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QUESTIONS

16 questions - 169 marks - 1 sub-topic

SUB-TOPIC FP3.2a

ELLIPSES & HYPERBOLAS

Sub-topic FP3.2a - 16 questions - 169 marks - lowest tariff first




ANSWER >

7

2. A hyperbola H has equation

2

2
y? =1 where a is a positive constant

QN|><

The line with equation x = % is a directrix of H

(a) Write down an equation of the other directrix.

(b) Determine
(1) the value of a

(i1) the coordinates of each of the foci of H
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ANSWER >

Question 2 continued

(Total for Question 2 is 6 marks)
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ANSWER >

7

1. The hyperbola H has
. . 13
o foci with coordinates i?, 0

. . . . 72
» directrices with equations x = iE
* eccentricity e
Determine

(a) the value of e

3

(b) an equation for H, giving your answer in the form px’ — ¢y’ = r, where p, ¢ and r
are integers.
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Question 1 continued

(Total for Question 1 is 6 marks)
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ANSWER >

7

2. The hyperbola H has equation
ke —y*=9
where £ is a positive constant.

Given that the point (6, 0) is a focus of H

(a) determine the value of £.

(b) Hence determine an equation of the corresponding directrix of H
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Question 2 continued

(Total for Question 2 is 6 marks)
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ANSWER >

Leave
blank

3. The ellipse £ has equation

The line / is the normal to E at the point P(8cos®, 6sind).

(a) Using calculus, show that an equation for / is

4xsinf —3ycosd = 14sinf cosl
O
The line / meets the x-axis at the point 4 and meets the y-axis at the point B.

The point M is the midpoint of AB.

(b) Determine a Cartesian equation for the locus of M as @ varies, giving your answer in
the form ax? + by? = ¢ where a, b and ¢ are integers.
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Question 3 continued
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Question 3 continued
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Question 3 continued
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ANSWER >

7

6. The ellipse £ has equation

L
25 9
The line / is the normal to £ at the point P(5cos 6, 3sinf) where 0 <6< %

(a) Using calculus, show that an equation for / is

Sxsinf—3ycosd=16sinfcosd

@
Given that
» [intersects the y-axis at the point O
» the midpoint of the line segment PQ is M
(b) determine the exact maximum area of triangle OMP as 6 varies, where O is
the origin.
You must justify your answer.
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Question 6 continued
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 9 marks)
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ANSWER >

( )

9. The ellipse £ has equation
x2 2
—+ y_ — 1
9 4
The line / has equation y = kx — 3, where £ is a constant.

Given that £ and / meet at 2 distinct points P and QO

(a) show that the x coordinates of P and Q are solutions of the equation

(9k* + 4)x* — S4kx +45=0
)

The point M is the midpoint of PO

(b) Determine, in simplest form in terms of &, the coordinates of M

3
(c) Hence show that, as & varies, M lies on the curve with equation
X'+ py’ =qy

where p and ¢ are constants to be determined.
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Question 9 continued
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Question 9 continued
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Question 9 continued
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Question 9 continued

(Total for Question 9 is 10 marks)

TOTAL FOR PAPER IS 75 MARKS
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Leave
blank
7. A hyperbola H has equation

where a is a positive constant.
The eccentricity of H is e.

(a) Determine an expression for ¢? in terms of a.

@
The line / is the directrix of H for which x > 0
The points 4 and A’ are the points of intersection of / with the asymptotes of H.

(b) Determine, in terms of e, the length of the line segment 44'.

3
The point F'is the focus of H for which x < 0

164
Given that the area of triangle AFA4' is EN

(c) show that a is a solution of the equation

304 — 1644 + 375a — 4100 =0
C))
(d) Hence, using algebra and making your reasoning clear, show that the only possible

20
value of a is ?

&)

Q\?ﬂ
22



ANSWER >

Leave
blank
Question 7 continued
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Question 7 continued
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Question 7 continued
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ANSWER >

B e ™)
3. The ellipse E has equation
2 2
:—9 + )b;_Z =1
where b is a constant and 0 < b < 7
The eccentricity of the ellipse is e
(a) Write down, in terms of e only,
(i) the coordinates of the foci of £
(ii) the equations of the directrices of £
2
Given that
» the point P(x, y) lies on £ where x > 0
* the point S is the focus of £ on the positive x-axis
e the line / is the directrix of £ which crosses the positive x-axis
» the point M lies on / such that the line through P and M is parallel to the x-axis
(b) determine an expression for
(i) PS*interms of e, x and y
(i) PM” in terms of e and x
2
(c) Hence show that
b =49(1-¢")
2
Given that E crosses the y-axis at the points with coordinates (0, +43 )
(d) determine the value of e
2
Given that the x coordinate of P is %
(e) determine the area of triangle OPM, where O is the origin.
3
\ y,
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Question 3 continued
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 11 marks)
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x2 2
5. The hyperbola H has equation * _ Y _
25 4
The line / has equation y = mx + ¢, where m and ¢ are constants.
Given that / is a tangent to H,
(a) show that 25m*> =4+ ¢*
“
(b) Hence find the equations of the tangents to /A that pass through the point (1, 2).
)
(c) Find the coordinates of the point of contact each of these tangents makes with H.
3
. J
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Question 5 continued
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Question 5 continued
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Question 5 continued

(Total 12 marks)
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9. The ellipse £ has equation

T

The point P lies on the ellipse and has coordinates (5 cos#, 4 sin#) where 0 < 6 < )

The line / is the normal to the ellipse at the point P.
(a) Show that an equation for / is

Sxsinf — 4ycosd = 9sinfcos
)

The point F is the focus of E that lies on the positive x-axis.

(b) Determine the coordinates of F.

2
The line / crosses the x-axis at the point Q.

(¢) Show that

ol _,
|PF|

where e is the eccentricity of £.
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Question 9 continued
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Question 9 continued
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Question 9 continued
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Question 9 continued
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r

7. The ellipse £ has equation

+==1 a>b>0

y2
b2

VLS

The point P(a cosé, b sind) lies on E where 0 < 0 <§

(a) Use calculus to show that an equation of the normal to £ at P is

by = ax tanf + (b’ — a’) sin 0

@
The normal to £ at P meets £ again on the y-axis at the point B.
, , L . . 3b°
Given that O is the origin and that the area of triangle OBP is e
. 1
(b) show that sinf = 5
6))
(c) determine, in terms of a only, the exact coordinates of the point P.
3
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Question 7 continued
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Question 7 continued
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Question 7 continued

(Total for Question 7 is 12 marks)
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e ™)
x2 2
9. The hyperbola H has equation = — 2 =1 and eccentricity e.
64 49
(a) Show that e = %
(2
The point (8sec#, 7tan ), where 0 < 0 < %, lies on H.
(b) Use calculus to show that the tangent to H at P has equation
Y sech - %tané? =1
3
The tangent to H at P meets the y-axis at the point Q.
(¢) Write down the coordinates of Q.
1
The normal to H at P
* has equation 8xcosf + 7ycotf =113
* meets the y-axis at the point R
(d) Write down the coordinates of R.
1
(e) Hence show that the circle with OR as a diameter passes through the foci of H.
6))
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Question 9 continued
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Question 9 continued

OO
10%%0%%

I
R EEIIIRKS

X
XL

INZ]
45




ANSWER >

Question 9 continued
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Question 9 continued
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8. The ellipse E has equation

2 2
x_ + y_ =1
9 4
(a) Determine the eccentricity of £
2
(b) Hence, for this ellipse, determine
(i) the coordinates of the foci,

(i1) the equations of the directrices.

