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QUESTIONS

26 questions - 275 marks - 2 sub-topics

SUB-TOPIC FP2.4a

FIRST-ORDER DIFFERENTIAL EQUATIONS

Sub-topic FP2.4a - 13 questions - 125 marks - lowest tariff first
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1.
Y_ 3ytanx = sec’ x
dx
(a) Show that an integrating factor for this differential equation is given by
p(x) =cos’ x
2
. s
Given that y = 4 when x = 1
(b) determine the particular solution of the differential equation.
Give your answer in the form y = f(x).
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Question 1 continued

(Total for Question 1 is 6 marks)
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4. (a) Determine the general solution of the differential equation

d
Y _ 3ytan x = e* sec® x
dx

giving your answer in the form y = f(x)
6))
(b) Determine the particular solution for which y =4 at x=0
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Question 4 continued
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Question 4 continued
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(Total for Question 4 is 7 marks)
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6. Obtain the general solution of the equation
» dy ,
b dx + (xcotx + 2)xy =4sinx 0O0<x<n7w
X
Give your answer in the form y = f(x)
®
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Question 6 continued

(Total 8 marks) T
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7

2. (a) Show that the differential equation

dy P
x+2)— =3x"+6x— xX#-2
( )dx y
can be written in the form
dy
— +f(x)y=hx
& (x)y

where f is a function to be determined and £ is a constant to be found.

2
Given that y =18 at x =4
(b) use the answer to part (a) to determine, in simplest form, the particular solution of
the differential equation.
Give the answer in the form y = g(x)
(6)
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Question 2 continued
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Question 2 continued

(Total for Question 2 is 8 marks)
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o 1 . . .
4. (a) Show that the substitution y?= — transforms the differential equation
z
d—y+2y=3xy3 y#0 0))
dx
into the differential equation
E — 4z = —6x )
dx
3
(b) Obtain the general solution of differential equation (II).
)
(c) Hence obtain the general solution of differential equation (I), giving your answer in
the form y? = f(x)
@
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Question 4 continued
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Question 4 continued
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Question 4 continued
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4. (a) Determine the general solution of the differential equation
dy
+1)—= —xy=e* > -1
(x+1) FIE e X
giving your answer in the form y = f(x).

Q)

(b) Determine the particular solution of the differential equation for which y =5 when x=0

(2)
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Question 4 continued
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Question 4 continued
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7

1
3. (a) Show that the transformation y = — transforms the differential equation
z

2 dy 2
—+xy=2 1
X tw=2y @
into the differential equation
dz =z 2
———=—-— 1I
dx «x x? b
3)
(b) Solve differential equation (II) to determine z in terms of x.
“4)
(c) Hence determine the particular solution of differential equation (I) for which y = —%
at x=3
Give your answer in the form y = f(x).
(2)
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Question 3 continued
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(Total for Question 3 is 9 marks)
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4. (a) Show that the substitution y* =% transforms the differential equation

dy 3 S
—+y=X 1 &
w YT @ |
into the differential equation %%
dr
——2t=-2x 11
dx ( ) X
3
(b) Solve differential equation (II) and determine y* in terms of x.
(6)
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Question 4 continued

(Total for Question 4 is 9 marks)
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8. (a) Show that the substitution v = y2 transforms the differential equation
% + 6xy = 3xe" N x>0 )

into the differential equation

dv 2
— —12vx = —6xe” >0 1I
o VX X X (1)

©))
(b) Hence find the general solution of the differential equation (I), giving your answer in

the form y? = f(x).
(6)
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Question 8 continued
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Question 8 continued
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(Total 11 marks) |
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7. (a) Show that the substitution z =y transforms the differential equation

xd—y+y+4x2y3lnx=0 x>0 D
dx

into the differential equation 9
(;—di—gziixlnx x>0 (I1) §§§
X &
®)
(b) By solving differential equation (II), determine the general solution of differential %
equation (I), giving your answer in the form y” = f(x) 5

(6)
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Question 7 continued
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Question 7 continued
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Question 7 continued

(Total for Question 7 is 11 marks)
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1
6. (a) Show that the substitution z = 7 transforms the differential equation
dy 3 T
2a+(c0tx)y+(tanxsecx)y =0 0<x< 3 D
into the differential equation
E _ (cotn)z = t 0 i i
o (cotx)z = tanxsecx <x< 5 11
3
(b) Hence determine the general solution of differential equation (I), giving your answer
in the form )* = f(x)
6))
4-/3 T
Given that y* = —— when x = 3
. T
(c) determine the exact values of y when x = 3
3)
INZ)
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Question 6 continued
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 11 marks)
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e ™)
8. (a) For all the values of x where the identity is defined, prove that
cot2x + tanx = cosec 2x
3
(b) Show that the substitution y* = wsin2x, where w is a function of x, transforms the
differential equation
d_y+ * tan x = sin x 0<x<Z 1))
Yo 2
into the differential equation
dw T
—+2wcosec2x =secx 0<x<— (II)
dx 2
4
(c) By solving differential equation (II), determine a general solution of differential
equation (I) in the form y* = f(x), where f(x) is a function in terms of cos x
You may use without proof | cosec2xdx =%]n |tan x| (+constant)
(6)
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Question 8 continued
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Question 8 continued
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Question 8 continued
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(Total for Question 8 is 13 marks)
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8. (a) Show that the transformation v =y — 2x transforms the differential equation
d_y+2 x(y —4x) =2 — 8x° )
dx VX
into the differential equation
e
— =-2xv
dx )
(b) Solve the differential equation (II) to determine v as a function of x
C))
(c) Hence obtain the general solution of the differential equation (I).
a
(d) Sketch the solution curve that passes through the point (—1, —1).
On your sketch show clearly the equation of any horizontal or vertical asymptotes.
You do not need to find the coordinates of any intercepts with the coordinate axes
or the coordinates of any stationary points.
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Question 8 continued
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Question 8 continued
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Question 8 continued
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Question 8 continued
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SUB-TOPIC FP2.4b

SECOND-ORDER DIFFERENTIAL EQUATIONS

Sub-topic FP2.4b - 13 questions - 150 marks - lowest tariff first
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2. Determine the general solution of the differential equation
¢’y . dy
2—= —5—= -3y =2e*
dx? 7
(6)
. J
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Question 2 continued
Q2
(Total 6 marks) T
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8. (a) Given that # = In x, where x > 0, show that

&y _ oy &

dx’ e’ dr
3
(b) Hence show that the transformation ¢ = In x, where x > 0, transforms the
differential equation
&y 1t 4nx—2(Inx)
x5 2y=l+dlnx- (Inx) D
into the differential equation
d’y dy 2
———-2y=1+4t-2t I
a a7 @
1
(c) Solve differential equation (II) to determine y in terms of ¢.
)
(d) Hence determine the general solution of differential equation (I).
1
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Question 8 continued
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Question 8 continued
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Question 8 continued

(Total for Question 8 is 10 marks)
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4. Given that y = Axe™ is a particular integral of the differential equation

2
43}6—{—11%—@ = 78¢>

(a) determine the value of the constant 4

3
(b) Hence determine the general solution of the differential equation.

3
Given also that y = % and % =0 at x=0
(c) determine the particular solution of the differential equation.
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Question 4 continued
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 10 marks)
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7. (a) Show that the transformation x = ¢> transforms the differential equation
d?y dy
4x—— +2(1+2 — —15y=15 I
* dx? ( J;) dx 4 * @
into the differential equation
d’y dy
— +2—= —15y=15¢* 11
dr? de 4 (D
)
(b) Solve differential equation (II) to determine y in terms of 7.
6
(c) Hence determine the general solution of differential equation (I).
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Question 7 continued
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Question 7 continued
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Question 7 continued
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4. (a) Determine the general solution of the differential equation

2
d—J;—Sd—y+16y = 48x> — 34
dx dx
)
. dy
Given that y=4 and — =21 at x=0
dx
(b) determine the particular solution of the differential equation.
C))
(c) Hence find the value of y at x = -2, giving your answer in the form pe? + r where
P> q and r are integers to be determined.
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 11 marks)
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6. (a) Determine the general solution of the differential equation

2
4d—f 437, - e
dx dx
(6)
. dy

Given that y = 0 and ™ =0whenx=0

(b) determine the particular solution for this differential equation.
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 11 marks)
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6. (a) Determine the general solution of the differential equation
2
&y + 2d_y + 5y = 6cosx
dx? dx
Y
(b) Find the particular solution for which y =0 and j—y =0 at x=0
b
)
. J
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Question 6 continued
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Question 6 continued
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Question 6 continued

Q6

(Total 12 marks) |
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7

7. (a) Show that the transformation y =xv transforms the equation

5y 6dy 6
S e Y

& xdxe ¥
into the equation
d?v
3 @ +3v=x (H)
(6)
(b) Hence obtain the general solution of the differential equation (I), giving your answer

in the form y = f(x)

(6)
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Question 7 continued
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Question 7 continued
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(Total for Question 7 is 12 marks)

INZ]
80



ANSWER >

Leave
blank

6. (a) Find the general solution of the differential equation

2
CRRPL AP
dx dx
®
(b) Find the particular solution of this differential equation for which y =1 and
% =0 whenx =0
(6]
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Question 6 continued

INZ]
82



ANSWER >

Leave
blank

Question 6 continued
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Question 6 continued
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(Total 13 marks) |
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r

1

9. (a) Given that x = ¢?, determine, in terms of y and ¢,

S &
0 &
(i) %

1

(b) Hence show that the transformation x =¢>, where ¢ > 0, transforms the
differential equation

dzy 2 dy 3
X§—(6X +l)a+9xy=x5 (I)
into the differential equation

d’y . dy
— —12—+9y =¢ 1I
dr’ e (1)

(c) Solve differential equation (II) to determine a general solution for y in terms of .

(d) Hence determine the general solution of differential equation (I).
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Question 9 continued
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Question 9 continued
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(Total for Question 9 is 13 marks)
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B e ™)
7. (a) Show that the substitution x = €", where u is a function of x, transforms the
differential equation
2x2ﬁ+3xd—y—y=27x2 x>0 )
dx’ dx
into the differential equation
2ﬁ s Y gge (1)
du®  du 7
4
(b) By solving differential equation (II), determine the general solution of differential
equation (I).
Give the answer in the form y = f(x) where f is a fully simplified function.
“
Given that when x = 1 , V= n and Y
4 16 dx
. | S : 1
(c) determine the value of y when x = i giving the answer in the form a( p\/i + q)
where p and ¢ are integers.
)
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Question 7 continued
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Question 7 continued

(Total for Question 7 is 13 marks)
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8. (a) Show that the transformation x = ¢“ transforms the differential equation
2 d
x2%+3xd—§—8y=4lnx x>0 0
into the differential equation
&y dy
~5 T2 -8 =4
du? du M {0
(6)
(b) Determine the general solution of differential equation (II), expressing y as a function
of u.
Q)
(c) Hence obtain the general solution of differential equation (I).
@
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( )

6. The differential equation

2
Ex oI 3y —ge
dr

dr’ =0

describes the motion of a particle along the x-axis.

(a) Determine the general solution of this differential equation.
(6)
. . . . 1 dx 1
Given that the motion of the particle satisfies x = 5 and n =3 when =0
t

(b) determine the particular solution for the motion of the particle.

(C))

On the graph of the particular solution found in part (b), the first turning point for > 0
occurs at x = a.

(c) Determine, to 3 significant figures, the value of a.

[Solutions relying entirely on calculator technology are not acceptable.]

(C))

Q\?ﬂ
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Question 6 continued
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ANSWER >

7

Question 6 continued
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ANSWER >

Question 6 continued

(Total for Question 6 is 14 marks)
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MARK SCHEMES

official mark schemes, in the same order as the questions
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< QUESTION

1(a) %—3ytanx=sec2xwithy=4whenx=%

Mark parts (a) and (b) together

IF=exp[j—3tanxdx)=... M1

=exp(3Incosx) = cos’ x * Al*
2
Alt (a) i(ycos3 x)=d—ycos3x+y><3coszxx—sinx M1
dx dx
=cos’ x(% —3ytan x) hence integrating factor Al*
()
(b) = ycos’ x = '[secz xxcos’ x dx M1
= ycos’x=sinx (+c) o0.e.
OR
y = sinxsec3x + (csec3x) Al
OR
y = tanxsec?x + (csec3x) o.e.
. 2 2 M1
—4cos’ L=sinZ +em o=t y=tanxsec’ x+—sec’ x o.e.
4 4 2 2 Al
4)
(6 marks)
Notes:
(@)

M1: Attempts the integrating factor directly. Allow for an attempt at exp [ijk tan xj but no need

to evaluate the integral for this mark.

Must be shown, but could be implied by an integrated expression of the correct form e.g.
exp(—3Insecx) or exp(3In cos x).

