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QUESTIONS

29 questions - 242 marks - 2 sub-topics

SUB-TOPIC FP2.3a

DE MOIVRE'S THEOREM & ROOTS OF UNITY

Sub-topic FP2.3a - 14 questions - 130 marks - lowest tariff first
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1. Solve the equation
z9-32i=0

giving each answer in the form re’ where 0 < 6 < 27
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Question 1 continued
Q1
(Total 4 marks) 7
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7

1. (a) Express 242 - (2\/3 )i in the form re” where -7 < 0 <z
3

(b) Hence solve
F=242 —(26);

Give your answers in the form \/; ¢’ where peZ and w<0<x
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Question 1 continued

(Total for Question 1 is 6 marks)
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1. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Express the complex number
—4 - 43
in the form r(cos® + isinf), where » > 0 and 7w < 6 <«
3
(b) Solve the equation
2 +4+43i=0
giving your answers in the form re", where » > 0 and -7 < 0 <«
“4)
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Question 1 continued
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Question 1 continued
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4. (a) Express the complex number 18+/3 — 18i in the form
r(cosd +isinf) —rwT<O<~x
3
(b) Solve the equation
Z4 =183 — 18i
giving your answers in the form re” where -7 < 6 < &
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-
7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Use de Moivre’s theorem to show that
cosSx = cosx(a sin® x + bsin® x + c)
where a, b and ¢ are integers to be determined.
O
(b) Hence solve, for 0 < 8 < %
cos 50 =sin260 sinf — cos
giving your answers to 3 decimal places.
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Question 7 continued
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Question 7 continued
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z=6-064/31

(a) (i) Determine the modulus of z

(ii)) Show that the argument of z is —%

3
Using de Moivre’s theorem, and making your method clear,
(b) determine, in simplest form, z*
2
(c) Determine the values of w such that w” = z, giving your answers in the form a + ib,
where @ and b are real numbers.
3
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Question 2 continued
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Question 2 continued

(Total for Question 2 is 8 marks)
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9. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Use De Moivre’s theorem to show that

c0s60 = 32c0s’ 0 — 48cos’ 0 + 18cos* 0 — 1

@
(b) Hence determine the smallest positive root of the equation
48x° -~ 72x* + 27 - 1=0
giving your answer to 3 decimal places.
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Question 9 continued
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Question 9 continued
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Question 9 continued

(Total for Question 9 is 8 marks)
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7. (a) Use de Moivre’s theorem to show that

4tan6 — 4tan’ 0

tan40 = 5 .
1—6tan 0 + tan" 0
(6)
(b) Use the identity given in part (a) to find the 2 positive roots of
23 —-6x2-2x+1=0
giving your answers to 3 significant figures.
3
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Question 7 continued
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Question 7 continued
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Question 7 continued
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9. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Use de Moivre’s theorem to show that
sin50 = asin’0 + bsin’0 + ¢sind

where a, b and ¢ are integers to be determined.

©))

k:
(b) Hence determine the possible exact values of sin’ (?ﬂj where k € Z
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Question 9 continued
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Question 9 continued
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(Total for Question 9 is 9 marks)
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2. The complex number z, is defined as

St . . 5mn ¢
coOS— +1sin—
12 12

( T n)3
cos— —isin—
3 3

(a) Without using your calculator show that

zZ =

2n . . 2m
zZ; = COS?'FISIH?

C))
(b) Shade, on a single Argand diagram, the region R defined by
|z-z|<1 and Ogarg(z—zl)g%t
C))
Given that the complex number z lies in R
(c) determine the smallest possible positive value of argz
2
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Question 2 continued
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Question 2 continued
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Question 2 continued

(Total for Question 2 is 10 marks)
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r

7. (a) Use De Moivre’s theorem to

(i) show that
sin50 = 5cos’ Osinf — 10 cos” Asin’® O + sin’ O

(i) determine an expression for cos 56 in terms of sin# and cosé

O
(b) Hence show that, for cos56 # 0
5tan® — 10tan’ @ + tan’ 0
tan50 = 5 2
1-10tan" 6 + Stan”™ @
2
(c) Using the result of part (b) and showing all stages of your working, determine the
solutions of the equation
2x° — 15x* = 20x° + 30x° + 10x =3 =0
giving your answers to 3 decimal places.
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Question 7 continued
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Question 7 continued
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Question 7 continued

(Total for Question 7 is 11 marks)
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7

8. Given that z=cosé + isinf

(a) show that, for n e Z

z" +Ln = 2cosnb

z
2
(b) Hence show that
cos'O= %(cos40+ acos26 + b)
where a and b are integers to be determined.
4
X
Figure 4
Figure 4 shows a sketch of the curve with equation
5 - T T
y = cos” x+/1 +sinx —E<x<5
The region R, shown shaded in Figure 4, is bounded by the curve, the x—axis and the
line with equation x = %
The region R is rotated through 27 radians about the x—axis to form a solid of revolution.
(c) Use the answer to part (b) and algebraic integration to determine the exact volume
of this solid.
. . T .
Give the answer in the form E( p+qr+ 2 ) where p, ¢ and r are integers.
(6)
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Question 8 continued
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Question 8 continued
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Question 8 continued
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Question 8 continued

(Total for Question 8 is 12 marks)

TOTAL FOR PAPER IS 75 MARKS
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7

8. (a) Use de Moivre's theorem to show that

sin50 = 16sin’6 — 20sin*6 + 5sin 0

6))
(b) Hence determine the five distinct solutions of the equation
1
16x° —20x3 + 5x + 3 =0
giving your answers to 3 decimal places.
)
(c) Use the identity given in part (a) to show that
J4(4sin59 ~55in%0 — 6sin0)d0 = a2 + b
0
where @ and b are rational numbers to be determined.
4
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Question 8 continued
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Question 8 continued
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(Total for Question 8 is 14 marks)

TOTAL FOR PAPER IS 75 MARKS
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8. Given that z=¢"

1
(a) show that z"+ — =2cosnf
z

where 7 is a positive integer.

)]

(b) Show that

1
cos®f = > (cos 60 + 6.cos46 + 15¢c0s26 + 10)
)
(c) Hence solve the equation

cos66 + 6¢cos40 + 15¢c0820 =0 0oL

Give your answers to 3 significant figures.

C))
(d) Use calculus to determine the exact value of

s

3
j (32cos® @ — 4cos?0)dl

0

Solutions relying entirely on calculator technology are not acceptable.
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Question 8 continued

INZ]
53



ANSWER >

LeaveN
blank

Question 8 continued
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Question 8 continued
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Question 8 continued
Q8
(Total 16 marks) |
TOTAL FOR PAPER: 75 MARKS
L END J
INZ)

56



SUB-TOPIC FP2.3b

LOCI & TRANSFORMATIONS IN THE COMPLEX PLANE

Sub-topic FP2.3b - 15 questions - 112 marks - lowest tariff first
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1. The transformation 7 from the z-plane, where z = x + iy, to the w-plane,
where w=u + iv, is given by
+ pi .
= Z Pl z#31 peZ
iz+3
The point representing i(l +43 ) is invariant under 7.
Determine the value of p.
3
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Question 1 continued

(Total 3 marks) —]
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7

1. The complex number z = x + iy satisfies the equation

|z—3—4i|=|z+1+i|

(a) Determine an equation for the locus of z giving your answer in the form ax + by + ¢ =0

where a, b and ¢ are integers.

3
(b) Shade, on an Argand diagram, the region defined by
|z—3—4i| < |z+1+i|
You do not need to determine the coordinates of any intercepts on the coordinate axes.
(0]
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Question 1 continued

(Total for Question 1 is 4 marks)
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3. A transformation maps points from the z-plane, where z = x + iy, to the w-plane, where
w =u + iv. The transformation is given by
(2+1i)z+4 ,
w=-—"""— z#1
z—1
The transformation maps the imaginary axis in the z-plane onto the line / in the w-plane.
Determine a Cartesian equation of /, giving your answer in the form au + bv+c¢=0 where
a, b and c are integers to be found.
(6)
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Question 3 continued
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Question 3 continued
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Question 3 continued
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7

3. A complex number z is represented by the point P on an Argand diagram where |z| =1

(a) Sketch the locus of P as z varies.

1)
The transformation 7 from the z—plane, where z = x + iy, to the w—plane, where
w=u+iv, is given by
9iz — i
_Giz—i s
z+1
Given that the image under T of the locus of P in the z—plane, where z # —1, is the line /
in the w—plane,
(b) determine, in simplest form, a Cartesian equation for /
)
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 6 marks)
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5. The transformation T from the z-plane to the w-plane is given by
_z-= 31 o
2+2i '
The circle with equation |z| =1 in the z-plane is mapped by T onto the circle C in
the w-plane.
Determine
(i) the centre of C,
(i1) the radius of C.
Q)
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Question 5 continued
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7

5. The transformation 7 from the z-plane, where z = x + iy, to the w-plane, where
w=u+1v is given by

+1
w= = 243
z-3 o
%
The straight line in the z-plane with equation y = 4x is mapped by 7 onto the circle C in ;
the w-plane. g

KRR
XXHXXIXK,

(a) Show that C has equation

3+ 3 —2u+v+k=0

XX

where k is a constant to be determined.

)
(b) Hence determine
(i) the coordinates of the centre of C
(i) the radius of C
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Question 5 continued
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Question 5 continued

OO
10%%0%%

I
R EEIIIRKS

X
XL

INZ]
76




ANSWER >

Question 5 continued

(Total for Question S is 7 marks)
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7

6. The transformation 7 from the z-plane to the w-plane is given by

z—1
W=— z#-1
z+1

Given that 7 maps the imaginary axis in the z-plane to the circle C in the w-plane, determine
(i) the coordinates of the centre of C

(i1) the radius of C
@)
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 7 marks)

S
<

o8
R

%
KX
KX

%

81



ANSWER >

Leave
blank
2. The transformation T from the z-plane, where z = x +iy, to the w-plane, where w = u + iv,
is given by
z+2 .
w = - z#£1
z—1

The transformation 7" maps the circle |z| = 2 in the z-plane onto a circle C in the w-plane.
Find (i) the centre of C,

(i1) the radius of C.
®
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Question 2 continued
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Question 2 continued
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Question 2 continued

(Total 8 marks) —]
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7. A transformation from the z-plane to the w-plane is given by
A+1z+2(0-1) .
w= N zZ#1
z—1
The transformation maps points on the imaginary axis in the z-plane onto a line in the
w-plane.
(a) Find an equation for this line.
2
The transformation maps points on the real axis in the z-plane onto a circle in the w-plane.
(b) Find the centre and radius of this circle.
(6)
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Question 7 continued
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Question 7 continued
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Question 7 continued
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7

3. The transformation 7 from the z-plane to the w-plane is given by

z .
w=—" z # -4
z+ 41

The circle with equation |z| = 3 is mapped by 7 onto the circle C
Determine
(i) a Cartesian equation of C

(i1) the centre and radius of C
®
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Question 3 continued

K
RRRRRE

%
26X

02e%%
XXX

X
% 20%e%

X
be!

R
S0,

o%
e

o

X
190200020202 %20 %%

%%

INZ]
92




ANSWER >

( )

Question 3 continued
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r

6. A complex number z is represented by the point P in an Argand diagram.

Given that

|z—2i|=|z—3|

(a) sketch the locus of P. You do not need to find the coordinates of any intercepts.

2

The transformation 7 from the z-plane to the w-plane is given by

iz .
w=—— z# 2
z—21

Given that 7 maps |z - 2i| = |z - 3| to a circle C in the w-plane,

(b) find the equation of C, giving your answer in the form

|w—(p+qi)|=r

where p, ¢ and r are real numbers to be determined.
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Question 6 continued
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Figure 2
Figure 2 shows an Argand diagram for complex numbers of the form z = x + iy.
The diagram is drawn accurately, although the scale is not shown on the axes.
Complex numbers that lie in the region R, shown shaded in Figure 2, satisfy all three of
the inequalities
|z—15-8i|<a
0<Larg(z+ 1)< br
|z+2i| > |z+ci]
where a, b and ¢ are real numbers.
(a) Determine the value of a, the value of b and the value of ¢
3
Given that the complex number w lies in the region R,
(b) determine the exact range of possible values of |w|
3
(c) determine the minimum value of arg w, giving the answer in radians to 3
significant figures.
2
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Question 4 continued
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 8 marks)
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Leave
blank

6. The complex number z on an Argand diagram is represented by the point P where
|z+1—13i|=3|z—7-5i
Given that the locus of P is a circle,

(a) determine the centre and radius of this circle.

©))

The complex number w, on the same Argand diagram, is represented by the point O, where

3
arg(w—8—6i)=—77r

Given that the locus of P intersects the locus of Q at the point R,

(b) determine the complex number representing R.

C))
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Question 6 continued
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Question 6 continued
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Question 6 continued
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(Total 9 marks) —]
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7. A transformation 7 from the z-plane, where z = x + iy, to the w-plane, where w = u + iv
is given by
z—3
w=—
2i—z

z#2

The line in the z-plane with equation y = x + 3 is mapped by 7 onto a circle C in the
w-plane.

(a) Determine

(1) the coordinates of the centre of C

(i) the exact radius of C

The region y > x + 3 in the z-plane is mapped by T onto the region R in the w-plane.

(b) On a single Argand diagram
(1) sketch the circle C
(i1) shade and label the region R

®
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Question 7 continued

%

107



ANSWER >

7

Question 7 continued
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Question 7 continued

(Total for Question 7 is 10 marks)
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ANSWER >

s

8. A transformation 7 from the z-plane, where z =x + iy to the w-plane, where
w=u+1v, is given by

(\/5 - i)(z - 2)

w=-—8 - z# =2
z+2

(a) Show that the real axis in the z-plane is mapped by 7 onto the line with equation
- L th, 1
V= —ﬁu in the w-plane.
3

(b) Show that the circle in the z-plane with equation |z| = 2 is mapped by T onto a line
in the w-plane, stating clearly an equation for this line.

6))
The region R in the z-plane is defined by

{zeC:|z| <2} N{zeC:Imz > 0}
(c) Determine the image of R under 7, giving your answer in the form
weC:a<argw < f}

where o and § are rational multiples of 7=

©))
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Question 8 continued
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Question 8 continued
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Question 8 continued
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Question 8 continued
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(Total for Question 8 is 13 marks)

TOTAL FOR PAPER IS 75 MARKS
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MARK SCHEMES

official mark schemes, in the same order as the questions
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< QUESTION

General Principles for Further Pure Mathematics Marking

(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:

1. Factorisation

(x> +bx+c) = (x+ p)(x+q), where|pg| =|c

, leading tox =...

(ax® +bx +¢) = (mx + p)(nx +q), where|pq| = |c| and |mn| = |a , leading tox = ...
2. Formula

Attempt to use the correct formula (with values for a, b and ¢).