(2)
The point P lies on £ and has coordinates (3 cos 8, 2sin8).
The line /, is the tangent to £ at the point P
(c) Using calculus, show that an equation for /, is

2xcos @+ 3ysinfd =06
3

The line /, passes through the origin and is perpendicular to /,
The line /, intersects the line /, at the point O

(d) Determine the coordinates of O

3)
(e) Show that, as 8 varies, the point Q lies on the curve with equation
(x2 +y2)2 — ax2 +ﬁy2

where a and £ are constants to be determined.
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Question 8 continued
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Question 8 continued
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Question 8 continued
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Question 8 continued
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Question 8 continued
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r

9. The ellipse £ has equation
x> +9y? =9
The foci of E are F| and F,
(a) (i) Determine the coordinates of F| and the coordinates of F,

(ii)) Write down the equation of each of the directrices of £

The point P lies on the ellipse.
(b) Show that |PF| +|PF,| = 6

The straight line through P with equation y = 2x + ¢ meets £ again at the point Q

The point M is the midpoint of PO

(c) Show that as P varies the locus of M is a straight line passing through the origin.
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Question 9 continued
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Question 9 continued
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Question 9 continued

(Total for Question 9 is 13 marks)

TOTAL FOR PAPER IS 75 MARKS
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2 2
6. The ellipse £ has equation ic_6 + y? =1

The point P (4cos#, 3siné) lies on E.
(a) Use calculus to show that an equation of the tangent to £ at P is

3xcosf + 4ysinf =12

6))
(b) Determine an equation for the normal to £ at P.
2
The tangent to £ at P meets the x-axis at the point 4.
The normal to £ at P meets the y-axis at the point B.
(c) Show that the locus of the midpoint of 4 and B as 6 varies has equation
Xp-q)=r
where p, ¢ and r are integers to be determined.
(6)
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Question 6 continued
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 13 marks)
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8. The hyperbola H has equation

4’ -y’ =4
(a) Write down the equations of the asymptotes of H.
ey
(b) Find the coordinates of the foci of H.
2
The point P(secd, 2tan ) lies on H.
(c) Using calculus, show that the equation of the tangent to A at the point P is
ytanf =2xsecd — 2
4

The point V(—1, 0) and the point (1, 0) both lie on H.
The point Q(sec @, —2tan ) also lies on H.

Given that P, O, V and W are distinct points on H and that the lines VP and WQ intersect
at the point S,

(d) show that, as @ varies, S lies on an ellipse with equation

2 2
X
—2+ =1

Q
%[

where @ and b are integers to be found.
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MARK SCHEMES

official mark schemes, in the same order as the questions
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MARK SCHEME - IAL FP3 (WFMO03) - January 2023 - Q2 FP3.2a Ellipses & hyperbolas < QUESTION

General Principles for Further Pure Mathematics Marking

(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:

1. Factorisation

(x* +bx+c) = (x+ p)(x+0q), where|pq|=|c

,leadingtox =...

(ax? +bx+c) = (mx+ p)(nx+q), where|pg| =|c| and [mn| = a|

,leadingtox =...

2. Formula
Attempt to use the correct formula (with values for a, b and c).

3. Completing the square

2
Solving x* +bx+c =0: (Xigj +q+c=0, q=#0,leadingto x=...

Method marks for differentiation and integration:

1. Differentiation
Power of at least one term decreased by 1. (x" — x"™)
2. Integration

Power of at least one term increased by 1. (x" — x")

Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent
examiners' reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are
small errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from
correct working with values but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked
for, or working with surds is clearly required, marks will normally be lost if the candidate
resorts to using rounded decimals.

N
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MARK SCHEME - IAL FP3 (WFMO03) - June 2024 - Q1 FP3.2a Ellipses & hyperbolas < QUESTION
Question Scheme Notes Marks
Number

1(a) 13 a 72 One correct equation in a and e.
ae=— or —=— Allow equivalent correct equations. Bl
¢ e 13 Could include — or +signs
Having obtained two equations in a and e
e.g. of the correct form i.e.,
a
a:7_2e37_2e2:E:>e2:_" [@J ae:p and _=q p,q?ﬁO,
13~ 13 2 144 _ € _ . M1
solves simultaneously to find a positive
13 13 72 2 169 ) -
ora =5~ 267 :E: = 1 value for e*(no requirement for e > 1) or e.
€ € Condone poor algebra provided a value is
obtained. May find a first.
e= 3 or 1% or 1.083.
13 Al
Not iﬁ unless negative value clearly rejected in this part.
@)
(b) With any value for a, which might be seen
72 13 6 13 5 in part (a), and their e, uses a correct
A= oras 2(8) eccentricity formula with correct
s 2l substitution to find a value for b or b.
b* =a®(e" -1) = Could be implied. May see M1
2 2
b=ave®’-1loruseofeg.,
{bZ:GQ((gj —1J:% or bzg} , g
e= l+% or ezg with c =+/a’ +hb?
X2y )
Xy Xy Applies 7 b7 =1 correctly for their
a? b’ 36 = values. Not dependent.
Could use e.g., b*x* —a’y* =a’h’
e.g., 25x*—144y* =900
A correct equation in correct form. Requires all previous 5 marks but allow if 4
. . 1 . . .
marks with A0 in (a) for e = ig and negative value not rejected in part (a). Al
Any positive integer multiple. Allow equivalents provided variables on one side and
constant on the other and y? term has negative coefficient.
Just p =25, q=144, r =900 requires px>—qy’ =r to be seen.
Ignore wrong values for p, g, r following a correct equation (e.g., “q = —144”)
Alt (x—2Y +y? = ()" (x—2)° ML: Forms equation correct for their ae, e and 2
Using X2 —13x+180 4 y? =18852 _13x+36=> B X -y =2
PS? =e2PM? M1: Expands and reaches rx> —sy’ =t, r,s,t#0
Al: e.g., 25x*—144y* =900 as main scheme
(©)
Total 6
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< QUESTION

Question Scheme Marks
1 2sinh® x+3coshx =7 = 2(cosh®> x—1) +3coshx =7 M1
= 2cosh’ x+3coshx—9=0 Al
:>(2005hx—3)(coshx+3):O:coshx:%,>§i M1
:xzarcoshéz(i)ln[§+ 2—1) M1
2 2 4
e AlAI
2 2 2 2
(6)
2
Alt X_ —X X —X
25inh2x+3coshx=7:>2[e 2e j+3(e J;e ):7 M1
=" +3e—16e+3e*+1=0 Al
= (e +6e"+1) (e -3e"+1)=0=¢" =... M1
ex=;\3zfﬂz,§i—5:>x=ln[ii£j M1
2 2 2 2
x=1n(§+£),ln(z——sj AlAl
2 2 2 2
(6)
(6 marks)

Notes:

M1: Attempts to use the correct identity cosh® x—sinh® x =1 to form an equation in cosh x only. (Allow
slips rearranging a correctly stated identity.)
A1l: Correct 3 term quadratic in cosh x. The “=0" may be implied by their attempt to solve.