If (secx) ™3 is all that is seen then accept for M1 only

A1*: Correct simplified integrating factor. Correct processing seen, so exp and In inverse applied
correctly, and correct integration of —3 tan x — —3Insecx or 3In cos x seen. No sight of exp
and In being correctly processed, or no evidence of correct integration is max M1A0




MARK SCHEME - IAL FP2 (WFMO02) - June 2022 - Q4 FP2.4a First-order differential equations < QUESTION
Question Scheme Marks
Number

2(@ | Eg. (x+3)(x-5)=9=>x"-2x-24=0=>X=...
2
OR (X=5)(x+3) —9(x+3)=0 = (x+3)(x—6)(x+4)=0=x=...
(x=5)(x+3)" ~9(x+3) =0 = (x+3)(x-6)(x+4) "
X+3)(x-5)-9
OR u<0:>x2—2x—24=03x=...
X+3
CVs: 6, -4;-3 Al;B1
x<-4, —3<x<6 dM1A1A1
OR: X &(-3,6)(—o,—4) orany equivalent notation. (6)
(0) X <6, X=-—3 orany equivalent notation. (ngtBl
[8]
Notes
(@)
M1 _ _ _ . , 9
For a correct algebraic method to find the intersection points of y =x—-5 and y =——. May set
these equal and form a quadratic and solve.
May multiply through by (x +3)2 and collect on one side or use any other valid method
(x+3)(x+2)-12
Eg work from 3 >0 Answers only from a calculator score M0. Must reach at
X+
least a quadratic or cubic before answers given. Do not be concerned with the equality or inequality
for this mark.
Al For 6, —4 obtained via a valid algebraic method.
B1 for the CV -3 seen anywhere
dMm1 Obtaining (any) inequalities using all of their critical values and no other numbers.
Al For at least one correct interval allowing for ... or ,, used instead of < and >
Alcso | Both correct ranges and no extras. Use of ... or ,, scores AO. May be written in set notation, and all
work should have been correct so penalise if incorrect inequalities method was used at the start.
Accept X <—4 and/or —3< X <6 with “and” or “or*
For candidates who draw a sketch graph and follow with the cvs without any algebra shown only the
B mark is available. Those who use some algebra after their graph may gain marks as earned
(possibly all)
(b)
B1ft . . . . .
For the "x < 6” in some form with the possible exception of the CVs from (a). Allow X,, 6 if
already penalised in (a). It is essentially for realising all the extra (valid) values less than —3 are
solutions while retaining all their given solutions. If only the CVs themselves are excluded allow B1.
Follow through their answer to (a).
Bl Fully correct answer. May give as intervals x <—-3,-3<X<6

&
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< QUESTION

MARK SCHEME - IAL FP2 (WFMO02) - June 2022 - Q4 FP2.4a First-order differential equations
Question Scheme Marks
Number

z
3 = -
Z+4i
. . 4iw
w(z+4i)=z= z(1-w)=4iw or z=1— oe M1A1
-W
4iw
|z|=3 ‘— =3 dmM1
l1-w
|4iw| = 3[1-w|
W=u+iv 16(u2+v2)=9((1—u)2+v2) ddM1A1

16u? +16v? :9(1—2u+u2 +v2)

Tu?+7v¥+18u-9=0

2
u+g RV dddm1
7 49
9 .12
Centre [—7,Oj Radius = AlAl (8)
Notes
(a)
M1 re-arrange to z = .... or an expression z(aw+ f) = yw+0J
Al correct result
dML | dep (on first M1) using |z| =3 with their previous result
ddM1 | dep (on both previous M marks) use W=u+iv (orw= Xx+iy or any other pair of letters) and
attempts the squares of the moduli. The i’s must be dealt with correctly, but allow e.g. 3* — 3
Al for a correct equation quadratic in u and v after squaring (including squaring coefficients).
dddM1 | dep (on all previous M marks) re-arrange to the completed square form of the equation of a circle
(same coeffs for the squared terms) or implied by a correct centre or radius following a correct
equation with terms gathered.
Al either correct and exact.
Al both correct and exact.

Note: Allow recovery for the last three A’s if all that is incorrect in is the wrong sign in their
. . —4iw
expression forz, ie z=——
1-w

If you see alternative methods, e.g. via Apollonian approaches or attempts to use z =x + iy in the
original equation, that you feel are worthy of credit please use Review to consult your team leader.

RA
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< QUESTION

Question

Number Scheme Marks
4 y—3ytanx:e4xsec3x
dx
(@ | e _gmnesx _gocty or cos®x M1A1
d .
cos® x Y —3ysinxcos’ x =e* cos® xsec® x
dx
d 3 4x 3 4x
&(ycos x) =€ = ycos x=_[e dx M1
3 1 4x
y cos X=Ze (+c) M1
_ 1 4x 3 _ 1 4x -3
y= Ze +C|sec’x or y= Ze +C|cOS”X  oe Al
®)
1
(b) y=4, x=0 4= Z+C
4
1 1
y==(e"+15)sec’x or =(e” +15)cos”x oe Al
4 4
(2)
[7]
Notes
(a)
M1 Attempt the integrating factor, including integration of (-3)tan x; Incos or Insec seen
Al Correct simplified integrating factor sec x or cos® x
M1 Multiply the equation by the integrating factor and integrate the LHS. Look for
y x their IF = I(e“x sec® x x their IF) dx (condone missing dx)
M1 Integrate RHS, constant not needed. Must be a function they can integrate and a valid attempt (e.g.
allowing coefficient slips).
Al Correct result in the demanded form, including y =.., constant included

(b)
M1 Use the given initial conditions to obtain a value for ¢
Al Fully correct final answer. Must include y = .. but allow Al if missing and penalised in (a). May be

in the form ycos® x=...or 4ycos’x=...




< QUESTION

Question Scheme Marks
Number
2 (a) 3r+l A B C
- = 4 4
r(r—l)(r+1) r r—-1 r+l
_ sl 12 b
r(r—l)(r+1) r r—1 r+l MIAL ()
®) 211
1 2 3 2 11
211 n-3 n-2 n-1
2 3 4 2 1 1
- M1
2 11 n-2 n-1 n
345 2 1 1T
2 11 n—-1 n n+l
4 5 6
1 2 1 1 1
=0——t————— — dM1A1
2 2 n n n+l
5.2 1 _sn(n+l)=4(n+1)=2n _5n’-n-4 M1, Al cso
2 n n+l 2n(n+1) T 2n(n+1) Q)
(c) 20 14
2%
_5x20°-20-4 5x14°-14-4 Ml
2x20x21 2x14x%15
13
=— Al 2
210 @)
9
(@)
M1 Correct method for obtaining the PFs
Al Correct PFs
(b)
Show sufficient terms at both ends (eg 3 at start and 2 at end) to demonstrate the
Mi cancelling. (This can be implied by correct work at the next line)
Must be using PFs of the correct form and start at » = 2 unless extra terms are ignored
1 1 1 1
at next stage. Can be split into —_— |+ _
£ P Z:(;’—1 r] Z:(r—l r+lJ
dM1 Extract the non-cancelled terms (min 4 correct terms but 5/2 counts as 3 correct)
Depends on first M of (b)
Al Correct terms extracted
M1 Write terms using the common denominator, numerator need not be simplified. Must
start with a min of 3 terms inc terms with denominators n and (n +1)
Alcso Correct answer from correct working
(©)
M1 Form and use the difference of the 2 summations shown using their result from (b) or
an earlier form seen in (b)
Al Correct exact answer, as shown or equivalent




MARK SCHEME - IAL FP2 (WFMO02) - October 2020 - Q6, Q8 FP2.4a First-order differential equations < QUESTION

?\luestion Scheme Marks
umber
3 y
NIls
vg This sketch on
N~~—1 .
its own scores
\> ( no marks, but
4 it may be seen
in the work
N
-8 -4 0 4 X
x*+3x+10 .
x+2
¥ +3x+10=14+5x—x’ Ml
X —x-2=0 (x—2)(x+1):0 dM1
CVs 2,-1 AlAl
—(x* +3x+10)
—==T7-x
x+2
—x* =3x-10=14+5x—x’ M1
8x=-24 CV -3 Al
x<-3 -l<x<2 dddM1A1Al
91
NB No algebra implies no marks
M1 Form a quadratic equation or inequality, no simplification needed
dMm1 Solve the 3TQ any valid method Depends on the first M mark.
Al Either CV
Al Both CVs
M1 Change the sign of LHS or RHS and obtain an equation (quadratic or linear, no
simplification needed)
Al Correct CV from solving the linear equation
dddM1 x < their smallest CV and x between their other 2 CVs All M marks above needed
Al Either inequality correct
Al Both inequalities correct
“and” between the inequalities is acceptable. If " used, deduct an A mark.

X2
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MARK SCHEME - IAL FP2 (WFMO02) - June 2025 - Q2 FP2.4a First-order differential equations < QUESTION

Question Scheme Notes Marks
Number
1(a) 10x 2
X—6 2x+12=10x=2x"-72 M1: Cross multiplies, forms 3TQ and M1
2y an_ o\ solves (usual rules)
X=X 36_0:(X+4)(X 9) =0 Al: Both correct values Al
=>Xx=-4,9
. @)
®)0) —4<x<6, X>9 . a<_x<6, X>Db B1ft
with theira<0and b >6
(b)(ii) 10x
—=—(2x+12)= From a correct equation, cross multiplies,
X-6 forms 3TQ and solves (usual rules) M1
x*+5x-36=0=>x=-9, 4
MZ1: Correct regions
X<a, f<X<y, X>0 fortheir values
X<-9 —d<x<4 Xx>9 with a<.ﬁ_<0<7/.<5.condoning any M1
non-strict inequality signs and X =6 Al
Al: Fully correct range of values in any
suitable notation
(4)
Total 6

Additional Notes

(a)*+(b) Answers only without an algebraic method will score MO, but the roots (product = =36, sum = £5)
are deducible from the simplified (leading coefficient 1) quadratic in this case, so accept correct answers (or
allow sign error) following the correct simplified quadratic to imply the M. If an error means a quadratic
does not have simple roots, a method must be shown to solve. However, allow answers following an
application of the formula even if the simplification would seem to warrant a calculator.

(a)

M1: Alternative to cross multiply is putting over a common denominator of X—6 and forming a quadratic in
the numerator, or multiplying through by (x—6)2, expanding, gathering and then factoring out the Xx—6 to

leave a quadratic. Method must be clear, solutions by calculator are not acceptable.

Al: Both correct values and no spurious extras.

(b) Note on the grids (b)(ii) will appear as MAA but is being marked as MMA

B1ft: Correct region following their values as long as they satisfy that one is less than 0 and the other greater
than 6 to match the given sketch. Accept set notation or interval notation. Accept with “and” or “or”
between but set notion must use union, not intersection.

M1: Must be attempting to solve the correct initial equation. Same notes as the M1 in part (a) apply.

M1: This mark is essentially for demonstrating they understand the shape of the region that is needed. They
may draw on the sketch to help. The solutions to their quadratics will have to fit the indicated pattern but if
the made sign errors such that they had —9 and 4 in (a) and —4 and 9 in (b) this mark is recoverable (they
will have lost the A in (a) and B1ft in (b) already).

Al: Correct answer, allowing the similar recovery as noted above. Allow if scored from calculator solutions
to the quadratic equation. (Same criteria.)

Note: Candidates can recover all the marks in (b)(ii) if they start again by squaring both sides, but algebra
would have to be complete and non-calculator method.

2
(2x+12)° >(£"6j = 4((x~6)(x+6))" >100x* = (x* ~36) —25x> > 0=> x* ~72x” +36? ~ 25x* > 0
X_

= x*—97x% + 42 x 9? >O:(xz—16)(x2—81)>0:Cst:i4,19:—9< X, —4<Xx<4,x>9

Answers are not likely to be this concise and will probably not succeed in reaching the answers via non-
calculator means.

X2
RA
110



< QUESTION

?\llfjerstbigp Scheme Marks
2
2
@ r+2 B r+3 :(r+2) —r(r+3) M1
r(r+1) (r+1)(r+2) r(r+1)(r+2)
_r2+4r+4—r2—3r_ r+4 * %
r(r+1)(r+2)  r(r+1)(r+2) AT Q)
r=1 34 ren1 ntl  n+2
®) Ix2 2x3 (n-D)n_ n(n+1)
P 4 5 ven n+2 n+3
2x3 3x4 n(n+1) (n+1)(nr2) | M
ro3 5 6
3x4 4x5
2 r+4 _3  n+3 Al
,:lr(r+1)(r+2) 2 (n+1)(n+2)
Z”: r+4 =3(n+1)(n+2)—2n—6= n(3n+7) dM1 Alcao
,:lr(r+1)(r+2) 2(n+1)(n+2) 2(n+1)(n+2) 4)
[6]
(a)
M1 Attempt a single fraction with the correct denominator (or 2 separate fractions with the

correct common denominator)
A1F | Correct result obtained with no errors in the working. Must include LHS as shown in

question or LHS = ...

(b)

M1 Show sufficient terms to demonstrate the cancelling, min 3 at start and 1 at end or 2 at start
and 2 at end.
Award by implication if the correct 2 remaining terms are seen

Al Extract the correct 2 remaining terms

dM1 | Attempt common denominator of the form £ (n+1)(n+2)
Alcao Correct result obtained. No need to show a, b and c explicitly.




< QUESTION

MARK SCHEME - IAL FP2 (WFMO02) - October 2021 - Q4 FP2.4a First-order differential equations
i
%lilenslé(é? Scheme Notes Marks
3 (2+i)z+4 (241 s1a
WeTT o TR (2+1)z+ Attempts to make z the subject M1
=>ZzZ=..
wi+4 .
= —2 Correct equation in any form Al
w—=2-1
(u + iv)i +4
zZ= f _ . . .
u+iv—2-i Introduces w (;g +1iv 'fmd mlll)ltlpﬁles i
C N (1) numerator and denominator by the
- (((u * 1v)1 + 4)§L(t 2 (V 1)1)) conjugate of the denominator
u—2+(v—1)i u—2—(v—1)i
Sets real part = 0 (with or without
denominator) Depends on both M marks | dM1
u(v—l)+(4—v)(u—2)=0 above
Any correct equation Al
_ Correct equation in the required form
3u+2v-8=0 (allow any integer multiple) Al
(6
Way 2 2+i)z+4 2+i)yi+4
w:—( ) ,z:yi:w:—( ‘)y'
z-1 -1 Solves simultaneously and multiplies M1
( 24+ i) yi+4d i numerator and denominator by i
= X -
yi—i i
2y y—4 L
u= 1 V= —1 Correct real and imaginary parts Al
Y- Y-
2y u ,
u= —1 =y= 5 Attempts y in terms of u or v M1
Y- u-
u
> -4 Obtains an equation connecting u and v M1
u f—
= =>Vv=
Y u— 2 u 1 .
) - Any correct equation Al
u —
_ Correct equation in the required form
3u+2v-8=0 (allow any integer multiple) Al
(]
Way 3 Apply the trangfonn.atlon to any point on the Eg (0’ 0) N (0’ 4) (0, 1) N (4, _2) Ml
imaginary axis
Apply the transfomatlpn toa gecond point on This is the second M mark on e-PEN Ml
the imaginary axis
Both transformations correct This is the first A mark on e-PEN Al
Complete method to obtain an equation for the Ml
line thro’ their 2 points in the w-plane
Correct equation in any form Al
_ Correct equation in the required form
3u+2v-8=0 (allow any integer multiple) Al
Total 6

R
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< QUESTION

Question
Number Scheme Notes Marks
4(a) p
(x+1)—y—xy=e3" x>-1
dx

Y v e C tl d ti Bl

dr (x+ 1) (x+ 1) orrectly rearranged equation
X g j[_HL]dX Correct strategy for the integrating factor |