3. Completing the square
»)
Solving x*> +bx+c =0: (xigj tqtc=0, ¢#0,leadingto x=...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (x" — x" ')

2. Integration

Power of at least one term increased by 1. (x" — x"*')




MARK SCHEME - IAL FP2 (WFM02) - June 2025 - Q1, Q3

June 2025

FP2.3a De Moivre's theorem & roots of unity < QUESTION

WFMO02 Further Pure Mathematics F2

Mark Scheme

Question Scheme Notes Marks
Number
1(a) Correct
r= 4«/5 Accept i4\/§ or i\/ﬁ or B1
other processed equivalents.
Complete method to find an
246 V4 2 ;
6 = —r +arctan T =—7 3 = Y argument in the correct Ml
N2 quadrant for their »
_2x; Correct answer in the form
- - i= 3 . . Al
=22 (2\/3)1 e specified. Accept with V32
3)
(b) 2 =22 (246
| e Attempts De Moivre correctly with either
. ( 4 \/5)5 e%i all roots indicated or simpliﬁed r with one | M1
argument. See additional notes.
Three correct roots provided coefficients of
for @ are single fractions, allow for 0 <8 <27
-2 s 27 1 Al
V2e 5, \2e5, Ve, Allow (4x/§)5 oe for ~/2 and correct roots in
87. 147. .
5 51 trig form
V2e ’ V2e All five correct roots and no extra. Must have
1oz, 2 | Al
-7 <600 x. Allowe.g., J2e 5 for \2e
3)
Total 6
Additional Notes:
(a)

B1: Accept positive or negative root. Allow if seen in part (b).
M1: Requires a method to achieve an argument in the correct quadrant for their . Accept attempts at

arctan| —=

22

(must use 7 as the denominator). May be implied by sight of any of ——, —,

shown.

2 47r7_7r
36

242 . . .
ji 7T or arctan (%J + 7 for attempts where » > 0, or equivalent methods via arccos or arcsin

or —5?” if no method is

In cases where a negative 7 is given, accept attempts at just arctan (%J or arctan (&J provided they

do not subsequently adjust to a different quadrant.
Al: Correct answer in the form specified, with —z <8 < 7. Must be given in correct form, but accept

26

answer with negative r, i.e. —42¢ Accept with exact processed equivalents for 7.
Note: Correct answer with no working shown will score BIM1(implied)Al.

RA
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< QUESTION

General Principles for Further Pure Mathematics Marking

(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:

1. Factorisation

(x* +bx+c) = (x + p)(x+q), where|pg| =|c|, leading to x = ...

(ax® +bx +¢) = (mx+ p)(nx + q), where|pg| =|c| and |mn| =|a| , leading to x = .
2. Formula

Attempt to use the correct formula (with values for a, b and ¢).

3. Completing the square

2
Solving x*> +bx+c =0: (xi%] tg+tc=0, g#0,leadingto x=...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (x" — x" ')

2. Integration

Power of at least one term increased by 1. (x" — x"*")




< QUESTION

Question Scheme Marks
Number
2 (a) 3r+l A B C
- = 4 4
r(r—l)(r+1) r r—-1 r+l
_ sl 12 b
r(r—l)(r+1) r r—1 r+l MIAL ()
®) 211
1 2 3 2 11
211 n-3 n-2 n-1
2 3 4 2 1 1
- M1
2 11 n-2 n-1 n
345 2 1 1T
2 11 n—-1 n n+l
4 5 6
1 2 1 1 1
=0——t————— — dM1A1
2 2 n n n+l
5.2 1 _sn(n+l)=4(n+1)=2n _5n’-n-4 M1, Al cso
2 n n+l 2n(n+1) T 2n(n+1) Q)
(c) 20 14
2%
_5x20°-20-4 5x14°-14-4 Ml
2x20x21 2x14x%15
13
=— Al 2
210 @)
9
(@)
M1 Correct method for obtaining the PFs
Al Correct PFs
(b)
Show sufficient terms at both ends (eg 3 at start and 2 at end) to demonstrate the
Mi cancelling. (This can be implied by correct work at the next line)
Must be using PFs of the correct form and start at » = 2 unless extra terms are ignored
1 1 1 1
at next stage. Can be split into —_— |+ _
£ P Z:(;’—1 r] Z:(r—l r+lJ
dM1 Extract the non-cancelled terms (min 4 correct terms but 5/2 counts as 3 correct)
Depends on first M of (b)
Al Correct terms extracted
M1 Write terms using the common denominator, numerator need not be simplified. Must
start with a min of 3 terms inc terms with denominators n and (n +1)
Alcso Correct answer from correct working
(©)
M1 Form and use the difference of the 2 summations shown using their result from (b) or
an earlier form seen in (b)
Al Correct exact answer, as shown or equivalent




MARK SCHEME - IAL FP2 (WFM02) - January 2023 - Q7

FP2.3a De Moivre's theorem & roots of unity < QUESTION

Question
Number Scheme Notes Marks
7(a) Condone use of e.g. C +iS for cosx+isin x if the intention is clear.
.. 5 5 5 3 .. 2 5 .. 4
(cos5x =)Re(cosx+isinx)’ =cos® x + , |c0s x(isinx)” + A cos x(isinx)
Identifies the correct terms of the binomial expansion of (cosx +isinx)’ M1
They may expand (cosx +isin x)5 completely but there must be an attempt to extract
the real terms which must have the correct binomial coefficients combined with the
correct powers of sin x and cos x. Condone use of a different variable e.g. 6.
(cos5x =)cos® x—10cos® xsin® x +5cos xsin® x AL
Correct simplified expression. Condone use of a different variable e.g. 6.
= cos x(cos* x —10cos” xsin® x + 5sin* x)
= cosx((l—sin2 x)2 ~10(1-sin’ x)sin® x +5sin* x) M1
Applies cos® x =1—sin® x to obtain an expression in terms of sin x inside the bracket.
Condone use of a different variable e.g. 6.
o L, Correct expression. Must be in terms
=cos x(16sin* x—12sin’ x+1) of x now. The “cos5x =" is not Al
required.
(4)
(b) Allow use of a different variable in (b) e.g. x for all marks.
€0s50 =sin 26sin @ —cos @
= c0os0(16sin* 0 —12sin’ @ +1) = 2sin® O cos 0 —cos &
M1
= cos0(16sin* 0 ~14sin” 6+2)=0
Uses the result from part (a) with sin 26 = 2sin & cos @ and collects terms
16sin*@-14sin*6+2=0
=sin’f= Yilg/ﬁ =sind=...
Solves for sin?6 by any method including calculator and takes square root to obtain at | dM1
least one value forsing . Depends on the first mark. May be implied by their values of
sin6 or 0. NB 11\6/1_7 —0.60519..., 0.17980...
+
sing = 717 =>0=..
16
NB */ngl—? ~0.833783..., 0.424035... ddMm1
A full method to reach at least one value for 8. Depends on the previous mark.
May be implied by their values of 4
(6=)0.986, 0.433 Correct values and no others in range. Al
Allow awrt these values.
(4)
Total 8

X2
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< QUESTION

Note that it is possible to do 7(b) by changing to cos @ e.q.

cos(16sin* 0—12sin’ 0+1) =cose(16(1—cos2 o) ~12(1-cos’ .9)+1)
cose(le(l— cos’ 0)2 —12(1— cos’ 0) +1) =2sin% @ cosd — cosd

16cos* 8 —18cos* O +4 =0

9+.17 9+17
16

16

cos? @ = = c0s6 =

(6=)0.986, 0.438

This is acceptable as they used part (a) and can be scored as:
M1: Uses part (a) with sin?@=1-cos? & and sin 26 = 2sin@#cos# and collects terms.

dM1: Solves for cos’6 by any method including calculator and takes square root to obtain at least one
value for cos@ . Depends on the first mark. May be implied by their values of cosé or 6.

NTRRE: 17

16

=0.82019..., 0.30480...

dM1: A full method to reach at least one value for .
Depends on the previous mark. May be implied by their values of 6

NB ,/% =0.905645..., 0.552092...

Al: (0=)0.986, 0.438




MARK SCHEME - IAL FP2 (WFMO02) - January 2024 - Q2 FP2.3a De Moivre's theorem & roots of unity < QUESTION

4. All A marks are ‘correct answer only’ (cao), unless shown, for example, as A1 ft to indicate that
previous wrong working is to be followed through. After a misread however, the subsequent A
marks affected are treated as A ft, but manifestly absurd answers should never be awarded A
marks.

5. For misreading which does not alter the character of a question or materially simplify it, deduct
two from any A or B marks gained, in that part of the question affected.

6. If a candidate makes more than one attempt at any question:
e Ifall but one attempt is crossed out, mark the attempt which is NOT crossed out provided
it is not cursory.
o Ifeither all attempts are crossed out or none are crossed out, score for their best attempt.

7. lgnore wrong working or incorrect statements following a correct answer unless the mark

scheme indicates otherwise.
8. Mark question parts separately unless the scheme indicates otherwise.

Usual rules for the method mark for solving a 3 term quadratic:

(Note: There may be schemes where the below does not apply)

If no method is shown then one root must be obtained that is consistent with
their equation.

1. Factorisation
(x* +bx+c) = (x+ p)(x+0q), Where|pq|=|c|, leading to x = ...

(ax’ +bx+c) = (mx+ p)(nx+q), where|pg|=c| and |mn|=la| , leading to x = ...

2. Formula

Complete attempt to use the correct formula with values for a, b and c leading to x
= ... (may be unsimplified).

3. Completing the square (where a = 1, otherwise must divide by a first - allow
equivalent work if a is a square number)

2
Solving x* +bx+c=0: [Xigj +q+c=0, q=#0, leading to x = ...

N
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Al:
M1:

Al*:
(b)
Note:

M1:

dM1:

dM1:

Al:

coefficients should be correct but allow if there are sign errors. Ignore errors on imaginary
terms. Allow use of (c+is)® notation.

Correct extracted expression. Need not be set equal to cos 66 at this stage.

Applies sin® 8 =1-cos? 8 to obtain an expression in cos 9 only.

Sets equal to cos 64 and fully expands the square and cube brackets (must be shown) then
completes with no errors to obtain the given answer.

The question says hence and thus methods via solving the cubic in x? and square rooting
the smallest root score no marks.

Attempts to use the result from part (a) and obtains cos6 =k, |k|<1, k =0

. 1).
Solves to obtain at least one value for 6. If the 60 = arccos(—gj is seen, accept any value

that follows for the attempt, but if this method is not shown answers must be correct for
their value of cos(66) . The principal values are shown in the scheme. Other values that

may be seen are

In radians: for 60 4.33, 8.19, 10.66, 14.48, 16.94 ; for & 0.73,1.37,1.78, 2.41, 2.82
In degrees: for 66 251°, 469°, 611°, 829°, 1331°; for 6 41.8°, 78.2°, 102°, 138°, 222°;
Depends on first M. Reverses the substitution to find at least one value for x.

Full list of values for reference: 0.950, 0.746, 0.204, —0.204, —0.746, —0.950

Awrt 0.204 and must be seen identified as the answer, not just given in a list.

Note those who find cos66 = —% but go on to find 66 = arccos% =1.23 (70.5°), and so

6=0.

205 (11.8°) etc (0.979 as primary answer) may score the M1IMOMZ1AO but watch out for

1
those who use « —arccos5 as these can score full marks.

X2
RA
123

MARK SCHEME - IAL FP2 (WFMO02) - June 2024 - Q9 FP2.3a De Moivre's theorem & roots of unity
Question Scheme Marks
Number

@) (cos66 =)Re(cos 0 +isin@)° = cos® @ —15cos* fsin? @ +15cos? Osin* H—sin®6 | M1AL
cos® @ —15cos* @sin’ @ +15co0s? @sin* @ —sin® 9
=cos® 8 —15cos’ 49(1— cos? 49) +15c0s? 49(1— cos? 0)2 - (1— cos? 6’)3 M1
=cos® O —15¢c0s” & +15c0s° & +15c0s’ 9(1— 2cos’ 6+ cos’ 0) - (1— 3cos’ 6+ 3cos* @ —cos® 49) ALx
c0s 66 =32cos® & —48cos* @+18cos® 6 —1*
(4)
(b) 48x° —72x* +27x?> —1=0
3 1 1
X =000 = —c0s60+—-=0=c0s60 =...| —= M1
2 2 3
cosGH——l:GQ— = 0=
=3 =.. =.. dM1
(pv 60 =109.5°, 1.91 rad, # = 18.25°, 0.318 rad)
X =C0s6 =... (commonly 0.950) T dM1
x=0.204 Al
4
Total 8
Notes:
(@
M1:  Attempts the binomial expansion of (cosé+isin 9)6 and extracts the real terms. Binomial

< QUESTION




< QUESTION

9(a) 6
Alt (z+1) =z‘5+62“+1522+20+g+%+i6
VA VA z VA
=(ze+i6j+6(z“+i4J+15(zz+i2j+20 M1AL
YA YA Z
:200569+6(200549)+15(20052¢9)+20
=2cos60+12(2cos2 20—1)+30(2c052¢9—1)+20
, ) , M1
=200560+12(2(2005 9—1) —1)+30(200$ 0—1)+20
64cose6:2c056¢9+12(800546—800526'+1)+600052¢9—30+20 AL
— c0s66 =32cos® @ —48cos* 9 +18cos* 9 —1*
4)
Notes:
@

M1:  Attempts the binomial expansion of (z + z’l)s, groups terms (may be implied) and

attempts to replace the z" +z™" to achieve an expression in cosines. Allow if there are
errors in the “2cos(né)”.

Al:  Correct expression in cosines. Need not be set equal to 64cos® 6 at this stage.

M1: Applies cos2A=2cos* A—1repeatedly to write the cos46 and cos28 in terms of cos 0
only.

Al1*:  Sets equal to 64cos® 9, expands all brackets and rearranges to the given expression with no
errors to obtain the given answer.




< QUESTION

Question Scheme Marks
Number
7(a) | (cos@+isin 9)4 =co0s 46 +isin 40
4 3 . e 4 X 3 2 . . 2
cos’ @ +4cos’ O(isin ) +7cos 6 (isin0)
4x3x2 ' M
.. 3 .. 4
+——cos 6(isin®)" +(isin#)
=cos’ @ +4icos’ @sin @ +i*6cos’ Gsin® @+ 4i’ cos Gsin’ O +i* sin* 6 Al
cos46 = cos* @ —6¢cos’ Gsin® @ +sin* & Ml
sin46 = 4cos’ @sin @ —4cosfsin’ 6 Al
sind@  4cos’ @sin@—4cos@sin’ O
tan46 = =— T2 "
cos4f cos”@—6¢os” fsin” O +sin” 6
sindd  4tanf—4tan’ @
tan46 = = * *
cos4d 1-6tan’@+tan* O MIAT™ (6)
_ 3
7(b) | x=tand 2tan‘92 2tan f ~Lanag =1
l-6tan " @+tan" 0 2
tan46 =2 Ml
x=tan0=0.284, 1.79 AlAl  (3)
[9]
(a)
M1 Correct use of de Moivre and attempt the complete expansion
Al Correct expansion. Coefficients to be single numbers but powers of i may still be present.
M1 Equate the real and imaginary parts
Al Correct expressions for cos46 and sin 46
in40
M1 Use tan46 = s 29 and divide numerator and denominator by cos*& Only tangents now.
cos
Al * Correct given answer, no errors seen.
(b)
M1 Substitute x =tan @ and re-arrange to tan46 =12 or i%
AlAl Al for either solution; A2 for both. Deduct one mark only for failing to round either or both

to 3 sf

(One correct answer but not rounded scores AOAO; two correct answers neither rounded

scores A1AOQ; two correct answers, only one rounded, scores A1AQ)

18




< QUESTION

Question

Number Scheme Marks

Alternative for first 4 marks of 7(a):

1 1 4 4 M1
in40=—(z'-z"*)=—|(cos@—isin@) —(cos @ +isiné
sindg = (=" ~= ) = (( ) ( )
M1
= %(cos4 6+ 4icos’ @sin @ —6.cos” @sin’ @ —4icosFsin® 0 +sin* 6)
i
—%(—cos4 6 +4icos’ Osin 6+ 6cos’ Bsin* @ —4icosOsin® @ —sin* 0)
i
=4cos’ @sin @ —4cosPsin’ 0 Al
Similar work leads to cos40 = cos* @ —6cos’ @sin® @ +sin” @ Al

Remaining 2 marks as main scheme

M1 For the expression derived from de Moivre for either sin46 or cos46
Al Both shown and correct
M1 Attempt the binomial expansion for either, reaching a simplified expression
Al Both simplified expressions correct
1
19




MARK SCHEME - IAL FP2 (WFMO02) - June 2025 - Q9 FP2.3a De Moivre's theorem & roots of unity < QUESTION
%Llllensl%(;? Scheme Notes Marks
8(a) For intersection when x > 0:
15x ) M1: Solves 3TQ obtained from a
x+4 T correct equation (usual rules) for
15x=x"+2x-8 x>0
2 _13y—_8=0 A1l: Correct exact positive value MI A
X YTeT (condone negative root also
= 13++201 included)
2
For intersections when x < 0:
I5x o2
—x+4 M1: Solves 3TQ obtained from a
15x=—x>+6x—8 correct equation (usual rules) for M1 Al
219y +8=0 ¥<0
(x+8)(x +1) 0 Al: Correct values
X x+1)=
=>x=-8, -1
MI1: For a<x<b, x>c oe
134201 with cvs a <b<0<c from the
S<x<—1, x>—-"— correct equations. M1 Al
2 ATl: Fully correct set of values in
any form
(6
(b) 15x )
a7 M1: Solves 3TQ obtained from a
15x = —x2 —2x+8 correct equation (usual rules)
2 175—8=0 Al: Correct exact positive value | M1 Al
X Xme= (condone negative root also
Y= —17++v321 included)
2
P8 kst 13++/201,, Correct regions ft their a <0 and Blft
2 c>0
Correct set of values in any
form.
174321 134201 | Allow ft on their cvs a, b and ¢
x<'=8Y, T-l<x < > »ox>" > " provided a <b <0 and Alft
c> % 321 6.458..)
“
Total 10
Additional notes.