M1: Solves the 3 term quadratic (usual rules) leading to at least one exact real value for cosh x (which may
be negative). The negative value may not be seen, but need not be rejected at this stage. If using a calculator
they must state at least one correct root for their equation.

M1: Forms a solution in terms of natural logarithms from a positive solution to their equation using the
correct formula or via using the correct exponential form and solving a 3 term quadratic in e*.

Al: One value correct.
Al: Both values correct, accepting equivalents, and no others. Equivalents are e.g.

x=%In (é + ﬁ) , tIn (i - ﬁj Condone missing brackets.
2 2 2 2
Alt
M1: Substitutes correct definitions for sinh x and cosh x in terms of exponentials.
A1l: Correct simplified quartic in e*.

M1: Solves their 5 term quartic as far as e* = .... to achieve exact values (at least one). There should be a
recognisable attempt at solving, e.g. via a product of two quadratics, with at least first and last terms




< QUESTION

matching their quartic, but allow answers only from a calculator — but must be correct and exact for their
equation.

M1: Proceeds to a solution in terms of natural logarithms from a positive solution to their equation using
the correct formula. Not dependent, so this may be scored from decimal solutions to the quartic, for
proceeding from e* =... tox = In...

Al: One value correct.

Al: Both values correct, accepting equivalents, and no others.

There may be other variations via substitutions etc.
M1: Attempts to use the correct identities to form an equation in one “variable”.
Al: Correct simplified equation.

M1: Full attempt to solve the equation to at least coshx = ... or e* =... (exact)
M1: Forms a solution in terms of natural logarithms from a valid solution to their equation using the correct
formula.

Al: One value correct.
Al: Both values correct, accepting equivalents, and no others. Equivalents are e.g.
x=%In (% + gj , *In (% - gj Condone missing brackets.




< QUESTION

General Principles for Further Pure Mathematics Marking

(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:

1. Factorisation
(x* +bx+¢) = (x+ p)(x +q), where|pg| =|c|, leading to x=...

(ax’ +bx +¢) = (mx + p)(nx + q), where|pq| = |c| and |mn| = |a , leading to x =...

2. Formula
Attempt to use the correct formula (with values for a, b and ¢).

3. Completing the square
b2
Solving x> +bx+c=0: (xiE] tqgtc=0, ¢#0,leadingto x=...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (x" — x"")

2. Integration

Power of at least one term increased by 1. (x" — x"")




< QUESTION

Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent
examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct
working with values but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for, or
working with surds is clearly required, marks will normally be lost if the candidate resorts to
using rounded decimals.




< QUESTION

1 dy 1 o 2
a4 0 a2 M1
dr 2 (2x)2 -1
2
( j 4x M1
4x -1 4x -
(3] Ve I e
1+ Al
-[ 4x’ — 4x” —
2(4x* —1)?
=(x—1) M1
8x A
1 13
4x* —1)?
s = % [\/4X169 1- 4XT—IJ dMm1
7
2
1 11
E(15[ 43 ) —3 Al
()
(6 marks)
Notes:
M1: Attempts Y accept the form . Allow —— A (condone missing brackets)
dx’ / -1 J2x? -1
Alternative 1:
Writes %ar cosh2x as —ln (2x +/4x7 -1 ) leading to
dy 1 1 [ J 2x /4 —1 1
— =—X
de 2 2x++4xi-1 \/4x -1) Jax’-1 2x+\/4x —1) Jax* -1
Alternative 2:
1 dy dy 1 1
y=—arcosh2x = 2y =arcosh2x = cosh2y =2x — 4smh2y— =2x=>— =
2 dx dv sinh2y 4?1
If either approach is taken then the same condition for the form of the derivative applies.
Note that this differentiation may be seen in an attempt by parts of j ydx
dy : . dy .
M1: Attempts to find 1+ ™ using their o and attempts common denominator.
Al: Reaches a correct simplified integral with \/x_2 replaced with x as shown in the scheme.
Allow equivalent forms e.g. 2| x de 1 de
e 4x* -1 2 /(2x)2_1
This may be implied by subsequent work.




MARK SCHEME - IAL FP3 (WFMO03) - June 2024 - Q6 FP3.2a Ellipses & hyperbolas < QUESTION
Question Scheme Notes Marks
Number

4(b) Condone the use of e.g., B for « or k for R for the first three marks but allow the A
mark if recovered which may be via a correct expression which might be in (c)
10sinh x+8cosh x = Rsinh x cosh & + R cosh xsinh &
= Rsinha =8, Rcosha =10 B1
Equates coefficients to obtain the two correct equations. This mark could be implied | (M1 on
by either correct elimination, i.e., ePen)
R? =10° -8 or tanha = & provided incorrect equations are not seen.
A complete attempt at finding a positive value for R:
By elimination:
R*(cosh? & —sinh?® ) =10* -8° = R* =36 = R=6
Allow this mark for R =~/10% +8% = 24/41 or +/164. May just see e.g., R = 2+/41
Following a positive value obtained for « where a=klInp, k>0, p>1: 15t ML
In3 —In3
@=21n9=In3= Roosh(In3)~10= R[e ‘e j:10:> R=.. {3R=10=R=6}
elnSfe—InE
or Rsinh(ln3):8:>R[ j:8:>R:... {4R=8=R=6}
Correct exponential definitions must be used but can be implied by correct work.
Allow if the 10 and 8 are mixed up and allow slips in solving
A complete attempt at finding a positive value for « where « =kInp, k>0, p>1:
By elimination:
4
tanha=£:> a =artanh 4 =1In 1+5 =... =1In9=ln3
10 5/ 2 (1-% 2
A correct logarithmic form must be used with a valid value for artanh (<1)
Following a positive value obtained for R:
2
Sinhazi:a =arsinh[i =In i+ 8 +1| {=In3}
Il6ll Il6ll ll6ll II6II
10 10 10 10 Y
cosha =— = a=arcosh| — |=In| —+,/| — | -1 | {=In3 d
e I (8 E BT P
A correct logarithmic form must be used with a valid value if using arcosh (>1)
The appropriate logarithmic forms could be implied by correct values.
Allow this mark if e.g., £ is erroneously simplified but the value must be valid for
the inverse hyperbolic function.
If an exponential form is used to evaluate an inverse hyperbolic the form must be
correct and the solving of any resulting 3TQ (most likely in e* or ) must satisfy
usual rules with one root correct if no working. Note that using tanh leads to a 2TQ
which they must get one correct root for.
They must also proceed to e =klInp, k>0, p>1
6sinh(x+In3) or R=6and a=In3 (or p=3)
Correct expression but allow values for R and « (or p).
If all the values are not seen in (b) then allow if they are seen in (c) and they could Al
be seen embedded in a correct expression.
A0 for additional solutions e.g., 6sinh(x+In3)

X2
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MARK SCHEME - IAL FP3 (WFMO03) - June 2024 - Q6

Marks

Question Scheme/Notes
Number
4(c) There is no credit for attempts that do not use part (b) so e.g., do not award marks
for attempts that apply exponential definitions to 10sinh x +8cosh x =184/7 but note
that it is acceptable to use exponential definitions with 6sinh(x+In3) =18V7.
Allow work with “made up” values for R and p provided R >0, peZ, p>1
6sinh(x+In3) =187

= x=arsinh(3ﬁ)—ln3

:x:ln(Sﬁh/(B\ﬁ)zﬂj—lnS

Obtains x =arsinh [188/7]+ In"3" or x£In"3" =arsinh (163(;/?} from "6"sinh (x£In"3") = 187

and uses the correct logarithmic form to obtain an expression for, or equation in x in
“In”s only but condone loss of the —In “3” or +In*3” after it has been seen.
If the —In “3” or +In“3” is immediately incorporated to make a single logarithm the
subtraction/addition law must be applied correctly.

