1)[n +5n+6] factorien+2orn+3

Cso At least one intermediate step in the

1
g(n+1)(n+2)(n+3)* working must be seen.

Al*

©)

(@)
Way 2

n n+l

Z(r+l)(r+2) :Zr(r+1)

r=0 r=1
n+1

:Zr2+r=%(n+l)(n+2)(2(n+1)+1)+%(n+1)(n+2)
r=1
M1: Attempt to use at least one of the standard formulae correctly withn=n+1
Al: For %(n+1)(n+2)(2(n +1)+1) Or%(n +1)(n+2)

Al:Fully correct expression

M1A1A1

é(n+1)(n+2)(2(n+1)+1)+;(n+1)(n+2)=(n+1)E(n+1)(2n+3)+;(n+2)}

Attempt to factorise (n + 1) (see additional comments above)

M1

May obtain a cubic and extract a different

1 2
5(n+1)[n +5n+6] factorien+2orn+3

Cso At least one intermediate step in the

1
§(n+1)(n+2)(n+3)* working must be seen.

Al*

(b)

Upper limit =99 Correct upper limit

Bl

99 8
10x11+11x12+12x13+...+100x101= » " (r+1)(r+2) - »_(r+1)(r+2)
r=0 r=0
Fully correct strategy for the sum using their upper limit for the first sum and upper limit 8
for the second in the result from (a). Lower limits 0 or 1

M1

:%(100)(101)(102)_%(9)(10)(11) Correct value

=343 070

Al

N
RA
65

< QUESTION




MARK SCHEME - IAL FP1 (WFMO01) - June 2022 - Q9 FP1.7a Proof by induction < QUESTION

®)
Total 8
?\lﬁtf)g? Scheme Notes Marks
9(i) u, =5x2""—nx2"
n=1=u =5x2"-1x2=3 B1
(Shows the result is true for n = 1)
Assume true for n =k so that U, =5x 2" —kx 2"
u = 2(5>< oK1 |y ok ) _oku Attempts U,,, using the recurrence M1
relationship
=5x2¢ —kx 2t 2kt Correct expanded expression Al
=5%x2" —(k+1)2“"* Achieves this result with no errors Al
If the result is true for n = k then it is true for n = k + 1. As the result has been shown to be
_ . Alcso
true for n = 1, then the result is true for all n.
The final mark depends on all except the B mark, though a check for n = 1 must have been
attempted.
_ (©)
(i1 f(n)=5""-4n-9
_ o Shows f(1) is divisible by 16
f(1)=125-4-9=112=16x7 Either of 112 or 16x 7 must be seen Bl
Assume true for n = k so that5**2 — 4k —9 is divisible by 16
f(k+1)=5°-4(k+1)-9 Attempts f(k + 1) M1
=5x (5k+2 —4k — 9) +... Attempts to express in terms of f(k) dM1
=5x (5'<+2 -4k — 9) +16k +32 Correct expression for f(k + 1) Al
If the result is true for n = k then it is true for n = k + 1. As the result has been shown to be
- . Alcso
true for n = 1, then the result is true for all n.
The final mark depends on all except the B mark, though a check for n = 1 must have been ®)
attempted
Total 10
‘ .
A
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iiALT1 _ o Shows (1) is divisible by 16
f(1)=125-4-9=112=16x7 Either of 112 or 16x 7 must be seen Bl
Assume 52 —4k —9 is divisible by 16
_ gk+3 _ _0oO_ k+2 _
f(k+1)—mf (k) =5°—4(k +1)-9-m(5"* -4k -9) ML
Attempt f(k+1) — mf(k)
=(5- m)(5k+2 -4k —9) +... Attempts to express in terms of f(k) dm1
f(k+1)=5x (5'”2 -4k —9) +16k +32 Correct expression for f(k + 1) Al
If the result is true for n = k then it is true for n = k + 1. As the result has been shown to be ALcso
true for n = 1, then the result is true for all n.
The final mark depends on all except the B mark, though a check for n = 1 must have been
attempted
i ALT 2 _ 415 Shows f(1) is divisible by 16
f(1)=125-4-9=112=16x7 Either of 112 or 16x7 must be seen | B1
Assume 52 — 4k —9 is divisible by 16
_ Ek+3 _0_ k+2 _
f(k+1)—f(k)=5"°-4(k+1)-9—(5""* -4k —9) ML
Attempt f(k+1) — f(k)
f(k+1)—f(k)=5x5"?-5?_4k-4-9+4k+9
k+2 k+2 dMl
=4x5 —4:4(5 —1)
Obtains a simplified expression for the difference and attempts to prove (5k+2 —1) is
divisible by 4 using induction
Correct proof for (5k+2 —1) being divisible by 4 and states that thus as the difference is AL
divisible by 16, f(k +1) is divisible by 16
If the result is true for n = k then it is true for n =k + 1. As the result has been shown to be
_ . Al cso
true for n = 1, then the result is true for all n.
The final mark depends on all except the B mark, though a check for n = 1 must have been
attempted
ii ALT 3 _ o Shows (1) is divisible by 16
f(1)=125-4-9=112=16x7 Either of 112 or 16x7 must be seen | B1
f(k) is divisible by 16 so set f(k) =164
542 =164+ 4k +9 | M1
f(k+1)=5°-4(k+1)-9
rin Expresses f(k + 1) in terms of 1 dM1
=5x5" -4k -13=5(161+4k +9)-4k-13 and k and collects terms
_ Correct expression
=804 +16k +32 May have factor of 16 taken out Al
If the result is true for n =k then it is true for n = k + 1. As the result has been shown to be
- . Alcso
true for n = 1, then the result is true for all n.
The final mark depends on all except the B mark, though a check for n = 1 must have been
attempted
&
A
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Question Scheme Marks
. 1
10.(i) Nl gt 2n+3 -n _ g0 2(1)+3 -1 ) (5 -1)_(5 -1 B1
4n  3-2n 41) 3-2(1)) 4 1) (4 1
k
Assume true for n = k so that 5 - =31 2k+3 K
4 1 4k 3-2k
5 -1\ _ . (2k+3 —k (5 -
=3 or
4 1 4k  3-2kl4 1
k+1 Ml
5 -1 (5 -1)(2k+3  —k
=3
4 1 4 1 4k 3-2k
1 (10k +15—4k -2k —3—k w1 (10k +15—-4k -5k —3+2k
=3 or
20k +12-8k -4k +3-2k 8k +12+4k —-4k+3-2k AL
[ 6k+15 —3k-3
or 3
12k +12 -6k +3
_ 3 2k+5 —k-1 _ 3 2(k+1)+3  —(k+1) AL
4k +4 -2k+1 4(k+1)  3-2(k+1)
If the result is true for n = k then it is true for n = k + 1. As the result has ALCso
been shown to be true for n = 1, then the result is true for all n.
(5)
(ii) f(1) =8°+6=518=74x7 (so true for n = 1) B1
Assume true for n = k so that 8%** +- 6 is divisible by 7
f(k+1) =8 16+ M1
=64x (8% +6%)+.. or 36x(8%"+6%")+... dM1
=64x (8" +6%1)-28x6"" or 36x(8%+6%")+28x8"" Al
So if the result is true for n = k then it is true for n = k + 1. As the result has Alcso
been shown to be true for n = 1, then the result is true for all n.
(5)
(i) Alt f()=8°+6=518=74x7 (so true forn =1) B1
Assume true for n = k so that 82** + 6% is divisible by 7
f (k +l) — MFf (k) _ 82k+3 + 62k+1 -M (82k+1 + 62k—1) M1
=(64-M)(8%+6%)+.. or (36-M)(8%"+6%7)+... dM1
=(64—M)(8% +6°")-28x6"" or (36—M)(8% +6%)+28x8%" Al
= f(k+1)—Mf (k) divisible by 7 = f (k +1) divisible by 7.
So if the result is true for n = k then it is true for n = k + 1. As the result has Alcso
been shown to be true for n = 1, then the result is true for all n.
(Total 10 marks)

X2
RA
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Notes
(i)
B1: Shows the result is true for n = 1. The LHS may just be stated, for the RHS accept as a

minimum either one unsimplified term or the 3° seen. (Conclusion not needed here if both
sides have been found correctly.)

k+1
5 - . .
M1: Attempts (4 J either way round using the result for n = k.

