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ANSWER >
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dx dx
Given that y =2 and % =-1 at x =3, determine a Taylor series for y in ascending
powers of (x —3), up to and including the term in (x — 3)’
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ANSWER >

Question 2 continued

(Total for Question 2 is 5 marks)
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ANSWER >

( LeaveN
blank
2 d
1. d_)21+3x_y = 2cosx
dx dx
d’y . d :
(a) Express d_x); in terms of x, d_i; and %
3
d
At x=0,y=2 and =X =5
dx
d’y
(b) Determine the value of e at x=0
x
@
(c) Express y as a series in ascending powers of x, up to and including the term in x’
3
. J
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Question 1 continued

(Total 7 marks) T
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ANSWER >

(a) Show that

4 3 2
dy_ 9y, pdrdy

& T T
where 4 and B are integers to be determined.
C))
Given that y=1 at x=-1

(b) determine the Taylor series solution for y, in ascending powers of (x + 1) up to and
including the term in (x + 1)*, giving each coefficient in simplest form.
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Question 4 continued
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(Total for Question 4 is 7 marks)
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ANSWER >
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2.
y 3
x——-y =4
dr Y
(a) Show that :
d’y &Y . dy
x—==ay| = | +|by" +c)— 5
where a, b and ¢ are integers to be determined. &
O
Giventhaty=1atx =2
(b) determine the Taylor series expansion for y in ascending powers of (x — 2), up to and
including the term in (x — 2)°, giving each coefficient in simplest form.
3
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Question 2 continued

(Total for Question 2 is 7 marks)
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ANSWER >

7

7. Given that y = ¢" sin x

(a) show that

dy_ &y

dx® o dy?

where £ is a constant to be determined.

“

(b) Hence determine the first 5 non-zero terms in the Maclaurin series expansion for ,
giving each coefficient in simplest form.
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Question 7 continued
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7

Question 7 continued
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ANSWER >

Question 7 continued

(Total for Question 7 is 7 marks)
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ANSWER >

( Leave |
blank
5. Given that y = tan’x
(a) show that
'y
Fre 8tanx sec’x(psec® x + q)
where p and ¢ are integers to be determined.
3
T
(b) Hence determine the Taylor series expansion about 3 of tan’x in ascending powers of
3
(x - %) up to and including the term in (x - %) , giving each coefficient in
simplest form.
3
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ANSWER >
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blank
Question 5 continued
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ANSWER >

Leave
blank
Question 5 continued
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Question 5 continued
Q5
(Total 8 marks) —]
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ANSWER >

( Leave |
blank
5. y=~4+Inx x> %
(a) Show that
d’y 9+ 2Inx
S =
4x*(4 + Inx)?
)

(b) Hence, or otherwise, determine the Taylor series expansion about x=1 for y, in
ascending powers of (x— 1), up to and including the term in (x — 1)°, giving each
coefficient in simplest form.
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Question 5 continued
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blank

Question 5 continued
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Question 5 continued
Q5
(Total 8 marks) T
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ANSWER >

5. Given that

ey (&Y
—+2|—=| -2y=0 >0
y a2 ar Y ¥
3 2
(a) determine P2 in terms of &y , Y and y
dx? dx?  dx
C))
Given that y =2 and b 1l at x=0
dx
(b) determine a series solution for y in ascending powers of x, up to and including the
term in x3, giving each coefficient in its simplest form.
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Question 5 continued
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Question 5 continued
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ANSWER >

( )

Question 5 continued
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(Total for Question 5 is 8 marks)
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ANSWER >

e ™)
1. Given that y = In(5 + 3x)
’y
(a) determine, in simplest form, o
3
(b) Hence determine the Maclaurin series expansion of In(5 + 3x), in ascending powers
of x up to and including the term in x°, giving each coefficient in simplest form.
2
(c) Hence write down the Maclaurin series expansion of In(5 — 3x), in ascending
powers of x up to and including the term in x°, giving each coefficient in
simplest form.
¢y
(d) Use the answers to parts (b) and (c) to determine the first 2 non-zero terms, in
ascending powers of x, of the Maclaurin series expansion of
(5 + 3x)
In
5-3x
2
\ y,
A
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Question 1 continued
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7

Question 1 continued
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ANSWER >
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Question 1 continued
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(Total for Question 1 is 8 marks)
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ANSWER >

2
2xdy+yd—y—6xy=0

&2 dx

Giventhatd—y=3andy= 1 atx=2
dx 2

3
(a) determine the value of jx—); atx =2

(6
(b) Hence determine the series expansion for y about x = 2, in ascending powers
of (x — 2) up to and including the term in (x — 2)’, giving each coefficient in
simplest form.
2

OO <
KK XRLRAXXXLLEXXXLLRXXE,

O
ofa%e%

X
RS

0% %
%620%%S

XXX
X

9390
Sotetets

X
(S0 %622

%
XX

INZ]
31




ANSWER >

Question 3 continued
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Question 3 continued
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ANSWER >

Question 3 continued

(Total for Question 3 is 8 marks)
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ANSWER >

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Given that when y = arcsin2x
1

% =2(1-4x7) 2

(a) show that

d’y A+ 8

d (1 - 4x2)§

where A4 is a constant to be determined.

(©))

(b) Hence determine the Maclaurin series expansion for arcsin 2x in ascending powers
of x up to and including the term in x’

2
The Maclaurin series expansion for " is given by
2 r

¥ X X
e =l+x+—+..+—+..
2 r!

(c) Use the Maclaurin series expansion for ¢ and the answer to part (b) to show that,
for small values of x

e™arcsin2x = Cx + Dx* + Ex’

where C, D and E are constants to be determined.
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ANSWER >

Question 3 continued
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Question 3 continued
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ANSWER >

Question 3 continued

(Total for Question 3 is 8 marks)
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ANSWER >

( Leave\
blank
5. Given that
2 2
(2- xz)d—y + Sx(d—y) =3y
dx? dx
(a) show that
3 2 2
dy _ 1 2xd_y(1_ d_y)_s(d_y) LW
e (2-2x?) dx? dx dx dx
)
Given also that y =3 and b _1 at x=0
dx 4
(b) obtain a series solution for y in ascending powers of x with simplified coefficients, up
to and including the term in x°
O]
& J
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Question 5 continued
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Question 5 continued
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Leave\
blank

Question 5 continued

(Total 9 marks) —]
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ANSWER >

Leave
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4. Given that

d2 dyY’
yé—4(ay) +3y=0

(a) show that
dy é(d_yf . ﬁ(d_y]
de  y*\dx y \dx

Given also that y = 8 and % =latx=0

©))

(b) find a series solution for y in ascending powers of x, up to and including the term in
X3, simplifying the coefficients where possible.
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Question 4 continued
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Leave
blank

Question 4 continued
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Leave
blank

Question 4 continued

(Total 9 marks) —]
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ANSWER >

7

6. Given that y = secx

(a) show that

3

Yy _ 2
@ = secxtanx(psec X+ q)

where p and ¢ are integers to be determined.

“
(b) Hence determine the Taylor series expansion about % of sec x in ascending
3
powers of (x - g) , up to and including the term in | x — % , glving each
coefficient in simplest form.
3
(c) Use the answer to part (b) to determine, to four significant figures, an approximate
n
value of sec [—)
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ANSWER >

Question 6 continued
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Question 6 continued
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ANSWER >

Question 6 continued

(Total for Question 6 is 9 marks)
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ANSWER >

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

3

L . T . . . T
(a) Determine, in ascending powers of | x 3 up to and including the term in | x — "

the Taylor series expansion about % of
=tan 3_x
4 2

giving each coefficient in simplest form.