Work must be exact and not in decimals. M1

c_.cC
If e.g.,C = arsinh (Sﬁ) is found using & 2e =347 , the exponential definition

must be correct and they must solve a 3TQ in e° satisfying usual rules (or one root

correct if no working) and proceed to a valid C =... (e.g., not In(negative)). This
also applies to attempts via

x+In3 _ 4-x-In3

S _18v7 {:> 3e"—Lte ™ =647 = 9% —18\7e" ~1=0= x = |n(8+§ﬁ]}

Note that 213 _g,/7e*M3 _1 -0 = ¥ —84+ 3,7 = x=In [8+:‘ﬁJ is also possible

68

and in such cases the x + In “3” must be handled correctly

e (53

3
Al

Correct answer in correct form. Accept e.g., In (2% +7 J . Must be fully bracketed

correctly. Accept =2 if In (ﬁ+ q) is seen. No additional answers.
(2)
Total 9

78



< QUESTION

(© Reflection of P in /7is
-4 3 8
5leoxm2el all=| 11 Correct strategy for another pointon Is | M1
3 -1 -1
8 -1 9
_ _ Attempts direction of Is. Depends on
1 6ll=| the first mark. dM1
-1 4 -5
1 9 Forms the equation of Iz using R (or
their reflected P) and their direction. ddM1
r=/ 6/+4/ 5 Depends on the previous mark.
4 -5 Any correct equation in vector form Al (4
Total 12
A
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Question
Number Scheme Notes Marks
9 X2 2
—+y—=1, y=kx—-3
9 4
@ 2 (kx—3) 2 p2y2
L+( ) =1|or X—+7k X 6kx+9:1 :4x2+9(k2 2—6kx+9)=36
9 4 9 4 M1
Substitutes to obtain a guadratic in x and eliminates fractions
(9K +4)x* —54kx + 45 = 0* Correct proof with no errors Al*
)
(b) (oL 54 \_ 27k Uses % sum of roots for the x coordinate
2 9k?+4) 9k?+4 OR Solve the equation (by formula), add
T — the 2 roots and halve the result. M1
OR x= Sak + dlszcrlmmant Must reach xm. Allow errors in the
2(9k +4) discriminant
27k
y=k 2 -3 Uses the straight line equation to find y as
9k“ +4 . . S
5 ) a single fraction, can be unsimplified dm1
- 27k" —27k" 12 - 12 Depends on first M mark of (b)
9k* + 4 9k? +4
27k 12
X= y Yy=-— Fully correct work Al
9k® +4 9k* +4 y
®)
(c) ,  T29k? » ., T29k®+144p
X = 2 Xy =
k“+4 k“+4
(9K +4) (9K +4) M1
Obtains an expression for x* + py’ using their coordinates obtained in (b) and
obtains a common denominator
2
729 +144p __ 120 720k? +144p = ~12q(9K? +4)
(ok?+4)”  (9K*+4)
2 2, 16
729k +144p=81| 9k +—p
9 dM1
= % p=4=p=..
Correct strategy to obtain a value for p or for g
Depends on the first M mark of (c)
9 27 . .
p= 2 or g= 7 oe Correct value (or for q if found first) Al
Correct strategy to obtain a value for
-129=8l=q-=.. the second variable ddm1
Depends on both previous M marks
SX oy =——Yy
4 4 Both values correct — can be embedded
. i Al
9 27 in the equation
p=- and q=—— oe
4 4
©®)
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FP3.2a Ellipses & hyperbolas < QUESTION

(c) ‘o 27k yo- 12 35__%:”(__&
Way 2 ok?+4’ 9k*+4 "y 12 9y M1
Obtains k in terms of x and y using their coordinates found in (b)
27[_;“}
k:_ﬂ: y:_Lor Xzizy
9y 9 16x3 4 9 16x ‘4
dM1:Substitutes k into y or x to obtain a Cartesian equation
Al: Any correct Cartesian equation
Depends on the first M mark of (¢)
Rearranges to the form required
Depends on both previous M marks of | ddM1
SX -y =—— (c)
4 4 Correct equation or correct values
Al
stated
Total 10

Pearson Education Limited. Registered company number 872828
with its registered office at 80 Strand, London, WC2R ORL, United Kingdom
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< QUESTION

2
(@) B oai(e-1)= e =241 =210 o0 Bl
2 2
a a
1)
(b) x=(1)2 To@)2 B1
(+) o (2)
gxl:il:)y:ié:) AA':Z)(E or é_(_é) Ml
e a 5 e e e e
1
_10 Al
e
3
© 1X"10"X( a) 1 10a ( T & J
—x — x| ge+—| or e.g. —x———=x|V25+a° +—=— M1
2 e e 2 25+4° V25+a®
lQ(ae+£j=ﬁ:>15(a+%)=164
2 e e 3 e
or M1
2
ixL{rmz _j@
2 25+a’ V25+d? 3
e Al
:>15a(1+ 2J=164 (M1 on
25+a EPEN)
2
= 15a ﬂ =164=>375a+30a’ =164(25+a"
25+a Al*
=304’ —164a* +375a 4100 = 0*
C))
30’ ~164a’ +375a - 4100 = (3a—20)(10a” +12a+205) (M1 on
EPEN)
12* —4(10)(205) =....
2 M1
10a*> +12a+205=10 (a+£) —ﬂ +205
20 400
E.g. 12° ~4(10)(205) <0 so there are no other roots of the equation.
20 . : Al
Hence a =? is only possible value.
3
(11 marks)
Notes:
(@)
B1: Correct expression.

£
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(b)

B1: Identifies at least one correct equation for a directrix and at least one asymptote, stated or used —
including the b = 5.

M1: Solves to find y coordinates of 4 and A’ or just one of these and doubles to get length. Allow if
b is used rather than 5.

A1l: Correct length (from subtracting or doubling). Must be positive.

(©)

M1: Uses focus (—ae, 0) and directrix x =2 (allow if the alternative pair is used) with their length
e

from (b), to form a correct or correct ft expression for the area of triangle AFA".

. . 164 . L
M1: Sets their area equation equal to TS to obtain an equation in e® and a.