I=¢ i xH including an attempt at the integration
= e‘“ln(”l) For —x + In(x + 1) Al
= (x + 1) e Correct integrating factor Al
) e ) Uses their integrating factor to reach the
y(x+1)e ='[x+1x(x+l)e dx form yI=IQldx M1
1
y (x + l) e = Eezx +c Correct equation (with or without + ¢) Al
y= i + ce’ Correct answer (allow equivalent forms). Al
2(x+1) (x+l) Must have y =...
()
(b) 1 9 . _ _
x=0,y=5=5=—+c=>c=— Substitutes x = 0 and y= 5 and attempts to Ml
2 2 find a value for c.
= e il C Must h: = Al
y 2(x+1) 2(x+1) ao (oe) Must have y =...
(©))
Total 9
A \’/ﬂ‘



MARK SCHEME - IAL FP2 (WFMO02) - January 2023 - Q3 FP2.4a First-order differential equations < QUESTION
Question
Number Scheme Notes Marks
3(a) 1
y=—-
z
d 1dz . -
X - — Correct differentiation Bl
dx z° dx
Xdz x_ 2 Substitutes into the given differential M1
22dx z - 72 equation
Achieves the printed answer with no
z z 2, errors. Allow this to be written down *
~S_f__Z . Lo Al
dx x X2 following a correct substitution i.e.
with no intermediate step.
Q)
(@ y=-=>z5=1= yd—+2—y=0 Correct differentiation B1
Way 2 z dx_dx
y .0z x_ 2 Substitutes into the given differential
—IX —t == . M1
7 dx z z equation
Achieves the printed answer with no
z z 2, errors. Allow this to be written down -
~S_f__Z . T Al
dx X X2 following a correct substitution i.e.
with no intermediate step.
(@) y‘lﬁz—ijﬁ‘—id—y C t differentiati B1
Way 3 , y T d Y orrect differentiation
1oy 12 Substitutes into differential equation
2 - 2 Ml
y dx xy X (m
Obtains differential equation (1) with
dy no errors. Allow this to be written
24y _9y2? *
X dx =2y down following a correct substitution Al
i.e. with no intermediate step.
(b) E
l=e L —e ™= 1 Correct integrating factor of 1 B1
X X
z 2 For Iz=— ﬂdx Condone the “dx”
7=—J.—3dx =]z ondone the M1
X X -
missing.
z 1 L .
e +C Correct equation including constant Al
1 - .
Z= ;+cx Correct equation in the required form | Al
(4)
© 1_ EJF oX = 8_ 1+3c —~c=-1 Reverses the substitution and uses the M1
y X 3 3 given conditions to find their constant

N
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< QUESTION

Correct equation for y in terms of x.
11 Allow any correct equivalents e.g.
Z=Z x> y= . 1 1 Al
y X 1-x Y=——ag—7 Y=
Xt —x 1
——X
X
)
Total 9

A
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MARK SCHEME - IAL FP2 (WFM02) - June 2024 - Q4

FP2.4a First-order differential equations

Question Scheme Marks
Number
1(a) |z-3—4i|=|z+1+i| = |x+iy —3—4i| = |x+iy +1+]]
M1
(x—3)2+(y—4)2=(x+1)2+(y+l)2
x> —6X+9+y> -8y +16=x*+2x+1+y* +2y+1=ax+by+c=0 | dM1
8x+10y—-23=0 Al
(3)
(@) 3-14-1 4+1
ALT Mid-point | —,—— | and m=—— M1
P ( 22 ) 3+1
3 4
y—E:—g(x—l):ax+by+c:O dMm1
8x+10y —23=0 Al
(b) Im
\ Bl
Re
(6]
1)
Total 4
Notes:
(@

M1: Introduces z = x + iy (or with other variables) and attempts a correct modulus method —
the i's should be dealt with correctly but allow for e.g. minor slips in notation with them

before applying Pythagoras. Allow sign slips in the i coordinates, e.g.

(x—3)" +(y+4)" =(x+1)" +(y=1)" Must be + between the brackets.

dM1: Expands and attempts the required form.
Al: This equation or any integer multiple.

Alternative: via perpendicular bisector

M1: Uses the points (3, £4) and (-1, £1) to find the midpoint and gradient between them.
dM1: Correct attempt at the equation of the perpendicular bisector and rearranges to the
required form. Must be using negative reciprocal of the gradient between points (but

watch for those who go directly to this).
Al: This equation or any integer multiple.

(b) May be scored independently of (a) — using the perpendicular bisector.

B1: Shades the area above an appropriate line, must be in quadrants 1,2 and 4. Accept with
solid, dashed or dotted line. Allow for any line with negative gradient and positive y
intercept. Do not be concerned about labelling. Part (a) need not have been correct.

N
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MARK SCHEME - IAL FP2 (WFMO02) - June 2024 - Q4 FP2.4a First-order differential equations < QUESTION

Question Scheme Marks
Number
2(a) 2
x%—y3=4 g—y+x3—¥—3y23—y=0
X 3 x2 x3 X M1AL
dy y° 4 dYy y 3y dy 4
Alt =—+— —2:——2
dx x x dx X X dx X2
2 3 2 2 2
:>d—+xdy d’y -6 (d_y] —3y2dy:0
dx® dx®  dx? dx dx®
d’y 2y* 3y’dy 3y*d 1 d d? 8 M1
Al = Y2 I IS Yy yj vy dy )8
dx X X° dx  x° dx X dx dx X
d’y dy 2\ d%
= X5 = ey[OI j +(3y _Z)W Al
(4)
(b) , 3(1) SR
dy 4+1 5 (d 2) 2 5
Xx=2,y=1=|— =——=—, | — =—=7 ~_-
dx ), 22 (dx* ), 2 2 ML
25) 5
. 6(1) = |+=
[d yJ B 4) 2 _,,
2| = =
dx® ) 2
-2y -2)
(y2)f(2)+(x-2)f(2)+ & . V(20 - Vin(2)
5 i M1
145 (xo2) 202 22
2 6
(y=)1+§(x—2)+§(x—2)2+E(x—2)3+... Al
2 4 3
@)
Total 7
Notes: Accept other derivative notations, e.g. y’, throughout.
(a)
. dy dy _d% 3 , dy . y? y? ky dy
M1 D D x—or ky? == Alternatively for — — + oe via
x T a0 7Y y x axz X dx(

quotient rule), or any correct attempt at implicit differentiation on the equation
(coefficient slips condoned).

Al:  Any fully correct second derivative expression. The two most common are shown in
the scheme.

dM1: Differentiates again using the product rule correctly at least once. Depends on the first

method mark. Again, look for correct forms, but allow if coefficients are incorrect.
d
There may be alternatives where they substitute for % before differentiating again.

The scheme follows the same principle. If unsure, use the Review system.

Al: Correct answer achieved from correct work. In the Alt they need to substitute the
second derivative expression before reaching the final answer.

(b)

M1:  Attempts to find values for the first 3 derivatives at x = 2. Working need not be seen,
in which case accept if all are attempted with at least y’ correct providing expressions
involving the other derivatives were actually found in part (a).

M1: Correct application of Taylor’s theorem with their values up to at least the (x—2)

term.
Al: Correct simplified expression. May be called y or f(x) or unlabelled for this part.
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< QUESTION

Question

Number Scheme Marks
8 y=yp2 d_ 2973 Bl
(a) y dy Y
3
_ b dv_ ydv MIAl
dx dv dx 2 dx
3
y v .3
—<——+6xy =3xe
2 dx 2% y
ldv_6xy _ _3xe”
2dx
dv
E—lva=—6xe * dMlAl* (5)
_L dy 1 2
ALT1 | y=v? —=——v Bl
dv 2
3
dy _dy dv_ 1 -dv MIAI
dx dv dx 2 dx
1 2dv - e
——v2—+6xv2=3xe"v? dM1
2 dx
_lﬂ+ 6xy = 3xe"2
dx
dv 2
a—lva=—6xe % Al* )
L dv _
ALT2 |v=y" —=-2y Bl
dy
dv dv dy s dy
B ) MI1ALl
dx dy dx dx
2y dy 12y~ x = —6xe dM1
dy 23 *
a+6xy=3xe y x>0 Al (5)
8(a) All Methods:
B1 Correct derivative
dy dv .
M1 Attempt o or o Using the chain rule
Al Correct derivative
dmi Substitute in equation (I) to obtain an equation in v and x only OR in equation (II) to obtain
an equation in x and y only (ALT 2)
A1¥ | Correct completion with no errors seen

20




< QUESTION

Question Scheme Marks
Number
8B | . eI e g MIAL
ve o = I —6xe" x (e’ﬁ"2 )dx = I —6xe " dx dM1
—6x7 _ 6 —5x%
ve ™ =—e™ (+c) Al
10
v(=y7)= Do peet ddM1
10
V= ! oe egy’ 10
6 et 6e" + ke Al (6)
[11]
(b)
M1 IF of form eI s and attempt the integration.
Al Correct IF
dM1 Multiply through by their IF and integrate the LHS. Depends on first M mark of (b)
Al Correct integration of the complete equation with or without constant
ddM1 | Include the constant and multiply through by e** Depends on both previous M marks of (b)
Al Any equivalent to that shown. (No need to change letter used for constant when rearranging)
1
21
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Question Scheme Marks
Number
6(a
@ y=secx:>%=secxtanx
X
e M1
ay_ (sec xtan x)tan x+sec x(sec2 x) (: sec x tan® x +sec® x)
dx’
d’y 2 3 3
— :secx(sec x—1)+sec X =25ec” X —SecX
dx
dy _ 6sec’ t t
= 5 = 0sec X (sec x tan x) —sec x tan x dM1
or
d’y 2 2 2
o =2sec xtan xsec” X +tan” xsec x tan X +3sec” xsec x tan X
3
(d—g =5sec® x tan x + sec x tan x(sec2 X —1) = 6sec’ xtan x —sec x tan x)
dx ddm1
dd Al
— 2 —secxtan x(6sec” x 1)
dx
(4)
® e %) -2 on(2) 3 1(2) 2 o 2) 2 o2 cra (2 euns |
3) 7 3) 3) 7 \3) T \3) T 3)
2 3
(. (X-3) L (x-a) o,
f(x)=f(a)+(x-a)f'(a)+ 5 f'(a)+ 3 f"(a)+..
: 33 5 dM1 Al
=2+23 x—£j+7[x—E + 3 X—Ej
3 3 3 3
(©)
(C) 2 3
seCY—nz =2+243 LIS P +% L M1
24 24 24 3 24
sec% ~1.636709263... ~1.637 Al
(&3]
Total 9
Notes
(@)
M1: Differentiates twice and obtains expression for second derivative allowing for sign errors only
dM1: Dependent on previous M mark. Differentiates again and obtains expression for third derivative
allowing for sign errors only (which could come from incorrect signs in trig identities)
ddM1: Dependent on both previous M marks. Obtains an answer of the correct form or values for p and g.
Allow slips from their third derivative but any trig identities used can only have errors in sign.
AL: Fully correct expression or values for p and g
Note: If they decide not to work in sec x and tan x the main scheme still applies — see Alt next page.
Allow “meet in the middle” approaches that determine the values of p and g
(b)
. . . . T J T ol T m| T
M1: Uses sec x and their three derivatives to attempt to find values for f (5) f (gj f [gj and f (5)
evidenced by values for each with at least 2 correct if no method seen. May be recovered by substitution of
values into formula if not all listed.
dM1: Dependent on previous M mark. Uses a correct Taylor series with all four of their values. Series must
be correct for their values but allow slips if a correct formula is quoted.

X2
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23
Al: Correct series with coefficients in a simplest form e.g., aIIow\/E for 2\/§ , ——= for§\/§ Condone

33
absence of sec x =... or y =... Must have had a correct third derivative in (a), though need not have been
simplified to the form required (and allow if there was a correct third derivative which was incorrectly
simplified if the correct answer is found).

(©
M1: Shows evidence of substitution of ;—Z into their series of the right form (powers of (X - g) ). Ifonlya

value is given score MO unless it is the correct 4 s.f. value for their series (1.636709263... allowing awrt
1.637 if (b) is correct). You may need to check the answer.
Al: 1.637 only (not awrt) from a correct series.

Note that sec;—z =1.642679632...

6(a) a1 dy 2, . sin x
=secXx = y=(cosx) = -2 =—(cosx) " (=sinx)=
Alt y y=(cosx) " = - =—(cosx)" (~sinx)=—F .
d?y  cos’ xcos x —2sin xcos x(—sin x)
dx? cos* x
2y, cos® Xx+2cos x(1—cos® x _cos? ) B
d ¥= 4( ):Zcosx 4cos X:Z(cosx) 3—(cosx) 1
dx cos” X cos” x dM1
3
d’y -4 . -2 .
:ﬁz—e(cosx) (—sinx)+(cosx) " (-sinx)
d’y 6sinx sinx  sinx 6 ddM1
—Z = - = —1|=secxtan x(6sec® x—1
dx® cos*x cos?x cos® x| cos?x ( ) Al
4)
Notes

Mark as per main scheme allowing sign slips only - forms correct at each stage.
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Question
Number Scheme Marks
7(a - 1
@ 2=y*= y=7'= y=12=
z B1
Z_z—Zy’3 or 1=—2y’33—y Zyd_y:—z’2 d_y:_iz‘%
y z dz dz 2
z 1 ,dz 1 -2dz
ﬂ=d—-ﬂ(oe):e.g.,ﬂ=——y3d—, dy__ 1,0 M1 Al
dx dx dz dx. 27 dx dx 2 dx
xg—y+ y+4x’y*Inx=0= eg,
X
dMm1
1 ,dz 203 1 2dz 2 3
—=Xy"—+y+4x°y’Inx=0 —Zxz 2 — 2 272 =
5 ydx y y 2xz dx+z +4x°2 2Inx=0
z 2
j———2—8X|nX=0 E—E—SXInX:O
X Xy dx X AL*
dz 2z
= ———=8xInx *
dx X
(©)
(b) -2(d
(IF=) el + M1
_ e—ZInx (: X—Z) Al
x’zz:jx’2 (8xIn x)[dx] M1
E.g. Parts:fx*1 In xdx: (u =lnx, u'=x v'=xtv=In x)
2 2
=1 =(Inx)" =kl =1 = p(Inx) M1
Or substitution: t =Inx, dt_ Xt =1= ka‘l Inx-xdt= kjtdt = pt’
dx
Jx’lln xdx:%(ln ><)2 [+c] Al
x2z=4(Inx)" +k = z2=4x*(Inx)" +kx’
, 1 Al
T o por 08
4%* (Inx)” +kx
(6)
Total 11
Notes
(a)
B1: Any correct equation following differentiation of the given substitution. Could be implied.
M1: Uses a correct chain rule to obtain an equation linking d_y or % and d_z [or %J
dx dy dx dz
Al: Any correct equation
Note that the first three marks could be scored by a first step of, e.g.:
8
%:—Zy‘sd—y or ZyQ:—z‘Z% or ﬂ:—lz . &2
dx dx dx dx dx 2 dx
dM1: Dependent on previous M mark. Substitutes theirg—y into differential equation (I). Need not replace
X
fully for this mark.