“Usual Rules” : as well as the general information, we will accept here solutions by calculator having
reached a quadratic equation but they must be correct solutions for the stated quadratic if no method is
shown (you may need to check).

(2)

Accept with any inequalities used instead of equalities for the solving of the intersection points. For
methods via putting over common denominators score the Ms for the process of putting over a common
denominator and solving for the numerator = 0.
May see attempts via squaring

RA
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MARK SCHEME - IAL FP2 (WFMO02) - June 2025 - Q9 FP2.3a De Moivre's theorem & roots of unity < QUESTION

15x

4 4

x—2_ x—2

2
j then cross multiplies (or puts over a common

15x 11x+8 , [11x+8
=x—2:>|x|= = =>x =

X—
denominator (x - 2)2 ) to get
= x*(x* —4x+4) —(121)(2 +176x+ 64) =x*—4x’ ~117x* —176x— 64 = 0. This will probably then be

solved by calculator, which as algebra has been used will be accepted. Score M1 for the process reaching
quartic, Al correct quartic, M1 for solving the quartic (look for attempt to factorise to linear terms with
correct product of roots, or accept answer from calculator — may need to check), A1 for at least the three
relevant roots (and condone if x =2 is also include for this mark).

For the final M they must be producing a solution set of the correct form from their CVs from attempts at
the correct equations (but may have had incorrect method for solving), so if extra values from
denominators are used it will be MO (regardless of whether the form of the answer is correct).

FYI w ~—13.6 is being used often as one of the limits, but note it is less than —8, so

< -13-+/201
2

—-8<x used is MO but you may condone the "-8 < x" for the B1ft in (b).

Final A1: Accept any correct equivalent notation. Accept with “and” or “or” written between inequalities,

13++/201
2

but if using set notation must use the union. E.g. in interval notation (—8,—1) u( ,oo] . Use of

square brackets is AQ.

(b)

Attempts at squaring may be seen again here. They will need a full process leading solving a quartic.
Again for the A, accept if other roots are also included at this stage.

B1ft: For the follow through same “outside” ends of the region matching their answer to (b) in their final
answer.

Alft: Accept answers of the correct form providing their answer to (a) was of the correct form as specified

-17++/321
2

in the scheme and their ¢ is ¢ > (=0.458...).

&
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MARK SCHEME - IAL FP2 (WFMO02) - June 2025 - Q9 FP2.3a De Moivre's theorem & roots of unity < QUESTION
Question Scheme Notes Marks
Number

9(a) c0s56’+isin56?=(cosé?+isin9)5 M
= cos’ 6+ °C, cos* O(isin 6)+ °C, cos’ O(isin 8)’ +°C, cos® O (isin@)' + °C, cos O (isin 6)" + (isin 0)’
(sin560 =)5cos” @sin@—10cos® Fsin’ @ +sin’ 6 MI: Equates imaginary parts | 1 4
Al: Correct expression
M1: Uses cos” @ =1-sin” @ and
5 reaches an expression of the
=5sin 49(1 —sin® 0) —10sin’ 6’(1 —sin’ 6) +sin’ @ correct form
=5sin@—10sin’ #+5sin’ —10sin’ @ +10sin’ & +sin’ & Al: Correct expression or MIT Al
=16sin’ @—20sin’ 6+ 5sin & . a=16, b=-20, ¢=3
sin 56 must have been seen at
some point
3)
(b) pn . .
For0=—, kell, sin50 =sinkn=0= Sets their answer to (a) = 0
5 . . M1
Could be implied
16sin’ @ —20sin’ @ +5sinf =0
sin@(16sin* 0 —20sin’ 6+5) =0
- Solves their quadratic in sin®@ | 1,
e gin’ 0= —(=20)+4/(=20)" -4(16)(5) _ 20+4/80| 1o find both roots (usual rules)
2(16) 32
5445
+ .
:sinzﬁzs_gﬁ, 0 Al: g o Al Bl
B1: 0
“)
Total 9
Additional Notes
(a)

MI1: Attempts to expand (cos 6 +isin (9)5 to obtain an expression of the correct form for the three imaginary

terms. May use c¢+is notation. Need only see the imaginary terms, condone missing or incorrect real terms.

Binomial coefficients may be as expressions or values, if values only used they must be correct. The powers

of 1 may be processed in the initial expansion. Allow invisible brackets if recovered.

M1: Extracts the imaginary terms from the expansion. The equating to sin 56 may be tacit at this stage.

Al: Correct expression for sin56 (though the sin 56 need not be seen yet) in terms of sind and cos 6.

M1: Uses cos” @ =1-sin’ @ to eliminate cos@ from the expression to get to an expanded equation in sin @

only. Terms need not be gathered at this stage, but the simplification may be done in one step.

ATl: Correct answer including the sin 56 having been seen identified with the expression at some stage if not
included at the end. Accept values for @, b and c stated following reaching a suitable equation in sin &

(b)

M1: Recognition of the correct process seen by either their answer to (a) equal to zero, which by be implied,
or by an attempt to solve it (the “=0" being implied, accept one correct root for their equation as evidence).

MI: Correct method to solve the quadratic in sin” @ after factoring out the sin@ - both roots must be given.
Condone for this mark if they mistakenly mislabel the solution to the quadratic in sin* @ as sin @, but do not

RA
129



< QUESTION

allow the A if they go on square their values. Note answer stated directly from the quintic score M0. They
must at least identify the quadratic in sin” @ before reaching the answers (from calculator).
Al: Correct answers only but accept equivalent forms.

B1: For 0 identified as a value for sin® % - this can come from anywhere (method not required).

Q‘\’/ﬂ'
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Question
Number Scheme Marks
1@ 2 Ar=vr-2 M1
Jradr=2 Jr=Jr-2
2(Jfr =r=2
( ) =Jr=Jr=2 * Al*
r—(r-2)
)
(®) r=2: J2-J2-2 (:ﬁ—o) o r=n-2:Jyn-2-+n-4
r=3: V3-+3-2 (=+3-1) r=n-1: yn-1-vJn-3 M1
r=4: Ja-J4-2 (:2—\/5) r=n: \/ﬁ—\/n—z
° 2
———=[Yn+n-1-1 ALAL
; \/F+ \r-2
@)
(c) 50 )
— = |f(50)—f(3)=~/50 +/49 -1—(/3+2 -1 M1
; \/F+ Nr-2 ( ) ( ) ( )
(=5J§+7—1—J§—J§+1)=7+4J§—J§ Al
)
Total 7
Notes
(@)
. . . . . . . Jr=2-r
M1: Indicates intention to multiply either side by a correct fraction, may use ﬁ . The “2” may be
r—2-—Ar
missing. May work in reverse from right hand side to left, and this is fine.
Alternatively, may multiply the initial expression through by /r ++/r —2 and use a sequence of equivalences
(though accept with = or nothing between lines).
Al: Fully correct proof. A result from rationalisation that is not the given answer must be seen. If using a
sequences of equivalences there must be a minimal conclusion.
(b)
M1: Correct process of differences evidenced in their work, e.g. attempts any three of the 6 expression shown.
There should be enough evidence of at least one pair of cancelling terms. Ignore any attempts at any of r=0
or 1 if they start earlier than r = 2.
Al: Correct algebraic terms or correct constant term(s) extracted. Accept unsimplified expressions such as
"—»\/I—\/Gu
Al: Fully correct simplified expression. Must have simplified the /1 to 1
(©)
M1: Attempts f(50) — f(3) using their answer to (b). Must be indication of subtraction. The '—1's may be
omitted, and allow if a slip is made. They may subtract the sum of their results from r =2 and r =3 from
(b) or by using (a) again to obtain f(3) but their answer to (b) must be used for f(50). Allow from attempts
starting at r = 1 in their summations. f(50) —f(4) is MO.
Al: Correct expression or A =7, B =4, C = -1 following a correct answer to (b).
The decimal answer 10.92480344... without evidence of the M mark is 0/2
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< QUESTION

Question Scheme Marks
7(a)(i)+(ii) cos56 +isin56 = (cosf +isinB)° o.e. M1
=c’ +5c*si—10c’s* =10c’s’ 1+ 5¢s* + 571 M1
=sin50=...,cos50 =...
sin50 = 5cos’ @sin @ —10cos’ @sin’ @ +sin’ & * Al*
c0s 58 = cos’ @ —10cos’ Osin* O+ 5cosOsin* O Al
“
(b)
an 50 sin50  5cos*6 sin @ — 10cos®fsin’6 + sin®0 y cos™>0 M1
MY = 0550 ~ cos50 — 10c0s30sin?6 + 5 cos Osin? 6 - cos—56
5sinf 10sin®6 | sin°0
c0s0  cos30 | cossg _ 5tand —10tan®0 + tan®0 Al*
10sin?6 | 5sin*@ 1 — 10tan?6 + 5tan*6
1- 2 4
cos“6 cos*6
)
(© x=tan@, 2x’ —15x* —=20x* +30x* +10x-3 =0
5tanf—10tan’ @ +tan’ O 3 3 M1
S . ==—=tan50 ==
1-10tan” @ +5tan” @ 2 2
6= étan"% (=0.19655 radians, 11.2619...°)
Others that you may see which would also score: Al
In radians {0.19655 ..., 0.82487..., 1.45319.., 2.0815..., 2.7098...}
In degrees {11.2619 ...,47.2619 ...,83.2619 ...,119.2619 ..., 155.2619 ... }
= x=tan0.196555...,... M1
Two of: x=0.1991...,1.0822..., 8.464..., —1.7847..., —0.4607... Al
Allof: x=-1.785,-0.461,0.199,1.082 , 8.464 Al
6))
(11 marks)
Notes:
(a)()+(ii)
M1: Demonstrates use of De Moivre such as cos 50 + isin 58 = (cos 8 + i sin 8)5,
sin50 = Im (cos @ + i sin §)° or cos 56 = their real terms from the expansion of (cos 8 + i sin 8)°
M1: Attempts to expand, need not be simplified. Accept sign errors but should have the correct
evaluated coefficients (allow terms with correct "C; values if the correct coefficients are
subsequently seen) the correct powers on the sin and cos terms and equate either the real or
imaginary parts.
A1*: Correct expression for sin 56 derived from fully correct working. Allow notational slips with
nCr etc as long as the intention is clear. To score this mark we need to see either a full expansion if
working with (cos 8 + i sin8)® or the imaginary terms if working with Im (cos 6 + i sin 8)°

Lo
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< QUESTION

Note: Consistent omission of i’s is 2" M0, but condone the occasional slip for the M marks

A1l: Correct expression for cos 56. Allow recovery from slips, e.g. missing arguments for this mark,
and allow if seen in part (b).

(b)

M1: Applies tan 560 = sin 50
cos560

denominator through by cos@ or equivalent work (e.g. factorising sin 8 from the numerator and

cos @ from the denominator and then dividing all terms by cos*# to obtain tan 8 terms)

and shows or clearly states the intention to divide numerator and

A1*: Correct given expression reached from fully correct work with no errors

Note: Do not penalise slips in notation or missing arguments already penalised in (a)

(©

Note: Must use (b) so calculator methods to solve by e.g. tracing the points or eq. solver scores 0

M1: Substitutes x = tan 6 into the equation and rearranges to identify the tan 50 within the equation.
May be slips when rearranging, but look for the attempt to reach tan 56

Al: Obtains a correct value for 8 either in degrees or radians, or as an expression. May be implied.

M1: Uses at least one value of  and undoes the substitution to find at least one value for x (may
have to check for their 8 value(s))

Al: At least two correct values of x found correct to at least 2 s.f. (So accept 0.20,1.1,8.5 etc)
Al: All five solutions correct to 3 decimal places, and no extra solutions.




MARK SCHEME - IAL FP2 (WFMO02) - June 2025 - Q8 FP2.3a De Moivre's theorem & roots of unity < QUESTION
?\Ilfje:]tt')g? Scheme Notes Marks
7(a
@ x=¢g" :%:e“ =X oru:lnx:>d—u=l Correct form for equation in
du dx x
dy dy M1
dy dy du 1dy dy dy _, — and —=—
—=—Xx—=—— 0 ——=—Xx¢ 08 dx du
dx du dx xdu dx du
d’y 1d°ydu 1dy Correct form for an equation
dx*  xdu®dx x*du linking ML
dy_ odiydu o dy &Y ang 9
¢ du’dx  du dx’ du’
Substitutes to eliminate
1d* 1ady (1 dy)
2| 2 - |+3x| == |-y =27X° d? d du M1
(xz du® x*du xdu) Y —gand—y and —
dx dx dx
2
d—¥+ dy y=27e** Fully correct proof Al*
du® d
(4)
(b) 2m2+m—1:(2m—1)(m+1)=03mzl, _q| Forms auxiliary equation and M1
2 solves (usual rules)
L " Correct CF for their two real
(y=)Ae? +Be values of m M1
a2 noom 2u With correct form of PlI,
y=Ae", y'=21e7, y'=41e differentiates twice and substitutes M1
=8A+24-A=91=271=A=3 to find a value for A
1
— SU -u 2u
[y Aet +Be " +3e J Correct GS in terms of x with no Al
N exponentials. Must include the y =
y = Ax? + Bx* +3x?
(4)
c
© dy 1, -t , Correct form for dy from GS of
—= ==AX 2 —-BXx™“ +6x dx M1
dx 2 formy = Ax? + Bx® +rx’
Uses
BTV N - 1 11 dy
4 16 16 2 16 x==with y=—and —=1to
1 dy 3 4 16 dx M1
and x==, —=1=1=A-16B+— obtain two equations in the
4° dx 2 constants (from CF)
1 A+ 4B = l A—16B = 1 Having found two equations in
2 2 two CF constants from using the dM1
A 1 B 1 conditions, solves for A and B.
—R=5 BT Requires previous M mark
1 1 ) Substitutes x = 1 into their PS
Y=3ls) *16ls) *°lg) = and obtains a value for y.
Requires previous 2 M marks
J2 1.3 2 35 1 1
=+ 4 — =4+ — =" (8J2+35 — 8\/§+35 onl Al
8 2 64 8 64 64(\/_ ) 64( ) only
(5)
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MARK SCHEME - IAL FP2 (WFMO02) - June 2025 - Q8 FP2.3a De Moivre's theorem & roots of unity < QUESTION

\ Total 13 |
Additional Notes:
(@)
MZ1: Applies the chain rule with an attempt at du or 9 for form an equation linking dy and dy
dx  du dx du
M1: Attempts the second derivative with product and chain rules to form an equation linking
2 2
d—g and d—¥ of correct form.
dx du
2 2
M1: Substitutes to eliminate d—Z’andd—y and du from the equation to get an equation in d—)Zlandd—y as the
dx dx dx du du

only derivatives.