(b) Hence show that

where 4 and B are integers to be determined.

b

)

2
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ANSWER >

Question 4 continued
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Question 4 continued
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ANSWER >

Question 4 continued

(Total for Question 4 is 9 marks)
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MARK SCHEMES

official mark schemes, in the same order as the questions

55



MARK SCHEME - IAL FP2 (WFM02) - June 2025 - Q2

June 2025

FP2.5a Maclaurin & Taylor series < QUESTION

WFMO02 Further Pure Mathematics F2

Mark Scheme

Question Scheme Notes Marks
Number
1(a) Correct
r= 4«/5 Accept i4\/§ or i\/ﬁ or B1
other processed equivalents.
Complete method to find an
246 V4 2 ;
6 = —r +arctan T =—7 3 = Y argument in the correct Ml
N2 quadrant for their »
_2x; Correct answer in the form
- - i= 3 . . Al
=22 (2\/3)1 e specified. Accept with V32
3)
(b) 2 =22 (246
| e Attempts De Moivre correctly with either
. ( 4 \/5)5 e%i all roots indicated or simpliﬁed r with one | M1
argument. See additional notes.
Three correct roots provided coefficients of
for @ are single fractions, allow for 0 <8 <27
-2 s 27 1 Al
V2e 5, \2e5, Ve, Allow (4x/§)5 oe for ~/2 and correct roots in
87. 147. .
5 51 trig form
V2e ’ V2e All five correct roots and no extra. Must have
1oz, 2 | Al
-7 <600 x. Allowe.g., J2e 5 for \2e
3)
Total 6
Additional Notes:
(a)

B1: Accept positive or negative root. Allow if seen in part (b).
M1: Requires a method to achieve an argument in the correct quadrant for their . Accept attempts at

arctan| —=

22

(must use 7 as the denominator). May be implied by sight of any of ——, —,

shown.

2 47r7_7r
36

242 . . .
ji 7T or arctan (%J + 7 for attempts where » > 0, or equivalent methods via arccos or arcsin

or —5?” if no method is

In cases where a negative 7 is given, accept attempts at just arctan (%J or arctan (&J provided they

do not subsequently adjust to a different quadrant.
Al: Correct answer in the form specified, with —z <8 < 7. Must be given in correct form, but accept

26

answer with negative r, i.e. —42¢ Accept with exact processed equivalents for 7.
Note: Correct answer with no working shown will score BIM1(implied)Al.

RA
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< QUESTION

General Principles for Further Pure Mathematics Marking

(But note that specific mark schemes may sometimes override these general
principles).

Method mark for solving 3 term quadratic:

1. Factorisation
(x* +bx+c)=(x+ p)(x+q), Where|pq| =|c|, leading to x = ...

(ax” +bx+c) = (mx+ p)(nx +q), where|pq| =|c| and |mn| =|a| ,leading to x = ...

2. Formula
Attempt to use the correct formula (with values for a, b and ¢).

3. Completing the square

2
Solving x> +bx+c¢=0: (xi%] +tg+c=0, ¢#0, leading to x = ...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (x" — x"™")

2. Integration

Power of at least one term increased by 1. (x" — x™")




< QUESTION

Question
Number

4(a) dy 2_X:>d2y 2ydy
dx dx? dx

dy _,, 4 (d_YJ

Scheme Notes Marks

. d’y
Correct expression for 3 B1
X

=2y—=+2
dx® ydx2 dx

2 3 2
M1: Applies the product rule to obtain g y_ Ay?i g .or 3—Z =..+ B(g—yj M1A1l
X X

where ... is non-zero
Al: Correct expression. Apply isw if necessary.

3 2 2 4 3 2
d’y _, d’ (dy)jd_y_zyd_y ,dydy ,dyd’y

dx dx* dx® dx dx? dx dx?

dly _ yd_y dy d°y Al
dx* dx® dx dx?

4
Correct expression for 3—{ or correct values for A and B.
X

dé ydT

Note:
d?y
dx?

dy

If e.g. =2y—=
g ydx

is obtained, allow recovery in (a) so BOM1A1ALl is possible.

(4)

(b) (), =L (¥), =2 (y"), =3 (v"),=14(y"), =64
Attempts the values up to at least the 3rd derivative using x=—-landy =1 M1
Condone slips provided the intention is clear. May be implied by their values.
2 3 4
(y=)1+2(x+1)+ 3(X;1) + 14();1) + 64()‘(;1) +

Correct application of the Taylor series in powers of (x + 1) M1
If the expansion is just written down with no formula quoted then it must be correct
for their values. E.g. y = —1 + ... with no evidence y = f (—1) was meant scores MO

3(x+1)2 7(x+1)3 8(x+1)4
5 + 3 + 3 +... Al
Correct simplified expansion. The “y =" is not required.

(y=)1+2(x+1)+

3)
Total 7




< QUESTION

Question 5

General Guidance

B1: This mark is for sight of —8 seen as part of their working. It may be seen as e.g. embedded in an
inequality, as part of their solution if they consider for example x > -8, x < -8 or -8 is seen in a
sketch etc.

Do not allow for juste.g. x + 8 > 0,

M1: Any valid attempt to find at least one critical value other than x = —8 (see below).

Condone use of e.g. “=", “>”, “<” etc as part of their working.

Note these usually come in pairs as 3, —% or 3, -13

M1: A valid attempt to find all critical values.
Condone use of e.g. “=", “>”, “<” etc as part of their working.
Al: Any 2 critical values other than x = —8. May be seen embedded in an inequality or on a sketch.
Al: 2 correct regions
Al: All correct with no extra regions




MARK SCHEME - IAL FP2 (WFM02) - June 2024 - Q2

FP2.5a Maclaurin & Taylor series

Question Scheme Marks
Number
1(a) |z-3—4i|=|z+1+i| = |x+iy —3—4i| = |x+iy +1+]]
M1
(x—3)2+(y—4)2=(x+1)2+(y+l)2
x> —6X+9+y> -8y +16=x*+2x+1+y* +2y+1=ax+by+c=0 | dM1
8x+10y—-23=0 Al
(3)
(@) 3-14-1 4+1
ALT Mid-point | —,—— | and m=—— M1
P ( 22 ) 3+1
3 4
y—E:—g(x—l):ax+by+c:O dMm1
8x+10y —23=0 Al
(b) Im
\ Bl
Re
(6]
1)
Total 4
Notes:
(@

M1: Introduces z = x + iy (or with other variables) and attempts a correct modulus method —
the i's should be dealt with correctly but allow for e.g. minor slips in notation with them

before applying Pythagoras. Allow sign slips in the i coordinates, e.g.

(x—3)" +(y+4)" =(x+1)" +(y=1)" Must be + between the brackets.

dM1: Expands and attempts the required form.
Al: This equation or any integer multiple.

Alternative: via perpendicular bisector

M1: Uses the points (3, £4) and (-1, £1) to find the midpoint and gradient between them.
dM1: Correct attempt at the equation of the perpendicular bisector and rearranges to the
required form. Must be using negative reciprocal of the gradient between points (but

watch for those who go directly to this).
Al: This equation or any integer multiple.

(b) May be scored independently of (a) — using the perpendicular bisector.

B1: Shades the area above an appropriate line, must be in quadrants 1,2 and 4. Accept with
solid, dashed or dotted line. Allow for any line with negative gradient and positive y
intercept. Do not be concerned about labelling. Part (a) need not have been correct.

N
RA
60
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MARK SCHEME - IAL FP2 (WFMO02) - June 2024 - Q7

FP2.5a Maclaurin & Taylor series

Question Scheme Marks
Number
3(@) 1 __A B
(n+3)(n+5) (n+3) (n+5) M1
= A=..,,B=...
1 1 (08)
2(n+3) 2(n+5) Al
2
(0) N 1 1
(Ej Z(?s _r_+5j N
P M1
1yy1 1 1 1 1 1 1 1 1 1
=== +=—= +=—=+... + - -
2)\4 6 5 7 6 8 n+2 n+4 n+3 n+5
(LYt 1 AL
2275 nra ns)
_(1) 9(n+4)(n+5)-20(n+5)-20(n+4)) ML
2 20(n+4)(n+5) o
n(9n+41)
= Al
40(n+4)(n+5)
(4)
(© 1 1 1 21(9%x21+41) 5(9x5+41
+ +..+ = (9 )—(X+ ) M1
9x11 10x12 24 x 26 40x 25% 26 40x9x10
194
2925 Al
)
Total 8

Notes:

(a)

M1: Correct partial fraction attempt to obtain values for A and B. May be implied by
correct values.