Al: Correct unsimplified matrix. The coefficients inside may be simplified but the common factor 3
not taken out directly.

. . . . 3k — 2k+5 —-k-1 .
Al: Achieves this result with no errors, via g« 6k+15 —3k-3 or 3 (oe with
12k +12 —6k+3 4k +4 -2k +1

simplified linear terms).

Alcso: Suitable conclusion following fully correct work. Must include in some form the points “true
for n=1", “true for n = k implies true for n =k + 1” and conclude true for all n in the
conclusion. Depends on the preceding MAA marks and at least stating the correct matrix for n
= lin the initial base case check (So BOM1A1A1ALl is possible).

(if)

B1: Shows the result is true for n = 1, Must express as a multiple of 7 or clearly show the factor.

M1: Attempts f(k + 1)

dM1: Attempts to express f (k + 1) in terms of f (k). Note they may let f(k) = 7m where m is an
integer and use this in the working.

Al: Correct expression for f (k + 1) in terms of f (k) (or m)

Alcso: Suitable conclusion following fully correct work. Must include in some form the points “true
for n =17, “true for n = k implies true for n = k + 1” and conclude true for all n in the
conclusion. Depends on the preceding MdMA marks and finding at least f(1) = 518 (So
BOM1dM1A1AL1 is possible if all that is missing is showing the factor 7 in f(1)).

(i) Alt

B1: Shows the result is true for n = 1. Must express as a multiple of 7 or clearly show the factor.

M1: Attempt f (k +1) — Mf (k) for any integer M. If M = 0 this is the main scheme. M = 1 may be
seen frequently, but other value are possible.

dM1: Attempts to express f (k +1) — Mf (k) in terms of f (k) or otherwise show a common factor of 7.

Al: Correct expression for f (k +1) — Mf (k) in terms of f (k) or with clear common factor of 7 shown.
Note if M = 1 is used, the expression becomes 63x8%* +35x 6% = 7(9x8** +5x6**)
which is fine for AM1AL.

Alcso: Refers to divisibility of f (k +1) and makes suitable conclusion following fully correct work.
Must include in some form the points “true for n =17, “true for n = k implies true forn =k + 17
and conclude true for all n in the working. Depends on the preceding MdMA marks and
finding at least f(1) = 518 (So BOM1dM1AL1AL is possible if all that is missing is showing the
factor 7 in f(2)).

N
RA
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4(b)
Attempts that include long division:

If they find a quadratic factor as in the main scheme e.g., z* —%z+7Z allow MIALI as
before. Dividing it into f(z) can lead to equations B—-14+%4+3 =0 and
C—-1(A4+8)=0 and these could be used with the equation —8+34-3B+C=0
from using f (—%) =0 or long division by z+2. Score the next M for obtaining real

values for all constants and the A marks as usual.
Other attempts including long division that do not find the quadratic factor as per the
main scheme we will score as follows.

Award the first M1 for credible work to obtain enough equations with real coefficients
involving 4, B and C so that values could be found, followed by A1 for correct
equations. The next M1 is for solving to obtain values for 4, B and C and then A1 for
two correct values and final A1 for all 3 correct.

If divided by z+% the quadratic factor is 62> +(4-9)z+B-34+%

It is possible to apply the quadratic formula to this and equate the answer to %i@i and
generate further equations that way.
(Long division by complex factors is unlikely but could lead to the other equations in
Alt 1)
There are potentially a lot of possible precise routes involving long division and

coefficient comparison etc. but the above mark scheme principles apply.




< QUESTION

%Tf;;%g? Scheme/Notes Marks
4(c)
2 17
e 1
3
3
=y
2 W17
.
Bl
Bl

May use points or lines/vectors from origin. Note that BOB1 is not possible.
1st B1: real root plotted on negative x-axis and the conjugate pair plotted in Q1 and
Q4, roughly aligned vertically. Ignore both axis scales and all labelling.
2nd B1: All roots plotted correctly and labelled. Only consider scale of x/real axis so
both of the conjugate pair must be clearly closer to the y/imaginary axis than the real
root. Award 2nd BO if one of the conjugate pair is less than half the distance of the
other from the x/real axis. If labelled with coordinates they must be the correct way

around. Accept [5, + QJ or [z, + ﬂl} if coordinates are used and accept these
coordinates in vector notation or indicated by axis labels. If roots are only indicated by
e.g. z,, z,, z, these must have been identified in (c) or earlier. 2nd B0 if axes labelled

the wrong way round. (They do not need to be labelled or could be labelled x and y).

2)

Total 8
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Question
Number

Scheme Notes

Marks

3(a)

r(r+1)(r+5)=r’+6r’+5r Correct expansion. May be implied

B1

n ; n n n 1 ) 1 5
{Z(r}+6r2+5r):2r3 +6Zr2+52r:}4n2 (n+1) +6xgn(n+1)(2n+1)+§n(n+l)

r=l1 r=l1

M1: Having achieved two terms of the correct form from the expansion, replaces at least

one of Y r*, > r* or ) rcorrectly
Al: Correct expression in any form

MIA1

:%n(n+1)|:n(n+l)+4(2n+l)+10]:>%n(n+1)(n2 +9n+14)

Obtains %n(n+l)[] where ...is a 3TQ in n

May be implied by subsequent correct work.

Note they might expand first to get e.g.,
ln(n3 +10n° +23n+14) or l(n4 +107° +23n° +14n) or ln4 +§n3 +§n2 +zn
4 4 4 2 2 2
Allow factor reconstruction after solving.
Condone poor algebra but if no 3TQ is seen or the expanded form is wrong and they go

straight to an answer it must follow. Expect a full method if e.g., expands or partially
1 .
expands Zn (n + a)(n + b)(n + c) and equates coefficients.

Requires previous M mark.

dM1

Correct expression. Not just values.
Brackets in any order. Accept

%”(””)(””)(”*7) n(n+1)(n+2)(n+7)

%(n+l)(n+2)(n+7) or g

Al

3)

(b)

20x21x254+21%x22x26+...+40x41x45

:%x40(40+1)(40+2)(40+7)—%xl9(19+1)(19+2)(19+7) =..

or ix40(41)(42)(47)—ix19(20)(21)(26):...
40 19
Attempts to find a value for Zr(r+l)(r+5)—Zr(r+l)(r+5) usingf(40) —f(l9).
r=1 r=1
We will allow one slip only (one of the eight components of the products) provided a full
substitution as above is seen.

There must be explicit evidence that they are using their result from part (a).
So do not accept just 809340 — 51870 = ... but allow e.g.,

— 13237360 L x 207480 = ..
4 4

Their part (a) must be of the correct form.
Allow if they are using made up values for a, b and c.