Al: Completely correct proof, with intermediate work and no errors.

(b)

M1: Forms and solves the auxiliary equation. For solving the auxiliary equation no method need be shown.
The M can be implied by the correct values.

M1: Correct complementary function for their solutions as long as they are distinct real roots. The y = is not
needed and may be mislabelled as x = or have x in place of u for this mark.

M1: Full process to find the particular integral, with correct form used, differentiated twice and substituted
to find the value of the constant.

Al: Correct general solution in terms of x (u must be eliminated) and including the y =. Allow if the GS in
terms of x is stated at the beginning of part (c) instead of in (b).

(c)

M1: Differentiates the general solution to the correct form.

M1: Uses the given conditions to form simultaneous equations in the constants of their equations.

dM1: Depends on previous M. Solves their two simultaneous equations (must have formed two equations
from the conditions).

1
ddM1: Depends on previous two M’s. Uses their particular solution to find the value for y when X = 3

Condone a slip when substituting as long as it is clear they are attempting the correct x value.
Al: Correct answer only.
NB Part (c) can be done in terms of u if they do not convert back to an equation in x

L
M1: Differentiates the GS in terms of u : j—y = gez —Be™ +6e*
u

dy

. . . 1 d 1
M1: Forms simultaneous equations using u = InZ (oe) and the value for y and %z X&=Z' So
1,1 ik L 1.t _int nt
L e e " 43 22 a2 and 1o Re" _pe i ipe™ A _4p
16 2 16 4 2 4 8

dM1: Solves the equations. = A=...,B=...
ddM1: Substitutes u = In% into their equation in terms u to find y.

Al: cao.
Note that they must be using attempts at u, not just x values, in such an approach.
Note: where candidates confuse u and x’s accept they must be substituting in the correct things, so using

:_31/ =1 is 2" MO, but if they state 3_2(, =function of x following an attempt g—z first then replacing u, you
can allow the second M for using :—y =1 in this (the first M will be lost).
X
A
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MARK SCHEME - IAL FP2 (WFMO02) - June 2025 - Q8 FP2.3a De Moivre's theorem & roots of unity < QUESTION

Question Scheme Notes Marks
Number
8(a) z" =cosn@+isinng o £ de Moi
or 2" = cos(—n@)+isin(-n@) or ne cornrect usﬁ of de Moivre on M1
o either z" or z™" seen or implied.
z" =cosn@—isinng
n, 1 ‘o ‘o Fully correct proof with LHS
VA _—= —
+ - cosn@-+isinnd+cosnd—isinnd and RHS both seen and AL*
=2cosn@* expressions explicitly added.
Alternative:
z" +in =e"+e™ (ML) = 2(%(@”9 +e“”9)j =2cosnd (AL*)
z
)
®) 1Y 1 1y 1Y (1Y E ndzlA'th rrect
(z+—j = z“+4z3£—J+622(—j +4z(—j +[—j Xpanas | z+— ) With correc M1
z z zZ z z
binomial coefficients.
1) 1 1 Correct use of
(z+—] :Z4+_4+4(22+_2J+6 1
z z z 2" +—=2cosn@ shown for M1
z
= (2c0s6)" =2c0s460+4(2c0526)+6 both terms
16cos* @ = 2cos46 +8c0s 20 + 6 M1: Achieves expression for ML
4
= cos’ 0= = (c0s 40+ 405 20+ 3) cos 0 of the correct form. AL
8 Al: Correct expression.
_ (@)
(©) ”I y2dx =7z_[cos“ X (1+sin x)dx Uses volume of revolution M1
formula
_ 4 : 4
B {”}I(COS XSIn Xcos x)dx M1: Uses their answer to (b) and
= {ﬂ}j(l(cos 4+ 4¢0s2x +3) +sin xcos* xjdx |ntegrate§ Ito tr:e correct f?rm M1
8 M1: ...sin XC0S" X — ...C0S” X M1
101 . ] 1 Al: Fully correct integration Al
={x}| =| =sin4x+2sin 2x+3x |-=cos’ x e  See notes
8\4 5
. Applies limits % and —%
1 37 1(2 1 37
:{”}HB(O+2+4)5[ 2 J ](S(szjo }ppropriately to an attempt at the | dM1
integral. Depends on one of the
two preceding Ms being scored.
i) %5)
Correct answer in correct form Al
T
=—(40+457-4~2
160l )
(6)
Total 12
PAPER TOTAL: 75
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MARK SCHEME - IAL FP2 (WFMO02) - June 2025 - Q8 FP2.3a De Moivre's theorem & roots of unity < QUESTION

Additional Notes:

(a)

M1: One correct use of de Moivre on either z" or z™" seen or implied. May be done separately or within
working.

Al: Correctly completes the proof with no errors seen. The LHS and RHS of the identity must both be seen
and expressions explicitly added and the —isinn@seen. Condone missing brackets in e.g cos—né terms if
intent is clear.

Minimum for sufficient working is z" +— =cosné +isinnd +cosné —isinnd = 2cosnd
z

Alternatively accept if exponential forms are used.

M1: Applies cos@+isin@ =e" (may be implied) and substitutes into the given equation, with correct index
work on both terms.

Al: Correctly rearranges to make the cos(nH) identity clear and simplifies to the given result. The
minimum requirement is all four statements seen in the MS.

(b)

M1: Attempts to expand (z + 2’1)4. Correct binomial coefficients must be used, terms need not be
simplified. Condone at most one slip in powers.

. I |
M1: Gathers the relevant terms (must see the grouping) and clearly applies z +? =2cosnd to both terms

to obtain each in cosn@ terms. The “2” must be seen or implied by correct working.

M1.: Sets their expression equal to (2cos 6)4 and makes cos® @ the subject with correct form.
AL: Correct answer with no clearly incorrect steps throughout (but condone minor slips which are
recovered).

Note: MIMOM1AL1 is possible in this part if the groups of terms is never shown but they jump directly to the
expression in cosné terms.

(c) The = is only required for the first and last marks.
MZ1: For the correct use of the volumes of revolution formula applied to the problem, but condone a slip in

squaring if the intention is clear (e.g. accept cos® x(1+sin x) as the attempt to use y*). The 7z must be
included at some stage but may be added later. Limits not required for this mark.

M1: Applies the answer to part (b) and integrates to obtain an integral of cos® @ the correct form. Slips in
coefficients may have been made. The 7 and limits are not required.

M1: Correct form for Isin xcos* x dx = K cos® x The z and limits are not required.

Note an alternative here is to use part (b) again and the product to sum rule:

J-cos“ xsin xdx= %Icos4xsin X + 40s 2xsin X +3sin xdx

:%J%(sin 5x —sin3x)+2(sin 3x —sin x) + 3sin xdx

= £|:1(—ECOS5X+ECOS3X]—ECOS3X+1COSX—3COS x}

82\ 5 3 3 2

Al: Fully correct integration of both terms. The ~ and limits are not required.

dM1: Depends on at least one of the two preceding Ms. Applies correct limits to the integral as long as a
valid attempt at the integral has been made.

Al: Correct answer in correct form.

NB Allow SC M1IMOM1AO0dM1AL1 for those who expand from scratch instead of using the result from (b).

N
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MARK SCHEME - IAL FP2 (WFMO02) - June 2025 - Q8 FP2.3a De Moivre's theorem & roots of unity < QUESTION

At (D) ' [2c0s46]=(cosO+isin6)* +(coso—isin ) Uses the identity, applies De
_ c* 4 Ac%is 4 67 (is)2 +4c(is)3 +(is)4 Moivre and expands at least one

set of brackets with correct M1
+c* —4ctis + 6¢? (is)2 —4c(is)3 +(is)

4 binomial coefficients.

Correct use of
z* + 27 =2c0s 40 to get only M1
real terms in sine and cosine.

2
= c0s* @ =cos40+6 l+100529 1—100529 - l—ECOSZH
2 2 2 2 2 2

= 2c0s40 = 2cos* 0 —12cos’ Osin® 0+ 2sin* 6

= cos4¢9+§(1—cos2 29)—3(1— 20526 + oS> 29)
2 4

=cos49—§(£+1cos4¢9j+1c052¢9—£(1+£cos40j+E
2\2 2 2 4\2 2 4 M1

Al
= %[800549—6(1+ C0540)+ 405260 - (1+c0546) +10 |

= cos* 0:%(00340+400529+3)

M1: Achieves expression for cos’ & of the correct form
Al: Correct expression

Note the question says “hence” so answers without reference to (a) will score at most one mark (e.g. purely

by De Moivre). But some attempts may use the result of (a) as shown above. In which case mark as

indicated.

M1: For a correct binomial expansion applied to the problem — so e.g. sets up

(cos@+isind)’ +(cos@—isin)* and expands at least one bracket with correct coefficients. This mark may

be scored for expansion of (cosé +isin 9)4 from an approach by De Moivre using Re(cos @ +isin 9)4. This
may come from other approaches that use a binomial expansion.

M1: Evidence of the use of both sides of part (a), cancelling imaginary terms to get a real equation in cosine
and sines only. Note that they must be using part (a) for this mark to be scored.

M1: Having used part (a), uses correct trigonometric identities to eliminate the sin @ terms and reduce the
powers to single power cos26 terms — ie achieves correct form for cos* @ . There may be alternate identities
used (e.g. Pythagorean before using double angle identities)

Al: Correct answer.
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FP2.3a De Moivre's theorem & roots of unity

< QUESTION

Question Scheme Marks
Number
8 (a) (cos@+isin 9)5 =c0s56 +isin56 B1
:00559+5cos“(isin9)+ﬁco§H(isin o)
2!
5x4x3 5x4x3x2 M1
+XTcos2 o(ising’ +Tc030(isin 0)" +(isino)’
=cos® 6+5icos”* #sin —10cos’ @sin? #—10i cos’® sin® &+ 5cos Gsin® +isin® @ Al
sin50 =5co0s* @sin —10cos? Bsin® O +sin® @
. 2 . . . . dy
=5(1-sin’ @) sin@-10(1-sin’@)sin®§+sin® 6 —=
( ) ( ) dx M1
= 5(1—25in2 0+sin‘ 0)sin (9—10(1—sin2 6?)sin3 0+sin® 6
sin50 =16sin° 6—20sin*@+5sind  * Al* )
Alternative: Using "Z—l" Zs—is:ZiSinSH oe B1
z z
1 5
Binomial expansion of [Z _E) M1
32sin® @ = 2sin56 —10sin 30 + 20sin & Al
Uses double angle formulae etc to obtain sin36 = 3sin & —4sin’ @ and then use it M1
in their expansion
sin50 =16sin° 6 —20sin® 6 +5sin @ * Al*  (5)
(b) Let x=sing 16x5—20x3+5x=—é = sin50=... M1A1
=0= %sinl(i%] =38.306 (or —2.307,69.692.110.306, 141.693,182.306) dM1
(or in radians —0.0402...0.6685..., 1.216...,1.925...,2.473...)
Two of (awrt) x =sind=-0.963, —0.555, —0.040, 0.620, 0.938 Al
All of (awrt) x=sind=-0.963, —0.555, —0.040, 0.620, 0.938 Al (5)
L . . 1, . . .
n 5, 3 _|[a2 _ —
©) IO (4sin® 0-5sin° 0 65m0)d0—[J'0 4(sm59 5sind) 65m9]d0 M1
z b
= 1(—1c0559+50056?j+6c050 :[—icos&%@cosﬁ}4 Al
4( 5 0 20 4 0
1 —lcoss—”+50055—(—l+5j +6c0s”—6
4] 5 4 4 5 4
111 1 5 4 6
=—|=Xs—+=-4=-|+—=-6 dm1
4502 02 5] 2
_732 36 Al @)
20 5
[14]

Notes
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< QUESTION

(@)
B1

M1

Al
M1

Al*

(b)

M1
Al
dM1

Al
Al
()
M1
Al

dm1
Al

Applies de Moivre correctly. Need not see full statement, but must be correctly applied.

Use binomial theorem to expand (COSH+ isin 9)5 May only show imaginary parts - ignore errors in
real parts. Binomial coefficients must be evaluated.

Simplify coefficients to obtain a simplified result with all imaginary terms correct

Equate imaginary parts and obtain an expression for sin5@ in terms of powers of sin@ No cosé
now

Correct given result obtained from fully correct working with at least one intermediate line wit the
(1—sin® @) expanded. Must see both sides of answer (may be split across lines). A0 if equating of
imaginary terms is not clearly implied.

Note Answers only with no working score no marks as the “hence” has not been used. But if the first
M1AL1 gained then dM1 may be implied by a correct answer.

Use substitution x =sin @ and attempts to use the result from (a) to obtain a value for sin56
Correct value for sin56

. 1
Proceeds to apply arcsin and divide by 5 to obtain at least one value for 6. Note for sin5¢ = S the

values you may see are the negatives of the true answers.

FYl: (50 =-11.53...,191.53..., 348.46..., 551.53..., 708.46..., 911.53...) (Or in radians —0.201...
3.3428...,6.0819..., 9.6260..., 12.365..., 15.909...)