Al: Correct expression as shown or any equivalent. May be ¥ in each numerator, or the
%2 may be factored out. The expression must be given in (a) not just embedded in the
summation in (b).

(b)

M1: Uses the method of differences to identify non-cancelling terms. Expect to see at
least first two pairs and last pair of terms listed, but this may be implied by the
correct first two or last two non-cancelling terms being stated with no cancelling
explicitly shown. Allow if the % is missing for this mark.

Al: Identifies the correct non-cancelling terms. Allow if the %2 is missing for this mark.

dM1: Puts over a common denominator k(n+4)(n+5), where k =1, and makes progress
towards the required form. The % may be missing for this mark. Allow slips in the
numerator coefficients but should have correct terms in n.

Al:  Achieves the correct answer.

(©)

21 k
M1: Attempts to use the formula from (b) with Z —Z where k =5 or 6.
r=1 r=1
Substitution into the formula must be seen at least once.
Al: Correct answer achieved (the M must have been scored). Must be simplified.

RA
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< QUESTION



MARK SCHEME - IAL FP2 (WFMO02) - June 2024 - Q7

FP2.5a Maclaurin & Taylor series

Question Scheme Marks
Number
4(a) dy 1 dt 1 dt dy
Eg. 2y—=—-——ory’="=St=y?=—=-2y2-2 or
ST TP Y T T Tk VX B1
1 3
y=t Ejd_yzﬂxﬁz_lt Eﬂ
dx dt dx 2 dx
3
2 3
Y ry=xy? a1 M1
d 2 dx At
de_ 2t=-2x * Al*
dx
(©)
(b) I :e—-[de :eizx B1
te™ = —2-[ xe 2 dx M1
= xe > —Ie’zx dx M1
—2X 1 —2X
=xe"+ e (+c) Al
tz—Z:x+£+ceZX
y
M1A1
=y’ =+(ore.g.%j (ce)
x+5+cezx 2x+1+ Ae
(6)
Total 9
Notes:
(@)
B1:  Any appropriate correct first derivative statement connecting g—i and :—)t( May be

M1:

Al*:
(b)
B1:

M1:

M1:
Al:

M1:

Al:

implied by use of chain rule when substituting.

Having attempted a first derivative statement, substitutes completely into the given
differential equation to obtain an equation in x and t only (which may be the final
step).

Achieves the printed answer with no errors.

Correct integrating factor. May be implied by working.
For their IF xt = “—2"jx>< their IF (dx) provided their IF is a function in x.

Integrates RHS by parts to obtain axe™ + ﬂj e™ (dx)

Correct RHS (not follow through — must be the correct RHS). The + ¢ is not needed
for this mark.

Reverses the substitution and makes y? the subject. The constant of integration must
have been introduced at the right time and been treated correctly, although the
algebra in rearranging need not be fully correct.

Correct answer in the required form with the constant correctly placed. Does not
need to be fully simplified, and e.g. “2¢” is fine for the constant and allow for “2¢”
renamed and “c” and such. ISW after a correct answer is seen.
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Alt (b) m-2=0=m=2 so CFis t = Ae* Bl
For Pltry t=ax+b M1
g—t—Zt=—2x:>a—2(ax+b)=—2x:a=..,b=... M1

X
a=1,b=%:>t=Ae2x+x+% Al

t:iz:x+1+ Ae*
2

y

M1A1l
=y’= %(ore.g.;ﬂ] (oe)
X+§+Aezx 2Xx+1+ Be

(6)

Notes:

B1:  Solves the auxiliary equation and forms the correct complementary function.

M1:  Selects an appropriate form for the particular integral.

M1: Differentiates and substitutes into the differential equation to find values for the
constants of the PI.

Al:  Correct values and adds the CF and PI (t = may be missing for this mark).

M1: Reverses the substitution and makes y? the subject. Must have formed an equation
using both P1 and CF for this mark.

Al: Correct answer in the required form with the constant correctly placed. Does not
need to be fully simplified and same conditions for main scheme. ISW after a correct
answer is seen.
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Question

Number Scheme Marks
S X=-2, 3 B1
X 12 o x41=x'-x-6-2(x+2)= X —4x-11=0
(x=3)(x+2) x—3
or
x+1 2 4x— x> +11
-1 <0=>——2 7= -0

(x=3)(x+2) X3 (x=3)(x+2) M1

or

(x+1)(x=3)(x+2) < (x—3)2(x+2)2 —2(x—3)(x+2)2
:>(x—3)(x+2)[4x—x2 +11]:0

+
X —dx—11=0= x = 21N16+44 “126+44=... M1
x =2+./15 Al
X<—2,2-15 < x<3, x> 2+15 M1A1
(6)
Total 6

Notes:

B1: The cv’s —2 and 3 stated or used. May be seen on a diagram.

M1: Any complete algebraic method to reach at least a expanded quadratic for the other two
critical values. E.g. equates sides, multiplies through and simplifies, or collects to one side
and finds common denominator or multiplies through by a positive expression and collects to
one side etc. Do not be concerned about inaccuracies in the inequalities in intermediate steps
—score for the overall method leading to a suitable equation being found.

M1: Correct method (usual rules) to solve the resulting three term quadratic equation for the
remaining cv’s. Once a quadratic is reached accept if correct solutions for their quadratic
appear without working.

Al: For the cv’s 2 ++/15 Must be exact.

M1: Uses their cv’s form the correct shape for the solution, X <&, b< X<y, x> ¢ allowing for
the inequalities to be loose or strict in each case. Number lines, sign tables or graph may be
used, or this may be deduced from inequalities work throughout the question.

Al: Fully correct and no extra other region. Must be exact values. Accept interval notation, e.g

(—oo, —2) U [2 — 15, 3) U [2 +4/15, oo) . Note if set notation is used the “union” symbol must

be correct, but in language accept “and” or “or”.

Note: Solutions that expand to a quartic and then state the four CVs with no algebraic method
shown to solve the quartic score at most SC BIMOMOAOM1AL.

X2
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Question Scheme Notes Marks
Number
6 Z—1i W+ i
== = oe
Way 1 2+l - l—w() Bl
W+i U+iv+i 1-u+iv
7= =
1-w 1—u—ivxl—u+iv M1
Z:u—u2+uvi—vi—uvi+i—ui—v2—v+iv+i
(1-u)® +v2 M1A1
Re(z)=0=u—-u’-v*-v=0
2 2
u-u?-v?-v=0= u—l + v+l _1 dM1
2 2 2
1 1 . 1
Centre:| =, —= Radius: —
[2 2} N AlAl
| ()
Way 2 Z—i iy—i
W=s—"=SW=—— B1
z+1 y+1
iv—i 1—i
w= 1 oY M1
iy+1 1-iy
- 2_._ 2_ _
u+iv:Iy+y 2' y_¥ Z+y 12i:>E:y
1+y 1+y° 1+y \
2
%_E Uu_q M1A1
u=Y 2’ or v=-Y 5 (u—uz—vz—v:o)
1+ 4 149
V2 V2
2 2
u-u?-v?-v=0= u—l + v+l _1 dM1
2 2 2
1 1 . 1
Centre:| =, —= Radius: —
(2 Zj N AlAl
Notes:

B1: Correct rearrangement as shown or equivalent.

M1: Introduces w = u + iv (or may use other variables) and multiplies numerator (and
denominator) by the conjugate of the denominator.

M1: Expands the numerator and sets the real part to zero — allow if there are slips in the
denominator e.g. wrong sign.

Al: Correct equation in any form.

dM1: Completes the square for u and v. They must have attained an expression on which
they need to complete the square on at least on of u or v. Alternatively allow for
correct centre up to sign error, or correct radius, deduced from expanded circle
equation.

Al: Correct centre — but must be from a circle equation. Accept as coordinates or as

1 1. . 1 1), o
E—EI and be tolerant of notation errors, e.g. (E’_Elj if the correct point is clear.