" n
Their attempt at the area must be of the form —x — x i(ae igj
e e

25+a?

>— is substituted first.
a

Alternatively, allow an equation in just a® if e =

A1(M1 on EPEN): Correct equation in terms of a only. Allow any correct form.
A1*: Correct result achieved with no errors seen and sufficient working shown.

(@)
B1(M1 on EPEN): A correct method for showing that a = 2—30 is a solution of the equation.

Examples:
30’ ~164a’ +375a - 4100 = (3a—20)(10a” +12a +205)

304’ —1644° +375a—4100=(a—?)(30a2 +36a+615)

f(?j _ 80(9)00 _659ﬂ+ 2500-4100=0

Or e.g. long division and obtains correct quotient and no remainder

M1: A correct method for showing there are no other roots. May use completing the square (as in
scheme) or attempt discriminant or differentiation,

2
e.g. di(eqn) =90a* —328a+375= 90(51 —%) + 32? >0 so strictly increasing hence only one
a

solution.
If using discriminant then values must be used i.e. not just > — 4ac <0
An attempt at the discriminant may be seen as part of the quadratic formula e.g.

 —12+,/127 -4(10)(205)

‘" 2(10)

Al: All work correct with reason and conclusion made that a = ? is the only possible value. If the

discriminant is evaluated then it must be correct. For reference 12° —4(10)(205) = -8056 and
36> —4(30)(615) = —72504 but note that e.g. 12> —4(10)(205) < 0 with a conclusion is acceptable.
Note that just using a calculator to solve the cubic generally scores no marks.

&
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uestion
QNumber Scheme Notes Marks
3(a)(i) (£7e,0) Correct coordinatesorx=+7e,y=0 |B1
X=t— orrect equations
(i) ! c i B1
SC.: If “49” used for “7” consistently in (i) and (ii) score BO B1
_ )
(b)() (PS? =)(x—'7e)’ +y? Correct expression or equivalent with
their 7e. Must be in terms of e, xand y
oe e.g. . : B1ft
2 Nmov g only. Apply isw once a correct expression
(PS?=)(7e-x)*+y is seen.
(i) Correct expression or equivalent with
2 2 7 .
(PM? =)(.Z._ x) ce e, (X_,Z,) their —. Must be in terms of e and x only. | o\ o
€ € Apply isw once a correct expression is
seen.
(© “
c 2
(E =e :>) PS?=e’PM? = (x-'7e)* +y* =¢® (Z— xj
PM e
2 2 2 2,2 M1
= X“ —14ex+49e” + y- =49—-14ex+e“X
Applies PS? =e?PM? with their PS and PM and expands (condone poor squaring)
Reaches given answer with fully correct
x*(1—e?) +y? =49(1-¢?) proof. All shown steps required.
) ) Note that it is possible to obtain this AL*
S +y_2 =1=Db?=49(1-e?)* | result even if the B marks are not scored
49 49(1-¢7) in (b) e.g. correct expressions but not in
the forms required.
2
d 2 i 2
(d) (443)? = 49(1—€%) = €2... oF e =... Replaces b? with 2(4«/§) and solves for |\,
e‘ore.
1
e= - Correct exact value for e (Not +) Al
@




< QUESTION

3 : y© 3 ubstitutes into their ellipse equation and
X—ESE*'@—l:y—"-[(i)G] obtains a value for y M1
Area AOPM = (EJ Tz (6" =..
2)'(2) 2
Correct method for area of triangle OPM with their %and their 6 dM1
May see other approaches, e.g., “shoelace” method
35 0 49 35
e.g. 1 :1(49x6—6><3.5):...
2|6 0 6 6| 2
273 1
> or 136E or136.5 Any correct exact value Al
Special Case:
7\? 2
LA ) N y =36 = Area AOPM =(1) T 7@36)=..(819)
2 49 48 2)'(3) 2
Scores MOM1AO0
(©)
Total 11




MARK SCHEME - IAL FP3 (WFMO03) - October 2020 - Q5

FP3.2a Ellipses & hyperbolas < QUESTION

Question
Number Scheme Notes Marks
1(a) vy X x
4sinh’ x+3sinhx:4[e © j +3{e © j
2 2
e —3e" +3e  —e e’ —e ™
e .
Uses sinhx = > — — on both sinh terms and attempts to cube the bracket
(min accepted is a linear x a quadratic bracket)
1 3x 3 x 3 —x 1 —3x x —x
=—¢ ——e +—€ ——e " +—e ——¢
2 2 2 2 2 2
3x =3x Al*
[V v .
=——— =ginh 3x*
2
| 2)
(b) sinh 3x =19sinh x = 4sinh’ x + 3sinh x =19sinh x
= 4sinh® x —16sinh x =0 Ml
Uses the result from (a) and combines terms
(sinhx=0 or) sinh? x =4 sinh? x =4 or sinhx:(i)Z Al
(0, 0) States the origin as one intersection B1
Two correct non-zero x values(allow e.g.
ln(2+«/§)and—ln(2+\/§) ln(—2+\/§)f0r —ln(2+\/§)) Al
Two correct points (allow e.g.
(ln(2+\/§),38)and(—ln(2+\/§),—38) ln(—2+\/§)for —ln(2+\/§)) Al
3)
Alternative for (b) using exponentials
3x _ ,3x 19(e* —e™*
sinh3x:19sinhx:>e ° - (e © ):> M1
2 2
Substitutes the correct exponential forms and collects terms to one side
= e —19e* +19e** —1=0 Correct equation (or equivalent) Al
0, 0) States the origin as one intersection Bl
1
%ln(9 +445 )oraln(9 ~45 ) Two correct non-zero x values (oe) Al
1
(éln (9 + 4@),38) and [2 In (9 - 4«/5) ) —38j Two correct points (o€) Al
Total 7
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< QUESTION

Question
Number Scheme Notes Marks
2(i . 2
2 M1
=3((x+2)2+4) 3(x+2) +...
Must include 3 now or later
3((X+2)2+4) or 3(x+2)2+12 Al
2; dle ;2 dlearctanx+2(+c)
3¢ +12x+24 3] (x+2)+4 6 2 MIALl
MI1: Use of arctan
Al: Fully correct expression (condone omission of + ¢)
“
ii 2 2
@ 27-6x—-x =_(x +6x—27) Obtains —((x+3)2+...) or
M1
=—((x+3)2—36) —(x+3)" +...
—((x+3)2 —36) or 36—(x+35)2 Al
1 1 x+3
—_—dx=| —— dx =arcsin(—] +c
f 27— 6x—x° j J36—(x+3)’ o o
(Or =—arccos(x;-3)(+c)) MIAl
M1: Use of arcsin (or — arccos)
Al: Fully correct expression (condone omission of + ¢)
| 0
Total 8
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FP3.2a Ellipses & hyperbolas < QUESTION

(b)
Way 1

d = |6 (2) —2k+3 (_7) - 5| Correct method for the shortest
B J6? 422 432 distance

Ml

= %|_2k ~14|= %Vf +7|* Correct completion

Al*

2

(b)
Way 2

Distance O to I is ;