Proceeds to take sin and achieve at least 2 different correct values for x or sin@

For all 5 values of x or sin@ awrt 3 d.p. (allow 0.62 and — 0.04)

Use previous work to change the integrand into a function that can be integrated
Correct result after integrating. Any limits shown can be ignored

Substitute given limits, subtracts and uses exact numerical values for trig functions
Final answer correct (oe provided in the given form)
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< QUESTION

QNuestion Scheme Marks
umber
8(a) z" =e" =cosnf+isinnd
Ln =e " =cos(—nf)+isin(—nb) = cos nd —isin nf
z
z"+in=cosnt9+isinn6’+cosnlﬁ’—isinn@=2005nn9>'< MIlAlcso (2)
z
6
(z+l) :zf’+625><l+6;52“><L2+6X5'X4z3><i3
(b) z z ! z 3! z MIA]
6x5x4%x3 , 1 6x5x4x3x2 1 1
e —
4! z 5! z2 oz
(2cos6’)6=z6+6z“+15z2+20+15><iz+6><L4+i6
z z z
6 6, 1 s, 1 2, 1
64cos’@=z"+—+6| z" +— |+15| z" +— |+20 M1
z z z
64c0s® 0 =2cos60+6x2cos46+15%2cos26+20 M1
cos60=%(cos60+6cos46’+1500529+10) * ALk (5)
() cos 66 +6cos40+15c0s260+10=10
32cos°0=10 MI1Al
cos0=i§/E
16
0 =0.6027..., 2.5388... 0 =0.603, 2.54 MIA1 4)
(d) F(32cosﬁ 6 —4cos’ 0)d0
0
=J‘f(cos69+6cos4t9+1500526’+10—4cos2 9)d6’
=If(cos6t9+6cos40+1500s2¢9+10—2—200820)d0 Ml
—| Lin6o+3sina0+2sin20+80 | MIA1
6 2 2 \
3( B) 13 V3 8z
=(0)+=| — |[+—x—+— (-0
( ) 2( ZJ 2 2 3 ( ) Ml
=£+8—ﬂ oe Al 5
2 3
[16]
‘\’/‘



MARK SCHEME - IAL FP2 (WFMO02) - January 2021 - Q8 FP2.3a De Moivre's theorem & roots of unity < QUESTION

Question
Number

(@
. 1

M1 Attempt to obtain z" +—
z

Scheme Marks

Alcso | Reach the given result with clear working and no errors Must see cos(—n6)+isin(-n6)

changed to cosnf—isinnf (ie both included)

(b)
The first 3 marks apply to the binomial expansion only

6
M1 Apply the binomial expansion to (z +—j Coefficients must be numerical (ie "C; is not
z

acceptable). The expansion must have 7 terms with at least 4 correct

Al Correct expansion, terms need not be simplified
M1 Simplify the coefficients and pair the appropriate terms on RHS (At least 2 pairs must be
correct)

M1 Use the result from (a) throughout. Must include 2° or 64 now
Al * Obtain the given result with no errors in the working

(©)
M1 Use the result from (b) to simplify the given equation

Al Reach 32cos® =10 oe

M1 Solve to obtain at least one correct value for 8, in radians and in the given range, 3 sf or
better
Al 2 correct values, and no extras, in radians and in the given range. Must be 3 sf here Ignore
extras outside the range
(d)
M1 Use the result in (b) to change cos® @ to a sum of multiple angles ready for integration and
use cos’ = i%(cos 260+1) on cos’ @ Limits not needed, ignore any shown
Integrate their expression to obtain an expression containing terms in
M1 sin 64,sin 46,sin 20 and € Limits not needed
Al Correct integration Limits not needed
dMmi1 Substitute limit pi/3. Depends second M mark
Al Correct, exact, answer (any equivalent to that shown). AwardM1A1 for a correct final answer

following fully correct working.

There are other ways to integrate the function in (d), eg parts on one or both of the powers of
. 1

cos@, using cos’ = (cos2 9)3 = g(l +cos 26’)3 =...

If in doubt about the marking of alternative methods which are not completely correct, send to

review
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< QUESTION

General Principles for Further Pure Mathematics Marking

(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:

1. Factorisation

(x* +bx+c) = (x+ p)(x +q), where|pg| =], leading to x=...

(ax’ +bx +c) = (mx + p)(nx +q), where|pq| =|c| and |mn| =|d| , leading to x=...
2. Formula

Attempt to use the correct formula (with values for a, b and c).

3. Completing the square
b 2
Solving x* +bx+c¢=0: (xiEJ +tg+c=0, ¢#0, leading to x=...

Method marks for differentiation and integration:

1. Differentiation
Power of at least one term decreased by 1.(x" —» x"™")

2. Integration
Power of at least one term increased by 1. (x" —» x™")




MARK SCHEME - IAL FP2 (WFM02) - June 2024 - Q1

FP2.3b Loci & transformations in the complex plane

Question Scheme Marks
Number
1(a) |z-3—4i|=|z+1+i| = |x+iy —3—4i| = |x+iy +1+]]
M1
(x—3)2+(y—4)2=(x+1)2+(y+l)2
x> —6X+9+y> -8y +16=x*+2x+1+y* +2y+1=ax+by+c=0 | dM1
8x+10y—-23=0 Al
(3)
(@) 3-14-1 4+1
ALT Mid-point | —,—— | and m=—— M1
P ( 22 ) 3+1
3 4
y—E:—g(x—l):ax+by+c:O dMm1
8x+10y —23=0 Al
(b) Im
\ Bl
Re
(6]
1)
Total 4
Notes:
(@

M1: Introduces z = x + iy (or with other variables) and attempts a correct modulus method —
the i's should be dealt with correctly but allow for e.g. minor slips in notation with them

before applying Pythagoras. Allow sign slips in the i coordinates, e.g.

(x—3)" +(y+4)" =(x+1)" +(y=1)" Must be + between the brackets.

dM1: Expands and attempts the required form.
Al: This equation or any integer multiple.

Alternative: via perpendicular bisector

M1: Uses the points (3, £4) and (-1, £1) to find the midpoint and gradient between them.
dM1: Correct attempt at the equation of the perpendicular bisector and rearranges to the
required form. Must be using negative reciprocal of the gradient between points (but

watch for those who go directly to this).
Al: This equation or any integer multiple.

(b) May be scored independently of (a) — using the perpendicular bisector.

B1: Shades the area above an appropriate line, must be in quadrants 1,2 and 4. Accept with
solid, dashed or dotted line. Allow for any line with negative gradient and positive y
intercept. Do not be concerned about labelling. Part (a) need not have been correct.

N
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< QUESTION

Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent
examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are
small errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from
correct working with values but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked
for, or working with surds is clearly required, marks will normally be lost if the candidate
resorts to using rounded decimals.

£
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< QUESTION

WFMO02 Further Pure Mathematics F2 Mark Scheme

%ﬁiﬁgﬁ Scheme Notes Marks
1 5 . 5 _ Correct value for . May be shown
z-32i=0=r=32=r=2 explicitly or used correctly. Bl
Applies a correct strategy for
establishing at least 2 values of 6. This
2 can be awarded if if the initial angle
50="vomr=0="11+22 ju ju Ml
2 105 — or — | is incorrect but otherwise
2 10
their strategy is correct.
i iz ior iz ilZz
z=2e",2e7,2e", 2", 2e At least 2 correct, follow through their » | Alft
or
7 2nm),
. 2e[ﬁ+?} n=01.23.4 All correct. Must have » =2 Al
@
Total 4




MARK SCHEME - IAL FP2 (WFMO02) - October 2021 - Q3 FP2.3b Loci & transformations in the complex plane < QUESTION
Question
Number Scheme Notes Marks
X x+3
2 ”
2—x X
Way 1 X x+3 X x+3 .
” = - » 0 Collects to one side Ml
2—x X 2—x X
X x+3 x*=(2-x)(x+3)
- ” 0 = ”
2-x  x x(2-x) Ml Al
M1: Attempt common denominator
Al: Correct fraction
x=0, 2 These critical values Bl
x*—(2-x)(x+3)=0 ,
Solves the 3TQ in the numerator M1
=2 +x-6=0=>x=...
3
x= E’ -2 These critical values Al
3
x, =2, 0<x, > x>2
Al: Any 2 of these with strict inequalities allowed AlA]
Al: All correct with inequalities as shown.
Ignore what they have between their inequalities
e.g. allow “or”, “and”, ““)” etc. but not N
3
Total 8
Alternative 1: xx” (2 — x)2
X’ (2 - x) w X (x + 3) (2 - )c)2 Multiplies by a positive expression Ml
3 2 Collects to one side Ml
i (2 x) x(x + 3) (2 x) » 0 Correct inequality Al
x=0, 2 These critical values Bl
2 p—
x(2 x) [x (x + 3) (2 x)} =0 Attempts to factorise by taking out a factor of
2 - (x + 3)(2 - x) =0 x(2 — x) and solves resulting 3TQ. May have | M1
) quartic and apply the factor theorem.
=S2X +x-6=0=>x=...
3
x==,-2 These critical values Al
3
x, =2, 0<x, > x>2
Al: Any 2 of these with strict inequalities allowed AlA1
Al: All correct with inequalities as shown.
Ignore what they have between their inequalities
e.g. allow “or”, “and”, ““,” etc. but not N
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FP2.3b Loci & transformations in the complex plane < QUESTION

Question Scheme Marks
Number
2(a) 50 . . 5n)' 20m . . 20m
COS—+isin— | =cos——+isin——  or/and
12 12 12 12
\ M1/Al
T .. T ..
(cos—— isin —j =c0s(—n)+isin(-m)
3 3
5t . . 5m
cos?+|sm? 5  (5n
Z, = =cos| ——(-x) |+isin| ——(-
(2 )cos(—n)+isin(—n) (3 ( ”)j (3 ( ”))
M1
50 . . Sm
Cos—+isin— 5 S
Alt: (z,=) =—C0s——isin—
-1 3 3
8n . . 8n 2n . . 2m
=C0S—+1iSiIn— =C0S—+1i Sin—
3 3
Al*
. . . 5z . 5
Alt: if denominator —1 used via e.g. COS ?—ﬂ' +1sIn 3
4)
(b) lz-2z|<1 0 < arg(z-z1) < %“
A circle in any position
. ; M1
(may just see the minor arc)
A pair of half-lines in correct
directions from their centre, one with
negative gradient and one parallel to M1
(but not) the x—axis.
If full lines are used the M marks can
be implied by their shading
Area shaded inside their circle between
~ — the two half Imgs from _from the M1
parallel one anticlockwise to the
negative gradient line.
Fully correct shaded sector. See notes. Al
(4)
© £ n
arctan ; =3 (or 60°) M1 Al
2
Total 10
Notes
@ _
M1: One correct use of de Moivre in polar (or exponential) form. Allow use of €'’ for cos@+isin @
throughout until the final A.
Al: Both correct (unsimplified) in polar form. Accept for both marks use of
T .. T ’ . . . . .. . .
(COS§ —1sin gj — COSzz —I1Sin 7z but denominator directly to cosz +1sinz with no evidence of
dealing with the negative between terms is A0.
M1: A correct method shown for the division of the two complex numbers. No need to simplify for this mark, a
difference of argument in the trig terms is fine. Look for the subtraction of the arguments. Sight of the ?ﬁ
can imply the mark if no incorrect work is seen. Note it is MO if the arguments are added (so

X2
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MARK SCHEME - IAL FP2 (WFMO02) - June 2023 - Q5 FP2.3b Loci & transformations in the complex plane < QUESTION

5z .. (57 . . . .
cos(? - 72') +1sin (? - n} is MO unless the denominator has clearly been written as cos z +isin

first.)
5z

. . L 57 ..
May write the denominator as —1 first, which is correct, score for —COS? —ISIn—.

3
Accept methods that convert both numbers into exact Cartesian form, apply a correct process to realise the
denominator and convert back to polar form.

Do not allow going straight to cos?7t +isin ?nfor this mark as it is a given answer. Justification is required
and an incorrect method is MO.

Alcso: Obtains cos%ﬂ +isin %n with suitable intermediate step shown and no errors in the work. Must have

scored the preceding 3 marks. This will usually be via COS%T +isin %ﬂ unless equivalent suitable

working has been shown to justify the correct modulus (e.g. proceeding via —1 in the denominator).

(b)

Do not be concerned about lines being dashed or dotted in this part. Accept either.

M1: A circle in any position. You may see just the minor arc of a circle, which is acceptable as long as
it is clearly an arc of a circle (e.g. implied by their shading) and not just a angle demarcation.

M1: Draws or indicates a pair of half-lines from their centre (which need not be in quadrant 2) with
one with negative gradient proceeding up and left and one parallel to the x—axis proceeding right
but not the x-axis itself. If full lines are used this can be implied by the shading of the correct
region between lines.

M1: Shades the area between their pair of rays (the second ray may have positive gradient for this
mark) and inside their circle, anticlockwise from the horizontal line. The half line need not stem
from the centre of the circle for this mark, and accept the x-axis as the horizontal line for this mark.

Al: Fully correct shaded sector. Must
® beinquadrants 1 and 2
® have approximately correct gradients for the half-lines (—1 and 0)
® have circle with centre in quadrant 2 and (if whole circle shown) passing roughly through the origin. If

only an arc is shown apply bod as long as the position is reasonable.
Ignore any centre coordinates and axes intersections of any major sector. If extra regions are shaded they
must make clear which their region R is in order to access the mark.

(©)

M1.: Identifies the correct point for their sector, which must be from a circle with centre in quadrant 1 or 2
(above the real axis) and ray parallel to the real axis, and attempts the relevant angle. Look for selecting the
point (c, d) at the “3 o’clock™ position having identified a suitable sector and proceeding to find a relevant

. . . c d
positive angle (e.g., allow if m—@ is found) (accept arctania or arctanJ_rE as an attempt at the angle).

Their point must be in quadrants 1 or 2. If no shading was shown in (b) allow for attempts at the relevant
point of horizontal ray and circle intersection. Could use other trig.
Al : Either correct value. Mark final answer.
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MARK SCHEME - IAL FP2 (WFMO02) - June 2023 - Q5 FP2.3b Loci & transformations in the complex plane < QUESTION

?\Ilfjerf]tg(e);] Scheme Marks
’ x+2 X
x+4  Kk(x-=1)
@) [x k(x+4) (x=1)? :»] K(x+4)(X—1)2(x+2) < X(x+4)2(x~1)
= K(X+4)(Xx=1)*(x+2) —x(x+4)*(x-1){< 0}
OR M1
XLZ_LK 0= K(x+2)(x=1) —x(x+4) <0
x+4  K(x-1) K(x+4)(x—-1)
(x+4)(x—1)[kx2+kx—2k—x2—4x]{< 0} dm1
(x+4)(x—1)[(k ~1)x*+(k —4)X—2k] < 0 (oe in corerct form) Alcso
®)
(b) k=3 = 2x*-x-6=0
[x+3)(x-2)=0] =x=—22 M1
4<xg -3 1<x< 2 il\lfllAl
4)
Total 7
Notes
(@)

ML1: Attempts to multiply both sides by e.g. K (X+ 4)2 (x-1)%or k* (x+ 4)2 (x—1)? and bring terms together

OR bring terms together and attempt a common denominator. There may be slips but the intention must be
clear - allow if e.g. one term is missing.

dM1: Factorises out (X +4)(x—1)and/or multiplies by (X+4)2 (x—1)* (which could be implied) and expands

remaining terms to get unsimplified 3 term quadratic (terms need not be collected but it must be equivalent
to px? + gx + r where at least one of p, g and r is a function of k and none are zero). Dependent on previous
M mark.

Alcso: Correct statement or p =k — 1, g = k—4, r = -2k with no algebraic errors (but condone e.g. recovery of
missing brackets if work is clear). It is AO if any incorrect statement is seen e.g., use of an incorrect
inequality sign. Accept with any positive multiples of the coefficients (including k or 1/k etc).

(b)

M1: Uses k = 3 in their quadratic from (a) (implied by 2 out of three terms correct) and solves to obtain a
value. Apply usual rules (may be by calculator - may need to check). If no working, obtains one consistent

solution which must be real. Alternatively restarts from x+2 < X

x+4 ~ 3(x-1)
obtain and solve a quadratic (see above). Marks for (a) cannot be scored in (b).

dM1: With critical values —4, 1 and two different real solutions from their quadratic (# —4 or 1), chooses the
region between the two smaller values and the region between the two larger values and no other region.
Could be non-strict inequalities. Dependent on previous M mark.