Al: Correct radius following a correct equation in u and v (allowing sign slips on u and v).
Must be exact, but accept equivalents.

N
RA
65



MARK SCHEME - IAL FP2 (WFMO02) - June 2024 - Q7

FP2.5a Maclaurin & Taylor series

Alternative:

B1:

Replaces z with iy (oe), or may replaces by x +iy and later set x = 0 in the equation.

M1: Multiplies numerator and denominator by the conjugate of the denominator.

M1: Rearranges into real and imaginary parts to obtain y in terms of u and v and substitutes
into u or v to eliminate y. Allow recovery from slips in the denominator per main
scheme.

Al: Correct equation in any form.

dM1: Completes the square for u and v. They must have attained an expression on which
they need to complete the square on at least on of u or v. Alternative as per main
scheme.

Al: Correct centre. Accept as coordinates or as l—%i and be tolerant of notation errors,

1 1. o
e.g. E'_EI if the correct point is clear.

Al: Correct radius from correct work (allowing sign slips on u and v). Must be exact, but
accept equivalents.

Note: Some rarer alternatives may be seen, but if you are unsure of a method send to review.

Way 3 0—>—i,i—>0,00>1 B1
. . 1
E.g. Bisector of O and 1 is u = 3 M1
. .. 1
Bisector of 0 and —iis V= -5 M1A1l
. 1 1
Bisectors meet at when u = 3 and v= -5 dm1
1 1 . 1
Centre:| =, —= Radius: —
( 2 2) NA AlAl

Notes:

B1: Identifies three correct image points on the circle.

M1: Finds at least two image points on the circle and attempts the perpendicular bisector of
at least one pair of points. Alt: attempts to substitute into a general circle equation and
makes some progress eliminating one variable.

M1: Finds three image points and attempts two perpendicular bisectors. Alt: uses the third
point to form a second equation in the same two variables.

Al: Correct bisectors. Alt: correct equations.

dM1: Finds the intersection of the bisectors. Note MMAM may be implied in this method if
the bisectors are obvious (as with the three points shown in the scheme). Alt: valid
method for fully solving the simultaneous equations.

Al: Correct centre. Accept as coordinates or as %—%i and be tolerant of notation errors,

1 1. L
e.g. E'_EI if the correct point is clear.
Al: Correct radius from correct work (allowing sign slips on u and v). Must be exact, but

accept equivalents.

Way 4: Using inverse points of the imaginary axis, e.g. +1 is also possible. Here as —1 maps

to oo so 1 maps to the centre of the circle, and then any other point may be used to
work out the radius of the circle. If other inverse points are used it will be more
complicated. Send to review if you see any responses like this that you feel deserve
merit.

N
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Question Scheme Marks
Number
7(a) . d .
y:exsmx:(d—y:}exsmmexcosx
X
&y M1
:[W =]eX SinX+e*cosX+e" cosx—e’*sinx =2e"cosX (oe — see notes)
a? .
E.g. (see notes for equivalents) = (d_x}; =J 2e* cosx—2e*sinx
:>d—4:2excosx—2exsmx—2excosx—2exsmx
X
4
3—¥ =—4e*sin x = -4y (oe — see notes) Al
X
d* d° d d° d?
:>—i/=—4y:>—)5/=— _y:>_Z=_ _¥ Al
ax ax dx  dx ax
4)
(b) dy d’y d’y d*y d°y d°y
=0,| 2| =1| 2| =2| 2| =2, =0 2| =-4]-2|=-8
(¥, [dxj0 dx? ) ax® ), dx* ), dx® ), dx® ), M1
X2 X3 X5 X6
(Y=)0+X+"—x2+-x2+0-—x4—-"—x8+... M1
2 3! 51 6!
, X x* x°
=)XA X e Al
(y=)x+x +3 N 90+
3)
Total 7

Notes: Accept other forms of notation for the derivatives, e.g. y’ etc.

(a)
M1:

dM1:

Al:

Al:

Applies the product rule on y and y’ to reach at least the second derivative. Condone
mislabelling of the derivatives for the Ms. May work in terms of x or y or a combination of
both, e.g. y'=y+€*cosx,y"=y'+e*cosx—e*sinx=y'-y+e“cosx=2y'-2yetc
Continues the differentiation process to obtain an expression for the 4" derivative. Again,
may be working in either x or y or a combination of both.

Any correct fourth derivative expression, may be unsimplified and award when first seen,

4
e.g. may identify 3—}( =—4y oreven 2y"-2y". Must be correctly identified as the fourth
X

derivative.
Completes the process to obtain a correct expression, or for k = —4. May work in X or y or a
mixture for the final derivatives.

E.g. YW =2y —2y" =4y" —4y"_2y" =2y" —4y™ =4y"—4y"—4y" =—4y" is one possible

(b)
M1:

M1:

Al:

variation, but others are possible with earlier eliminations. Most will use main scheme.

Attempts to find values for all 6 derivatives at x = 0, but condone one missing as a slip.
Accept values seen stated for each derivative as an attempt.

Applies Maclaurin’s theorem correctly with their values, allowing for one slip in the
factorials, up to the term in x® (or a fifth non-zero term if errors mean the x° terms is not
needed).

Correct expansion, condone missing the “y =,

X2
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Question
Number Scheme Notes Marks
4(a) p
(x+1)—y—xy=e3" x>-1
dx

Y v e C tl d ti Bl

dr (x+ 1) (x+ 1) orrectly rearranged equation
X g j[_HL]dX Correct strategy for the integrating factor |

I=¢ i xH including an attempt at the integration
= e‘“ln(”l) For —x + In(x + 1) Al
= (x + 1) e Correct integrating factor Al
) e ) Uses their integrating factor to reach the
y(x+1)e ='[x+1x(x+l)e dx form yI=IQldx M1
1
y (x + l) e = Eezx +c Correct equation (with or without + ¢) Al
y= i + ce’ Correct answer (allow equivalent forms). Al
2(x+1) (x+l) Must have y =...
()
(b) 1 9 . _ _
x=0,y=5=5=—+c=>c=— Substitutes x = 0 and y= 5 and attempts to Ml
2 2 find a value for c.
= e il C Must h: = Al
y 2(x+1) 2(x+1) ao (oe) Must have y =...
(©))
Total 9
A \’/ﬂ‘
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%1111?1%2? Scheme Notes Marks
5(a) ) dy 2 L
y=tan"x= o =2tanxsec” x Correct first derivative any correct form | Bl
d 2
Y otanxsec’ x = —)2} =2sec’ x+4sec’ xtan’ x
dx dx MIALl
M1: Correct application of the product rule and chain rule
Al: Correct expression
dzy 4 2 2 d3y 4 2 3 4
o =2sec” x+4sec” xtan” x = o =8sec” xtan x +8sec” xtan” x+8sec” xtan x
2 3 O M1
d’y 4 2 d’y 4 2
—=6sec’ x—4sec’ x = o =24sec” xtanx —8sec” xtan x
M1: Attempt to differentiate using product and chain rule. At least one term to be correct
=8sec” xtan x +8sec’ x tan x(sec2 x—1)+85ec4 xtan x
=24sec’ xtan x —8sec” xtan x = 8sec’ xtanx(3 sec’ x—l) Al
Fully correct expression
()
(b) Attempts the values up to the third
_=3,()"). =83, ("), =80, (™), =35243 o Vid
(y)? (v )? v )7 (v )? derivative when x = ? Ml
7). 80( =z 35243( =Y
y—3+8«/§(x—?)+2—!(x—gj + 3 (x—;] +... M1
Correct application of the Taylor series 2! or 2, 3! or 6
2 3
y =3+8\/§(x—£j+40(x—£) +M[x—£) +
3 3 3 3 Al
Correct expansion
Must start y = ... or tan’x = .... f(x) only accepted if f(x) has been defined to be tan’x
3
Total 8
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2 2m* =5m=-3=0=(2m+1)(m-3)=0=>m=... M1
1
So C.F.is (v =) Ae 2 +Be™ Al
P.Lis ¥, =axe” Bl
d d?
Do _ 3gxe’ + ae™, 2L = 9axe™ +3ae™ +3ac™
M1
= 2(9ax+ 6a)e3" —5(3ax+a)e3x “3axe” =2¢" =a=..
2
a=— Al
7
Ly 2
General solution is ¥ = Ae ? + Be™ +7xe3x Blft
©)
(6 marks)

Notes:

M1: Forms and solves the auxiliary equation.
A1l: Correct complementary function (no need for y =...)