N6 +27 +3
6i—2j+3k)e(2i+kj—7k) -9-
Distance O to parallel plane containing Q is (61-2] 21+ K ) _ 92k

V6o +22 43 7

7 7
Correct method for the shortest distance

d:‘s -9-2k

Ml

= %|2k +14|= %V‘ +7)* Correct completion

Al*

(b)
Way 3

PG| |(i+(k—2)j—8K)s(—42i+14j—21k)|
| | ] Ja2r (147 21 |
Correct method for the shortest distance

d

Ml

:|—42+14k—28+168|:|14k+98|:gk+7* Correct completion
| 49 || 40 |7 P

Al*

(c)

2
|

7k+7|: |8(2)—4k—7+3|

V& + 47+ 12

Correctly attempts the distance between (2, k, —7) and 1> and sets equal to the result
from (a). May see alternative methods here for the distance between (2, k, —7) and 1>
e.g. finds the coordinates of a point on II> e.g. R(1, 1, —7) and then finds
|RO(8i—4j+k)| _|(i+(k—1)j)(8i-4j+K)| |s—ak+4| [12-4k|
| Bi-4i+k| || JgEaarr B

d

Ml

2 1 2 1
z ——(12-4k)" = k=.. or = = (4k—12)" =k =...
(ke T) =g (12-4k) = k= or Z(k+7) =" (4k—12)" = k

Attempts to solve one of these equations where their distance from Q to I1is of the
form ak + b where a and b are non-zero.
or
2 1 4 2 1 2
—(k+7)="=(12-4k)"= —(k+7) ="—(12—-4k)""
2(k+7)="5(12-4k)" > = (k+7) =" (12-4)

= 23k>—462k—-441=0=k =...
Squares both sides and attempts to solve resulting quadratic.
Condone poor attempts at squaring the brackets and there is no requirement to follow
the usual guidance for solving the quadratic

dMl1

One correct value. Must be 21 but
21 allow equivalent exact fractions for

k:—z or k=21 21
23

Al

Both correct values. Must be 21 but
allow equivalent exact fractions for

kz—2 and k=21
23

—ﬂ and no other values.
23

Al

)

Total 11

X2
RA
88



< QUESTION

uestion
?\Iumb or Scheme Notes Marks
8(a) dy  —2x o
o1 Correct derivative B1
2 2
1+(d_J’] —1+ 4x° _(l_xz) +4x? x*—=2x +1+4x7 x*+2x7 +1
5=
dx (l—xz) (1—x2)2 (1—x2)2 (l—xz)2
av M1
Attempts 1+ (ayj , finds common denominator and shows working in the numerator
condoning sign slips only. (The denominator may be expanded)
2
- (1 x 2) or [1+x° ’ Fully correct expression with factorised Al
(1 52 )2 1-x7 numerator and denominator.
Fully correct proof with no errors and
5 5 integral as printed on the question paper
3 ) gy but allow x*+ 1 for 1 +x* and allow
1+ (—y] dx = _ | di 3 3 Al*
. dx L U=x 4(1+x2) o
: 3 —% dx or - dx
. (1 -x ) L 1=x
2 2
“




MARK SCHEME - IAL FP3 (WFMO03) - January 2021 - Q9

FP3.2a Ellipses & hyperbolas < QUESTION

(b)

(x2+1)_ 2 1 1
(l—xz) __l+ﬁ ore.g. _1+E+E

Writes the improper fraction correctly

B1

k 3 dx:ialnH—x
1—x —-Xx

Or e.g.

.[1 k s dr=+aln(l+x)*aln(l1-x)
—-x

Or e.g.

J. k — dx = +aartanhx
1—x

k
1-x
(may see partial fraction approach).

dx (k constant)

Achieves an acceptable form for I -

M1

1+x . .
-1+ - dx=—x+In—— Correct integration

Al

3 Evidence that the given limits have been
VT 2 L B (IR SN gppligd. Cpndone slips as long as the
i intention is clear.
Depends on the previous M.

dMl1

! +In
=—— — cao
4

Al

3)

Note that a common incorrect approach is:

(1+xz)dx= ( L, X ]dlelonJr...

2 1-x

2
—X

2
If there is no attempt at [ al J dx this will generally score BOM1AOMOAO

[
BUT

2
X

1-x2

If there is an attempt at J‘ j dx (however poor) and evidence that the limits

have been applied this will generally score BOM1AOM1AOQ. Condone slips with the
substitution of limits as long as the intention is clear.
1+x> 4 B
2= +
I-x~ 1-x 1l+x
will generally score no marks — if you are unsure, send to review.

2
Note also that I+ x2 = A + B +C 1is a correct form and could score full marks.
1-x I-x 1+x

1+ x2 ) 2 2 752
( )=1 ol +22x =1+ 2x > with no attempt to deal with the al 5
(1—x2) 1-x I-x l-x

BUT note that attempts that consider partial fractions such as

Also, use of

as an improper fraction as in the main scheme is likely to score no marks.

Total 9
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Example alternative approach to integration in part (b) by substitution:

®) (1+) (1+tanh?6)
x =tanh 6 = < dr=| -—————sech”0do
(l—x ) (l—tanh 6’) Bl
Substitutes fully
(1 +tanh’ 9) , )
————~sech’0df= | (1+tanh’6)do
(1 —tanh «9)
M1
= J. (2—sech’0) do
Cancel and applies tanh® @ =1—sech’
= J- (2 —sech’ 0) df=260—-tanh 6 Correct integration Al
3 1
1+~ 1+—
[Zartanhx—x]fzleln 4| 3_ 2><lln — 2| 1
T2 3 4 21| 2
4 2 dM1
Evidence that the given limits have been applied. Condone slips as long as the
intention is clear.
Depends on the previous M.
1 7
=——+In—
a +In 3 cao Al
()

1+ x? 2x? o
There may be other attempts atfﬁ or f 1+ 1 dx by substitution.

2 1 - x2

o 1+ x? 2x?
Award the B mark for a correct full substitution into f 1 or f 1+

with x = f (6) where fis any trigonometric or hyperbolic function.

The first M mark can be scored if they reach something that is clearly directly “integrable”.
This will be hard to achieve for some choices like x = cosh 8
Award the first A if the integration is correct - so that requires [ 1 dx = x as well if

f (1 + 12_—):2(2) is being attempted.

The dependent M can be awarded if there is evidence that the given limits have been applied.
So score MO if their integration has led to something that is defined outside of the limits (such
as arcosh x or arcoth x). Then A1 for the correct answer.