Al: Both regions correct but condone e.g incorrect strict non-strict inequalities.

Al: Both completely correct regions. Allow equivalent notations. Ignore any word between the regions but
withhold this last mark if N used with set notation.

and uses a valid method to

X2
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MARK SCHEME - IAL FP2 (WFMO02) - June 2023 - Q5 FP2.3b Loci & transformations in the complex plane < QUESTION

Question
Number Scheme Marks
4 d’y .d
8 Y 16y =48x*-34
dx dx
(@) (AE:) m?-8m+16=0
[= (m-4)* =0] M1
=>m=4
(CF: y=) (A+Bx)e" Al
(PI: y=) AX*+ux+v B1
y'=2AX+u y"=24
20 —-8(2A% + 1) +16(AX% + ux+v) = 48x* —34 M1
164x" = 48" (-164+161)x=0 24-8u+16v=-34
A=3 u=3 v=-1
y="(A+Bx)e™"+3x*+3x-1 Alft
(©)
(b) (0,4):>4=A—1 (A=5) M1
%:4(A+Bx)e4x+8e“+6x+3 M1
X
21=4A+B+3=B=-2 A=5
[y]=(5—2x)e™ +3x*+3x-1 MIAL
4)
© (x=—2=y=)9%°+5 M1 A1l
)
Total 11

Notes

(@)

M1: Forms the auxiliary equation (condone one slip/copying error) and solves 3TQ. Usual rules. One consistent
solution if no working (could be complex). Implied by a correct CF if no incorrect working shown.

Al: Correct complementary function y = ... not required. May only be seen in final answer.

B1: Correct form for particular integral y = ... not required.

M1: Correct method to obtain value for constants (or constant - but PI must be a quadratic - but could have 1 or
2 terms) - so differentiates twice (powers reduced) and substitutes, equates terms and solves equations.
Allow if there are minor slips in the process if the holistic approach is correct.

Alft: A correct general solution following through on their CF only - the PI must be correct. Must have “y ="

e.g.,not“GS="

(b)

M1: Uses (0, 4) in their answer to (a) and forms an equation in one or both of their constants.

M1: Differentiates their GS, which must contain a term " Bxekx ", to obtain an expression of the correct form for
their GS - product rule must be used, powers reduced, but may have errors in coefficients.

M1: Substitutes x =0, :_y = 21into their equation where their derivative is a changed function and finds values
for their B (and their A if not found already).

Al: Any correct equation Condone e.g., “PS=..."

(©)

M1: Substitutes x = —2 into their particular solution and obtains an expression of the right form or non-zero
values for p, q and r, which need not be integers for the M but should be gathered terms. Implied by a
correct answer as long as it fits their answer to (b) if no method shown.

Al: Correct expression or values
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MARK SCHEME - IAL FP2 (WFMO02) - June 2023 - Q5 FP2.3b Loci & transformations in the complex plane < QUESTION

Question
Number Scheme Marks
5(a) 7+1 3w+1
W=——>oWZ-3W=zZ+1l>wWz-z=3w+l=>z= M1 Al
z-3 w-1
u+1)+3iv (u-1)-iv
(Z=)( ) . MG —=... dm1
u-D+iv  (uU-D-iv
3u?—2u+3v: -1 —4y
X= 2 2 y: 2 2
(u-1)" +v (u-1)"+v ddm1
(y=4x=) —4v=12u°-8u+12v’ -4
:>3u2+3v2—2u+v—1:0* Alcso*
(5)
(b) , 2 L, 1 1 (1)21(1]211
U'—=U+v+=v—==0=2|U-= | —=+|V+= | ———==
3 3 3 3 9 6 36 3
1Y’ 1\ 17
=Slu—=| +|v+=| ==—
3 6 36
/17 17
=> centre: (l—lj {allowx:l,yz—l} radius: ,/— oOr £ B1B1
3 6 3 6 36 6
(2)
Total 7
Notes
(@)

M1: Completes an attempt to make z the subject.
Al: Correct expression.
dM1: Dependent on previous M mark. Replaces w with u + iv and indicates an appropriate attempt to rationalise
the denominator. Accept if x + iy is used instead for this mark.
ddM1: Dependent on both previous M marks. Equates real and imaginary parts to obtain expressions for x and y
in u and/or v only and uses y = 4x to form an equation in u and v only. Condone intermediate incorrect
statements that are recovered for this mark, e.g. condone, missing or incorrect (real) denominator or slips with
initial inclusion of i in the y if recovered. E.g. any of
2 2 H
x=3u"-2u+3v* -1, x= S —2u :‘BV _1, y= _4;” or similar may be recovered for the M’s
(u-1)"-v? (u-1)"+v?
Alcso*:obtains the equation (must be equal to 0) or states k = —1 following correct work. Do not allow recovery
from incorrect statements as shown above for the final mark - all may lead to the correct answer but are AO.
But if there are no incorrect statements e.g. cancelling of denominators may be implied for the A. Watch out

. 3w+l . .
for an incorrect z = —1 which also leads to a correct expression but loses both A marks.
-w
Note: Alternatively methods are possible. Two are shown on the next page, but are not exhaustive.
(b)
Allow both marks from cases where k = —1 is guessed or achieved from fortuitous work.
B1: Correct centre or radius. Accept unsimplified fractions for this mark.
B1: Correct centre and radius - fractions must be simplified.
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Question Scheme Marks
Number
2(a) 2
x%—y3=4 g—y+x3—¥—3y23—y=0
X 3 x2 x3 X M1AL
dy y° 4 dYy y 3y dy 4
Alt =—+— —2:——2
dx x x dx X X dx X2
2 3 2 2 2
:>d—+xdy d’y -6 (d_y] —3y2dy:0
dx® dx®  dx? dx dx®
d’y 2y* 3y’dy 3y*d 1 d d? 8 M1
Al = Y2 I IS Yy yj vy dy )8
dx X X° dx  x° dx X dx dx X
d’y dy 2\ d%
= X5 = ey[OI j +(3y _Z)W Al
(4)
(b) , 3(1) SR
dy 4+1 5 (d 2) 2 5
Xx=2,y=1=|— =——=—, | — =—=7 ~_-
dx ), 22 (dx* ), 2 2 ML
25) 5
. 6(1) = |+=
[d yJ B 4) 2 _,,
2| = =
dx® ) 2
-2y -2)
(y2)f(2)+(x-2)f(2)+ & . V(20 - Vin(2)
5 i M1
145 (xo2) 202 22
2 6
(y=)1+§(x—2)+§(x—2)2+E(x—2)3+... Al
2 4 3
@)
Total 7
Notes: Accept other derivative notations, e.g. y’, throughout.
(a)
. dy dy _d% 3 , dy . y? y? ky dy
M1 D D x—or ky? == Alternatively for — — + oe via
x T a0 7Y y x axz X dx(

quotient rule), or any correct attempt at implicit differentiation on the equation
(coefficient slips condoned).

Al:  Any fully correct second derivative expression. The two most common are shown in
the scheme.

dM1: Differentiates again using the product rule correctly at least once. Depends on the first

method mark. Again, look for correct forms, but allow if coefficients are incorrect.
d
There may be alternatives where they substitute for % before differentiating again.

The scheme follows the same principle. If unsure, use the Review system.

Al: Correct answer achieved from correct work. In the Alt they need to substitute the
second derivative expression before reaching the final answer.

(b)

M1:  Attempts to find values for the first 3 derivatives at x = 2. Working need not be seen,
in which case accept if all are attempted with at least y’ correct providing expressions
involving the other derivatives were actually found in part (a).

M1: Correct application of Taylor’s theorem with their values up to at least the (x—2)

term.
Al: Correct simplified expression. May be called y or f(x) or unlabelled for this part.
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FP2.3b Loci & transformations in the complex plane

(l)\luestlon Scheme Marks
umber
3(@) 1 __A B
(n+3)(n+5) (n+3) (n+5) M1
= A=..,,B=...
1 1 (08)
2(n+3) 2(n+5) Al
2
(0) N 1 1
(Ej Z(?s _r_+5j N
P M1
1yy1 1 1 1 1 1 1 1 1 1
=== +=—= +=—=+... + - + -
2)\4 6 5 7 6 8 n+2 n+4 n+3 n+5
(4, r 1 AL
2275 nsa n+s)
_(1) 9(n+4)(n+5)-20(n+5)-20(n+4)) ML
2 20(n+4)(n+5) o
n(9n+41)
= Al
40(n+4)(n+5)
(4)
(© 1 1 1 21(9%x21+41) 5(9x5+41
+ +..+ = (X )—(X+ ) M1
9x11 10x12 24 x 26 40x 25% 26 40x9x10
194
2925 Al
)
Total 8

Notes:

(a)

M1: Correct partial fraction attempt to obtain values for A and B. May be implied by
correct values.

Al: Correct expression as shown or any equivalent. May be ¥ in each numerator, or the
%2 may be factored out. The expression must be given in (a) not just embedded in the
summation in (b).

(b)

M1: Uses the method of differences to identify non-cancelling terms. Expect to see at
least first two pairs and last pair of terms listed, but this may be implied by the
correct first two or last two non-cancelling terms being stated with no cancelling
explicitly shown. Allow if the % is missing for this mark.

Al: Identifies the correct non-cancelling terms. Allow if the %2 is missing for this mark.

dM1: Puts over a common denominator k(n+4)(n+5), where k =1, and makes progress
towards the required form. The % may be missing for this mark. Allow slips in the
numerator coefficients but should have correct terms in n.

Al:  Achieves the correct answer.

(©)

21 k
M1: Attempts to use the formula from (b) with Z —Z where k =5 or 6.
r=1 r=1
Substitution into the formula must be seen at least once.
Al: Correct answer achieved (the M must have been scored). Must be simplified.
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General Principles for Further Pure Mathematics Marking

(But note that specific mark schemes may sometimes override these general
principles).

Method mark for solving 3 term quadratic:

1. Factorisation
(x> +bx+c) = (x+ p)x+q), Where|pq| =|c|, leading to x = ...

(ax” +bx+c) = (mx+ p)(nx +q), where|pq| =|c| and |mn|=|a| ,leading to x = ...

2. Formula
Attempt to use the correct formula (with values for a, b and c).

3. Completing the square

2
Solving x> +bx+c=0: (xi%) tg+c=0, ¢#0,leadingtox = ...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (x" — x"™)

2. Integration

Power of at least one term increased by 1. (x" — x"™")




< QUESTION

7(a) z=(0+)iy:w=(l+i)iy+2(l_i):_y+2+i(y_2):y_2+i(y_2) M1
y—i i(y-1) y-l
=u=v or Imw=Rew Al
)
(b) _(1+i)z+2(l—i)32_2(1—i)+iw_2—v+i(u—2) .
- z—i Cow-l-i u-l+i(v-1) M
2—v+i(u—2)xu—1—i(v—1)
u—1+i(v—1) u—l—i(v—l) ’
L @-Vu-D+ -2 -D+i(u-Du—2)-Q2-v)(v-1) M
Imz=0=wu-Du-2)-2-v)(v-1)=0
Su-)u-2)-2-v)(v-1)=0=>u"-3u+2+v* -3v+2=0 Al
:>(u—ij +(V—Ej =l M1
2 2 2
Centre is z+ii and radius is ﬂ AlAl
2 2 2
(6)
(8 marks)
Notes:
(a)

M1: Correct method to find the equation of the image line — e.g. substitutes in z =iy and rearranges to
Cartesian form. May use x +1iy and later set x = 0. Alternatively, may start as in (b) and then set
Cvu-D+u-2)v-)=0=2u—v—-uv-2+uv+2-2v—u =0 etc.

Another alternative is to find the image points of two points on the imaginary axis and to find the line from
these.

Al: For u=v oe equation. Accept Im w=Re w, or x =y if they have set w = x +iy.

(b)

Note: Accept work done in part (a) that is relevant to part (b) for credit if appropriate.

M1: Makes z the subject, substitutes w = u + iv into the equation.

M1: Multiplies the numerator by the complex conjugate of denominator and extracts the imaginary part and
sets it equal to zero to form an equation in # and v. Do not be concerned about the denominator.

A1l: Correct equation in # and v for the circle.

M1: Completes the square on their equation to extract centre and radius. Not dependent, so allow as long as a
suitable equation in # and v has been reached.

3.3. (3
Al: Correct centre or correct radius. Accept either E + El or (5,5) for the centre.
A1l: Correct centre and correct radius. As above. Accept equivalent forms (need not be simplified)

Allow the final two A marks if all that is wrong is an error in the denominator. (MIMOAOM1A1A1 is
possible.)




< QUESTION

-1

7(b) Real axisis z = x(+0i) , SO
Altl u+iv=(l+l)x+?(l_l)=(1+1)x+?(l_1)xx+T=
x—1 x—1 X+1 M1
A+i)x® +2x(1=i) + (= Dx+2(+1) ¥ +x+2+i(x* —x+2)
x> +1 x*+1
X+ x+2 x+1 X —x+2 x-1 2
== =l+5—v="7 =l-5—>utv=2+—
x +1 x +1 x +1 x +1 x +1 M1
+D)P+(x=1)>  2x7+2 2
:>(u—1)2+(v—1)2=(x ) (xz Lo 7= utv-2 A
(x2+1) (x2+1) x*+1
2 2
3 3 1
Slu-—=| +|v—=| == M1
2 2 2
.3 3. L
Centre is —+—1 and radius is —— AlAl
2 2 2
6
Notes
M1: Sets z = x in the equation (or uses x + iy and later sets y = 0) and multiplies by complex conjugate.
M1: Eliminates x from the equations (one suitable method is shown, others are possible).
A1l: Correct equation in # and v for the circle.
M1: Completes the square on their equation to extract centre and radius
3.3, (3
Al: Correct centre or correct radius. Accept either 5 + 51 or (E,Ej for the centre.
A1l: Correct centre and correct radius. As above.
7(b) Unlikely to be seen
Asiand —i are inverse points of the line, so their images are inverse points of the
Alt2 circle. M1
oo —is —i+1+2-2i 3+3i
’ -2i 2 2 M1
3 3. Al
Hence (as « is the other point) the centre is E + 51
M1
2-2i . 3 3. .
0— L2420 Soradius s E+El_2_21:m Al

\/5 Al

(b) Alt 3 M1: Attempt to find images of three different points on the real axis.

M1: Correct method to find centre from three points — e.g. intersection of two
perpendicular bisectors.

Al: Correct equation for the centre.

M1: Uses centre and one point to find radius.
Al: Correct centre

Al: Correct radius
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General Principles for Further Pure Mathematics Marking

(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:

1. Factorisation

(x? +bx +c) = (x+ p)(x +4), where|pg| =|c

, leading tox =...

(ax? +bx +¢) = (mx+ p)(nx+q), where|pg| =|c| and |mn| =|a

, leading tox =...

2. Formula
Attempt to use the correct formula (with values for g, band o).

3. Completing the square

2
Solvingx* +bx +¢c =0: [xigj tqxc=0, q#0,leadingto x=...

Method marks for differentiation and integration:

1. Differentiation
Power of at least one term decreased by 1. (x" — x"*)
2. Integration

Power of at least one term increased by 1. (x" — x")
Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent
examiners' reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are
small errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from
correct working with values but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked
for, or working with surds is clearly required, marks will normally be lost if the candidate
resorts to using rounded decimals.