B1: Correct form for the particular integral. Accept any PI that includes axe’*, so e.g. (ax + b)e3x is fine.
M1: Attempts to differentiate their PI twice and substitutes into the left hand side of the equation. The
derivatives must be changed functions. There is no need to reach a value for the unknown(s) but their PI must
contain an unknown constant.

A1l: Correct value of a (and any other coefficients as zero). Must have had a suitable PI

B1ft: For y = their CF + their PI. Must include the y =. The PI must be a function of x that matches their
initial choice of PI, with their constants substituted.
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Question
Number Scheme Marks
2 2
5. d_g = _g(d_yj +2
dx y Ldx
a 2
@ (d—yjﬂseen B1
dx ) dx?
3 2 3
d_yz_i(yjd_eri(d_y) M1ALAL
dx®*  yldx/dx*  y*ldx
(4)
2 2
ALT: (d_yj - Z(d_y]d_g seen Bl
dy ((d?*y 54y
=0
dx[dx j ( J{ j dx MIAL
dy 1 d dy, dy
Al 4
dx’® y( dx? d @
d’y 1 2
(b) |Atx=0 d_Z_E(_ZX(l) +4)_1 B1
3
Y _Lisai)pa=2 M1
dx* 2 2
(y—)2+x+(1)x—2+ =3 X—3+ M1
20 L 2)3 7
1 1
=24 X+=X" ==X +... Al (4
y 272 4)
[8]
Notes
(@
2
B1 (d_yju seen in the differentiation
dx )d
M1 Divide equation by y and differentiate wrt x chain and product rules needed. LHS correct
Al Either RHS term correct. Need not be simplified.
Al Both RHS terms correct. Need not be simplified.
ALT
2
B1 dy —2 d_y d_y correct differentiation of middle term.
dx dx ) dx?
M1 Differentiate before dividing. Product rule must be used.
2
Al Correct differentiation of yng and -2y
. d’y _—
Al Rearrange to a correct expression for o (need not be simplified)
‘}'f‘
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Notes
(b)
d?y o o .
Bl Correct value for d_2 . May be implied by the term in their expansion.
X
. . . d’y o .
M1 Use their expression from (a) to obtain a value for o (May be implied - you may need to check if
their value follows from their expression in (a).)
M1 Taylor's series formed using their values for the derivatives, accept 2! or 2 and 3! or 6
Correct series, must start y =..., or allow f(x) = ... as longs y = f(x) has been defined in the question.
. d?
Al Must come from a correct expression for d—Z
X
N2
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Question
Number

1(a)

Scheme Notes Marks

dy 3 . R
=In(5+3x)=—==
y=In( )= "B Correct first derivative B1

dy 3 _ d’ 9 d’y 54

= == R Rl
dx 5+3x dx (5+3x) dx (5+3x)

3
M1: Continues the process of differentiating and reaches d—i’ - K 5 0e
dx®  (5+3x)
d’y  —9x—-2x3(5+3x)

& (5+3x)

M1 Al

Note this may be achieved via the quotient rule e.g.

Al: Correct simplified third derivative. Allow e.g. % or 54(5+3x)73.
5+3x

| 3)
sy =Sy O g A
Yo=INS¥o =50 Yo =50 Yo =170

(b) ”
2 3
= In(5+3x)~ In5+§x—ix—+ﬂx—+...
5" 2521 125 3! M1
Attempts all values at x = 0 and applies Maclaurin’s theorem.
Evidence for attempting the values can be taken from at least 2 terms.

The form of the expansion must be correct including the factorials or their values.

Note that this is “Hence” and so do not allow other methods e.g. Formula Book.

3 9 9
IN(5+3x) = IN5+=X——x*+—X +...

( ) 5 50 125 Al
Correct expansion. The “In(5 + 3x) =" is not required.

@)

© In(5—3x)zln5—§x—gx2—ix3+
5 50 125
Correct expansion even if obtained “from scratch” B1ft
OR for a correct follow through with signs changed on the coefficients of the odd
powers of x only in an expansion of the correct form e.g. a polynomial in ascending

powers of x.

Q)

(d) n (5+3x)
(5-3x)
In5+§x—ix2+ix3+...—(ln5—§x—ix2—ix3+...j M1
5 50 125 5 50 125
Subtracts their 2 different series to obtain at least 2 non-zero terms in ascending
powers of x.

6 18 ,
=—X+—X +...

5 125

Correct terms. Allow e.g. 0+ 8 X +0x2 +£ X2+
5 125

=In(5+3x)—-In(5-3x)

Al

&
RA
73



< QUESTION

Allow both marks to score in (d) provided the correct series have been obtained in
(b) and (c) by any means.
| 2)
Total 8
A
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dy  dy dy _1 _
3(a) 2 ~ _6xy=0and ——=3,y=— whenx=2
xdx2+ydx Xy dx y 2W X
2 1 2 1
d—f=—(6xy—yd—y):d—f =—(6—§)=2 MI1Al
dx* 2x dx dv’l,, 4 2) 8
dy &y &y (&Y dy
Eg. 2 +2x + +|—| —6y—-6x—=0
e Y ) T T
Or
e S Lo et S e AP
=- 6xy—y— |+—| 6X—+6y—| — | —
& 2200 Y a) T\ M T i) Y Al
Or
d’y  dy d?y _ ddy  qdy\? 2y y
XW——}/E+6X}/=>2E+2X$——(E) —yF+6y+6x—
3
4
dx’l,., 64
(6)
1 9/8 435/64
(b) (y)=§+3(x—2)+%(x—2)2+ 3{ (x—2)3 M1
1 9 2 145 3
=—+3x-2)+—(x-2) +—(x-2
y 5 (x )16(x ) 128(x ) Al
(2)
(8 marks)
Notes:
(a)

2
M1: Attempts to find jx—J; at x = 2 (May see after the 3™ derivative has been calculated)

Al: Correct value. Note if a method is used in (a) that does not find this value, score for the attempt
2
at it in (b). A correct value for 4y implies M1A1
de

M1: Attempts to differentiate the equation (may have been rearranged first) with at least one use of
product rule in evidence (sign/coefficient errors only)

) 2
Al: For yd—y—>yd )2/+(d_y)

dx dx dx

Al: Fully correct expression in the third derivative (can be implicit)
Al: Correct value for the third derivative following a correct expression
(b)
M1: Applies the series formula correctly with their values. Must have the correct factorials/implied
factorials if not shown. If series is incorrect for their values and no formula shown then MO
Al: Correct answer with simplified coefficients. Must be y = ---so f(x) = --- is A0
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(a) Alt
M1: Attempts to differentiate the equation (may have been rearranged first) with at least one use of
product rule.
2 2
Al: For yd—y - yd—i}+(d—y)
dx dx dx

2 3
d ): in their expression to find d ):

M1: Attempts to replace

in terms of %, x and y only.
Al: Correct replacement at least once
Al: Fully correct expression in the third derivative in terms of %, x and y only.