N
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Question Scheme Notes Marks
Number

9 2 2
S A (5c0s6,4sin0)
25 16
@ E:—SSine, d—y:40056’
de déo
or
2x 2ydy e Correct derivatives or correct implicit
25 16 dx differentiation or correct explicit Bl
or differentiation.
1
2\ 2
L2 = A 1-2| " oe
dx 25 25
dy _ 4cosd Divides their derivatives correctly or M1
dx —=5sin@ substitutes and rearranges
5sin @ Correct perpendicular gradient rule —
N may be implied when they form the Ml
4cosd normal equation.
55in 0 Correct straight line method (any
y—4sind = (x —5cos 49) complete method). Must use their Ml
4cosd gradient of the normal.
Achieves the printed answer with no
S5xsin@—4ycos@ =9sin@cos@* | errors and allow this answer to be
or obtained from the previous line. Allow Al*
9sin@cos@ =5xsin@—4ycos@* | SsinOxfor Sxsin@ and 4cosfy for
4ycosé.
Allow all marks if the gradient is seen as a function of x and y initially (even in the
straight line equation) as long as this is recovered correctly.
Solutions that do not use calculus e.g. just quoting the equation of the normal
. 5sin @
as y—4sinf = ) (x —5cos 6?) send to review however if they just quote
cos
e.g. axsin@—bysinf = (az -b’ ) sin @ cos @ and then write down the given
result this scores no marks.
dy 4cos@ .
But we would accept — =——— to be quoted for a full solution.
dx —5sinf
3
b 3
®) b =a’(1-¢)=16=25(1-¢’ )= e==
5
. 3
Fis (ae, 0)= 5><§,0 Ml
Oreg "c" =a’e’=a’—b>=25-16=a’¢*=9=ae=...
Fully correct strategy for F' (must be numerical so (5e, 0) is M0
i +
(3,0) iorrect coordinates. (£3, 0) scores Al
0
@)
‘ .
RA
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(©

9 .
x= gcosﬁ Correct x coordinate (of Q)

B1

PF? = (5 cosf — "3")2 + (4 sin 9)2 Correct application of Pythagoras to
find PF or PF”. Their “3” should be

5 5 positive but allow work in terms of e
PF = \/(5 cos@—"3")" +(4sin0) e.g. “5¢”.

or

M1

Applies sin® @ =1-cos’ @ to obtain a
) . quadratic expression incos @ . If the
=25c0s” €—30cos@+9+16sin" 0 correct identity is not seen explicitly
=25c0s*6-30cosf+9+16 (1 —cos’ 9) then their working must imply that a
correct identity has been used.
Depends on the previous M.

dM1

PF =#+(5-3cos0) Correct expression for PF or PF?in
PF?=9cos? 0 —30cosf +25 terms of cos 0 with terms collected.

Al

Note that an alternative to using Pythagoras to find PF is to use PF' = ePM where M
is the foot of the perpendicular from P to the positive directrix.

Score M1 for x:ﬁ:%(: Ej (not i?)
e A 3

and AM1A1 for pF — ePM — E(é_s(:osej
503

9 3 j 3

-z 3| 1-=cosd =
|QF|_3 50059_( 5 3 1 SCOSH
jore.g.—x—

*

- - “3,
|PF|  5-3cosf 5

5(1—20056 1-=cost

ore.g.
( 9 )2 54 81
3-—cosd 9-—""cosf+—cos’ @

OF” _ 5 __ 5 25

PF? 9cos*0-30cos@+25 9cos’@—30cosf+25

6 9 6 9
9[1—cos¢9+coszﬁj l1-—cos@+—cos’ 60
= > 25 ore.g.:ix 5 25 —i:—QF—E:e*

25

25 l—gcos«9+icoszq9 1—§cos0+icos29 25 PF S
5 25 5 25

Fully correct working including factorisation or equivalent leading to showing that
joF] _
|PF|

Note that the value of e must have been seen earlier e.g. in part (b) or calculated
independently somewhere in the question.

Note that this mark depends on a ratio where the numerator and denominator are
either both positive or both negative or modulus symbols are present throughout.
This does not apply to the second case as both numerator and denominator must be
positive as they are squared.

29

e with no errors and a conclusion “ = ¢e”.

Al*

3

Total 12
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2
7(a) | dy_ beosd ord_yz_z_fxb_ M1
dx -asind d&x a 2y
mN:asm@ Al
bcosO
Equation is y—bsin9=m(x—acose) M1
bcosl
= by—b*sinf=axtan@—a’sin@ = by = axtan 0+ (b’ —a*)sin O * Al*
4)
(b) Bis (0,-0) = —b* = (b* —a*)sin @ B1
Area OBP:3b2:>lb><acosH:ib2 M1
4 2 4
2 4 2 4 2 :
=2acos0=3b=b =§/cos 0= /—§/cos 0 |sin@ dami1
2 0) = (0 a1 i .
= 4(1-sin*>0) (9 4(1-sin 9))sm0 ddM1
= 4sin’ @ +4sin’ O +5sinf—-4=0
:(2sin9—1)(2sin29+3sin9+4)=0:>sinn9=%* Al*
5

© b:%x%ax‘fl—(%jz =...[=§a] M1

pic (\B \Baj Bl

2% Al
(©))
(12 marks)
Notes:
(@)
MI: A correct method for & or —% in terms of @ (from parametric differentiation) or in terms of x

and y (from implicit or Cartesian approaches).
Al: Correct gradient for the normal in terms of ¢
M1: Correct method for the normal through P applied. There must have been a correct attempt at the

gradient of the normal (ie negative reciprocal of their %, or directly finding —;ﬂ ). Allow recovery
ly

from gradients in terms of x and y only if correct substitution for them occurs. If using y = mx + ¢
they must proceed as far as finding c.

A1*: Correct completion to the equation given with no errors seen in working and an intermediate
step (e.g. if using y = mx + ¢ they must substitute ¢ back in before proceeding to the given answer).

(d)
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B1: States or identifies the point B is (0, —b) and substitutes into the normal equation to obtain the
correct equation shown or equivalent.

M1: Correct attempt at the area and sets equal to % b* to form a second equation. Note there are

other possible methods for the area of the triangle e.g. “shoelace”/determinant method, or use of
separate triangles. Some will essentially give the same result as in the scheme, but others will give
more complicated formulae, making the next M much more challenging (and unlikely to be gained).
dM1: Solves the equations simultaneously to achieve an equation in € only. Alternatively,
eliminates sin & and forms a polynomial equation in a? and b*. This latter is unlikely to make
further progress.

ddM1: Rearranges to an expanded (but not necessarily fully simplified) cubic in sin & . For
equivalent working in a* or b they must proceed as far as finding a relationship between a” and b°.
A1*: Fully correct work, showing the factorised cubic to justify the given value of sin 4. No need to
show there is only one solution (we allow the factorised to imply the quadratic factor does not

reduce). Note substitution of sin 8 = 3 into the equation is A0 as it provides no evidence of no other

solutions.

For working in a and b the factorisation to deduce the relationship between a” and »* must have
been seen.