N
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Question Scheme Marks
Number
1
@ 2n+1= A(n+1)"+Bn? = 2n+1= An® + 2An +1+ Bn?
1 1
A=1B=-1lor - B1 1
n> (n+1)>? @)
(0) Z 2r+1 Z ( 11 )
YA 2T 2
et r2(r+1)° &\ r? (r+1)°
M1
1 1
= 52 42 M S RS 2_(n+1)2
S 11 AL
~ r’(r+1)* 5 (n +1)2
n?+2n+1-25 n*+2n-24
= = M1Al 4
25(n+1)’ 25(n+1)’ @
[5]
Notes

(a)

B1 Both values correct with or without working seen, may be in the expression. Ignore incorrect
working.

(b)

M1 Show sufficient terms to demonstrate the cancelling. Require at least one cancelling term seen. Must
startatr =5 - MO if starting at e.g r = 1 unless there is a full process to complete the difference
method (same condition) and apply f(n) —f(4)

Al Extract the two correct terms, or in the Alt obtains a correct overall expression.

M1 Write the terms with a (non-zero) common denominator with at least numerator correct for their
terms. Not dependent - may be scored following MO if no cancelling terms were shown, but must
have had exactly two terms to combine from differences.

Al Correct answer in the required form or accept correct values stated following an unsimplified form.
(Allow as long as correct terms were extracted, even if no cancelling terms were shown.)

Note: this means MOAOMZ1A1 can be scored for answers which show only the last two lines of the
scheme with no cancelling process shown.
Note: if e.g. ris used in place of n allow full marks if recovered, but AQ if left in terms of r.
Alt®) | 2rel (L 1
for first Zﬁ=z — = 3
two — 1 (r+1) — 1 (r+2)
marks B i ) N ) . ) 1 L 1
12 2 2 2 2 (n+1)2 (n+1)2
2
= arel 1 2—(1_ij _ren 24 M1AL
e~ r°(r+1) (n+1) 25 (n+1)° 25
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Question Scheme Marks
Number

2(@ | Eg. (x+3)(x-5)=9=>x"-2x-24=0=>X=...
2
OR (X=5)(x+3) =9(x+3)=0 = (X+3)(x-6)(x+4)=0=>x=...
(x=5)(x+3)" ~9(x+3) =0 = (x+3)(x-6)(x+4) "
X+3)(x-5)-9
OR —( I ) <0=>x*=2x-24=0=x=...
X+3
CVs: 6, -4;-3 Al;B1
x<-4, —3<x<6 dM1A1A1
OR: X &(-3,6)(—o,—4) orany equivalent notation. (6)
(®) X <6, X=-3 orany equivalent notation. (ngtBl
[8]
Notes
(@)
M1 _ _ _ . , 9
For a correct algebraic method to find the intersection points of y =x—-5 and y =——. May set
these equal and form a quadratic and solve.
May multiply through by (x +3)2 and collect on one side or use any other valid method
(x+3)(x+2)-12
Eg work from 3 >0 Answers only from a calculator score M0. Must reach at
X+
least a quadratic or cubic before answers given. Do not be concerned with the equality or inequality
for this mark.
Al For 6, —4 obtained via a valid algebraic method.
B1 for the CV -3 seen anywhere
dMm1 Obtaining (any) inequalities using all of their critical values and no other numbers.
Al For at least one correct interval allowing for ... or ,, used instead of < and >
Alcso | Both correct ranges and no extras. Use of ... or ,, scores AO. May be written in set notation, and all
work should have been correct so penalise if incorrect inequalities method was used at the start.
Accept X <—4 and/or —3< X <6 with “and” or “or*
For candidates who draw a sketch graph and follow with the cvs without any algebra shown only the
B mark is available. Those who use some algebra after their graph may gain marks as earned
(possibly all)
(b)
B1ft . . . . ;
For the "x < 6” in some form with the possible exception of the CVs from (a). Allow X,, 6 if
already penalised in (a). It is essentially for realising all the extra (valid) values less than —3 are
solutions while retaining all their given solutions. If only the CVs themselves are excluded allow B1.
Follow through their answer to (a).
Bl Fully correct answer. May give as intervals x <—-3,-3<X<6

&
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< QUESTION

Question
Number

Scheme

Notes

Marks

6(2)

Im

A straight line anywhere that is not
vertical or horizontal which does not
pass through the origin. It may be
solid or dotted. Clear “V” shapes score
MO.

M1

A straight line in the correct position.
Must have a positive gradient and lie
in quadrants 1, 3 and 4. Ignore any
intercepts correct or incorrect. If there
are other lines that are clearly
“construction” lines e.g. a line from 2i
to 3 they can be ignored. The line may
be solid or dotted. However, if there
are clearly several lines then score A0.

Al

@)

Part (b)

The approaches below are the ones that have been seen most often.
Apply the mark scheme to the overall method the candidate has chosen.
There may be several attempts:

If none are crossed out, mark all attempts and score the best single complete attempt
If some attempts are crossed out, mark the uncrossed out work
If everything is crossed out, mark all the work and score the best single complete attempt

Note that the question does not specify the variables the candidates should work in so they may use:
eg.z=x+iyandw=u+ivorw=Xx+iyand z=u +ivor any other letters so please check the work

carefully.

Note that the M marks are all dependent on each other.

X2
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(b) Attempts to make z the subject.
Way 1 iz 2wi . i
y W= = 7= Must obtain the form —2" -,a,b,c | ML
z-2i w—i bw + ci
real and non-zero.

2(u+iv)i 2(x+iy)i

z:u or e.g. Z:M
u+iv—i X+iy—i

2(u+iv)i u—(v=1)i
_2u+v)i u-(v-D)i
u+(v-1)i u—(v-1)i
Introduces w=u+ivore.g. w=Xx+iy and attempts to multiply numerator and
denominator by the complex conjugate of the denominator. The above statement
would be sufficient e.g. no expansion is needed for this mark.

S 2w 2ute2v(y 21)I oreg 7= X L2 +2y(y-1).

u2+(v—1) u’+(v-1) x2+(y—1) x*+(y- 1)

or equivalent dM1

—2uv+2u(v—1)+(2u2+2v(v—1))i oreg —2xy+2x(y—1)+(2x2+2y(y—1))i Al
. z=
u? +(v-1)* X2 +(y-1)*
Correct expression for z in terms of their variables with real and imaginary parts
identified. May be embedded as above or stated explicitly.

|z-2i|=|z-3= y—l_g(x—g)(y—éx , 6X—4y = 5)

2 — —
2 +2v(v 1)_l 3[ 2u 3]

7=

u? +(v-1y’ 2 u+(v-1)> 2
Attempts the Cartesian equation of the locus of z and substitutes for x and y or
equivalent using their variables to obtain an equation in u and v (or their variables).
Condone slips with the locus of z but must be a linear equation in any form but with
a non-zero constant term.
or

|z-2i|=|z-3 = | —2u 2” +2v(v— 1 B :| —2u +2U2+2V(V—1)__
| +(v— 1) u? +(v-1)° | u? +(v—1)°

:{ -2u ]2+[2u2+2v(v—1)_2]2:[ _2u _3]2+[2u2+2v(v—1)]2
u? +(v-1)* u? +(v-1)* u? +(v-1)* u? +(v-1)*

Substitutes their z into the locus of z and applies Pythagoras correctly to obtain an
equation in u and v (or their variables). Note that here, further progress is unlikely.

1302 +13V% +120 —18v+5=0=> 12 +\2 4 2y — Oy 2 = 4
13 13 13 13
(8] ) -5
SlU+— | | V——| =—
13 13 13 dddM1
Attempts to complete the square on their equation in u and v where u? and v2 have
the same coefficient.

2 2
Award for e.g. u2+v2+au+ﬂv+...=(u+%j +(v+§j +o=

ddM1

&
RA
162



MARK SCHEME -

IAL FP2 (WFM02)

- January 2023 - Q6

FP2.3b Loci & transformations in the complex plane

< QUESTION

Attempts using the form u? +v? +2gu+2fv+c =0 send to review.
W—(—£+gij -z Correct equation in the required form | Al
13 13 ) 13 a q
Total 8
(b) Attempts to make z the subject.
Way2 W= Iz ,:z:zil_ Must obtain the form awl -, a,b,c | M1
z-2i w—i bw +ci
real and non-zero.
l2-2i[=[z-3 = ‘ﬂ—z ‘Z—W'_-s
Wi
|2wi—2wi —2| | 2wi —3w+3i| dM1
| Wi | | Wi |
Introduces z in terms of w into the given locus and attempts to combine terms
| =2 | _[2wi—3w+3i| . .
= = |-2|=|2wi—3w+3i
|W—I| | Wi | | | | | Al
Correct equation with fractions removed
N . - 2 2
|2(u+iv)i-3(u+iv)+3i|=2= (3u+2v)" +(3v-2u-3) = ddM1
Introduces e.g. w = u + iv and applies Pythagoras correctly
13u? +13v? +12u—18v+9:4:>u2+v2+£u—§v+3:i
13 13 13 13
6) 9y 4
SlU+— | +H|Vv——| =—
13 13 13
Attempts to complete the square on their equation in u and v where u? and v2 have | dddM1
the same coefficient.
a 2 ﬂ 2
Award fore.g. u?+v’+au+pBv+..= (u +Ej +(V+Ej +..=.
Attempts using the form u® +v? +2gu+2 fv+c =0 send to review.
W—(—£+iij -z Correct equation in the required form | Al
13 13 )| 13 q f
Total 8

N
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(b) Attempts to make z the subject.
Way 3 W=L_:>Z=2ll_ Must obtain the form awl -, a,b,c | M1
z-2i w—i bw+ ci
real and non-zero.
l2-2i[=[z-3 = ‘ﬂ-z ‘ﬂ-s
w—i
|2WI 2wi—2| _|2wi—3w+3i| dm1
T wn T wei |

Introduces z and attempts to combine terms
| -2 | |2wi—3w+3i]

= =|-2|=|2wi—3w+3i
|W—|| | w—i | | | | i | Al
Correct equation with fractions removed
. . . 3i . 6-9i
w(2i-3)+3i|=|(21-3)] w+ =121 -3|lw+——[=2
Attempts to isolate w and rationalise denominator of other term

6 9. 2

r‘ - __+_.j 2:‘W_(__+_.j:_

13

13 13 \/1_3 dddM1Al

M1: Completes the process by dividing by their |2i-3]
Al: Correct equation in the required form

| (6)
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Question Scheme Notes Marks
Number

2(a) dy
(X+2)&+y=3xz+6><:> M1: Reaches
d
dy, vy _3x(x+2) d—i+f(x)y:g(x) M1
- Al
dx )C(i+2 X+2 Al: Correct equation in required form.
WY gy Correct answer implies both marks.
dx x+2
)
(b) [ a0 Correct attempt at the IF for their f(x) — must
IF= {e x+2 } =" = x 42 attempt the integration but need not be fully | M1
simplified (may be implied by working)
"(x+2)"y = ["3"x"(x+2)"(dx) Applies their IF correctly with their kx M1
(x+ 2) y =X +3x2 (+c) Correct equation after integration condoning Al
omission of the constant
x=4, y=18=c=108—64—48 =4 Substitutes correct values to find a value for | ./
’ c in their integrated equation
_xX*+3x* -4 (x+2)(x+2)(x-1) | Al: Correct particular solution with g(x) in
T ox+2 X+2 any form. Condone missing “y =...” ﬁi
= y:(x+2)(x_1) or X°+Xx—2 Al:y or g(X) =(X+2)(X—1) or X>+x-2

(6)
Total 8

Note : The question can be completed via a complementary function and particular integral approach, as

below. If the CF is never considered a maximum of 011000 is possible.

(b) Alt

(x+2)d—y+y:0:>ly:—L
dx y dx X+2
=Iny=-In(x+2)+c
:Inyzlni: y:i
X+2 X+2

Considers the homogeneous equation and
makes progress integrating to an equation y
= ... with constant of integration.

M1

y:ax2+bx+czg—y:2ax+b
X

= (x+2)(2ax+b)+ax* +bx+c =3x" +6x
x*:3a=3 x:4a+2b=6 x":2b+c=0

=a=..b=..c=..

Tries the PI y=ax® +bx+c,

differentiates and substitutes
into equation to find a, b and ¢

M1

O

orrect particular integral

Al

y=x"+x-2
y:x2+x—2+i:>18:16+4—2+é
X+2 6
=A=..; A=0

Uses (4, 18) in their general
solution to find the constant ;
Correctly shows A=0

M1
Al

=y=(x+2)(x-1) or x*+x-2

Correct answer following attempt to
combine the CF and PI. Accept y or g(x) as
before.

Al

Additional Notes:
No need to see method for solving the cubic — if the correct answer follows directly from the unfactorized
cubic that is acceptable for the final A.

&
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Question Scheme Notes Marks
Number
3 y =arcsin 2x dy__ 2 :2(1_4)(2)*%
dx  \1-4x?
(a) dzy ) _3 2 3 d2
- - ; y
W——(l—4x ) 2(-8x) {=8x(1-4x)? Obtains correct form for o M1
d’y 3 -3 -3
P (SX)(——j(l—ztxz) 2(-8x)+8(1-4x) 2 _ _
dx 2 Uses product/quotient rule to obtain
3 1 3
8(1-4x")? +96x* (1-4x°)? correct form for d—z dM1
or
(1-4x)’
96x° +8(1-4%")  64x? +8
- 5 5 Correct answer in the correct form Al
(1-4x7)2 (1-4x7)2
®)
Allow full access to the remaining marks with an incorrect value of A
(b) y(0)=0, y'(0)=2, y"(0)=0, y"(0)=8 M1: Finds values for
" " 0), y'(0), y"(0) and y"(O
t(x)=F(0) s (0xs Dy 1O, 1 Y(0): ¥(0), y'(0) and y7(0) 1y,
2 3! and obtains a consistent Maclaurin Al
arcsin 2x) ~ 2x + 2 x° expansion
(= )= +§ Al: Correct expression
(03]
(c) 4 Attempts to find the expansion of e
e™ arcsin 2><=(1+SX+...)("2><+5X3+---"J=--- and multiplies by their expression for | M1
arcsin 2x
_[1+3x+(3x)2+___]("2x+4x3+___"]____ For a correct expansion of ¥ up to
— 2 3 the x* term multiplied by their Al
%465 4 9 +ﬂx3 . expression for arcsin with at least
3 one correct term obtained.
. 31 .
= e>arcsin 2x ~ 2x + 6x 3 x° Fully correct expression Al
(©)
Total 8

Additional Notes:

(@)

3
M1: Attains the form Kx(l—4x2)7, K =0 or equivalent form, e.g. by quotient rule 0

- Kx(l—4x2)%
1-4x?

dM1: Differentiates again, any correct unsimplified form is fine (chain rule must have been applied).
Al: Reaches the correct simplified answer.

Note: Full marks are available in (b) and (c) if an incorrect A was found in part (a).

(b)

M1: Attempts all the values for the derivatives and finds the Maclaurin expansion. If the formula is quoted
correctly allow any values appearing in the formula as their values if they are not separately stated. If no

formula is given and values not stated, the denominators in their expansion must be seen to imply a correct
attempt at the formula.
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Al: The arcsin2x need not be stated, the A can be awarded for a correct expression. May have come from an
incorrect A in (a).

(©
M1: Attempts the series for e** and multiplies by their answer to part (b) — an attempt at the multiplication
must be carried out but need not be complete or correct. Attempts via differentiation from scratch or

2 3
. . 3 X . . L
expanding the series for (ex) = (1+ X +—2 J =... will need to successfully obtain a correct unsimplified

series up to the x term, ie 1+3x+... oe.