X2
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%‘:1?1%2? Scheme Notes Marks
2 d’y dy 2 -9
—4—=—-5y"=¢" "
& A
M1: Differentiates to obtain
&y d’y dy oo three correct terms
o de —IOyE— 2xe Al: Fully correct MIAl
differentiated equation

¥(3)=2,y'(3)=-1 Uses the given equation and
y”(3)_4(_1)_5><22 :1:>y”(3):17 their equation to obtain M1

"(3)-4(17)-10(2)(-1) =6 = y"(3) =54 values for y"”(3)and y"'(3)

(r=)y(3)+ 2 (3)(x-3)+ y”(3)(x73)2 . Y'”(3)(x73)3 _ | A correct unsimplified Taylor
- 2 wsqn 3! series for their y”'(3) and Ml
2 3
2—1(x—3)+—2 (x—3) +—3! (x—3) y”'(3)
VS Y . 2\ Correct simplified series.
(y _)2 (x 3)+ 2 (x 3) +9(x 3) “y =...” is not required Al
(6)
Total 5
Additional Notes

M1: Attempts to differentiate using the chain rule at least once — at least three terms correct, allowing for
slips in rearranging before differentiation.

Al: Any correct third derivative expression. They may have rearranged first.

M1: Finds the values of the second and third derivatives using the given equation and their third derivative
expression (which must have at least three terms). Condone one slip in substitutions as long as evidence of
the correct values used is seen. If substitution is not seen, correct values can imply the method.

M1: Applies the Taylor Series formula correctly with the given values of y and % and with their values for

the second and third derivatives — the first two terms must be correct. If the values of their second and third
derivatives are not explicitly stated but embedded in the series, it must be clear that a correct attempt at the
series has been used — the denominators 2 and 3! (or 6) must be seen — but their values need not be correct.
Condone a miscopy of one of their values if it is clearly a correct attempt to apply their value to the series.
A1l: Correct fully simplified series expansion. The y = is not required and condone if f(x) is used.

&
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FP2.4a First-order differential equations

Question
Number

Scheme

Notes

Marks

3(a)

//T\\\(Lm
N

Circle centred at origin with radius
of 1 correctly indicated in any way.
May use +ior %1 in appropriate
position on imaginary axis.

Bl

@

(b)

9iz—i

%
z+1

= wz+w=9iz—i:>z(w—9i)=—w—i

-w—1 w+i
—>Zz= =

w—9i 9i—w

M1: Makes z the subject
A1l: Correct expression oe

Ml Al

-w—i
lo1=

| 0= (1)

w—91

Uses |Z| =1and obtains
|iwizl| = |iwi 22|

Requires previous M mark.

dM1

u’ +(v—9)2 =u? +(v+1)2
—-18v+81=2v+1
20v =80
v=4

:>V:"4” or

Obtains v = k with & correct for
their
|w—pi| = |w—qi| oe
or substitutes u +1iv for w, applies
Pythagoras correctly and obtains a
value for v
Allow “y = ...” for this mark.
Condone v = 4i for this mark.

Requires both previous M marks.

ddM1

v =4 only

Correct equation

Al

3

Total 6

Alt 1:
using
points
on
=1

M1: Uses two correct values of z in
the formula to obtain two
expressions for w
A1l: Both expressions for w correct

M1 Al

Simplifies expressions to a + bi
form including correct method to
rationalise denominators.
Requires previous M mark.

dM1

:> V="4”

Obtains v = b with b correct for
their a + bi forms.
Allow “y = ...” for this mark.
Condone v = 4i for this mark.
Requires both previous M marks.

ddM1

v=4 only

Correct equation

Al

(6]

Alt 2:
using
u+iv

9iz -1

z+1
= Wz+w=9iz—i:>z(w—9i)=—w—i

M1: Makes z the subject
Al: Correct expression oe

M1 Al

RA
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< QUESTION

-w—1  w+i
=z= — = — oe
w-9 9i-w
—u—iv—i_u—(v=9)i
=z= X
u+iv-9 u —(v—9)i
. Replaces w with u + vi and
=+ D(v=9)— P .
=2 (v2+ ) 2 10ui rationalises the denominator and | dM1
w+(v-9) extracts real and imaginary parts
W+ +D)(v-9) 10u
=x=- 2 2 =7 2
u +(v-9) u +(v-9)
2w+ Dv=9)) +(10u)’
Y4y =1= (u (D )) 2( “) —1| Applies x* +y* =1 and simplifies
(”2 +(v—- 9)2) to identify a factor v—k =0 ddM1
SN (v—4)(u2 v —18v+ 81) ~0 Same conditions as main scheme.
v=4 only Correct equation Al
3
Alt 3: W_9i(x+iy)—ixx+l—iy_
using Cox+ip+l  x+l-ip M1: Replaces z by x + iy and
x+Hy B a 3 2\ rationalises the denominator. M1 Al
= Oy +h+Ox-Dy +((9x DG+D+9y )1 ATl: Correct expression oe
(x+1)°+3°
~10y+(9x" +8x~1+9" )i
14+ 2x+x" +y° Expands and applies x* +y° =1 to dM1
—10y+(8x—1+9)i —5y+4(x+1)i simplify to linear coefficients
T 1+2x+1 o x+l
_5 Simplifies to a constant imaginary
= —1+ 4 =>v=4 term and deduces the equation. ddM1
X+ Same conditions as main scheme.
v=4 only Correct equation Al
(6))
Additional Notes
(a)

B1: Draws the correct circle, allow tolerance with shape, look for the intent, and indicates the radius is 1.
Accept 1 on the imaginary axis or incorrect notation of coordinates as long as the radius of 1 is implied.
May be drawn as the radius. Accept =1 stated next to the diagram, but not x* + y* =1 without further
indication of the radius being 1.

(b)

Note for the main scheme ddM1 first deduction is from using the perpendicular bisector of 9i and —i.

Lo
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Question Scheme Notes Marks
Number
4 2
497 Y 3 ogser y=2 Y opatx=o0
dx 2 dx
(a) y=Axe™ = Cor.rect. first and second
, - P " . . derivatives (need not be Bl
y = Ae” +3Axe , Y = 34e™ +34e™ +9Axe Slmphﬁed)
M1: Substitutes their attempts at
the derivatives of form
4(62e” +94xe™ )~ 11(2e™ +34xe™ ) -3(Axe™ ) = 78¢™ | g’ + Bxe’ into the differential | M1
=131 =78 = 1=6 equation and solves for A Alcso
Al: Correct value from fully
correct
3
(b) 4n ~11m=3=0= (4m+1)(m—3)=0 B |
Forms auxiliary equation and M1
=m= _l’ 3 solves (usual rules)
4
_%x . For Ae™" + Be™" with their real Ml
CF: y=4Ae * +Be and different values of m
,%x e wew e Correct GS ft their non-zero A Alft
y=A4e* +Be” +"6"xe” including “y = ...”
3
(c) d 1L M1: Differentiates to obtain an
& o~ de ¥ +3Be + 667 +18xe™ or ft expression of the correct form | M1 Alft
dx 4 Al: Correct ft expression
x=0, y=2:>2=A+B
22 Substitutes the given values into
x=0, dy _ 0= 0= —lA 3B46 t'helr equations and solves M1
dx 4 simultaneously for 4 and B
=>A=.., B=..
13 Fully correct particular solution
y=6e 4 —=e" +6xe™ (including “y =...” unless this | Al
2 was penalised in part (b))
)
Total 10
Additional Notes

You may mark this question as a whole. Do not be concerned about part labelling as many will answer out
of order, e.g. finding CF before PI.

(a) Note: This appears on ePEN as MMA but we are marking it as BMA

B1: Correct first and second derivatives.

M1: Full process to find the constant. The derivatives need not have been correct for this mark but must

have form ae™ + Bxe™ (a, 8 #0), look for the correct process.

Alcso: Correct value from fully correct work. The xe’* must have cancelled in their equation giving only
A=6.

(b)

M1: Correct attempt to solve the auxiliary equation. If no method is shown the correct values can imply the
attempt.

M1: Correct CF for their values, which must be real and distinct.

ATl: Correct solution following through their value for 4. Must include the y =..
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()
ML1: Differentiates to correct form Pe * +Qe™ + Rxe™ +"6"e** (P,Q,R #0), condoning at most one slip

in powers. Must involve the product rule.

Alft: Correct expression following through on their value for “6”.

M1: For a full process to set up and solve simultaneous equations in 4 and B (or their variables) using the
given values. Do not be concerned about algebraic slips, as long as two equations are set up then allow for
any values following them.

ATl: Fully correct, but only penalise a missing y = ... in the first instance it would otherwise gain a mark.
Allow from solutions which gained A =6 in (a) even if from incorrect work.




< QUESTION

Question Scheme Notes Marks
Number
5(a) 2 A B C
) (r+2) s el a2
d (r * Any valid method to obtain at
2=A(r+ 1)(r +2)+Br(r+2)+Cr(r+1) least one constant with partial |\ |
—0: 2=24=A=1 fractions of the .corre.:ct form.
r=—1: )—_B—=B=2 Could be implied
r=-2: 2=2C=C=1
1 2 1 . .
i Correct partial fractions Al
r r+l r+2
2
(b) 1-%+ % +
B0 |
" Attempts at least three rows with
Z _ /¥ % + /¥ + their partial fractions of a correct Ml
P r r +1 r + 2) 4 form (see notes). Implied by
1 correct expression
j{ - }? +-+
A -tas
1 1 P 1 Al: Correct constant terms or
=1-1+—+ + algebraic terms extracted Al Al
2 n+l n+l n+2 Al: Fully correct expression
Combines terms of the form
11 1 (n+1)(n+2)-2(n+2)+2(n+1)
— —
2 n+l n+2 2(n+1)(n+2) p, 5> ad ———andno | Ml
others into a single fraction
*+3n+2-2n—-4+2n+2  n(n+3) o ) Al
2(n+1)(n+2) 2(n+1)(n+2) orrect expression
()
© Forms inequality or equation,
n(n+3) S 7 cross-multiplies or puts over M1
2(n+1)(n+2) 15 common denominator and
150° + 450 > 14n> + 4271+ 28 expands brackets
2
n+3n=28>0 Forms and solves 3TQ
(n+7)(n-4)>0 inequality or equation (usual | dM1
Sn=..orn>.. (n>4) rules)
n=>5 5 only Al
3
Total 10
Additional Note
(a)
M1: Must be correct partial fraction form with three fractions. Note that A + B isnota
r(r+1) (r+D)(r+2)
complete partial fraction form so is M0, but this form can be used to score full marks in part (b).
Al: Correct form.

Lo
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FP2.4a First-order differential equations < QUESTION
Question Scheme Notes Marks
Number
7(a) _ ] M1: Usesz=x + iy and
_2-3 _ x+iy-3 _ x-3+i(x+3) y =X + 3 in the given ML
Way 2 S 2i-z 2i-x—iy 2i —x—i(x+3) transformatior_l Al
[Note that it is possible to replace x with y — 3] Al Correct expression for
w in terms of x
x=3+i(x+3) _ . : Appliesw =u + iv and
—————— 2 =U+iV=> X=3+i(X+3)=—xu+V(X+1)—iu(x+1)—ivx
—X—i(x+1) - (x+3) FY(erD—iu(x+) multiplies M1
X—=3=—UX+VX+V, X+3=-UX—-U-VX Equates real and imaginary
‘= 3+v e -3-u parts and makes x the M1
T1+u=v' " 1+u+v subject twice
Equates expressions for x
3+3U+3v+V+Uv+v? =-3-3u+3v—-u—u’+uv to obtain a circle equation
2 247 6-0 with 4 or 5 real unlike dddM1
SU+V +7U+V+6= terms.
All previous Ms required.
2 2
7 1 26 13
= u+z + v+1 49 1—6_§:>centre ——,—— |radius: \/—or —
2 2 4 4 2 20 2 2 2
M1: Applies a correct process to extract the centre and/or radius from a circle
equation, however obtained, with 4 or 5 real unlike terms. One correct coordinate
(but condone wrong sign) or radius correct for their circle. 'X'll
May use u?+v*+2gu+2fv+c=0=>centre:(—g,— f ), radius=4/g*+ f*—c Al
AL: For correct centre or radius from a correct circle equation
AL: For correct centre and radius from a correct circle equation
. 7 1.
Centre as coordinates, x/u=..., y/v =... or as _5_? and aIIow(—%,—%i) (8)
e.g., 3 points on line are (0,3), (1,4) and (2,5) _ A;ttemplts three b
Way 3 or 7, =3i, z, =1+4i, z, = 2+5i points/complex numbers M1
ony = x + 3 with 2 correct
We Z_—3 Sow, = 3i —_3 W, = —2+4_I W, = -1+ 5I_ Correct transformed AL
2i—7z - —1-2i _2_3j complex numbers
3i-3 i _—2+4i —l+2i —1+5i —2+3i
h = — Xz = N W3 N
—i i -1-2i —1+2| -2-3i —2+3| M1
At least two correct multipliers to remove “i” from denominator seen or implied (one if
(-1, 2) used). Requires 2 correct pomts/com lex numbers on line
8 Two correct complex
w, =—3-3i Wz=—g—gi W, =—1-i numbers in a + ib form or as M1
points
6g+6f-c=18 Uses a correct general
0. X2 +y2+20x+2fy+c=0=>2 g+ f_c=0| equation of a circle to form
g y +eg fy 59+5% three simultaneous equations. dddM1
2g+2f-c=0 All previous Ms required
7 1 7 1 2
=g=—, f==,c=6=centre (—g,— f): [—— ——) radius = g + f =— or \/7
2 2 2 2 M1
M1: Solves and obtains at least one correct coordinate (but condone Wrong sign) or Al
radius for their constants Al
Al: Correct centre or radius from correct work
Al: Correct centre and radius from correct work (8)
7
A



< QUESTION

QN%?ztggp Scheme Notes Marks
7(b) M1: Any circle with the whole interior
(i) & (ii) indicated. Ignore any inconsistencies with

their stated centre, value for radius (which
may have been negative) or circle equation.
If shaded, consider the shaded area but if not
allow any credible indication such as an “R”

A inside the circle unless they have clearly M1
indicated a segment. (B1 on
Al: Correct circle drawn in the correct ePen)
position with whole interior shaded.