Al: Correct value for the third derivative at x = 2
Note: If in doubt about this method being used, please send to review

£
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Question Scheme Notes Marks
Number

2(a) dy
(X+2)&+y=3xz+6><:> M1: Reaches
d—y+ y  3x(x+2) %H(x)y:g(x) M1
- Al
dx )C(i+2 X+2 Al: Correct equation in required form.
WY gy Correct answer implies both marks.
dx x+2
)
(b) [ a0 Correct attempt at the IF for their f(x) — must
IF= {e x+2 } =" = x 42 attempt the integration but need not be fully | M1
simplified (may be implied by working)
"(x+2)"y = ["3"x"(x+2)"(dx) Applies their IF correctly with their kx M1
(x+2) y =X +3x2 (+c) Correct equation after integration condoning Al
omission of the constant
x=4, y=18=c=108—64—48 =4 Substitutes correct values to find a value for | ./
’ c in their integrated equation
_xX*+3x* -4 (x+2)(x+2)(x-1) | Al: Correct particular solution with g(x) in
T ox+2 X+2 any form. Condone missing “y =...” ﬁi
= y:(x+2)(x_1) or X°+Xx—2 Al:y or g(X) =(X+2)(X—1) or X>+x-2

(6)
Total 8

Note : The question can be completed via a complementary function and particular integral approach, as

below. If the CF is never considered a maximum of 011000 is possible.

(b) Alt

(x+2)d—y+y:0:>ly:—L
dx y dx X+2
=Iny=-In(x+2)+c
:Inyzlni: y:i
X+2 X+2

Considers the homogeneous equation and
makes progress integrating to an equation y
= ... with constant of integration.

M1

y:ax2+bx+czg—y:2ax+b
X

= (x+2)(2ax+b)+ax* +bx+c =3x" +6x
x*:3a=3 x:4a+2b=6 x":2b+c=0

=a=..b=..c=..

Tries the PI y=ax® +bx+c,

differentiates and substitutes
into equation to find a, b and ¢

M1

O

orrect particular integral

Al

y=x"+x-2
y:x2+x—2+i:>18:16+4—2+é
X+2 6
=A=..; A=0

Uses (4, 18) in their general
solution to find the constant ;
Correctly shows A=0

M1
Al

=y=(x+2)(x-1) or x*+x-2

Correct answer following attempt to
combine the CF and PI. Accept y or g(x) as
before.

Al

Additional Notes:
No need to see method for solving the cubic — if the correct answer follows directly from the unfactorized
cubic that is acceptable for the final A.
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‘Number Scheme s
2
2
@ r+2 r+3 :(r+2) —r(r+3) M1
r(r+1) (r+1)(r+2) r(r+1)(r+2)
_r2+4r+4—r2—3r_ r+4 * %
r(r+1)(r+2)  r(r+1)(r+2) AT Q)
r=1 34 ren1 ntl  n+2
®) Ix2 2x3 (n-D)n_ n(n+1)
9 4 5 ven n+2 n+3
2x3 3x4 n(n+1) (n+1)(nr2) | M
ro3 5 6
3x4 4x5
2 r+4 _3  n+3 Al
,:lr(r+1)(r+2) 2 (n+1)(n+2)
Z”: r+4 =3(n+1)(n+2)—2n—6= n(3n+7) dM1 Alcao
,:lr(r+1)(r+2) 2(n+1)(n+2) 2(n+1)(n+2) 4)
[6]
(@)
M1 Attempt a single fraction with the correct denominator (or 2 separate fractions with the

correct common denominator)
Al * Correct result obtained with no errors in the working. Must include LHS as shown in

question or LHS = ...

(b)

M1 Show sufficient terms to demonstrate the cancelling, min 3 at start and 1 at end or 2 at start
and 2 at end.
Award by implication if the correct 2 remaining terms are seen

Al Extract the correct 2 remaining terms

dM1 | Attempt common denominator of the form £ (n+1)(n+2)
Alcao Correct result obtained. No need to show a, b and c explicitly.




< QUESTION

Question
Number Scheme Marks
1
2 _ 12 .
1(2) r(r+1)(r—1) r-1 r r+l MIAIAT (3)
1(b) r=2 1l-—+4-
r=3 ———+4—
1
r=4 ——=+4- Mi
5
1 2 1
r=n-1 -t
n-2 n—-1 n
1 2 1
r=n ————+—- M1
n-1 n n+l
~C1 2 1 2 1.1 2 1
— St — = - — Al
S\r-1 r r+l 2 2 non n+l
S ‘lX(l—l+ 1 j‘nzﬂ_z dMIAL (5
25 r(r+1)(r-1) 2 \2 n n+1) 4n(n+1) )
8]
(@)
M1 Attempt PFs by any valid method (by implication if 3 correct fractions seen)
A1A1 | Al any 2 fractions correct; Al third fraction correct
(b)
Method of differences with at least 3 terms at start and 2 at end OR 2 at start and 3 at end.
M1 Must start at 2 and end at # One M mark for the initial terms and a second for the final.
M1 Last lines may be missing k/(n — 1) and c¢/(n — 2) These 2 M marks may be implied by a
correct extraction of terms. If starting from 1, MOM1 can be awarded.
Al Extract the remaining terms. 1 — 2/2 may be missing and 1/n— 2/n may be combined
dM1 Include the 1/2 and attempt a common denominator of the required form. Depends on both
previous M marks
n+n-2
4n(n+1)
Al
9
.Q‘




MARK SCHEME - IAL FP2 (WFMO02) - June 2023 - Q6 FP2.5a Maclaurin & Taylor series < QUESTION

Question
Number Scheme Marks
5(a) 7+1 3w+1
W=——>oWZ-3W=zZ+1l>wWz-z=3w+l=>z= M1 Al
z-3 w-1
u+1)+3iv (u-1)-iv
(Z=)( ) . MG —=... dm1
u-D+iv  (uU-D-iv
3u?—2u+3v: -1 —4y
X= 2 2 y: 2 2
(u-1)" +v (u-1)"+v ddm1
(y=4x=) —4v=12u°-8u+12v’ -4
:>3u2+3v2—2u+v—1:0* Alcso*
(5)
(b) , 2 L, 1 1 (1)21(1]211
U'—=U+v+=v—==0=2|U-= | —=+|V+= | ———==
3 3 3 3 9 6 36 3
1Y’ 1\ 17
=Slu—=| +|v+=| ==—
3 6 36
/17 17
=> centre: (l—lj {allowx:l,yz—l} radius: ,/— oOr £ B1B1
3 6 3 6 36 6
(2)
Total 7
Notes
(@)

M1: Completes an attempt to make z the subject.
Al: Correct expression.
dM1: Dependent on previous M mark. Replaces w with u + iv and indicates an appropriate attempt to rationalise
the denominator. Accept if x + iy is used instead for this mark.
ddM1: Dependent on both previous M marks. Equates real and imaginary parts to obtain expressions for x and y
in u and/or v only and uses y = 4x to form an equation in u and v only. Condone intermediate incorrect
statements that are recovered for this mark, e.g. condone, missing or incorrect (real) denominator or slips with
initial inclusion of i in the y if recovered. E.g. any of
2 2 H
x=3u"-2u+3v* -1, x= S —2u :‘BV _1, y= _4;” or similar may be recovered for the M’s
(u-1)"-v? (u-1)"+v?
Alcso*:obtains the equation (must be equal to 0) or states k = —1 following correct work. Do not allow recovery
from incorrect statements as shown above for the final mark - all may lead to the correct answer but are AO.
But if there are no incorrect statements e.g. cancelling of denominators may be implied for the A. Watch out

. 3w+l . .
for an incorrect z = —1 which also leads to a correct expression but loses both A marks.
-w
Note: Alternatively methods are possible. Two are shown on the next page, but are not exhaustive.
(b)
Allow both marks from cases where k = —1 is guessed or achieved from fortuitous work.
B1: Correct centre or radius. Accept unsimplified fractions for this mark.
B1: Correct centre and radius - fractions must be simplified.