M1

757 470 only. Allow 7.5747x10°

= 4
757470 Isw if subsequently rounded

Al

2

Total 7
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< QUESTION

uestion
(I:z\lumb or Scheme Notes Marks
6@ | 1005y =100x =P 21002 or o x Py 0 P Y g poor o0 W _Z100
dr a7 T e x YT T w10
Any correct expression for % Does not need to be in terms of ¢.
2 B1
Allow for a correct dx =2 or -Lor —@
dy 100 y v
.. d 1
May use—ﬂ. Condone just  or m ="
dy dx mey
m 100 o = or m L =m, =t or 7= £
= —_—— = = —_—— = m., = — m. =
Tooro002 Y S [V ! N
Correct use of the perpendicular gradient rule to obtain a normal gradient at (IOt, &j Mi
t
. dx
May come directly from ——.
dy
Starting with just m,, = ¢* scores 0110 maximum.
Correctly forms the normal equation with a
changed gradient in terms of #. Condone late
y—E:tz(x—lot) or 10
t substitution of x =10¢ and/or y = — into M1
t
10 10
y=rx+ ¢ = Cx10t+e=c=.. {7— 10" 1 gradient if initial gradient not in terms of
(the previous mark is then accessible as is
the A1%*)
eg. y—10=rx=10r or 1y=rx+10-10r* = Fx—ty =10(¢" -1)*
Obtains the given answer with intermediate line and no errors. Final answer could be
reversed and terms/products could be in a different order but must have factorised Al*
10¢* -10.
Allow e.g., £'x —ty written as t(xt2 —y)
All previous marks are required.
(C)]
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< QUESTION
Question Scheme Notes Marks
Number
6(b) ) 10(¢-1)  Substitutes x =0 to find y for O
x=0=—ty=10(r'~1)= y=..{~ ; May just restate their ¢ from (a). Apply BOD Ml
throughout if the minus sign just disappears

10(¢* -1
l{"g"}loz —750
2 t
May see x-axis intercept also used e.g.,

lxﬂlo(t4 _1)H><[E_,’_Ul()(t4 _I)HJ:750

2 £ t t

Allow with modulus signs used

Correct method for the area of the triangle
and sets = 750 or equivalent work

e.g., ("10t3 —%")xlOt =1500

Allow with their y (and possibly their x-axis

intercept) and allow for the sign of their y

(and/or x) coordinate uncorrected and note

that —10¢ may be used with uncorrected y.

There are no marks if they have O on the
x-axis instead of the y-axis

Ml

"Shoelace" methods only get credit when the determinants are processed. Look for

expressions as above.

We will score the first 2 M marks in this order for this possible variation:

%|yQ| x10t =750 = y, =—+ Ist M1: Uses a correct triangle method to find y coord.
(0, <42) in £x—1y=10(¢* ~1)=150 =10(¢* ~1) 2nd M1: Subs. into normal equation
1

10(¢* -1
[(t)]xmt =750 or %(IOt3 —1

> ht

= {50¢' =50 =750 =} ' =_..{16}

Reaches t* =... (or #=...or t = ...) from a correct equation. Allow if ... is negative
If they additionally work with an incorrect equation then ignore this work.
Modulus signs must have been removed although this could happen later in the
working, but do be vigilant with attempts where e.g., the "16" has clearly not been

obtained appropriately.

10(¢* -1
ij10z=750 or ;[—()]x—lot=750 or %(E—10t3)x—10t=750
t t t

M1

{: t=12= (10><i2, %) :>} (20,5), (-20,-5)only

Al: One correct pair of coordinates
Al: Both correct and no others including complex solutions.
Allow for x = ..., y=... but must be clearly paired correctly

Allow %(20, 5) or (£20, £5) Score Al A0 for e.g., (+20, 1)
Do not accept correct coordinates if they have come from an incorrect equation.
Note that the second pair of coordinates might be deduced.

Al
Al

)

R
RA
74

Total 9



< QUESTION

%uestwn Scheme Notes Marks
umber
7G
H@) A rotation of 240°/ 4% (anti/counter clockwise) about/around/at centre (0, 0)/origin/O
M1: Any rotation. Condone "rotate" for all marks
Al: Fully correct description. Condone missing degrees symbol. If direction is not
mentioned assume anticlockwise so allow rotation of 120°/ 2% clockwise about O. MIAI
2r . . 4z .
—120°/ Y (anticlockwise) or —240°/ ry clockwise are also acceptable.
Must be a single transformation.
2)
(b) 2.0 Correct matrix.
( 0 J Allow if they omit (b) and this matrix is Bl
seen in (c).
@
(©) 1 3
5 520 Forms a correct product of matrices with
{C=AB=} "(0 J" their B M1
_ﬁ _1 Condone a clear miscopy of A
2 2
a0 B Correct matrix. Any equivalent. No
2 | evidence of incorrect method for product Al
3 = or any incorrect matrices.
2)
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FP1.7a Proof by induction < QUESTION
uestion
QNumber Scheme Notes Marks
7(ii)(a)

 2\(k -2k 35 Multiplies to obtain one correct element.
= = . Ky Ml
-1 2k Mk e+ 2k> 91 May just see e.g., (k —-2) i —(k —2k)

kK -2k-35=0=k=.. or 2k’-k-91=0=k=...

Attempts to solve one correct quadratic equation. Usual rules. One root correct if no

working. This mark can also be awarded if they solve a correct 3TQ following
combining correct equations e.g.,

3K —3k—-126{=k>—k-42=0}=0=k=... {7, -6}

or 3k* —147 = 0{:> k2= 49} =k=..{7,-7) of the equations with a combined

equation. Allow if equations not
Or "extracted" from matrices e.g.
= 3k+21=0=>k=7 ) ’
k*=2k | (35
Factorisations shown below Ay 191

If they eliminate to a correct equation that isn't a 3TQ then one solution must be M
correcte.g., 3k° —147=0=k*=49=k={£}7 or —3k+21=0=>k=7
If reduced to a linear equation allow all marks otherwise 1100 max if the evidence
is that only one quadratic has been solved (e.g., 2 solutions from one equation offered
even if one is "rejected" etc. rather than crossed out - ignore all crossed out work)
5 Attempts to solve two correct quadratic
k*=2k-35=0=k= ---{—5, 7} equations (or one correct linear). Usual
and rules. One root correct if no working.
2 k-9]=0= k= ...{—%, 7} Allow if.they obtain 7 from one equation
and verify correctly that it works in the
Or one of the above with one of second equation (or shows that the other
3K 3k —126=0 {= k*~k—42=0} =k =..{7, =6} | root doesn't work). It is valid to solve one | Ml

K —2k-35=(k+5)(k-7), 2k —k-91= (2k +13)(k=7), k> —k—-42=(k+6)(k-7), k> —49= (k+7)(k-7)

k = 7 following use of 2 correct equations. No incorrect values of k or incorrect
factorisations etc seen. No other values offered. Two correct equations (which could be
"unextracted'") followed by 7 only is sufficient. Condone poor matrix work such as using
(k, k) or matrix multiplications written the wrong way around provided correct
elements/equations are obtained.

Al

Alternative using inverse:

kY (35 (k) . (35 L1 (26 2) [k 1 (70k+182
M = = =M and M~ =——— = =—F"

k) \ot) 7 (k 91 22\ 1 k) (k) 262 —2\ 35491k
M1: For 70k +182 or 35 + 91k
k(2k2—2):70k+182:>k3—36k—91{=(k—7)(k2+7k+13)}=0:>k=7{or'”Tﬁ"}

k(2K =2) =35+ 91k = 2k> =93k - 35{= (k ~7)(2k” +14k+5)| =0

=k=7 {or 2259 o awrt—0.38 or —6.6}

M1: Obtains a correct root from a correct equation
M1: Obtains a correct root from two correct equations or verifies as mentioned above
OR 70k+182=35+91k = k=7
M1 M1: Obtains k =7 from this linear equation
Al: k=7 and no incorrect values/factorisations etc.
Condone poor matrix work such as using (k, k) or matrix multiplications written the

(C))

wrong way around provided correct elements/equations are obtained.