\J Entirely in quadrants 2 & 3 and centre if Al

v

marked in Q3 (if not marked then more than (B1on
half of the circle in Q3). Condone if it ePen)
appears that the area above the x-axis is
greater than the area below provided the
centre is indicated in Q3. Must be shaded
but does not require a label. Circumference
may be dotted/dashed line. Ignore incorrect
labelling of centre/axes/intersections but
requires full marks in (a).

)
Total 10
Question Scheme Notes Marks
Number
8(a) Allow “single fraction” to be implied by sum/difference of fractions with same
denominator or a product of fractions. No further fractions in numerator/denominator.

Lo
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FP2.4a First-order differential equations < QUESTION
cos2X | sinx
cot2x{+tan X} =— +— Uses cot 2x = 0982)( 9. f:032x M1
sin 2x COS X sin 2x 2sin Xcos X
COS 2X + 2sin? X Uses sufficient correct
T osinxcosx identities e.g.,
. ) . . €0s2X =1—2sin *x
1-2sin? x+2sin® x rcoszx—sm2x+25ln2x ) ) .
" 2sinxcosx 25sin Xcos x COS£X=C0S X_zsm X
2cos® x—1+2sin” X €os2x+1—-C0s2x C°§2)2(_2005 x-1
sin2x r sin2x 2sin “x=1-co0s 2x
COS 2X + tan Xsin 2x COS 2XC0S X +Sin xsin2x:cos(2x—x) Al
OR sin 2x to obtain a correct single (Mlon
sinx . . fraction with numerator in ePen)
cos2x+ X 2sinXcosx 1-2sin? x+2sin?x | terms of sin x and/or cos x or
= sin 2x =&0- sin 2x “cos2x+1-cos2x”. A
OR C082xc0sX +5sin xsin 2x qualifying fraction must be
Sin 2XCOS X seen before
1 1
3 H) fa2
COS X ; cos” x—sin X COS X+ 25in’ X COoS X 2sinxcosx Y sin2x
Sin2xcos x Sin 2xcos X Condone poor notation.
Fully correct proof with one of
1 the two intermediate fractions
= 24 or — 5 = cosec2x™* seen. All notation correct — no Al*
SINXCOSX — SInZX mixed or missing arguments or
e.g. sin x? for this mark.
3)
Alt 1—tan?x 1—tan? x
cot2x{+tan x} =7{+tan x} Uses cot2X = ——— M1
2tan x 2tan x
Uses correct identities e.g.,
5 5 sin x
1—tan® x+2tan’® x tan Xx=——oe
COS X
2'[2&” X to obtain a correct single
tan? x+1 (%) +1 cosx(sin2 X+ C0s? x) fraction in sin x and cos x but
. 2
: Sinx 2 i sec’ X . Al
2tanx 2 Sosx 200s” Xsinx allow following use of | (1 on
or tanzx+1{xcosx}:>sin2x+coszx ) X Lo tan? ePen)
- sec” x =1+tan’ x
2tanx cosx 2sinxcosx A qualifying fraction must be
sec? X COS X seen before
2tanx  2cos’ Xsin X 1 1
2sin xcos x sin 2x
Condone poor notation.
Fully correct proof with one of
1 the two intermediate fractions
7 or — 5 = Ccosec 2x* seen. All notation correct — no Al*
SINXCOSX— sinex mixed or missing arguments or
e.g. sin x? for this mark.
3)
uestion
?\lumber Scheme Notes Marks
8(b) M1
Examples:
P Al
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< QUESTION

y? =wsin2x = 2yd—y = d—Wsin 2X+ 2WC0S 2X

dx dx
1 1 1 1 1

1 1 1 1 1 1

or y=w2(sin2x)? = dy :lw2 (sin 2x) 2(20052x)+lw 2 d—W(sin 2x)2

dx 2 2 dx
dy
) b A
or w=—7 W 0_'X2
sin2x  dx sin“ 2x
or w = y*cosec2x = 2yg—ycose02x— 2y?cosec2x cot 2x
X

2ysin 2x y2.2C0s 2X

M1: Attempts the differentiation of the given substitution using the

. . . . w
product/quotient and chain rules and obtains an equation in g—yand (chx of the
X
correct form (sign/coefficient errors only and allow sign errors with
quotient/product rule).

This mark is not available for work in g—y or chW unless appropriate work follows to
w y

achieve an equation in j—iand i—\;vof the correct form.

Al: Correct differentiation

d .
Y%Jr y?tanx =sinx - e.g., ;[zwsin 2x+2wc032x]+wsin 2xtan x =sin x
X

A recognisable attempt to eliminate y from the original equation to obtain an

equation involving %'W and xonly . Not dependent.

M1

2sin x
sin 2x

= d—w + 2w(cot 2X+tan x) =
dx

dw
= ™ + 2WCOSEeC 2X =Sec X *
X

Fully correct work leading to the given equation with 2W(cot2x+tan x)or e.g.,

2wcot 2x +2wtan x clearly replaced by 2wcosec 2x but allow cot 2x written as
1 C0S 2X . sin x
- and/or tan x written as ——
tan2x  sin2x COS X
If the result in (a) is not clearly used there must be full equivalent work.
Allow use of “csc 2x”

Al*

(4)

Question
Number

Scheme Notes

Marks

RA
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8(c)

M1: ezjcoseczx(dx) condoning

dw 2[cosec2xd omission of one or both
d—+2wcose02x:secx:>IF:eI “* = tanx g
X

- 1 1 Al: tan x oe
In(cosec2x+cot 2x) - or ortan x ”
cosec2x+cot2x  cotx Allow ktanx e.g., e tan x

Not juste"®

ore

M1
Al

Correctly applies their
integrating factor to the
equation, i.e.,

= w"tanx" = j"tan X"'sec X {dx} = IFxw= j IF xsec x {dx}

Allow equivalents for sec x.
Condone “y” used for “w”
for this mark.

M1

Correct equation oe with or
without constant.

= wtanx = SECX(+C)

Al

Using IF = _t = RHS of Jdewhich is likely to need rewriting as_[tan xsec x dx

€0sec2x + cot 2x €0sec2x +cot 2x
Note that IBP on sec x tan x by writing it as sec® xsin X can lead tosin x tan x +cos x(+c)
Use Review for any attempts at integration you are unsure about.

2

e.g., y> =wsin2x and wtanx=secx+¢ = 'y2 tan x =secx+c
sin 2x

) sin 2x
=Sy =.. (secx+c)
tan x
Substitutes for w correctly and reaches y? = ...

Their y? = ... must be consistent with their equation in w and x that immediately
followed their integration.

This mark requires both previous M marks and an attempt at integration
that includes a “+ c”

A further example is:

csin2x
tan x

c .
W = COSEC X + —— => Yy = COSeC XSin 2X +
tan x

ddM1

{ ) Zsinxcoszx[ 1 J }
eg, YV="--—"""| ~— 4c|>
sinx Cos X

y® =200s X+ Acos® X
Any correct y? = ... equation with RHS fully in terms of cos x. E.g. accept

y? =2cosXx+2cc0s’ X Y’ =cosX(2+AC0SX) y? =2cos? X[1+Cj
COS X

Ignore any inconsistencies with the constant e.g., 2c later written as ¢

Al

(6)
Total 13
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8@ | dv_dy Bl
dx  dx

%+2yx(y—4x)=2—8x3 —>%+2+2(v+2x)x(v+2x—4x)=2—8x3

—)ﬂ+2+2x(v2—4x2)=2—8x3 M1
dx
S e Al*
dx
“
1d
(b) _2_‘)=_2x:>J‘v‘2 dv=—2jxdx Bl
V- dx
—1 2
=2 -2 (4¢) mi
-1 2
1,
=-—=x"+c Al
y
1
> V= 2 Al
X" +c
“
(©) y=2x+ 21 B1ft
X +c
@
(d) _1=2><—1+L:>c=... M1
l+c
1
y=2x+—2 Al
X

Attempts the sketch for their equation, with
at least one of
- One branch correct
. . . M1
- Vertical asymptote for their equation
- Long term behaviour tends to infinity
- Minimum in quadrant 1

Fully correct shape, two branches tending to
infinity as x tends to infinity both directions,

with minimum in first quadrant Al
No need for oblique asymptote marked.
y-axis a vertical asymptote labelled B1ft
()
(14 marks)
Notes:
(@)

Q‘\’/ﬂ'
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B1: Correct differentiation of the given transformation. Allow any correct connecting derivative, e.g.

d_y=1+2£ or ﬂ=1—2%
dv dv  dy dy
M1: For a complete substitution into the equation (/).

M1: Applies difference of squares, or completely expands brackets of the left hand side. Alternatively, may
rearrange and factorise to give 8x’y —2xy’ —8x’ = -2x ( y —dxy+ 4x2) =-2x(y—2x)* before

substituting.

Al1*: Reaches the given answer with no errors seen.
(b)

B1: Correct separation of the variables.

M1: Attempts the integration, usual rule, power increased by 1 on at least one term. No need for + ¢ for the
method.

Al: Correct integration including the + ¢

A1l: Correct expression for v.

(©)

B1: Follow through their answer to (b), so y =2x+ their v from (b)

(@)

M1: Uses the point (—1, —1) to find a value for the constant in their equation. Must have had a constant of

integration in their equation to score this mark.
1
Al: Correct equation for y following a correct general solution. Withhold this mark for y =2x+—+c¢
X

leading to the correct equation.
Note: the following three marks may be scored from a correct equation that arose from having no constant in

1
(b) or from y=2x +?+ ¢ (which gives the same equation).

M1: Attempts a sketch for their curve. See scheme. Look for at least one of the key features for their equation
shown.

A1l: Correct shape, two branches tending to infinity as x tends to infinity both directions with a minimum in
first quadrant. Not a follow through mark, so must be the correct curve.

B1ft: Correct vertical asymptote at x = 0. Need not be labelled if it is clearly the y-axis. Follow through their
equation as long as there is at least one vertical asymptote (ie for a negative ¢ they need a pair of asymptotes
symmetric about the y-axis).

Pearson Education Limited. Registered company number 872828
with its registered office at 80 Strand, London, WC2R ORL, United Kingdom
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General Principles for Further Pure Mathematics Marking

(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:

1. Factorisation

(x* +bx+c) = (x + p)(x+q), where|pg| =|c|, leading to x = ...

(ax® +bx +¢) = (mx+ p)(nx + q), where|pg| =|c| and |mn| =|a| , leading to x = .
2. Formula

Attempt to use the correct formula (with values for a, b and ¢).

3. Completing the square

2
Solving x*> +bx+c =0: (xi%] tg+tc=0, g#0,leadingto x=...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (x" — x" ')

2. Integration

Power of at least one term increased by 1. (x" — x"*")
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Number Scheme ek
8@) E.g.d—y:d—ydt 1y ort=Inx= x= e:>dX eIE or
dx dtdx xdt dy dy B1
dt  1dx
t=Inx=>—==— etc.
dy xdy
2 2
Eg d_y:—idy Ed_yﬂ or
dx® x> dt  x dt? dx
2 2
Ok _gdt_dy _ody 'y didy o dydig
dy dy dx dt dx dx dt dt® dx
Xd_y:d_y:>)(d y dy d? ydt etc
dx dt d " dx _ dt’ dx
2 2 2
E.g. (t—lnx:ﬂzizjd—g:—%d—y Ed—gﬂ e’z‘ﬂJre’th—z/
dx x dx X“dt  x dt® dx dt dt
2 2
Or(x:e :>— J e dt dy+e’td Zﬂz—e’z‘ﬂ+e’2‘d—¥
dx? dx dt dt® dx dt dt AL+
dzy dy d’ydt dy ldy 1d%
or Xx—=+—= —:>e - =<3
dx® dx dt? dx dx edt e dt
jdzy e[ Y _dy ),
dx® dt®  dt
®)
b 2
(b) X dg 2y =1+4Inx— 2(Inx) =e*xe™ d_z/_d_y —2y=1+4t—2t?
dx dt dt
&y d B1*
Y W oy 14at—o2*
dt? dt
1)
(©) m’-m-2=0=>m=2,-1 M1
y = Ae* +Be™ Al
2
y:at2+bt+c:>(;—¥:2at+b:d—¥:2a M1
= 2a—2at—b—2at®* —2bt —2c =1+ 4t - 2t°
2a=2=a=1
2a-2b—4—b=-3 dM1
2a—b-2c=1=c=2
y=Ae”" +Be '+t -3t +2 Al
®)
(d) y = A +Bx ' +(Inx)* =3Inx+2 Bift
1)
Total 10
Notes:
(@)

B1l:  Any correct equation linking gl and 3—{ (or their reciprocals).
X

M1: Differentiates again wrt x or t with attempts at both the product rule and chain rule to obtain an

2 2
equation involving d_Z’ and %. Allow slips as long as an attempt at both rules is made.
t

dx

Al*: Eliminates the x’s and % ’s from the equation and completes to obtain the printed answer with no
t

errors.

RA
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(b)
B1*:

(c)
M1:

Al:
M1:
dM1:

Al:

(d)
B1ft:

Note:

Shows a clear substitution into the equation and proceeds to the given answer with no incorrect
steps seen. Working may be minimal as long as there is at least one step before the given answer
that shows substitution has been made.

Forms and attempts (need not be a correct attempt) to solve m? —m—2 = 0and attempts to form
the appropriate complementary function for their roots. Allow if variables are incorrect for the
methods (ie x used instead of t).