RA
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MARK SCHEME - IAL FP2 (WFMO02) - June 2023 - Q6 FP2.5a Maclaurin & Taylor series < QUESTION

5(a) . _
Alt . z+1  x+4xi+1l  (x+1)+4ix  (x—3)-4ix
Z=X+1ly,y=4X>W=—FT=—"——"= —X —=.. | Ml
z-3 Xx+4xi-3 (Xx=3)+4ix (x-3)—4ix
- (17x* - 2x-3)-16ix
(u T :) 2 2 Al
(x—3)" +16x
_17x*-2x-3 . -16x
(x—3)2+16x2 (x—3)2+16x2 dmi
=30 +3v’ -2u+v=..
— .. =3u" +3v' —2u+v—1=0* orstatesk =1 ddM1Alcso*
(5)
5(a) . z+1  x+4xi+1
Alt 1l Z=X+1ly,y=4X=>W=—"F=—"7"7""
z—-3 XxX+4xi-3
= (U+iv)((x=3) +4ix) = (x+1)+4ix = .. +..i=... M1
U(x—3) —4vx+i(v(x—3)+4ux) = (x +1) +4ix Al
= U(x—=3)—4vx=(x+1) v(x—3)+4ux=4x
_ 3u+l o 3v N u+l  3v dM1
u-—4v-1 v+4u—-4 u-4v-1 v+4u-4
(Bu+1)(v+4u—4)=3v(u—4v-1)=12u’ +12v’ —8u+4v—-4=0
) ) ddM1Alcso*
=3u +3v -2u+v-1=0*
()
Notes
(@) Alt 1
M1: Uses y = 4x and z = x + iy in the expression for w and multiplies through by complex conjugate of
denominator
Al: Correct expression in terms of x (oe)
dM1: Replaces w with u + iv and equates real and imaginary parts and substitutes into the LHS of given equation.
Dependent on previous M mark.
ddM1: Proceeds simplify the expression putting over common denominator.They are unlikely to make much
progress at this stage in this method. Dependent on both previous M marks.
Alcso*: Correctly shows the expression equates to 0 and gives minimal conclusion.
(@ Altn
M1: Uses y = 4x and z = x + iy in the expression for w and equates to u + iv, cross multiples and expands.
Al: Correct expression with the i? terms simplified.
dM1: Equates real and imaginary parts and proceeds to eliminate x solving simultaneously. Dependent on
previous M mark.
ddM1: Proceeds to simplify by cross multiplying and expanding to at least eliminate uv terms. Dependent on
both previous M marks.
Alcso*: Correctly shows the expression required holds. As main scheme.

&
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MARK SCHEME - IAL FP2 (WFMO02) - June 2023 - Q6 FP2.5a Maclaurin & Taylor series < QUESTION

Question Scheme Marks
Number
6(a
@ y=secx:>%=secxtanx
X
e M1
ay_ (sec xtan x)tan x+sec x(sec2 x) (: sec x tan® x +sec® x)
dx’
d’y 2 3 3
— :secx(sec x—1)+sec X =25ec” X —SecX
dx
dy _ 6sec’ t t
= 5 = 0sec X (sec x tan x) —sec x tan x dM1
or
d’y 2 2 2
o =2sec xtan xsec” X +tan” xsec x tan X +3sec” xsec x tan X
3
(d—g =5sec® x tan x + sec x tan x(sec2 X —1) = 6sec’ xtan x —sec x tan x)
dx ddm1
dd Al
— 2 —secxtan x(6sec” x 1)
dx
(4)
® e %) -2 on(2) 3 1(2) 2 o 2) 2 o2 cra (2 euns |
3) 7 3) 3) 7 \3) T \3) T 3)
2 3
(. (X-3) L (x-a) o,
f(x)=f(a)+(x-a)f'(a)+ 5 f'(a)+ 3 f"(a)+..
: 33 5 dM1 Al
=2+23 x—£j+7[x—E + 3 X—Ej
3 3 3 3
(©)
(C) 2 3
seCY—nz =2+243 LIS P +% L M1
24 24 24 3 24
sec% ~1.636709263... ~1.637 Al
(&3]
Total 9
Notes
(@)
M1: Differentiates twice and obtains expression for second derivative allowing for sign errors only
dM1: Dependent on previous M mark. Differentiates again and obtains expression for third derivative
allowing for sign errors only (which could come from incorrect signs in trig identities)
ddM1: Dependent on both previous M marks. Obtains an answer of the correct form or values for p and g.
Allow slips from their third derivative but any trig identities used can only have errors in sign.
AL: Fully correct expression or values for p and g
Note: If they decide not to work in sec x and tan x the main scheme still applies — see Alt next page.
Allow “meet in the middle” approaches that determine the values of p and g
(b)
. . . . T J T ol T m| T
M1: Uses sec x and their three derivatives to attempt to find values for f (5) f (gj f [gj and f (5)
evidenced by values for each with at least 2 correct if no method seen. May be recovered by substitution of
values into formula if not all listed.
dM1: Dependent on previous M mark. Uses a correct Taylor series with all four of their values. Series must
be correct for their values but allow slips if a correct formula is quoted.

X2
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MARK SCHEME - IAL FP2 (WFMO02) - January 2024 - Q4 FP2.5a Maclaurin & Taylor series < QUESTION
Question Scheme Notes Marks
Number

2(a) _ : 2 .
i z= 6—6\/§| = ‘z‘ = |6 +(6\/§) =12 +12 only. Accept if just stated Bl
(ii) e.q., argz =—arctan —Gf
Attempts an expression for a relevant angle. Look for +arctan [i 6;?} oreg., +tan™ [ilJ M1
3
If arctan is not seen allow e.g., tana = % Sa =% with « correct for their tan
If using sin or cos the hypotenuse must be their 12
argzorarg orargument(of z) = —% *
A correct proof with no incorrect work/statements. LHS required. Allow "8 =" if AL
consistent, e.g., @ =—% cannot follow "tan@ = +\/§"
z =12(%—§i):12(005(—§)+isin(—§)) or12e ¥ or cosé’:%orsiné):—@[Ml] =argz=-%[Al*]
(i)
Way 2 | ML: Factorises out 12 and writes in trig or exp form or identifies cos @ = 3 andsin @ =—§
Al: Acceptable statement with all work correct
. z :12(cos(7§)+isin(f%)) or 12e ¥ or 12(%7§i)= 676\/§i [Ml] = argz=—% [AT*]
i
: Assumes result, writes correctly for their 12 and attempts a + ib form
V\/(a3)/3 M1: A I i ly for their 12 and ib f
Al: Obtains 6—6\/§i and makes acceptable statement with all work correct
(©)
(b) T R T *gi : . 11112
z="12" cos| == |+isin| == | | or "12"e 3 [no missing “i”” unless recovered]
3 3
Correct trig or exp. form with their 12. Could be implied by their z* in trig or exp. form e.g., M1
("12"e *')* Allow equivalent values of @ e.g. 5= and use of e.q., sin(—§)=—sin(g).
Condone poor bracketing. Allow this mark if +2Kz,— 2Kz, £ 2k appears with argument
4
7* = 20736/ cos 4z +isin 4z or 20736 cos—4—7z+isin—4—” or 20736e 3
3 3 3 3
Correct z* in any form. 12 evaluated and arg. of -4z (not just 4x—%) or 2 only although Al
may use e.g., sin (—%ﬂ) =-sin (%ﬂ) No “k”s. Condone an “unclosed” bracket.
Only accept —10368+10368\/§i or 20736(—%+§i) provided evidence of de Moivre.
(03]
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< QUESTION

Question
Number
2(c)

Scheme Notes Marks

z

1 T T

o LI -3 PR By " Ty

w=z2 _(i)‘/ 12 {cos[—z J+|sm[—2 J]ore.g., (i) 2.3"e’®
[no missing “i” unless recovered]

Correct use of de Moivre’s theorem with —Z and their 12 to attempt one square root. M1

Allow work with argument of < for —% and use of e.g., sin(—%) = —sin(%)- Condone

poor bracketing.