&
RA
76
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Question Scheme Notes Marks
Number
7(ii)(b) Correct numerical expression for det
L M correct for any of their values of
ﬂ 1 2x,,7,,‘ 2} "7"%2x"7"=(~1)(-2) {=96} k. May be implied by sight of M1
"96"x336 (or e.g. 32256). Allow an
invented value of &
NG {or 3.5, 317 ﬁ} Correct value and no others. Any Al
2 2° 96 equivalent
If points and transformed points are used a correct numerical expression for the @)
area scale factor or its reciprocal must be achieved for the M mark
Total 11
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Question Scheme Notes Marks
Number

n B n
r'=—m+1)2n+1
; D =G+
7(a) 5 ! Shows both LHS=1 and RHS=1
n=1LHS=1" =1, RHS*E‘ZS =1 Accept LHS = 1 but must see at B1
1
least 6.2.3 =1 for RHS.
Assume true for n=+k
When n=k+1
k+l 2 —
erZ%(k+l)(2k+l)+(k+l)2 Adds (k+1) to result for n—k Ml
r=1
k+1 k+1
= % (kQQk+1D)+6(k+1)) Attempt to factorise by ( ) dM1
(k+1) Either factorised form.
= (k+2)Ck+3) SC allow dM1AO for fully factorising
to a cubic expression and going direct | Al
= (k+D) ((k+D)+D)2(k+D+1) to the fully factorised expression with
6 no intermediate quadratic seen.
Complete proof with no errors and
True for n=1. these 4 statements seen anywhere.
If true for n =4k Depends on both M’s and the A, but Al
then true for n =k +1 may be scored if the B is lost as long cso
therefore true for all 7. as some indication of true for n =1 is
given.
&)
7(b) n n n
2 42)=2r' 432 - N
P p p Split into the addition of 2 sums
and applies the result of (a). Ml
=%(n+1)(2n+1)+... PP (@)
= %(” +1D(2n+1)+2n Correct expression. Al
" Factorises out the L must have a M1,
=—(2n* +3n+13) 6
6 common factor # to achieve this mark; Al
Simplifies to correct answer.
(a=2,b=3,c=13)
“)
7(C) 25
D (P +2)=5;5-35, .
=0 Attempts S, —S, or S,; — ), with Ml
:2—65.(2x252 +3x25 +13)—%(2><92 +3x9+13) | Some substitution.
25 9
:ZXIBS_EXZOZ:5575_303:5272 For 5272 Al
Note: Answer only (from calculator) is MOAOQ as question requires use of part (b).
2
Total 11

RA
78
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FP1.7a Proof by induction

< QUESTION

(@)
Way 2

dy
l=d4ax=2y—=4a
y ydx
3x—4y+48:0:>d—y:E
dx 4

3
=2yx—=4a
Iy

Uses differentiation to obtain the
gradient of C and substitutes the

gradient of / to obtain an equation

M1

11 dy 1 1 1 1 3 | connectingyand a,
y=2azxz = ——=qax 2 > a2x 2=— f
dx or connecting x and a,
or an equation in ¢
Cat? v y_1
x=at®, y=2at = Erile
1 _ 3
t 4
Correct y value, or correct x value
y=2 o x=162 (pos.s1b1y 1m.phe(31 in subsequent vyork, Al
3 particularly if using the parametric
equations)
2
16a
y: =dax = :4ax:>x=T
3><16—a—4><8—a+48:0:>a:...
9 3
4y —48 32a
=2 _—=""_16
¥=73 9
64a? 32a
=4a(——16):~a=--- )
9 = Uses y* = 4ax or [ to find a value for x
y2=dqx=>y? =2 5y = S?a (or y) and substitutes their x and y into
164 84 the other equation to find a value for a
I AX 48 =0=a=...
9 3 . . . Ml
If using parameter ¢, substitutes their value
for ¢ into
2 -
3x +48 4a 3(at*) —4(2at) +48=0
== =3 +12 and solves to find a value for a
<4a N 12>2 . (16a>
—_— = —|=2aqa=":--
3 o )71
3(at?) —4(2at) +48=0
3 (16a) 4 (8a) +48=0
)= — = = = .
9 3 “
a=9* CSO Al*

N
RA
79
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(b) a=9=3y"—-144y +1728=0= y =24 | Uses a =9 to solve their 3TQ to obtain M1
Ox2 —288x+2304=0=x=16 the repeated root for x or y.
x=16 and y=24 Correct values or coordinates. Al
2
(b) Substitutes @ = 9 into their expression
Way 2 _ _ _ for x or y,
follows a=9=x=-ory= OR substitutes @ = 9 into at? to find x , Ml
(a)Way2 or into 2at to find y.
x=16 and y=24 Correct values or coordinates. Al
(c) . Correct focus (could be seen on a sketch
Way 1 Focus is at (9, 0) or implied in working) Bl
Correct method with the correct
=-9=3(-9)-4y+48=0 =5.25 . : .
o =3(=9)—4y+ =7 directrix to find the y coordinate of 4 Mi
E.g.Trapezium — 2 triangles
:l 2+24 ><25—l><18><2—l><7><24:@ dM1
2\ 4 2 4 2 8
Fully correct triangle area method (condone one slip if the intention seems clear)
1875
=— (234.375) Correct area (exact) Al
(C)
Total 10
(¢) F . Correct focus (could be seen on a sketch
t(9,0 L .
Way 2 ocus s a ( i ) or implied in working) Bl
Correct method to find the y coordinate
x=9=3(9)-4y+48=0= y=18.75 when x = 9, but also requires correct M1
directrix at some stage of the solution
E.g. Fully correct triangle area method
1 1 S . .
A= 7(1 8.75x1 8) + 7(1 875 x (16 B 9)) (condone one slip if the intention seems | dM1
2 2 clear)
1875
=——(234.375) Correct area (exact) Al
() . Correct focus (could be seen on a sketch
Way 3 Focus is at (9, 0) or implied in working) Bl
Correct method with the correct
=-9=3(-9)-4y+48=0 =5.25 : : .
* =3(-9)-4y+ =7 directrix to find the y coordinate of 4 Ml
E.g.
1 9 -9 16 9 Fully correct area method
210 525 24 0 (condone one slip if the intention seems | dM1
1 clear)
= §|47'25 ~216-84-216|
1875
=——(234.375) Correct area (exact) Al

KA

80



< QUESTION

(c) . Correct focus (could be seen on a sketch
Way 4 Focus is at (9, 0) or implied in working) Bl
Correct method with the correct
=-9=3(-9)-4y+48=0 =5.25 . . .
i =3(=9)—4y+ = directrix to find the y coordinate of 4 Ml

E.g.Rectangle — 3 triangles
(25 x 24) — 3 (18 X 5.25) — 2 (7 X 24) — 3 (25 x 18.75)

Fully correct triangle area method (condone one slip if the intention seems clear) dM1
1
= % (234.375) Correct area (exact) Al
i
D e
I
(
i
|
|
|
[
1375
|
|
|
I
I
|
|
|
A
|
i
525 ¢
|
|
. 9
A=—-94
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Question Scheme Notes Marks
Number

8@ Z 21
— 7 (r+l)2 (n+l)2
2
2(1) -1 _or 1 Getting ziz or %from each is the Bl
(11 47 (1+1) 4 minimum
k 2 2
2r -1 k
Assume Z 5 . > = 3
—'r (r+1) (k+1)
N K 2(k+1) -1
2 2 = 7+ 2 2
=7 (r+1) (k+1) (k+1) (k+2) Ml
Assumes the result is true for say #» = k and adds the next term
I (k+ 2)2 +2(k+ 1)2 -1 Attempts common denominator dM1
(k+ 1)2 (k+ 2)2 Correct expression Al
kA 4K 120 + Ak +1 K+ A+ 6k +4k+1 (k1)
(k+1)2(k+2)2 (k+1)2(k+2)2 (k+1)2(k+2)2
2
(k + 1) Achieves this result with intermediate Al
(k+ 2)2 working and no errors
If the result is true for » = k, then it is
true for n = k+1. As the result has been | The underlined features should be seen. Alcso
shown to be true for n =1, then the result | Some may appear earlier in the solution.
is true for all n.
(6)
(ii) f(n)=12" +2x 5!
f())=12+2x1=14 This is sufficient Bl
flk+1)=12""+2x5" Attempt f(k + 1) M1
fk+1)—f(k)=12""+2x5" -12" —2x 5" o
L . i i Working with f(k + 1) — f(k)
fk+1)—f(k) =11x12" +22x57 +10x5"" —24x5
11x(12°+2x5") or 11f(k) | Al
=11x(12" +2x5"" )~ 14x 5"
~14x 5" Al
Makes f(k + 1) the subject
f(k+1)=12f(k)-14x5"" Dependent on at least one of | dM1
the A marks
If the result is true for » = k, then it is
true for n = k+1. As the result has been | The underlined features should be seen. Aleso
shown to be true for » = 1, then the result | Some may appear earlier in the solution.
is true for all n.
| (6)
Total 12