. . 3x)’ . .
Al: Must have a correct expansion of e** up to the x* term (ie 1+3x+% ) and multiply by their
expression for arcsin 2x with at least one correct term obtained for the final series attained.

Al: Correct series.
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QNL:Jenitt;g? Scheme Notes Marks
4(a) 1 B1: Correct value for a Bl
a=8, b==, ¢c=-18 B1: Correct value for b B1
4 B1: Correct value for ¢ Bl
@)
(b) M1: A correct method for either
M1
|\N|min = \/82 + 72 |\N|max =4/ 82 +152 +8 |\N|min or |Vv|max
Al: W  =+113and W =25 | Al
V113 0 |w 025 Correct region Al
@)
(©) ) MZ1: Correct method for a relevant M1
argw,,,, =arctan —=0.335 angle. Al
23 Al: awrt 0.335 only
()
Total 8

Additional Notes:

(a)

B1B1B1: Values may be given on the diagram, but they must be clearly labelled/associated as the correct
values. Do not accept e.g. 8 marked as a radius on the diagram without being associated as a.

Accept if the values are embedded in the relevant formula as long as they do not subsequently state incorrect
values for the constants — if they state values explicitly these take precedence.

(b)

M1: For a correct method for either end of the region, they may show working on the diagram. Note for the
upper limit, they may find the equation of the line through O and the centre of the circle, find the
intersections of this line with the circle then attempt the distance for the furthest of these points from O.

Al: Both correct extreme values.

Al: Correct answer — must be the whole range, including |w|, not just state the maximum and minimum.

(c)

M1: For a correct method for either the angle directly or for another angle in a triangle on the diagram which
includes the required angle or its complement. May Implied by awrt 0.33 or 0.335 or 1.2 or (degrees) awrt
190r71

Al: Accept anything which rounds to 0.335 and no others.
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< QUESTION

i
gﬁfrslbl :rn Scheme Notes Marks
6(a) . . 2 2 2 2
2411313 2=7=5i [ = (x+1) + (y=13) =9{(x=7)" +(y-5)} i
Correct application of Pythagoras Accept 3 or 9 on RHS
= x4y’ —16x—8y+62=0 Correct equation in any form with terms Al
collected
Centre (8, 4) Correct centre. iincluded scores A0 Al
PP =64+16-62=.. Correct method for 7 or 72 Ml
r=+18 or 332 Correct radius. Must be exact. Al
()
(b) N 3w _ Converts the given locus to the correct
arg(z—8—61)——T:>y—6—x—8 Cartesian form Bl
=x*+)"-16x-8y+62=0
N (x _ 2)2 —1l6x —8(x _ 2) 462=0= y—. |Uses both Cgrtesian equations to obtain
an equation in one variable and attempts | M1
, or to solve
= (y+2) +y° -16x-8(y+2)+62=0=y=...
x=7-242 or y=5- 22 One correct “coordinate” Al
Ris 7-2v2 + (5 B 2‘/5)i Correct complex number or coordinates
or and no others. Al
x=7-22 andy=5—2\/§ Must be exact
(C))
Total 9




MARK SCHEME - IAL FP2 (WFMO02) - January 2024 - Q7

FP2.3b Loci & transformations in the complex plane < QUESTION

Question
Number

Scheme Notes

Marks

7(a)

Way 1

Attempts to make z the
=2iw-wz=z-3=>1z=.. subject and obtains any
f(w)

Z_
21—z

W=

M1

;32w o —3-2iw Any correct expression
w+1 -w-1 for z in terms of w

Al

_3+2iu—2vxu+1—iv
u+iv+l u+l-iv

Applies w = u + iv and a correct multiplier for their z seen or implied by a correct
result from their z. Denominator must have had a “w”. Note alternative route below.

M1

3+ 2iu72v>< u+l-iv_ (3-2v)(u+1)+2uv+2u(u+1)i—(3-2v)vi
u+iv+l  u+l-iv (U+1)? +v?
2u(u+)—-(B-2v)v _ (3-2v)(u+1)+2uv +3
(U+D)?*+Vv? (U+D)*+v?

Multiplies, extracts real and imaginary parts and uses them in the equation y = x + 3 (oe) to
produce an equation in u and v only — no “i”’s. Condone y = ...i if recovered. Can follow
slips with multiplier but denominator of z must have had a “w”

Note: Just2u(u+1)—(3—2v)v =(3—-2v)(u+1)+2uv+3is MO (lostdenominators)

X+1y

y=Xx+3 oe =

M1

Expands and simplifies to
20u(U+1)— (3—2v)V = (3—2v)(U +1) + 2uv+3(u+1)> + 3?| ODtain an equation of a
circle with 4 or 5 real
unlike terms.
All previous Ms required.

=S ul+7u+vi+v+6=0

dddm1

Alternative for the above 3 marks (note this could be done by equating expressions for y)
x+iy=w:>(x+i(x+3))(u+1+iv)=3+2ui—2v
u+iv+1
M1: Applies z = X +iy, usesy = x + 3 and cross multiplies

X(u+1)—v(x+3)+(x+3)(u+1)i+xvi=3-2v+2ui
= UX+X—-VX—-3v=3-2v, ux+X+3u+3+xv=2u
3+v -u-3
= X= , X=
u+l-v u+l+v
M1: Equates real and imaginary parts and makes x the subject twice

(B+V)(U+1+V) =—(u+3)(U+1-V) = 3u+3+3V+UV+V+V’ =—U? —u+Uv—3u—3+3V

= U +V +Tu+v+6=0
M1: Equates expressions for x to obtain a circle equation with 4 or 5 real unlike terms

2 2
= u+z + v+E :4—9+1—6:E:centre: —z,—l radius: @or E
2 2 4 4 2 2 2 2 2

M1: Extracts the centre and/or radius from their circle equation, however obtained, with 4
or 5 real unlike terms. Circle equation must not be in terms of z or w. They must get one
correct coordinate (but condone wrong sign) or the correct radius for their circle.

May use u® +V’ +2gu+2fv+c=0= centre:(-g,~ f ), radius=/g* + f* —c
Al: For a correct centre or radius from a correct circle equation
ALl: For correct centre and radius from a correct circle equation

. 7 1. ,
Centre as coordinates, x/u=..., y/v =... or as ————1i and allow(-%,—1i)
2 2

Allow exact equivalents for coordinates/radius

M1
Al
Al

(8)

N
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Question Scheme Notes Marks
Number

7(a) _ ] M1: Usesz=x + iy and
_2-3 _ x+iy-3 _ x-3+i(x+3) y =X + 3 in the given ML
Way 2 S 2i-z 2i-x—iy 2i—-x-—i (x+3) transformatior_l Al
[Note that it is possible to replace x with y — 3] Al Correct expression for
w in terms of x
x=3+i(x+3) _ . : Appliesw =u + iv and
—————— 2 =U+iV=> X=3+i(X+3)=—xu+V(X+1)—iu(x+1)—ivx
—x—i(x+1) - ()= vt -in(x) multiplies M1
X—=3=—UX+VX+V, X+3=-UX—-U-VX Equates real and imaginary
‘= 3+v e -3-u parts and makes x the M1
T1+u=v' " 1+u+v subject twice
Equates expressions for x
3+3U+3v+V+Uv+v? =-3-3u+3v—-u—u’+uv to obtain a circle equation
2 247 6-0 with 4 or 5 real unlike dddM1
SU+V +7U+V+6= terms.
All previous Ms required.
2 2
7 1 26 13
= u+z + v+1 49 1—6_§:>centre ——,—— |radius: \/—or —
2 2 4 4 2 20 2 2 2
M1: Applies a correct process to extract the centre and/or radius from a circle
equation, however obtained, with 4 or 5 real unlike terms. One correct coordinate
(but condone wrong sign) or radius correct for their circle. 'X'll
May use u?+v*+2gu+2fv+c=0=>centre:(—g,— f ), radius=4/g*+ f*—c Al
Al: For correct centre or radius from a correct circle equation
AL: For correct centre and radius from a correct circle equation
. 7 1.
Centre as coordinates, x/u=..., y/v =... or as _5_? and aIIow(—%,—%i) (8)
e.g., 3 points on line are (0,3), (1,4) and (2,5) _ A;ttemplts three b
Way 3 or 7, =3i, z, =1+4i, z, = 2+5i points/comp ex numbers M1
ony =x + 3 with 2 correct
We Z_—3 Sow, = 3i —_3 W, = —2+4_I W, = -1+ 5I_ Correct transformed AL
2i—z —i —1-2i —2-3i complex numbers
3i-3 i _—2+4i —l+2i —1+5i —2+3i
h = — Xz = N W3 N
—i i -1-2i —1+2| -2-3i —2+3| M1
At least two correct multipliers to remove “i” from denominator seen or implied (one if
(-1, 2) used). Requires 2 correct pomts/com lex numbers on line
8 Two correct complex
w, =—3-3i Wz=—g—gi W, =—1-i numbers in a + ib form or as M1
points
6g+6f-c=18 Uses a correct general
0. X2 +y2+20x+2fy+c=0=>2 g+ f_c=0| equation of a circle to form
g y +eg fy 59+5% three simultaneous equations. dddM1
2g+2f-c=0 All previous Ms required
7 1 7 1 2
=g=—, f==,c=6=centre (—g,— f): [—— ——) radius = g + f =— or \/7
2 2 2 2 M1
M1: Solves and obtains at least one correct coordinate (but condone Wrong sign) or Al
radius for their constants Al
Al: Correct centre or radius from correct work
Al: Correct centre and radius from correct work (8)
7
KA
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FP2.3b Loci & transformations in the complex plane

< QUESTION

Question Scheme Marks
8 . -i)(x-2 -2 -2).
@) Real line is y = 0, so have u+iv= (\/5 1)(x ): Pl )_(x )1 M1
x+2 x+2 x+2
A TR MIAT*
v -1 \/5
(®))
For any attempts at solutions which use image points under the
transformation T for parts (a) or (b) please send to review
V3—i)(z—2
@) W=(—)():wz+2w=\/§z—2\/§—iz+2i
Alt (i) z+2 M1
2(i —w —+3) —2(u+\/§)—2(v—1)iX(u—x/?)—(v+1)i
Z — —
i+w—+3 (u—+3)+ W+ 1) (u—+3)—(w+1i
_2@? =3 +2(w+ D(u+V3)i - 2i(wv —V3v —u++3) - 2(v* - 1)
(u—v3)’ + @+ 1)? M1
y=0=2w+1D(u+V3)-2(uw-V3v-u++v3)=0
2w +V3v +u++vV3) —2uv + 2vV3v + 2u —2V3 =0
1 Al*
>43v+4u=02v=——ux
V3
i V3—i)(z-2
Alt (i) w=%=}~ux+2u+ivx+2iv=\/§x—2\/§—ix+2i
M1
= ux +2u =V3x—2V3 and vx + 2v = —x + 2
_ —2u-2v3 _ —2v+2
=SXx=—"5 andx-—er1
M1
L T2u—2V3_ -2v+2
u—+3 v+l
= —2uv — 2u — 2V3v — 2v3 = —2uv + 2V3v + 2u — 2v3
Al*

_ — _ 1 %
4fB3v=—du=v= \Eu

N
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< QUESTION

Note: If a candidate finds an expression for z in (a) then this may be
used/seen in (b) and can score M1A1 in part (b) if used in (b)
(b) 3-i)(z-2)
w:&:w(z+2):(\/g—i)z—2(\/§—i):>z=...0rkz=... M1
z+2
Z=L(\/§_l)or z(w—\/§+i):—2w—2(\/§—i) Al
w—+3+1
lzl=2 = 2lu+iv—+/3 +i| =|-2u - 2iv - 243 +2i| M1
= 4(u=3) +40+1 = (2u+243) +(2v-2) i
= 47 —8Bu+12+ 47 +8v+4= 4" +8Bu+12+ 47 —8v+4
=16v=16\3u=v=Bu o.. Al
6
3-ij{z-2
w=w:>w(z+2)=(\/§—i)z—2(\/§—i):>z=...0rkz=... M1
z+2
2o 2200 i) = 2w (45 ) A1
(b) w—+/3+1
Alt (i
® lzZl=2=|w=V3+i|=|-w-V3+i M1
w— (Ol =1w-(.l
. lw—(3-0|=|w-(-V3+0)| MiA1
So perp bisector of (v3,—1) and (—v3,1) = v =V3u oe.
(© R={z€eClz|<2}n{zeCImz >0}
v=\/§u=xargw=arctan\/§=...(g) M1
IR tan— ;= ~ T or 2T M1A1
vV=——u=argw =arctan——;= —— or —
TR 3~ 6%
z=0w=i-3 soneed/?=5?” M1
Image region is {w € (C:g <argw < 5?11:} Al*
)
(13 marks)
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Notes:

(@)
M1: Realises real line is y = 0 and substitutes into the equation for w
M1: Equates real and imaginary parts and solves simultaneously to eliminate x or equivalent work

A1*: Correct work leading to the given equation, no errors seen. At least one intermediate step
required after identifying- which may be implied- the real and imaginary parts (« and v in terms of x)
Alt (i):

M1: Makes z the subject and multiplies by a valid conjugate. Accept any suitable attempt to make z
the subject

M1: Extracts the imaginary part and sets equal to 0 to achieve an unsimplified line equation in u and v
A1*: Achieves the correct line equation with no errors seen

Alt (ii)

M1: Replaces w = u + iv and z = x, then rearranges the given transformation and equates the real
and imaginary parts

M1: Finds two expressions for x and equates

A1*: Achieves the correct equation with no errors seen

(b)

M1: Rearranges the transformation to make z the subject, or at least as far as isolating all the z terms
together.

A1: Correct expression for z or with z isolated within the expression.

M1: Applies the circle equation and substitutes w = u + iv

M1: Expands the moduli and cancels the square terms to arrive at an equation for a line.

A1l: Correct equation (any equivalent form acceptable)

(b) Alt (i)

M1: Rearranges the transformation to make z the subject, or at least as far as isolating all the z terms
together.

Al: Correct expression for z or with z isolated within the expression.

M1: Processes to an expression of the form |z — a| = |z — b

M1: Recognises that the locus is a perpendicular bisector of (v3,-1) and (—3,1)

Al: Achieves the correct equation

(©

M1: Attempts the argument for the line from the image of the circle from their line equation from part
(b).

M1: Attempts the argument for the image of the real axis as given in (a)

A1l: Correct possible arguments for the image of real axis identified. Need not select at this stage, so

s T, .
accept if just s is given.

M1: Uses a point on the real line segment of the boundary, or in the region R or elsewhere to

4-33 3+4\3.
s + 5 1)to

determine which arguments are needed. May see image of i used (which is

identify the correct quadrant, which is fine.

Alt: Uses the condition that Im z > 0 in their imaginary part for z to show that v > — %u and |z| < 2

in their expression for z to show that v > /3u
A1: Correct answer obtained with full justification. Condone the omission of w € C etc

N
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< QUESTION

\K (—0.23923, 1.98564) /

=T1.73205, 1)

In (c) candidates are effectively finding which side of the lines found in (a), (b) the points inside the
semicircle with radius 2 and positive imaginary part, are mapped to under T.

The origin is mapped to point (—\/§, 1) which is (—1.73 ..., 1) shown above, which is on the half line

. 5
with argument ?n

1 which is (—0.239..,1.985..) shown

4-3VJ3 3+443
The point i which is (0, 1) is mapped to 5\/_ + 5\/_

above
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