Correct complementary function. The y =... may be missing. Must be in terms of't.

Starts with the correct form the particular integral and differentiates twice.

Substitutes into the correct differential equation and solves to find at least two of a and b and ¢ by
comparing coefficients. Do not be concerned about the method of solving, look for any attempt
reaching values for at least two of the constants.

Correct solution. Must starty = ... . Allow if stated in (d).

Correct equation with exponentials simplified to powers of x (follow through their answer to (c))
and isw if incorrect simplification takes place after a correct answer seen. Should starty = ...
accept if GS =, or similar, is used for both (c) and (d). Accept In?x for (In x)? but not In x2.

parts (c) and (d) may be merged, but to award the A mark for (d) a correct general solution must
be given. Allow the mark in (d) if seen in part (c).

N
RA
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June 2025

FP2.4b Second-order differential equations < QUESTION

WFMO02 Further Pure Mathematics F2

Mark Scheme

Question Scheme Notes Marks
Number
1(a) Correct
r= 4«/5 Accept i4\/§ or i\/ﬁ or B1
other processed equivalents.
Complete method to find an
246 V4 2 ;
6 = —r +arctan T =—7 3 = Y argument in the correct Ml
N2 quadrant for their »
_2x; Correct answer in the form
- - i= 3 . . Al
=22 (2\/3)1 e specified. Accept with V32
3)
(b) 2 =22 (246
| e Attempts De Moivre correctly with either
. ( 4 \/5)5 e%i all roots indicated or simpliﬁed r with one | M1
argument. See additional notes.
Three correct roots provided coefficients of
for @ are single fractions, allow for 0 <8 <27
-2 s 27 1 Al
V2e 5, \2e5, Ve, Allow (4x/§)5 oe for ~/2 and correct roots in
87. 147. .
5 51 trig form
V2e ’ V2e All five correct roots and no extra. Must have
1oz, 2 | Al
-7 <600 x. Allowe.g., J2e 5 for \2e
3)
Total 6
Additional Notes:
(a)

B1: Accept positive or negative root. Allow if seen in part (b).
M1: Requires a method to achieve an argument in the correct quadrant for their . Accept attempts at

arctan| —=

22

(must use 7 as the denominator). May be implied by sight of any of ——, —,

shown.

2 47r7_7r
36

242 . . .
ji 7T or arctan (%J + 7 for attempts where » > 0, or equivalent methods via arccos or arcsin

or —5?” if no method is

In cases where a negative 7 is given, accept attempts at just arctan (%J or arctan (&J provided they

do not subsequently adjust to a different quadrant.
Al: Correct answer in the form specified, with —z <8 < 7. Must be given in correct form, but accept

26

answer with negative r, i.e. —42¢ Accept with exact processed equivalents for 7.
Note: Correct answer with no working shown will score BIM1(implied)Al.

RA
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(b)

M1: Applies de Moivre correctly with their answer to (a) which could be in trig form, to reach either
simplified modulus with one correct argument for their (a), or multiple arguments with unsimplified
modulus.

Condone missing “i” for the M.
27,

Note: If +2k7 is not used or is used incorrectly this mean you can score M1AQAO for just J2e
Al: Accept for three correct distinct roots allowing arguments in the range —7 <@ <z or 0< @ <27z for
this mark. The modulus need not be simplified for this mark.
Al: All 5 correct roots in the form specified.

£
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i
gﬁfrslbl :rn Scheme Notes Marks
6(a) . . 2 2 2 2
2411313 2=7=5i [ = (x+1) + (y=13) =9{(x=7)" +(y-5)} i
Correct application of Pythagoras Accept 3 or 9 on RHS
= x4y’ —16x—8y+62=0 Correct equation in any form with terms Al
collected
Centre (8, 4) Correct centre. iincluded scores A0 Al
PP =64+16-62=.. Correct method for 7 or 72 Ml
r=+18 or 332 Correct radius. Must be exact. Al
()
(b) N 3w _ Converts the given locus to the correct
arg(z—8—61)——T:>y—6—x—8 Cartesian form Bl
=x*+)"-16x-8y+62=0
N (x _ 2)2 —1l6x —8(x _ 2) 462=0= y—. |Uses both Cgrtesian equations to obtain
an equation in one variable and attempts | M1
, or to solve
= (y+2) +y° -16x-8(y+2)+62=0=y=...
x=7-242 or y=5- 22 One correct “coordinate” Al
Ris 7-2v2 + (5 B 2‘/5)i Correct complex number or coordinates
or and no others. Al
x=7-22 andy=5—2\/§ Must be exact
(C))
Total 9
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Question
Number Scheme Marks
1@ 2 Ar=vr-2 M1
Jradr=2 Jr=Jr-2
2(Jfr =r=2
( ) =Jr=Jr=2 * Al*
r—(r-2)
)
(®) r=2: J2-J2-2 (:ﬁ—o) o r=n-2:Jyn-2-+n-4
r=3: V3-+3-2 (=+3-1) r=n-1: yn-1-vJn-3 M1
r=4: Ja-J4-2 (:2—\/5) r=n: \/ﬁ—\/n—z
° 2
———=[Yn+n-1-1 ALAL
; \/F+ \r-2
@)
(c) 50 )
— = |f(50)—f(3)=~/50 +/49 -1—(/3+2 -1 M1
; \/F+ Nr-2 ( ) ( ) ( )
(=5J§+7—1—J§—J§+1)=7+4J§—J§ Al
)
Total 7
Notes
(@)
. . . . . . . Jr=2-r
M1: Indicates intention to multiply either side by a correct fraction, may use ﬁ . The “2” may be
r—2-—Ar
missing. May work in reverse from right hand side to left, and this is fine.
Alternatively, may multiply the initial expression through by /r ++/r —2 and use a sequence of equivalences
(though accept with = or nothing between lines).
Al: Fully correct proof. A result from rationalisation that is not the given answer must be seen. If using a
sequences of equivalences there must be a minimal conclusion.
(b)
M1: Correct process of differences evidenced in their work, e.g. attempts any three of the 6 expression shown.
There should be enough evidence of at least one pair of cancelling terms. Ignore any attempts at any of r=0
or 1 if they start earlier than r = 2.
Al: Correct algebraic terms or correct constant term(s) extracted. Accept unsimplified expressions such as
"—»\/I—\/Gu
Al: Fully correct simplified expression. Must have simplified the /1 to 1
(©)
M1: Attempts f(50) — f(3) using their answer to (b). Must be indication of subtraction. The '—1's may be
omitted, and allow if a slip is made. They may subtract the sum of their results from r =2 and r =3 from
(b) or by using (a) again to obtain f(3) but their answer to (b) must be used for f(50). Allow from attempts
starting at r = 1 in their summations. f(50) —f(4) is MO.
Al: Correct expression or A =7, B =4, C = -1 following a correct answer to (b).
The decimal answer 10.92480344... without evidence of the M mark is 0/2

X2
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6(2) P Y 37y = 6e™
dx’ dx
+/16—
Aux. Eqn. 4m2—4m+37=0:>m=w=%i3i M1
1
CF.is (y=)e? (4cos3x+ Bsin3x) Al
Pliry (y =) ke* BI
2
Y _ sper 4 Y 25ke™ = 4(25ke™ ) - 4(5ke™ ) + 37 (ke™) = 6¢™ M1
dx dx
= 100k — 20k + 37k =6 >k = k—z 6 M1
= = ( =39°" 117 o.e.)
1
So gen sol. is y =%e5‘ +e? (Acos3x+ Bsin3x) Alft
Q)
(b) —0,y=0=0=2
x=0,y=0=0=—1+4 M1
39
v 10 . 1 & . L .
— =—¢e" +—e” (Acos3x+Bsin3x)+e’ (-34sin3x+3Bcos3x) M1A1ft
dx 39 2
x=O,d—y=0:>£+lA+3B=0:B=...,A=... M1
dx 39 2
=) £65x+e%x(—£c053x—isin3x) Al
Y=) 3 39 13
)
(11 marks)
Notes:
(a)

M1: Forms correct auxiliary equation and attempts to solve by any valid means. Implied by correct roots. Usual
rules for solving a quadratic apply.

1. 1 ..
(E+31)x +Be[z—31)

Al: Correct complementary function, allow without the “y =”. Accept y = Ae " or from De

Moivre canuse e.g. y = C e%x cos(3x + a) etc. Condone mixed variables for this mark. May not be seen until
the end.

B1: Correct form for the particular integral selected. Must include ke> but accept with any extra terms that will
disappear when constants found.

M1: Differentiates their PI twice and substitutes into the equation. Allow sign/coefficient errors only.

M1: Proceeds to find the value of the constant(s) from a valid PI. Note that the constant value need not be
simplified, so accept exact equivalents such as % etc

Alft: Correct general solution. Must have y = ... and be in terms of x only. Follow through their CF in

terms of x only but the PI must be correct. May appear at the start of (b) instead of the end of (a) which is
fine.
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(b)
M1: Uses the initial condition for x to find the value for “A4” (their cosine coefficient). If by error of CF they
obtain an equation in 4 and B then score for the attempt of producing a suitable equation.

M1: Differentiates the GS. Allow sign/coefficient errors only, so a full method for product rule.

Alft: Correct differentiation following through their PI- but must have been of the correct form. Also allow ft
for an incorrect value of A if found before differentiation

M1: Uses the initial conditions to find values for all constants in their equation.

Al: Correct particular solution. Allow exact equivalents for the coefficients. Accept without ‘y =...” so e.g. PS
= is ok here. Must be in terms of x only with no mixed variables etc

NOTE: Alt method — it is possible for candidates to form two simultaneous equations in A and B from the first
and second derivatives and solve to find A and B. If you see this then please send to review. Any attempts at
differentiating the complex number form for the CF can score full marks, and leads to

1 1. (l+3i)x ( 1 1 ) (1—3i)x 2 5
= _—— —_— 2 A A 2 a0 x
y=) ( 39+26l)e +(-35 3¢ +35¢

L . . 2 1 2 1 .
Which is mathematically equivalent to the ™S e5% + e2* (— 35 €0 3x — Sin 3 x)

This is marked as per the main scheme
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Question
Number Scheme Marks
3
¥ +x-2< 1 x+ &l
2 2
2x" +x-9<0 Ml
~1+
cvs x- VT Al
4
—x2—x+2<lx+£ M1
2 2
2x° +3x+1>0 (2x+1)(x+1)>0 M1
1
CVs x=——, -1 Al
2
e B E] MIAL
4 2 4
(7]
No algebra implies no marks
NB The first 5 marks can all be awarded if equations rather than inequalities are shown
M1 Obtain and solve a 3TQ (any valid method including calculator)
Al 2 correct CVs Allow decimal equivalents (1.886..., -2.386...), min 3 sf, rounded or truncated
M1 Multiply either side by -1
M1 Obtain and solve a 3TQ (any valid method including calculator)
Al 2 correct CVs
M1 Form 2 double inequalities with their CVs. No overlap between these inequalities.
Correct inequality signs required here or for final mark
Al Correct inequalities obtained. Values must be exact, but note that 0.5 is exact.
Allow “and” but not """ . May be written in set language with "U" and round brackets
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%uestion Scheme Marks
umber
- dy 1 dz dy 1 2dz
4 (a Pz = 2y L =——"T" 0c eg —=——z 22— Bl
@ |7 & P f a2 W
2y—y+4y2 = 6xy*
1dz 4 6x
zZdx z =z
E—4z=—6x % Al % (3)
dx
(b) IF=¢ e e Bl
o (E— 4zj =e M x—6x
ze ™" =6 I xe dx M1
=-6 —lxe4x+jle4xdx MI
4 4
=6 —lxe"‘x—Le“"‘ (+¢) Al
4 16 ¢
==xe " +=e ™ (+c)
3 3 .
Z=Ex+g+ce4 oe Al )
ALT E—4Z=—6x
dx
m-4=0=>m=4= CFis z=Ae" B1
PL: z=A+ux M1
£=,u:>,u—4(/1+,ux)=—6x
dx
3 3
R BE Al
2 8
. 1 B 8
- - 4x o¢
(© 3 a3 peet (12043 4e™) Blft (1)
2 8
91
%A
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< QUESTION

ClrzEiion Scheme Marks
Number

(@)

B1 Correct derivative seen explicitly or used

M1 Substitutions made. Only award when an equation in x and z only is reached (if working

equation I to II) or an equation in x and y is reached (if working II to I)

A1 * | Correct result obtained with no errors in working

(b)
B1 Correct IF seen explicitly or used

M1 Multiply through by their IF and integrate the LHS. Accept / for ¢** on LHS only
M1 Apply parts in the correct direction to RHS to obtain

Axe™ + Bj e*dx with A= i% and B = i%

Al Correct integration of RHS, constant not needed
Al Include the constant and treat it correctly. Answer in form z = ...
ALT

B1 Correct CF May not be seen until GS is formed
M1 For a PI of the correct form
M1 Differentiate their PI, substitute in the equation and extract 2 equations for the unknowns

Al Solve the two equations to obtain correct values for the unknowns

Al Correct GS obtained

(c)
Blft Any equivalent to that shown. (no need to change letter for constant if rearranged)

Must start 3> =... and must include a constant.