82
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FP1.7a Proof by induction

ALT 1

ALT 2

ALT 3

f()=12+2x1=14 This is sufficient Bl
fk+1)=12"+2x5" Attempt f(k+1) Ml
Fk+1)=12(12 +2x57)+2x5x 5" —12x2x 5
12(12" +2x 5 12f (k
F(k+1)=12(12 +2x5" ) 145" (12° +2x5™) or 12£(R) Al
—14x5"" Al
Fe+1) =12F (k) =14 %55 Dependent on at least one of
(k+1) ( ) ) the A marks dM1
If the result is true for » = k, then it is
true for n = k+1. As the result has been | The underlined features should be seen. Alcso
shown to be true for » =1, then the result Some may appear earlier in the solution.
is true for all n.
f)=12+2x1=14 This is sufficient Bl
Let 12" +2x5"" =7M
f(k+1)=12""+2x5" Attempt f(k+1) Ml
f(k+1)=12(7M -2x5"" ) +2x5" OR: f(k + 1) = 5(7M) + 7 x 12k
f(k+1)=84M —14x5*" 84M OR: 35M Al
OR: f(k +1) =35M +7 x 12k ~14x5" +7 x 12 Al
_ _ k-1
fle+D)= 12f(k) 145 Dependent on at least one of the A
OR: dM1
marks
f(k +1) = 5f(k) + 7 x 12F
If the result is true for » =k, then it is
true for n =k+1. As the result has been | The underlined features should be seen. Alcso
shown to be true for » = 1, then the result | Some may appear earlier in the solution.
is true for all n.
f)=12+2x1=14 This is sufficient B1
f(k+1)=12""+2x5" Attempts f(k + 1) Ml
Working with f(k + 1) — mf(k)
f(k+1)—mf (k) =12"" +2x5" —m (12" +2x5):
f(k+1)-1(k)=(12-m)x12° +2x(12=m)x 5" +10x5"" - 24x5""
(12—-m)x (12" +2x5"")
Al
=(12-m)x(12° +2x5" ) ~14x 5" or (12—m)f (k)
—14x5 Al
Makes f(k + 1) the subject
f(k+1)=12f(k)-14x5"" Dependent on at least one of | dM1
the A marks
If the result is true for » =k, then it is
true for » = k+1. As the result has been | The underlined features should be seen. Aleso

shown to be true for » =1, then the result

is true for all n.

Some may appear earlier in the solution.

KA
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< QUESTION

ALT 4 F)=12+2x1=14 This is sufficient Bl
f(k+1)=12""+2x5" Attempts f(k + 1) M1
f(k + 1) _ Sf(k) — 12/c+1 + 2 % Sk _ 5(12k + 2>< 5k71 ) WOrking Wlth f(k + 1) — Sf(k)
7x12* Al
=7x12" +2x5F —2x5*
2x58 =25t (or zero) Al
Makes f(k + 1) the subject
f(k+1)=5f(k)+7x12" Dependent on at least one of | dM1
the A marks
If the result is true for » =k, then it is
true for n = k+1. As the result has been | The underlined features should be seen. Alcso
shown to be true for » =1, then the result | Some may appear earlier in the solution.
is true for all n.
NOTES:
Part (i)

This approach may be seen:

Assume result is true forn =kandn=%k+ 1

Subtract: (sum to (k + 1) terms) minus (sum to k terms)
Show that this is equal to the (k + 1)th term

Please send any such response to Review.

Part (ii)

Apart from the given alternatives, other versions will work and can be marked equivalently.

If in any doubt, send to Review.

KA

84
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SN Scheme Marks
Number
6(a) A=4 Bl 1)
(b) arctani or arctan —— Ml
n 4 " H4 "
(Second quadrant so arg z=2.498...) =2.5 (rad) Al 2)
@@ | 2O 2R 2 b= —4w6i=(atib)(2-41) | MI
2-41 2-41 2+4i 2-4
_ —8+12i—-16i+24i° _§__1 Accent ¢ -32-4i
4+16 5 P 0 dM1Al
Or 2a+4b=-4,2b-4a=6=>a=.,b=..

(i) 22=(—4+3i)2=16—24i+9i2=16—24i—9 Ml
=7-24 Alft (5)

(d) Im#

Aorz Bl
Blft
R Blft
67 " Re
B or z*
3)
D or 2
[11]

(a)

B1 Correct answer. No working needed.

(b)

M1 3 : . 3
For arctan J_rm with their “4”. Can be awarded from tanf =+ T =6@=..orby
implication if correct value for either arctan or correct final answer (rounded or not
rounded, may be degrees) is seen.

Al Cao 2.5

(©)@)

M1 Multiplies numerator and denominator by complex conjugate of denominator. Award if
denominator of 4+16 or 20 is seen instead of product. May still have z at this stage, or even
allow with A +3i as numerator.

Alternatively, sets equal to a + 1 and cross multiplies.

dM1 Using their A or 4 substitutes correctly for z, fully expands the numerator and uses
i’=-1
Alt, uses i’ = —1, equates real and imaginary terms and solves their equations for @ and b

Al Correct answer only, as shown or single fraction accepting equivalent fractions or with
exact decimals (—1.6 — 0.21).

(ii) M1 | Squaring an expression of form k + 3i (with a real value for k) to get 3 terms (may be
implied) and uses i’ = -1
Alft Correct answer, follow through their A > 0 (ie for "A* —=9"="61"i must be negative i
term)

(d) NB: Penalise once only (in the first mark due) for mislabelling or failing to label points as
long as they look to be placed correctly. Award if lines/arrows not included. Points may be
labelled by letter, name or their Cartesian coordinates (which may be given on the axes).

B1 Plots z in second quadrant and z* as mirror image in the Real axis. Both must be labelled.

B1ft Plot and label C for their solution to (c)(ii) It must be the correct side of B (for their



< QUESTION

answers) and a correct relative scale (so noticeably closer to O than their B if correct
values).
Plot and label their D ( - 24 need not be to scale, but should be further from O than their

B1ft B).

Q\?ﬂ
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FP1.7a Proof by induction

< QUESTION

ST Scheme Marks
Number
4 -5
7(2) 3 o |=815=T=> Areal'="£7"x23=... M1
AreaT'=161 Al (2)
4 -5\(3p+2 17 3p+2 1 (2 5) 17
(b) = or =—
-3 2 )\ 2p-1 -18 2p-1) 8-15{3 4){-18
4(3p+2)-5(2p-1)=17 or -3(3p+2)+2(2p-1)=-18 or
M1
3p+2=—%(34—90) or 2p—1:—%(51—72)
(e.g. 2p+13=17=...)
p=2 Al )
(c) Rotation; through 90° clockwise (or 270° anticlockwise) about origin B1;Bl 2)
(d) CA=B
4 1(2 5 a b4 -5 4a-3b —5a+2b
AT =—— = B1
7\3 4 c d)\-3 2 4c-3d —5c+2d
1{0 1)2 5 4a-3b=0 -5a+2b=1
C=— =.. or = .. Ml
7\-1 0){3 4 4c-3d=-1 =5¢+2d=0
3 4
1(3 4 7 7
C=— or oe Al
7 (—2 —5] 2 5 ®)
7 7
[9]
(@
Attempts to find the determinant of M and use as a scale factor. Accept if a slip in
M1 calculation is made and accept if negative is used for this mark. Dividing by the
determinant is MO.
Al Correct answer only. No working needed (correct answer implies the method).
(b)
M1 Form a matrix equation using either A or an attempt at A~!, obtain a linear equation and
solve for p.
Al Correct value for p, obtained from a correct equation. (No need to check in other equation.)
(©)
B1 Rotation, rotates, rotate or rotating (oe) Accept “turn”
B1 Correct angle (degrees or radians) with direction specified and about origin or (0, 0)
(d)
Bl Correct matrix for A'  May have been found in (b) but must be used in (d). Alternatively,
correct CA with unknowns for entries of C.
M1 Multiply B by A! on the right. Alternatively, sets CA equal to B and solves equations.
Al Correct matrix C(isw after a correct answer).