MO if z* used for z. Allow this mark if +2kzz,— 2k, + 2k appears with argument

w=3-./3i,~3+./3i 0e

ALft: One correct exact root in a +ib or c(a +ib) form (a, b, ¢ may be unsimplified but not
numerical trig expressions) ft their 12 only i.e.(i)J"lZ"(lzé—%i) Alft

Al: Both exact roots (no others) correct in a +ib form — a and b may be unsimplified (but Al
not numerical trig expressions) e.g. accept

2= 22 ()P o) I2, (728

Accept(3-+/3i) but just+3—+/3iis AL AQ. Just +3 (Jﬁ - i) is AL A0

Note: W* =r?(cos20+isin20)=z=>r, 6, w=...is an acceptable approach (3)

Alt w2 =z = (a+ib)’ =a’ —b? + 2abi = 663 = a’ ~b? = 6, 2ab = —6+/3

ﬂ:az—z—z=6:>a"—6a2—27=(a2—9)(az+3)=0:a2 =9,a=+3,b=F3
a

M1: From a correct starting point, expands and equates real and imaginary parts to form

two equations in a and b and obtains at least one value for both a and b

W=3-+/3i,-3+/3i

Al: One correct exact root in a +ib or c(a +ib) form (a, b, ¢ may be unsimplified)
Al: Both exact roots (no others) correct in a +ib form — a and b may be unsimplified

Total 8




MARK SCHEME - IAL FP2 (WFM02) - January 2024 - Q4

FP2.5a Maclaurin & Taylor series

< QUESTION

Question
Number

Scheme Notes

Marks

3(a)

r \/r(r +1) —\/r(r -1) A correct multiplier to rationalise
the denominator seen or implied by

Jrr+) +fr(r-1) X\/r(r +1) = Jr(r-1 correct work

M1

r(./r(r+1)—‘/r(r—1)) [ —Ir(r=
_ _ r(r+1) —./r(r-12) orAzl
r(r+1)—-r(r-1) 2 2
Correct expression or correct value for A. Condone poor notation if intention clear.
There must be (minimal) correct supporting working.

Al

Alternative:
A= r = r or—; r 5 orL:>A:1
(\/r(r+1)+\/r(r71))(\/r(r+1)7\/r(rfl)) r(r+l)—r(r—1) re+r—ridr o 2r 2

M1: Correctly makes A the subject Al: Correct completion with one intermediate fraction

2

(b)

Jx2 - <0 (=42 (-0)

2 r L ﬂ/ﬁ—ﬂ(:ﬁ—ﬁ)a..
D e 001 [ 0-19 (- oo - -1 -2))

+/n(n+1) - /n(n -1)

M1: Applies the method of differences for r =1 and r = n in the given expression with or
without their A and obtains one correct row of these 2.
M1: Applies the method of differences for r =1, r = n and either r=2orr=n-1in the
given expression with/without their A and obtains 2 correct rows of these 4.

When considering how many rows are correct, if A has been clearly applied to any term
then assess all rows as if A has been applied throughout.

Condone missing bracket if their A is applied to a row e.g., “1x JE—«/E if it is
recovered but e.g., % —\/5 is an incorrect row. Ignore a row for r = 0. Condone
equivalent work with r or e.g., k used for n.

Both marks can be implied by a correct final expression with or without their A
provided there are at least any two correct rows of differences

ie, %( /n(n +1) —O) or /n(n +1) -0

Note: row 3 is "1"(+/12 (or 2+/3)—+/6) , row 4 is"1"(+/20 (or 2+/5) —/12(or 24/3))
If is fully applied the rows are:
L, LZ B (or3)-L, L (or5) L (or3),...
Jo-2(0-D) _ Jo-2)(0-3) (D) J0D(-2) oD _ (D
2 2 ' 2 2 ! 2 2

M1
M1

Correct expression in terms of n. No
incorrect terms seen in differences work even
if cancelled but condone the occasional poor

' 2
= %4 /n(n +1) oe e.g.,% bracket. There should be no “0” so e.g.,
%( fa(n+D) —o) is AO

Does not require marks in (a)

Al

(©)]
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< QUESTION

Question
Number

3(c
© r= ln(n +1) e.g., sightof kx...= 1n(n +1) State_s or uses the °°T“9Ct M1
2 2 summation formula for integers

K 1 K M J2only (Not +). k =2 must
Synn+D) = ,’5“(” == \/; =k=+2 | not come from a clearly incorrect | Al

equation.
(3]

Total 7

Scheme Notes Marks

£
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MARK SCHEME - IAL FP2 (WFMO02) - January 2024 - Q4 FP2.5a Maclaurin & Taylor series < QUESTION
Question Scheme Notes Marks
Number

4(a) an| 3 , 3 ,(3x Any correct first derivative.
y=lan o =y =538 o Not implied by y'(%)=3 B1
= 2><Ssec(3XJx sec[ngtan (3"}3 Attempts the second derivative achieving
277 2 2 2) 2 ksec{g}{ﬂﬂ[gx} or unsimplified ML
_9 3 ian[ 3 \2)\2)
=% S ) S equivalent. Not implied by y"(z)=9
dM1: Attempts third derivative using
the product rule, achieving
=y =%secz(3—;]59(:2[%X]ngr%tan(ixengsecz [i;]tan {%X} Psec* [%XJ +Qsec? [%XJ tan? {%XJ
or unsimplified equivalent. Requires | dM1
27 (3x) 27 ,[3x ,[ 3x previous M mark. Al
=—5ec’| — |[+—sec”| — [tan"| —
4 2 2 2 2 Al: Correct differentiation. Accept
unsimplified. Not implied by
y |||(%) — 54
If sec? [SX) = tan? (SX)H is used the identity must be used correctly and to score M marks
2 2
expressions of consistent form should be achieved.
Note that replacing sec? X in y' =y =§sec2 3 +%sec2 X tan? 3
2 4 2 4 2 2
y z :1’y! E :3,yu z :9, ym z :54
6 6 6 6 M1
Attempts values (but allow numerical trig expressions) for y and their 3 derivatives at £ - accept
stated values or insertion into a series of the correct form
2 3
(y=)1+3 x—2 +3 x—2= +% x—2Z | 4.
6) 2! 6 3! 6
. , P . . . . dM1
Applies Taylor’s correctly about £ with their values/numerical trig expressions. If values are not
seen separately the work should imply a correct formula but allow a recognisable attempt at the series
following the correct general formula stated. Requires previous M mark.
Correct expression with coeffs. in simplest
Z) 9 . e . 3 form. “y =...” not required. Requires all
(y:)l+3[x—]+(x—] +9(x—j +. previous marks. Al
6) 2 6 6 Score AO if clear evidence of use of any wrong
derivative expression.
If e.g. y"(£)is found by calculator but y'(x)and y "(x) were seen award 1100110 max (7)
Note: With responses that work in sin and cos throughout, to score M marks there must be
no loss of form when differentiating (sign and coefficient errors only, also allowing sign
errors with product/quotient formulae). Any use of identities must be correct. E.g:
H 2 H;
3x sm(%) . jcos (3—;)+gsm (3—;)
y=tan = =vy'= >
cos(S—;) cos (3—;)
yro 2 cos’ (%)sin(%)+%cos(%)sin3(3—;) o %cos(%)sin(%) o 9sin(37x)
cos’ (37*) cos* (3—;) 2cos® (37*)
200s® (3 )+ 27 cos® (2 )sin? (3¢ ) + 8 cos* (2 )sin® (3¢
[ e () 7o (3]s (2) oo ()sin' ()7 ) e
0058(3—;) 4 4

&
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< QUESTION

?\Itﬁtézr Scheme Notes Marks

4(b) { [ﬂ'j } [ﬂ' 71'} 9[71' EJZ [ﬂ' 71']3
y| = =143 === |+=| =——= | +9| =———
4 4 6) 24 6 4 6
or 1+3(£J+2(1J +9(£)
12 ) 2(12 12

Substitutes % into their expression for y of the correct form with at least the first M1

three terms (series about £). Must have values (not unevaluated trig expressions).

If only a decimal value is given then it must be the correct awrt 2.26 to score M1
(2.255314325).

If there is no working they must obtain an expression with at least a+bz +cz” and

correct exact ft a, b and c for their series or 1+%+ cz® with correct exact ft ¢

Correct answer or values for A
r o 1 1 , 1 5 |(32)andB (192).Can beawarded
=1+Z+§+1g_2 or l+Z”+§” TV if full marks were not scored in Al
(a).
)
Total 9
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