< QUESTION

%uestion Scheme Marks
umber
d Rk
5(a) —2xﬁ+(2— 2)3)3’ Ml
2 2
+5[gj 5 %d_«f,:3% MIAL, BI
d’y d’y dy dy ’ dy
—(2- 2)+—2(10 = _2x +5(—) =3
dx dx dx
dy_ 1 2xd2y(l sd—y)—s(d—y)zwdy * AL¥ (5
o o) el ) ) T )
dy :
3y-5
ALT1 | &’y Y x(dx)
& )
2 2
[3dy s(dyj -5 Zdydj;}(Z—xz)—|:3y—5x(yj }(—2 )
&y | & \dx dx MIMIAI
& -]
2 2 2
3dy—5(dy) 10 P4y (2—x2)+2x(2—x2)d—¥ vl
i_ dx dx dx dx dx (NB: Bl on
d (2-+) ePEN)
dy_ 1 2xdz—y(1—5d—yj—5[dy)2+3dy * Al¥ (5
& (=)@ U )l )

&Q’/‘
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2
s 2]
ALT2 |dy_ 3y  (dx
dx? (Z—xz) (2—x2)
dy 2
& 3—(2—x )—3y(—2x)
dx3 (2—x2)2
2 s 2 MIMIAl
[s(dy) +5x><2dyd);}(2—x2)—5x(y] (-2x)
dx
(2-2)
dy d’y . dv
7 3(2—x2)—[(2—x2)2+5x (-2x)
ary_
dx’ _2)?
(2-x) MI(BI on
2 2 2 ePEN)
S(dy) +5x><2d—yd—J2} (2—x2)—5x(dyj (—2x)
dx dx dx dx
(2-¢)
3 2 2
d—');z 1 Zxd—);( —Sd—y)—S(d—y) +3d—y * Al*
de' (2-x7)( d dx dx dx
d’y d’y 9
(b) x=0 = 2§=9 _2=E B1
3 2
d_-%:zl _S(d_yJ +3d_y =l[_5xi+ij=l Ml
dx> 2 dx dx ) 2 16 4) 32
2 3
y=3+— 2x_+ix_ Ml
4 22! 323!
1 9, 7 ,
=34+—x+—x"+— Al 4
PEIYTY Tt @
91

&Q’/‘
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< QUESTION

Question
Number Scheme Marks
7(a) d—y=v+xﬂ or %zx‘lﬂ—x‘zy (o) M1A1
dx dx  dx dx
2 2 2 2
d—¥=ﬂ av xd—\zl or d—gz—x‘2ﬂ+x‘1d—¥+2x‘3y—x‘2d— (0e) dM1A1
dx° dx dx  dx dx dx dx dx
2
3 2ﬂ+xd—\2/ —§(v+xﬂ)+6—x2v+3xv=x2 (oe in reverse) ddm1
dx  dx X dx) x
2
3xd—\£+6%—6d—v—§v+g+3xv =X’
dx dx dx x X
d’v N
3—+3qv=x * Al (6)
dx
(b) 312+3=05s0 A =+i M1
(v=)Ae*+Be™ or (v=)Ccosx+Dsinx Al
PI Try (v=)kx (+) B1
o &
dx dx?
3x0+3(kx (+1))=x M1
1
k== (I=0
5 (1-0)
ix —ix 1 H 1
v=Ae" +Be +§x or v=Ccosx+Dsmx+§x Al
ix —ix 1 . 1
y=x| Ae” +Be +§x o y=x Ccosx+Dsmx+§x B1ft (6)
[12]
Notes
(@
. . - dy dv .
M1 Attempt to find a relevant first derivative from y =xv e.gto get ™ or vl product or quotient
X
rule must be used. Methods via 3— would require a chain rule to reach a relevant derivative.
%
Al Correct derivative
2 2
dm1 Attempt to differentiate their d_y or ﬂ to obtain an expression for d—Zl or d_\2/ - product rule
dx  dx dx dx
must be used. Depends on the previous M mark
Al d’y  d¥
Correct expression for —-or —
dx dx

Lo
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< QUESTION

Notes
ddm1 . . . dy dzy . .
Depends on both previous M marks. Substitute their ix and o and y =xv in the original
X X
. o . . i . _dv d’v
equation to obtain a differential equation in v and x. Alternatively substitute their ix and Vel and
X

V= Y into equation (I1) to obtain a differential equation in y and x
X

Al* Obtain the given equation/original equation with no errors in the working. There must be at least one
step shown between the initial substitution and the result
(b)
M1 Forms correct AE and attempts to solve (accept 3m? +3 (=0) leading to any value(s)).
Al Correct CF.
B1 Suitable form for PI (ie one that include kx)

M1 dZV
Differentiate their PI twice and substitute their derivatives in the equation 3—+3v = X

Al Obtain the correct result (either form). Must be v=...
B1ft Reverse the substitution. Follow through their previous line. Must be y =..




< QUESTION

Question
Number

5

Scheme Marks

Question states "Use algebra..." so purely graphical solutions (using
NB calculator?) score 0/7. A sketch and some algebra to find intersection
points can score.

2x° +x-32>0
25 +x-3=3(1-x) = 2x* +4x-6=0 MI

2x° +4x—6=x7 +2x—3:(x+3)(x—1):0
x=-3,1 Al

2x*+x-3<0

—2x2—x+3=3(1—x):>2x2—2x=0 Ml
2x(x-1)=0, x=0,1 Al
dM1A1A1

x<-3 0<x<1 x>1

[7]

The first 4 marks can be awarded with any inequality sign or =
M1 | Assume 2x° +x—3>0 and obtain a 3TQ

Al Correct CVs obtained from a correct equation.
M1 | Assume 2x”+x-3<0 and obtain a 2 or 3TQ
Al Correct CVs obtained from a correct equation.

dmi Form 3 distinct inequalities with their 3 CVs. Can have < or <, > or >. Must have scored
both previous M marks. Accept x<-3 0<x x=#1
Al All 3 correct CVs used correctly

Al Inequalities fully correct. “and” between the inequalities is acceptable. If M is used, award
A0 here. Fully correct set language accepted.

ALT | Squaring both sides
2 2 2
(207 +x-3) >9(1-x)

4x* +4x° =20 +12x >0 MIA1
x(x+3)(x—-1)(x-1)>0 M1
CVs: x=0,-3,1 Al

Then as main scheme

These 4 marks can be awarded with any inequality sign or =

M1 Square both sides and collect terms to obtain a quartic with 4 or 5 terms
Al Correct quartic

M1 Factorise their quartic

Al 3 correct CVs

16




< QUESTION

Question Scheme Marks
Number
6(a) m’ —6m+8=0
(m—-2)(m—4)=0, m=2,4 Ml
(CF=) d4e* +Be™ Al
PI: y=Ax"+ux+v Bl
V' =2x+u y'=21
21—6(2/1x+,u)+8(/1x2+ux+v)=2x2+x M1
/1:%, —124+8u=1, 2A-6u+8v =0 Ml
1 1 5
= u=—,v=—" AlAl
4 2 16
2x 4x 1 2 1 5
y=Ae”" +Be” +—x"+—x+— Alft ®)
4 2 16
(a)M1 Form aux equation and attempt to solve (any valid method). Equation need not be shown if
CF is correct or complete solution (m = 2,4) is shown
Al Correct CF  y =.. not needed.
B1 Correct form for PI
M1 Their PI (minimum 2 terms) differentiated twice and substituted in the equation
M1 Coefficients equated
Al Any 2 values correct
Al All 3 values correct
Alft | A complete solution, follow through their CF and PI. All 3 M marks must have been earned.
Must start y =...
2x 4x 1 2 l 5
6(b) y=Ae" +Be" +—x"+—x+—
4 2 16
1=4A+B+ e M1
16
d—y:2Ae,2"+4Be4"+lx+l 0:2A+4B+l Ml
dx 2 2 2
13 15
A=— B=-"- dM1A1
8 16 °°
1 1 1 1
B Bew 1o 1,5 oe Alft %)
8 16 4 2 16
[13]
(b)
M1 Substitute y =1 and x =0 in their complete solution from (a)
M1 Differentiate and substitute % =0,x=0
dmi Solve the 2 equations to 4 =... or B = .... Depends on the two previous M marks
Al Both values correct
Particular solution, follow through their general solution and 4 and B. Must start y = ...
Alft

17




MARK SCHEME - IAL FP2 (WFMO02) - January 2023 - Q9 FP2.4b Second-order differential equations < QUESTION

uestion
(Ngumber Scheme Notes Marks
9(a)(i 1 1
@ x=t2:d—X=£t2E:>d—y=... ort:xZ:E:ZX:ﬂ:d—yE:
dy 2 dy dx dx dx dt dx M1
Applies the chain rule and proceeds to an expression for ;i_y
X
dy Idy Any correct expression for dy in
d_ = 2t2 d_ dX Al
X t terms of y and t
a)(ii 1 2 1 1
(@)(ii) ay e dy d_)zl dy_,dt+2td2/dt
dx dt dx* dt  dx dt® dx
dM1: Uses the product rule to differentiate an equation of the form :y kt2 ?j)tl
X
. dy , dy .
equivalent e.g. &_kxato obtain dM1A1
2 1 2 1 42
Ey_rdvd by iy
dx? dt dx dx dt® dx
or equivalent expressions where ... is non-zero
2
Al: Any correct expression for 3—32/
X
142
Byt e dydt Y e Y O
dt dx dt® dx dt dt? dx
2 Al
dy ol &y
dx dt dt?
Correct expression in terms of y and t
®)
(b) 2 1 2 1 3 5
xd—g—(ze +1)ﬂ+9x3y =x’=t2| 22 dy +4td—y —(6t+1)2t2 dy +0t2y =t2
dx dx dt dt? dt M1
1
Substitutes their expressions from part (a) and replaces X with t2
3 42 5
22 W g d—Z—lztz Yoz gy 2
dt dt dt dt
d’y ., dy
=4—-12—=>+9y=t* *
a Cdt Y Al
Obtains the given answer with no errors and sufficient working shown — at least one
intermediate line after substitution but check working.
Must follow full marks in (a) apart from SC below.
(03]

&
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MARK SCHEME - IAL FP2 (WFMO02) - January 2023 - Q9 FP2.4b Second-order differential equations < QUESTION
Special case in (a) and (b) for those who do not have (a) in terms of y and t only:
t=x :E =2X= dy = dy dt =... ScoresML1. ...= 2xd—y scores A0 in (a)(i)
dx dx dt dx dt
2 2
o W8 o Ayt oW e d—y Scores AMLALAQ in (a)(ii)
dx dt  dx dt dt® dx  dt dt?
3 s
d 32/ (6x*+1)=2 d | g y=x° :tz 2 W | 42 9V d’y —(6t+1)2x by +0t2y =2
d dx dt dt’ dt
2 5
R PY a8 —(6t+1)22 Y : 9 +9t2y 2 g9 Y 1% 9y~ t* Scores MIAL in (b)
dt dt? dt dt dt
Mark (c) and (d) together
(c) 3 Attempts to solve 4m?>-12m+9=0
4m?*-12m+9=0=>m= 5 Apply general guidance for solvinga | M1
3TQ if necessary.
Correct CF. No need for “y =...”
3
B Condone (y =)e2 (Ax+B) here but
(y=)e? (At+B) must be in terms of t in the GS. Allow | AL
equivalents for the g
(y=)at+b === W,y &’y =0
dt dt?
= —12a+9(at+b)=t
M1
Starts with the correct Pl form and differentiates to obtain 21/ =a and y =0and
substitutes. NB starting with a Pl of y =at is M0
9a—1—a— Complete method to find a and b by
. T comparing coefficients. Dependson | dM1
9b-12a=0=b=... .
the previous method mark.
, Correct GS including “y =...” and
St 1 4 must be in terms of t (no x’s). Allow
y=e? (At+B)+ 9t+ 27 equivalent exact fractions for the Al
constants.
©)
d E)(2
@) y =e2 (szJrB)ﬁleeri
9 27
Correct equation including “y =...” (follow through their answer to (¢)).
Allow equivalent exact fractions for the constants. For the ft, the answer to (c) must B1ft
be in terms of t and the answer to (d) should be the same as (c) with t replaced with
x2. If there is no final answer to (c) you can award B1ft if the equation is correct in
terms of x if it follows the previous work.
()
Total 13
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MARK SCHEME - IAL FP2 (WFMO02) - June 2025 - Q7 FP2.4b Second-order differential equations < QUESTION
?\Ilfje:]tt')g? Scheme Notes Marks
7(a
@ x=¢g" :%:e“ =X oru:lnx:>d—u=l Correct form for equation in
du dx X
dy dy M1
dy dy du 1dy dy dy _, — and —=—
2 or L =L xeloe dx du
dx du dx xdu dx du
d’y 1d°ydu 1dy Correct form for an equation
dx* xdu®dx x*du linking ML
dy_ odiydu o dy &Y ang 9
¢ du’dx  du dx’ du’
Substitutes to eliminate
1d* 1ady (1 dy)
2| 2 - |+3x| == |-y =27X° d? d du M1
(xz du® x*du xdu) ” —)zland—y and —
dx dx dx
2
d—¥+ dy y=27e** Fully correct proof Al*
du® d
(4)
(b) 2m2+m—1:(2m—1)(m+1)=03mzl, _q| Forms auxiliary equation and M1
2 solves (usual rules)
L " Correct CF for their two real
(y=)Ae? +Be values of m M1
a2 noom 2u With correct form of PlI,
y=Ae", y'=24e”, y'=41e differentiates twice and substitutes M1
=8A+24-A=94=21=1=3 to find a value for A
1
— SU -u 2u
[y Aet +Be " +3e J Correct GS in terms of x with no Al
N exponentials. Must include the y =
y = Ax? + Bx* +3x?
(4)
c
© dy 1, -t , Correct form for dy from GS of
—==AXx 2—BXx™" +6X dx M1
dx 2 formy = Ax? + Bx® +rx’
Uses
BTV N - 1 11 dy
4 16 16 2 16 x==with y=—and —=1to
1 dy 3 4 16 dx M1
and x==, —=1=1=A-16B+— obtain two equations in the
4° dx 2 constants (from CF)
1 A+4B = l A—16B = 1 Having found two equations in
2 2 two CF constants from using the dM1
A 1 B 1 conditions, solves for A and B.
—R=5 BT Requires previous M mark
1 1 ) Substitutes x = 1 into their PS
Y=3ls) *16ls) *°lg) = and obtains a value for y.
Requires previous 2 M marks
2013 2 .35 1 1
=+ 4 — =4+ — =" (8J2+35 — 8\/§+35 onl Al
8 2 64 8 64 64(\/_ ) 64( ) only
()