&
RA
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Question
Number Scheme Marks
2
25 25
8(a) 200¢* =25 or (—j =40x or y* = 40[—) MI
X y
1
t=— or x:é or y=10 Al
2 2
5
—,10 Al (3
[30] o)
2
dx 2 d dy 40 d 10
y? =40x:>x=i)—0:>d—=4—gor2yay=40:>ay=2— or ay:%
(b) Y | Y X IBI
or by parametric differentiation: Ey =-
4
d dx
at (10,20): L =1 or = =1 MI
dx dy
Grad normal =-1 Al
y—20=—(x-10) M1
x+y-30=0 Al ()
(¢) xy=25 x+y-30=0
25 2
x+—-=30=0 or —5+y—3O:O or §+5t—30:0 M1
X y t
x*=30x+25=0 or y*—30y+25=0 or 5*—30t+5=0 dM1
x=15+~+200 or y=15£+200 or¢t=3% 22 (or exact equivalents) | Al
eg x=15++200 = y=15-+200 ddM1
(15+10v2,15-10v2)  (15-10v2,15+102) AIAL  (6)
[14]
(@
M1 Attempt an equation in a single variable.
Al Correct value for x, y or ¢
Al Correct values for x and y. Need not be in coordinate brackets. No other points seen.
(b)
. . . dy dx
B1 Any correct expression involving the derivative, a or d—, for P
ly
M1 Attempt to obtain value of their derivative at (10, 20). May be from an incorrect curve.
Al Correct gradient of normal.
M1 Equation of normal by any complete method. Must involve a sign change of their derivative and
have numerical gradient. Cam be scored from an incorrect starting equation/point.
Al Correct equation in form demanded (though terms may be in different order).
(©)
M1 Use the equation of A and their equation of the normal from (b) to obtain an equation in a single
variable
dM1 Obtains a 3TQ and attempts to solve by any valid means.
Al Correct values for x or y or #. Must be exact but need not be fully simplified (but discriminant
must be evaluated).
ddM1 Use at least one of their values for x or y to obtain a value for the other coordinate or ¢ to find at
least one set of coordinates. (Can be scored with inexact values.)
Al Either pair of coordinates correct. Allow if unsimplified.
Al Second pair of coordinates correct and no extra solutions and both pairs in simplest form (as
shown in scheme). Need not be coordinates as long as correctly paired.
Award A1A0 if x=15 i‘lO\/E,y =15+10~/2 is given

&
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< QUESTION

Question
Number Scheme Marks
] 2
9() n=1 u =3x§_1=1 ( sotrue forn=1(t) ) Bl
2 k
Assume true forn =k ie u, =3(§j -1 1)
1 1 2\ 1 (2}
=—(2u, -1)==|2|3[ 2] -1|-1]==| 6| =] -2-1

e =5 (2, 1) 3{ [ (3) ] ] 3( (3) J MIAI

1 2 k+1 3
=—|2x3|=| x|=|-2-1 M1

(23 G d

k+1

=lx2x3(zj x(§]+l(—2—l)

3 3 2) 3

k+1
=3(3J -1 Al
3
. iftrue forn =4k, alsotrue forn=k+1 ()
(True forn=1) so un=3[%j —1lis true foralln e Z* Alcso (6)
(i) f(1)=2"+3"=8+27=35 (Multiple of 7) ( sotrueforn=1(1) | g

)
Assume f (k) is a multiple of 7 f(k)=2""?+3""" is a multiple of 7
()
£(k+1)— ME (k) =2"7 +3%7 - b (242 432 Mi
=27 (2-M)+3" (3 - M) Al
Z(Z_M)(2k+2+32k+1)+32k+lx7 or (9_M)(2k+2+32k+1)_7><2k+2 oe dM1
S (k+1)=2f(k)+7x3"" oee.g. 9f(k)-7x2""? Al

Or e.g. 7x3*" is a multiple of 7, so if f(k) is a multiple of 7 then
f(k+1) is also a multiple of 7

If the result is true for n = kit is also true forn = k+ 1 ()

As the result has been shown to be true for n = 1, it is true forall 7€Z" | Al cso  (6)
[12]
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< QUESTION

9(i)

B1

M1

Al
dM1

Al

Alcso

(i)
Bl
M1

Al
dM1

Al

Alcso

Check that the formula gives 1 when n = 1 Working must be shown. (Need not state true
for n =1 for this mark — but see final A)
(Assume true for n = k and) attempts to substitute the formula for u, into

u,, = %(Zuk —1) or equivalent with suffixes increased. Allow slips.

Correct substitution.
2 k+1
Obtain an expression with (Ej and no other k. Alternatively, expands u,,, to a

matching expression (ie work from both directions).

Correct expression when n =k + 1

At least one intermediate stage of working must be shown and no errors (though
notational slips may be condoned).

If working from both directions, it is for correct work to reach matching expressions.
Correct concluding statements following correct solution which has included each of the
points (1) at some stage during the working. Depends on all except the first B mark (e.g.
if they think they have checked n =1 but have really checked n = 2).

Note: Allow the M’s and first two A’s for students who go from £+1 to £+2 but treat it as
ktok+1.

Checks the case n = 1. Minimum statement of f(1) =35
Attempts an expression for f(k + 1) — Mf(k) with any value of M. Need not be simplified.
Most likely with M = 1 but may be seen with other values of M. With M =0,

f(k+1)=2" +3* is all that is required.

A correct expression with terms 2¢*% and 3**! clearly identified.
Attempts to extract/identify f(k) within a correct expression to give terms divisible by 7.

With M = 0 look for f(k+1)= 2x(2k+2 +3%1)+7x3% or 9x(2"+2 +33"“)—7x2"+2

oe and similar for other value of M.

One of the correct expressions for f(k+1) shown (or with powers of 2 and 3) or full reason
why f(k+1) is divisible by 7, following a suitable expression.

Correct concluding statements following correct solution which has included each of the
points (1) at some stage during the working. Depends on all previous marks.

&
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Question Scheme Notes Marks
Number

8(a) M1: Uses 2n for k in
2><%(k +1)(2k+1)
2n 2n 2n Must replace k with 2n at least once.
Z(grz -1)= gz 2 _Zl Must be otherwise correct i.e., only allow
- - - n or 2n for k
. . M1
n Note that failing to replace the first k
=2x—(2n+1)(2(2n)+1)-2n _ n
6 = with 2n leads to —(...)
2n 16n° . 4n e 3
= ?(2” +1)(4n+1)-2n =—3-+4n" == Award MO if it is quite clear that the
wrong formula for the sum of the squares
has been used.
2n
BL: Correct 1=2n seen/used B1
r=1
= 2—::(Sn2 +6n—2) or 4—;(4n2 +3n-1)
Obtains ...n(3TQ in n)from a cubic with no constant. If 3TQ allow fractional
coefficients. Allow implication of this mark with
. s M1
f(4n3 +3n%—n) or 2(8n3 +6n° —2n) but not just 1607 4n? ~ 3" Must not have
3 3 3 3
had a constant term. Can be scored if n instead of 2n used throughout the sum of
squares formula (: %(n2 +3n —5)) but next ddMO. Condone poor algebra.
Obtains ...n(factorised 3TQ in n)
Apply usual quadratic rules for the
:%n(n+1)(4n—1) factorisation. If e.g., 27;(“_)_)47;(.") ddM1
an(4n-1)(n+1) work must be on a consistent 3TQ.
Allow e.g., - 3 Factors must have all real & exact terms.
Previous 2 method marks required.
Correct result. Allow minor recovered Al
algebraic/bracketing slips.
3
Note that e.g., if 2><2—;(2n +1)(2(2n)+1)-2n or 10 L ane 80 o,
2—;(Zn +1)(4n+1)—2nis immediately followed by gn (n+1)(4n—1) score 11000.
Allow expanding the given answer gn(n +1)(an+b) and equating coefficients for
the last three marks:
3
16n +4n? _4n :fan3 +ﬂ(a+b)n2 +ﬂbn =a=4, b=-1= ﬂn(n +1)(4n-1)
3 3 3 3 3 3
M1: Correct form for expansion of given answer and obtains a value for either a or b
ddM1: Obtains values for both a and b
Al in(n+1)(4n-1) (allow just a=4, b=-1if 2n(n+1)(an+b) seen)
Summation formulae must be used. No credit for attempts using induction or e.qg., setting up
simultaneous equations with 2 values of n, unless there is work that can score as above.
(©)
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Question
Number

Scheme Notes

Marks

8(b)

2 2
Zr(sr—z)z or LHS=1(3x1-2)* =1 and w or RHS = # -1
r=1
Achieves 1 from two numerical expressions (both not just "1"). No requirement
here to say "true" etc.