R
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< QUESTION

Question

Number Scheme Marks
4
(a) 183 -18i[=18/(3+1) =36 Bl
~18 3 ) Ty .. a M1,Alcao
tnf=—7pr O=——, 18/3-18i=36 cos(——j—ﬂsm(——)] ’
18V3 6 ( 6 6 3)
(b) =36 cos—£+isin—£]=36 cos(Zlm—z +isin(2kﬂ—£j M1
6 6 6 6
12kn—7 12km—m
=6/ cos| ———= |+isin| ——= Ml
- 24 24
-7\ .. (-«& i[* i)
k=0 =+/6| cos| — |+isin| — ||=+6e" * Bl
K f( (24) (24D ve
1z .. (1lx o
k=1 z, =6| cos| — |+isin| — | | =/6¢ ** Alft
1 ( ( 24 j ( 24 D
k=2 z,=~6| cos 237 +1sin 271 6ei%ﬂ
? 24 24
13z) . . ( 13z (-2
k=-1 z3:\/8 cos| ——— |+isin| ——— | | =/6e Alft  (5)
24 24
8]
(@)
B1 Correct modulus
+18
ing tan @ =—— or other valid method. Can be implied b
M Attempt argument using 1883 p Yy
0=+2
Alcao Correct answer in the required form.
(b)
Via
M1 Valid method for generating at least 2 roots, rotation throughE accepted
M1 Apply de Moivre or use the rotation method
B1 Any one correct root
Alft Second root in required form
Alft All 4 roots in the required form
Follow through their 36 but 36 not acceptable.
NB Argument in degrees — MIM1B1AOAO (ie treat as mis-read)

Incorrect argument: BOA1{tA1ft available
Answers in 7 (COS O+isind ) form — deduct final A marks




< QUESTION

Question
Number Scheme Marks
5 _z- 3i.
z+2i
i(2w+3
w(z+2i)=z—3i Z=M M1
-w
i(2w+3
|2|=1 iGwe3) dM1
1-w
li(2w+3)|=[1-w|
w=u+iv (2u+3) +4% =(1-u) +v? ddM1
Qi +12u+9+ 47 =1-2u+u* +V*
3u +3v +14u+8=0 dddM1
w12, 8 0 Al
3 3
( 7% , 8 49 25
U+—| +vi=——F—="
3 39 9
7
@) Centre [_E’OJ Al
" .
(i) Radius 3 Al (7)
171
(a) M1 re-arrange toz = ...
dM1 dep (on first M1) using |z| =1 with their previous result
ddM1 dep ( on both previous M marks) use w=u+iv (or any other pair of letters inc (x, y))
and find the moduli (or square of it)
dddM1 dep (on all previous M marks) re-arrange to the form of the equation of a circle (same
coeffs for the squared terms)
Al for a correct equation in u and v with coeffs of u> and v* both 1
Al Correct centre, must be in coordinate brackets. Completion of square need not be
shown.
Al Correct radius
Centre and radius must come from a correct circle equation for the A marks




< QUESTION

Question Scheme Marks
Number
6.
dy (xcotx+2)  4sinx Bl
—_ + y 3 3
dx x X
(xcotx+2)
Foe = M1
_ e(1nsinx+21n)c) Al
= x’sin x Al
i(their IFx y) = their IFx"4L?x" Ml
dx X
xzsinx—J. 4sin2xdx—4j 12c0s2x 4y i—lsin2x (+C) | aM1Al
g 2 2 4
2x—sin2x+C
= )CSZL Alcao [8]
X" sinx
B1 Divide through by x*
k(xcotx+2) &

M1 Attempt an IF of the form € °

Al (Insinx+2Inx)

Al Correct IF

M Multiply through by their IF and write LHS in form shown — can be implied by next
line. Allow if IF is seen instead of their function provided an IF has been attempted.
Allow use of their RHS

dM1 Attempt to integrate sin’x, including using sin’ x = %(l +c082x) cos2x —> ksin2x
depends on previous M mark

Al Correct integration, constant not needed

Al Include the constant and treat it correctly. Must have y = ...




< QUESTION

Question Scheme Marks
Number
7
(a) rsin@ =2asin 6 +2asin 6 cos 6 rsin@ =2asin 0+ asin 26 Bl
d(7sind
Lﬂ)=2acos9+2acosz6’ d(rsin®)
de T=2acos€+2acos20 M1 Al
—2asin’* @
2cos’ @+cos@—1=0 terms in any order
(2cos@—1)(cos6+1)=0
cosH=% 0=% (6 =7 need not be seen) dMI1A1
r=2a><i=3a Al 6)
(b) Area =2 [rido =lj§ 4a* (1+cos6) do
2 23z
=2a" [} (1+2cos 0+ cos’ 0)d0 M1
6
=2a2jﬂ3(1+2COS€+%(C0829+1))(19 M1
6
N . 1(1 . 3
=2a |:6’+2s1n0+5(zsm29+6’ﬂ dM1A1
s
M1
=2a’| Z+ 3+lx£+£ - £+1+lx£+£ NB: Al on
3 426 |6 4212 CPEN
=2a2[1+ﬁ—1j
4
1 T 3,
Area ofAOAB_Ex3a><(2+\/§)axsm€ (—Za (2+\/§)j
2.2 % _ _i 2 _a_z _ MIl1Alcao
Shaded area = 2a (4+\E 1] 44 (2+J§)_ 4(2;: 14+5£) i
[13]




< QUESTION

?\luestion Scheme Marks
umber
(2)
B1 Multiply 7 by sin &
Award if not seen explicitly but a correct result following use of double angle formula
is seen
M1 Differentiate 7sin @ or rcos @ (using product rule or using double angle formula first)
Al Correct derivative for rsin @
dM1 Use sin’@+cos” @ =1 to form a 3TQ in cosé# and attempt its solution by a valid
method
Al Correct value for 6
Al Correct
(b)
M1 Use area = %j r2d@ with r =2a+2acosé, no limits needed,
M1 Use a double angle formula to obtain a function ready for integrating
(Alt method uses integration by parts — may be seen)
dM1 Attempt the integration cos26 — %sin 20 k=12 or £1
Al Correct integration,
Substitute the limits (need not be simplified). Limits % and their @ from (a) provided
M1 -
this is >—
6
NB: Al on e-PEN
M1 Obtain the area of AOAB and subtract from their previous area
Al Correct answer




< QUESTION

Question Scheme Marks
Number
dx du dx
8 x=e' —=¢e" or —=e" or —=x Bl
@ du dr du
d
&_d du_ b M
dx du dx du
d’y Ldudy dydu dy d’y
= et Leu Vo = MI1A1
dx? dx du du® dx du du
x— d’y +3xd—y—8y =4Inx
dx? dx
_ dy d’y - dy
e xe ™ +3e" xe ™ —=——-8y=4In dM1
( du du J du = ( )
d’ v, dy * Al*cso
-8y=4
PP (6)
e, .
B1 ™ =e¢" oeas shown seen explicitly or used
u
M1 Obtaining % using chain rule here or seen later
2
M1 Obtainin jxf
2
Al Correct expression for —- any equivalent form
dmi Substituting in the equation to eliminate x (z and y only). Depends on the 2" M mark
Al*cso Obtaining the given result from completely correct work
ALTERNATIVE 1
X = eu % = eu =X Bl
du
d
Y G &_ b Mi
du dx du dx
2 2 2
@ &b, 4y & By edy MIAL
du du dx A du  dx dx
Ly _dy dy
dx*  du® du
2
4y ) g LY g 4ln(e")
du®  du x du
dM1A1*cso
d’y 2dy 8y = 4u % (6)
du’
.&,



< QUESTION

Question Scheme Marks
Number
e .
B1 o e” oe as shown seen explicitly or used
u
M1 Obtaining Y using chain rule here or seen later
du
2
M1 Obtaining g )2} using product rule (penalise lack of chain rule by the A mark)
u
2
Al Correct expression for d—); any equivalent form
u
dmi Substituting in the equation to eliminate x (z and y only). Depends on the 2" M mark
Al*cso Obtaining the given result from completely correct work
ALTERNATIVE 2:
u=Inx du = 1 B1
dx x
d
& _dy du_1dy Ml
dvx du dx xdu
2 2 2
d_Jz’z_de_y ld_)zzxd_uz_izd_erizd_); MIA1
dx x du xdu” dx x du x" du
2
x’ —izd—y+i2d—)2} +3x><ld—y—8y =4u
x“du x" du x du
LR L A T MIAl*cso
du du
Notes as for main scheme
There are also other solutions which will appear, either starting from equation II and
obtaining equation I, or mixing letters x, y and « until the final stage.
Mark as follows:
B1 as shown in schemes above
M1 obtaining a first derivative with chain rule
M1 obtaining a second derivative with product rule
Al correct second derivative with 2 or 3 variables present
dMm1 Either substitute in equation I or substitute in equation II according to method chosen
and obtain an equation with only y and u (following sub in eqn I) or with only x and y
(following sub in eqn II)
Alcso Obtaining the required result from completely correct work

Lo
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< QUESTION

Question Scheme Marks
Number
(b) m*+2m-8=0
(m+4)(m=-2)=0, m=-4,2 MIAL
CF = de ™ + Be™ Al
Pl:try y=au+b  (or y=cu’+au+b different derivatives, c =
0)
2
Y_, d_Jz’ =0 Ml
du du
0+2a—8(au+b)=4u
1 1
a=—— b=—— dM1Al
2 8
—4u 2u 1 1
y=Ade™ +Be™ ——u—— Bift  (7)
2 8
-4 2 1 1
(c) y=Ax"+Bx —Elnx—g Bl 1)
[14]
(b) M1 Writing down the correct aux equation and solving to m = ... (usual rules)
Al Correct solution (m=-4,2)
Al Correct CF — can use any (single) variable
2
M1 Using an appropriate PI and finding g—y and % Use of y = Au scores MO
u u
dM1 Substitute in the equation to obtain values for the unknowns. Depends on the second
Ml
Al Correct unknowns two or three (with ¢ = 0)
B1ft A complete solution, follow through their CF and a non-zero PI. Must have y =a
function of u
Allow recovery of incorrect variables.
(c) B1 Reverse the substitution to obtain a correct expression for y in terms of x No ft here
x* ore*™ and x* or e*™* allowed. Must start y = ...




MARK SCHEME - IAL FP2 (WFM02) - January 2024 - Q6

FP2.4b Second-order differential equations

< QUESTION

Question
Number

Scheme

Notes

Marks

6

dx
dt?

dx

+6—+13x=8e™ t..0
dt

(@)

-6+ —
m2+6m+13=o:mzw

{=-3+2i}

Forms correct auxiliary equation
and obtains a correct numerical
expression for at least one root by
formula or uses CTS (apply usual
CTS rule below). One correct root

if no working

M1

2
CTS rule:m2+6m+13:0:>(mig) +q+13=0, gz0=>m=...

CF examples:
(x=) e (Acos2t+Bsin2t)

or (X :) 'A\ef?’t COS(-Zt)—{— Be—?,t Sln(—Zt)
or (x=) Pe(*2t 4 Qgl 32!

or (x=)e™(Pe™+Qe™)

Correct complementary function

in any form, allow if the “x ="is

missing or wrong and accept for

this mark if the CF is given fully
in terms of x instead of t.

Al

PI: {x :} 167

Correct form for the particular
integral selected. Must include
Ae~*but accept with any extra
terms that correctly disappear
when coefficients found. Accept
“PI=". If Ae™is used p =-3 must
be seen later.

Bl

2
B _gpen; 9X
dt dt

=01e*+6 (—3/1e’3‘ ) +137e% =ge™

=94e™®

Differentiates a Pl of any form
twice (provided it has at least one
constant and is a function of t)
and substitutes into the equation.
Allow only sign/coefficient errors
only in the differentiation.
Their Pl must lead to non-zero
derivatives.

M1

—91-181+131=8=1=... (2)

Proceeds to find the value of the
constant following use of a P1 of
the correct form. Any
unnecessary extra terms in the Pl
must be found to be zero

dMm1

x="g™ (AcosZt +Bsin 2t)" +2e™

Correct general solution ft on
their CF only —any CF provided
it has at least one constant and is
in terms of t.

Must have x = ...

Do not allow if their CF is
miscopied or mathematically

changed

Alft

first Al.

Work with a P1 of the form Ate ' is BOM1dMOAO max even if 2e * is obtained.
Only condone incorrect variables if they are recovered but refer to the note for the

(6)

X2
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FP2.4b Second-order differential equations < QUESTION

QNL:Jer;tt')g? Scheme Notes Marks
6(b) o o . .
x=—att=0 Uses the initial condition for x in their GS
to find a linear equation in one or two M1
1 a0 A——§ constants. Allow for GS = CF or CF + PI
=50 = 2 and the constant may come from the +PI

x=e™ (Acos 2t +Bsin 2t)+2e’3t
% e (—2Asin 2t + 2B cos 2t)—3e’3‘ (Acos 2t +Bsin 2t)—6(3’3t

Uses the product rule to differentiate their real GS obtaining an expression in
terms of t of the correct form for their GS (sign and coefficient errors only — so do M1
notallow e.g., ..e™ —...e"). Allow for GS = CF or CF + Pl and does not have to

include constants.
If they work with a complex function e.g., x = Pe!™**?)" 4+ Qe 4 2e~* progress

is unlikely.
This mark is not scored for work in ()
=0 ¥*_11 o5 3a 6 B=..(=1)
d 2 2

Uses both initial conditions to find values for the 2 constants (no others) in their ddMm1
GS = (CF with 2 constants) + PI(no constants). One constant must be found to

be non-zero.
Requires both previous M marks.
Examples: Correct particular
o 3 _ " solution in any form in
x=e [—2c052t+sm 2t]+2e terms of t.
3 Must be x = ... unless Al
or x=¢e™ [—cos 2t+sin2t+ 2) this was the only reason
2 for final AQ in part ()
or x=2¢ — 3¢ cos 2t +e ¥ sin2t due to omission or e.g,
2 “y =...” was used
(4)
© % =¥ (BSin 2t +2cos 2t) —3e™ [—gcos 2t +sin 2tj -6 =0
M1

) X . o
Sets an expression for a: 0. Accept with any unfound constants provided — = f (t)

(35in 2t+2c052t)3[2c052t+sin ZtJG =0

Achieves an equation of the form asinbt +ccosbt +d =0 or equivalent with dm1
terms uncollected. One of a and ¢ non-zero and b and d non-zero.
Must follow a GS = CF + Pl where two constants were found for the CF and
one for the Pl. Requires previous M mark.

cos 2t :% =1=0.1973955598...=> x or a= %e‘“"mw’ [4—3><1'§+ ZSin(2><0.1973...)j =..

Finds a value of t from cos kt = ¢ (k #1, —-1<c <1) and uses their positive (or made ddM1

positive) value of t to find a value of x (or a) via their PS. Accept a pair of stated values.
Requires both previous M marks.
x or a = 0.553(1164729...) |

awrt 0.553 Al

4
Total 14
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