4
Allow as minimum, e.g., 1x1= 2 =1."(When n = 1,) both =1" is BO but final A1 available.

Bl

Adds an attempt at the (k+1)th term to an
{Assume true for n = k, then} attempt at t_he sum to k terms_. Allow
i clear copying slips (e.g., losing the
Zr(3r —-2) = Z r(3r—2)2 +(k +)(3(k +1) - 2)° squared from the k*) but must be a
recognisable attempt at forming

:er(k +1)(3k +1)° wj%k +1D(B(k +1) —2)?

k+1

Soe.g., ...+k(3k—2)* is MO

M1

= ("fil)(gw —7K? +4(9K> + 6k +1)) = ("f:l)(glé +29k? + 24k +4)

{or =(k +1)(%k3 +27?k2 +6k +1)}

OR =5(9k4+38k3+53k2+28k+4) {or=gk4+gk3+§k2+7k+1}
4 4 2 4

Reaches

(k+1)
o

4 term cubic in k) or(k +1)(4 term cubic in k) OR expands to a

5 term quartic. Must collect terms. Condone poor algebra. Previous mark required

dm1

:%(k+1)((k+l)(9k2+20k+4)) or %(k+1)2(k+2)(9k+2):(k+1) ((k”)zl)(g(k*l)_”
Correctly reaches the result completely in terms of k + 1 [but allow k + 2 or

k+1+1for((k+ 1)+ 1)] with an intermediate step. Condone poor notation and
allow the odd recovered algebraic slip/poor bracketing provided they reach the

correct (4 term cubic in k) or(k +1)(4 term cubic in k) or 5 term quartic and
there are no subsequent errors. Factorisation may be achieved via calculator use.

Allow a final answer of %(k +1) (k +2)(9(k +1) - 7) and with brackets in any

order. Meet in the middle approaches must clearly join and the final expression in
k + 1 must be seen in the work

Al

True for n =1 and if true for n =k then it is also true for n = k + 1 so by induction it
is true for (all).n
Acceptable proof (i.e., must have scored the previous A) and narrative/conclusion.
Requires previous three marks and can only follow BO if BO was given for
insufficient evidence of substitution. There must be no errors if one substitution

was attempted and must have reached both sides = 1.
"Assume (true) for n=k" or "If true for n = k™ in narrative followed by "true for
n=k+1" is sufficient for the "if...then". Allow suitable surrogates for "true". Allow
stating the result from the question paper or " P, is true" with added reference to n.

Condone nel] butnot nel].Allow work in n rather than k throughout. There is no
credit for attempts using summation formulae instead of induction unless there is

work that can score via the scheme above

Al

(©)

X2
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< QUESTION

4(a) 4-3i B1
(0]

®) | (x—(4+30D)(x—(4-30))=.. M1

X’ —8x+25 Al

@

© E.g. Product of roots is 225, so product of real roots is%s5 =9 -

Or x* + Ax® + Bx* + Cx +225 =(x2 —8x+25)(x2 +...+9)

Hence (as root is positive) repeated real root is 3 Al
)
d x” —8x+25)(x*—6x+9
@ I ) M1
=x*—6x" +9x> —8x’ +48x* —72x+25x" —150x + 225
=x*—14x" +82x* —222x+225  Two correct middle term coefficients Al
S04 =-14, B =82 and C =—222 (or accept in the quartic) Al
(©))
(8 marks)
Notes:
(@
B1: For 4 - 3i
(b)

M1: Correct strategy to find a quadratic factor. May expand as shown in scheme, or may look for
sum of roots and product of roots first and then write down the factor.

Al: Correct quadratic factor. Can be written down — give M1A1 if correct, MOAO if incorrect.
Ignore “= 0” with their quadratic factor.
Alt for (b):

. .22 . .
M1: Product of complex roots is 25, so product of real roots is 2—55 =9, so the (positive) real root is

“3”, hence quadratic factor is (x —"3")2
Al: x* —6x+9 or (x—3)2
(©)

M1: A complete strategy to deduce the real root or its square. May consider product of roots, as in
scheme, or may first attempt to factorise/long division to find the other quadratic factor — award at
the point the quadratic factor with real roots is found. May have been seen in (b)

Al: Real root is 3. (No need to see rejection of the negative possibility.)
Not a “show that” so award M1A1 if correct root is written down with no working.




< QUESTION

(@)
M1: Attempts to expand the two quadratic factors — one of which must have a repeated root, so
(x2 + 9) scores MO. (Alternative, may apply —(sum of roots) to find 4, pair sum to find B etc —

accept method for at least two constants.)
Al: Two correct values of the three. Accept as embedded in a quartic equation.

Al: All three correct. Accept as embedded in their quartic equation.
If their answers are wrong a correct method would get M1AOAO but w/o some working score M0

£
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< QUESTION

S(a) Two of: Rotation; about O; through 60° [%) (anticlockwise) M1
All of: Rotation about O through 60° (gj (anticlockwise) Al
@
(b) 0 -1
[_1 ! B1
1)
() 1 3
0o -2 T2
R= M1
(-1 0] NER'
2 2
INCRN
2 2
= QP correctly found Al
1B
2 2
2
G W33
3R= 2 2 or correctly deals with 3 as a multiple. Bift
303
2 2
Required matrix is
W33
_ 1 2 2
3R) ' = =
o (_MJ(MJ_(AJ(J) EREE]
2 2 2 2 2 2 M1
VoL
_ 1 2 2
or (R)" =
A _(_1J(_1) L 6]
2 2 2 2)\ 2 2
W3 ) [
(3R)_1 _L 2 2 || 6 6 Al
B R NER I R )
2 2 6 6
3
(8 marks)
INZ)




< QUESTION

Notes:

(@
M1: Two aspects of the type, centre of rotation and angle correct. Accept equivalent angles or angle
in radians. (E.g. 300° clockwise is fine). Assume anticlockwise unless otherwise stated.

Al: Fully correct description. Accept just 60° for the angle, but 60° clockwise is incorrect
(b)

B1: Correct matrix.

(©

M1: Attempts to multiply Q and P in the correct order.

Al: QP correct

(d)
B1ft: Multiplies all elements of their matrix by 3, or multiplies all elements of their R™! by %

M1: Attempts the inverse of their 3R or R. This must be a complete method — ie must transpose and
evaluate the determinant and use it. Alternatively, they may attempt an inverse from first principles.
Award this mark if a slip is made in solving their simultaneous equations.

Al: Correct answer. Accept alternative forms




< QUESTION

6@ | ()a+pe— B1
A
. 12
1) off =—— B1
(1) ap y
()
g a aff A A) 12
3B 5, dm1
A 12 4
A=-2 Al
(©))
© [ 3 J[ 3 ) 9 12 9
a—— || p-——|=af-6+—=——"—"-6+—+ Mi1
-12
p a aff A A
12 g 92" B gl dm1
"—2" 12 4
B=6 Al
(©))
(8 marks)
Notes:
(@)
(i) B1:Correct expression for a +
(ii) B1:Correct expression for af
(b)
M1:Attempts the sum of roots for second equation in terms of 4 using results from (a). Allow slips
in signs.
dM1: Equates the sum of roots to % and solves for 4. Depends on the previous M mark.
Al:A=-2
(©
M1:Attempts the product of roots for second equation in terms of 4 using results from (a). Allow
slips in signs. May be using their value of 4 or 4 itself
dM1: Equates the product of roots to g and solves for B using their value of 4. Depends on first M
mark of (c).
Al: B=6

£



< QUESTION

7(a) d—yz—ﬁoe B1
dx X
36 16 4
m=—-==m, =—=— M1
4 36 9
. 4
Normal is y—9=§(x—4) M1
=9y—-81=4x-16=4x-9y+65=0* Al*
“@
(b) N . 36 36
ormal meets A again when 4x—9x—+65=0 or 4x—-9y+65=0 M1
X y
= 4x" +65x-324=0=>x=... 0r 9)> —65y—144=0= y =... dM1
81 16
= =l -, Al
o[
At xz—g, d—y=—i2=... so tangent is
4 dx ( 81]
4 M1
( 16) 64 ( 81)
Y~ 1T 50l ¥ T
9 729 4
64 32
L et Al1(S
YT 297 g ®)
(9 marks)
Notes:
(@)
B1: Correct expression for % , or any equivalent correct expression including it, such as
xd—y+y=0 Ol’d—y=—i2
dx de ¢

M1: Attempts negative reciprocal gradient at the point P
M1: Uses their normal (changed from tangent) gradient and P(4,9) to find the equation of the
normal. Look for y—-9="m, "(x - 4) Working must be shown for their constant if y =mx+c is

used as this is a “show that” question.

A1%*: Correct equation achieved from correct working with intermediate step.

(b)

M1: Substitutes hyperbola equation into the given normal to obtain an equation in one variable.
Other valid means of obtaining an equation in a single variable are acceptable.

dM1: Gathers terms and solves the 3 term quadratic to find a value # 4 for x or # 9 for y. Solution by
calculator allowed if correct roots (or values # 4 for x or # 9 for y) are shown

Al: Correct coordinates of intersection.

M1: Uses their x value to find the gradient at O and then uses the intersection point with their
gradient to form the equation of the line.

Al: Correct equation.




< QUESTION

Question Scheme Marks
8@ b 1 2 3 4 5 One correct B1
fx) |0.5 |-1.2401 |-0.2885 |0.1508 |0.5840 | | Both correct B1
()
(b) Identify an interval where the sig changes and mention the change of sign M1
fis continuous on [3,4], not on [1,2] hence the root is in [3,4] Al
(0))
(c) £(3.5) =—0.064...< 0so root in [3.5,4] M1
£(3.75)=0.0435...> 0 M1
Hence root is in the interval [3.5, 3.75] Al
3
(d) g f(=0.5)-f(-1) _1(=0.5-0 or - _ B-(=05) M1
—0.5—(-1) -0.5-p 0-f(-1) 0—f(-0.5)
= =05 0XIE09) _ o p DOSMCEDHI0S) o aM1
f(-0.5)-f(-1) (f(—l) —f(—O.S))
_ 05 03x05786.. 6900, —_0.699 (awrt) Al
0.5786...— (—0.875)
(&)
(10 marks)

Notes:

Accept open or closed intervals throughout the question where relevant and intervals
described by inequalities.

(C))

B1: One correct value of the two missing.

B1: Both values correct.

(b)

M1: Identifies at least one of the intervals on which a sign change occurs — must mention sign
changing.

Al: Correct interval with reason given. Accept reasons such as f not defined at g in[1,2] or x =§

is an asymptote as reason for dismissing this interval.

(©

M1: Evaluates f at the midpoint of their chosen interval from (b) and selects interval of length 0.5 in
which the root lies. This mark can be awarded if the interval was incorrect (even if no change of sign
in that interval)

M1: Evaluates f at the midpoint of their interval of length 0.5, and considers the signs or chooses the
“correct” interval of length 0.25. There must have been a change of sign in their initial interval for
this mark to be awarded.

Al: Correct interval selected with all values correct to at least 1 s.f. rounded or truncated. No extra
intervals included.




< QUESTION

(d)

M1: Correct interpolation strategy. Accept any correct statement such as the one shown. Sign errors
imply an incorrect formula unless they follow a correct general statement.

dM1: Rearranges to find £ and evaluates.

Al: Accept awrt —0.699 following correct working.

Q\?ﬂ
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< QUESTION

9 1
@ Forn=1, Zﬁ =1 and l(12)(1+1)2 —Lxixazi
r=1 4 4 Bl
So true forn =1
k
(Assume the result is true for n =k, so Zr3 = %kz (k +1)2 )
r=1
k+1 1 M1
Then Zr3=zkz(k+1)2+(k+1)3
r=1
1 2 1 2
= (k+1) [k2+4(k+1):|=z(k+1) [/ +4k+4] M1
=%(k+1)2 (k+2)° Al
[=l(k+1)2 ((k+1)+1)2}
4 Al
Hence result is true for n = k£ +1. As true for n =1 and have shown if true
for n = k then it is true for n = k +1, so it is true for all n € N by induction.
6))
b n n
®) Zr(r+l)(r—l)=2r3—r B1
r=1 r=1
Ly = La(ns) M1
4 2
(Please note the mark above is incorrectly labelled as A1 on e-PEN)
=in(n+l)[n2+n—2:|=%n(n+1)(n+...)(n+...) M1
=in(n+l)(n—1)(n+2) Al
@
© 2an2 —Lam@nr1)@n+1)-La-1nm2m-1+1) MI
— 6 6 Al
n 2n
32;’(r+1)(r—1)=172r2
r=1 r=n
dM1
:%n(n+1)(n—1)(n+2) =%n(2(8n2 +6n+1)—(2n° =3n+1))
=18(n+1)(n—1)(n+2)=68(14n> +15n+1) = 68(14n+1)(n+1)

£
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=18(n—-1)(n+2)=68(14n+1
:>187(12—9)3(4n—12)4:0(:>n:.).. damtt
n=>52 Al
(©))
(14 marks)
Notes:
(@

B1: Checks the result for » = 1. Should see a clear substitution into both sides, accept minimum of

seeing %xlx4, or %XIXZZ, or %xlx(lﬂ)z =1 for right hand side.

M1:(Makes or assumes the inductive assumption, and) adds (k + 1)* to the result for n = k
M1: Attempts to take at least (k + 1)2 as a factor out of the expression. Allow if an expansion to a

quartic is followed by the factorised expression.

Al: Reaches the correct expression for n = k + 1from correct working with sufficient working seen,
so expect at least seeing the quadratic before a factorised form.. Need not see the “k+1” explicitly for
this mark.

Al: Completes the induction by demonstrating the result clearly, with suitable conclusion conveying
“true for n = 17, “assumed true for n = £ and “shown true for n = k + 17, and “hence true for all n”.
All these statements (or equivalents) must be seen in their conclusion (not simply scattered through
the work). Depends on all except the B mark, though a check for » = 1 must have been attempted.

(b)

B1: Correct expansion.

M1: Applies the standard formula for Zr and the result from (a) to their sum.

If the expansion is given as »_ r” —r*, allow the use of ) instead of ) r

MI1: Takes out the common factors n and (n+1)and attempts to simplify to required form OR

factorises their quartic.

Al: Correct answer. (Ignore 4, B and C listed explicitly.) Correct answer can be obtained from a
cubic or a quartic. Award M1A1 in either of these cases.

(©

2n 2n n-1
M1:Attempts to apply E rt= E r— E r* with the standard result for Zrz Accept with n
r=1 r=1

instead of n—1 in second expression.
A1l: Correct expression for the RHS seen, no need to be simplified.

dM1:Applies the summations to the equation in the question and cancels/factorises out the factor .
Depends on the first M mark of (c)

ddM1: Simplifies the quadratic factor of the right hand side and cancels/factors out the n+1 and
solves the resulting quadratic. Note M1M1 is implied by sights of the correct roots —5,52,0,—1 of

the quartic. Depends on both previous M marks in (c)
Al: Correct answer. Must reject other roots. The correct answer obtained from a quartic or cubic
equation solved by calculator gains all relevant marks.

RA
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