(©)
M1: Correct process to find b in terms of a
B1: x coordinate correct

a
Al: y coordinate correct, accept .
243

(b) Working in a and b:
4 2
b s st on (b —a) = 4at (b -a?) dMI
(b2 _(12) 4a
= 9p° —18a’h* +17a*h*> —4a® =0 = (3192 —a2)(3b4 —5a°p +4a4) =0
=a’>=3b" ddM1
b 1

:>Sint9=—ﬁ=——:l Al
b~ -3b -2 2

sinf@+cos’O=1=

. . . . . . 1
Note: A lot of solutions are not using that the coordinate of B is (0, —b) but instead use sind = 5 to

show sin@ = % These will score at most BOM1MOMOAJO. as they have no equations to solve

simultaneously.
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Question Scheme Marks
Number

9(a) b? =a’(e? —1)=49=64(e’ —1) =€’ = M1
113 V113
49=64e’-64=e*=""—e="""=* Al*
64 8
(2)
2 2 .
(b) X =8sect,y = 7tant = — dy __7sec’t _ 7sec’ 0 [:Zcosece) (Parametric
dx 8secttant 8secHtand 8
diff.)
or
2 2
XY g X 2Vdy o dy AKX TSCOyiicit diff.) B1
64 49 32 49 dx dx 64y 8tand
or
2 2 2 2 ) 1
XY gy XM IX 4] X =L (sect - 1) 2 8secd
64 49 64 dx 2\ 64 32 2 32
y—7tané = 7sece(x—8se00)
8tand
or M1
‘y=mx+c':7tan9=7secex85ec9+c:c=...£—ij
8tand tané
7secH 2 2
y—7tan@ = (x—8secd)=8ytan & —56tan’ & =7xsecd —56sec’ &
8tand
:gsece ;/tana_sec 6 —tan® @ Al*
zlseca ytan¢9 1*
8 7
3)
(c) (0, —7cot®) o.e Bl
1)
d
@) [o U ej 81
7
(@)
(e) 113 7
Centreis | 0, —tan&-_cotd B1
14 2
113 7
Radius is) —tan&+—cotd B1
( ) 14 2
2 2
2 113 7 113 7
X +(y [Mtana—zcotajj —(ﬂtanéwzcotej M1
2 2
y=0=x"+ W3 no-Leoto] =[23tano+ L coto
14 2 14 2
) 113 7
=X :2><2><Htan0><§cot9:113:x:i\/113 M1
Foci are at (J_rae,O):(J_rS “181 j (+\/11 0)
Hence the circle passes through the foci of H * Al*
®)
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ALT for . h13
final Foci are at (J_rae,o):(+8 % oj ( +4/113 0)
M1Al o _ ]
Substituting into the circle equation:
_ 2 (113 7Y o, o(13\(7)_(113Y ., (7Y ., 113
LHS _(tJlTS) +(14J tan’ 9+(2j cot’ 6 2( ” j(zj_[mj tan 0+(2j cot” 0+ = M1
2 2 2
RHS = 13 tan? 0 + ! cot’ 9 +2| =— U3YT)_ (113 tan249+ cot? @ + 113
14 2 14 2 14 2 2
LHS = RHS so the circle passes through the foci of H Al*
ALT 2 113
Circle 7tan -0 113 and
m. = =- an
the;)rzgms FR 0— \/m 7\/]?3
gradients Or
113 tand-0 Bl
o1 113
i o +4113 7\/11
m _—fcotd-0 7 coto
?0-J113 (113
Or Bl
m _—fcotd-0_ 7 coto
O 0+4113 113
M., XM 113 0 x ! cotd=-1
TR T 7\/11 J113
Or M1
113 7
My XM, = ——tanfdx— cotd =-1
TR 7113 J113
For both m_, xm_, =— 113 tan 8 x ! cotd=-1
A MK J113
and M1
113
m_, xm ——cotfd=-1
FR FQ /_11 [_
Mg, x Mg, =—1 for both foci, so the circle passing through F has QR as a diameter Al*
(©)
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ALT 3
Circle
theorems FQ =+/113+49cot? @ or FQ? =113+ 49cot? @ Bl
and
Pythagoras
2 2
FR= JllS + ($ tan Qj or FR* =113+ [?tam 9) or better Bl
» ., (113 ?
FQ“ + FR® =49cot” 6 + 7tan¢9 + 226 M1
113 ? 113 ?
QR? :(700t9+7tan9j :49cot29+(7tan6j +226 M1
QR? = FR? + FQ’ for both foci, so the circle passing through F has QR as a diameter | A1*
®)
Total
12
Notes
(a)

M1: Uses a correct eccentricity formula with a? = 64 and b? = 49 and rearranges for e?

Al*: Correct proof with sufficient working and no errors. Must have at least one line of correct working
between their correct eccentricity formula with a2 = 64 and b? = 49 substituted before the printed answer. It’s
not sufficient to go from a correct formula with values substituted directly to a simplified e’ or e without some

intermediate working. Do not accept € = £ . Some exemplars are below

b? = a? (e2 —1) = 49 = 64(e2 —1) =e= @ MZ1AO0* (no intermediate line of working shown)
49 = 64(e2 —1) =e’= 16%3 =e= % MZ1AO0* (no intermediate line of working shown)
49 = 64(e2 —l) =e’= 49;164 =e= @ M1A1* (Intermediate line of working before a
simplified € or eis seen).

7P =8 (e’ -1)=e’ 1= g—i —e= @ M1A1* (Intermediate line of working before a

simplified e or eis seen).

Note: accept a verification method which shows that ‘LHS = RHS’ after a correct eccentricity formula with a2
= 64 and b? = 49 is seen.

(b)

B1: Correct tangent gradient obtained using calculus. Need not be simplified for this mark, but it must be a
fully correct derivative expression in terms of &.

M1: Uses a correct straight-line method with their gradient and the point P. If they are using y = mx+c then
they must make progress to finding a value for their ‘c’.

Al*: Correct proof with no errors and sufficient working shown. At least one line of intermediate working
required between their correct line equation and the given answer.

(©

. 7 7
B1: Correct coordinates or x=0and y =-7cotfo0.e.e.9.|0,———|or | 0, - (_:059
tand sinéd

under other parts of the question, but must be clearly labelled as point Q.

j . Can award if seen

N
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(d)

B1: Correct coordinates or x=0and y = gtan 6 o.e.eqg. [O,

1135in9) 0 ( 113
7c0s6 ’

. Can award if seen
7cotd
under other parts of the question, but must be clearly labelled as point R.

(e)
B1: Correct centre in any equivalent form e.g.
113siné’ cosé
T S in2 _ 2
0,113tan6? 49cot 6 or [0 cosé Sing | o O’113sm _0 49cos” 0
14 14 14sin@cos b

113sind 7cosé or 113sin0+49cos’ @  64sin* 0 +49

+— - or -
1l4cos@ 2sind 14sin@cosd 14sinfcosd
Ignore the labelling for this mark. Award this mark if the correct expression is seen.

M1: Uses their centre and radius to form the equation of the circle in the form x* +(y —---)2 =r’

M1: Substitutes y = 0, solves for x and uses the result from part (a) to compare with the values of + ae
AL*: Fully correct work with conclusion

B1: Correct radius in any equivalent form e.g.

ALT for final M1A1

M1: Substitutes the correct foci into their circle equation, and makes some attempt to simplify both sides to
show they are equal- may be seen with x squared which is fine.

Al: Shows that ‘LHS = RHS’ for their correct circle equation and gives a basic conclusion.

ALT 2 using circle theorems and gradients

B1: for finding the gradient of FR for either focus F

B1: For finding the gradient of FQ for either focus F

M1: For using mg, xm, =-1 to show that FQ is perpendicular to FR for either focus

M1: For showing that FQ is perpendicular to FR for both foci
AL: Concludes that the circle passing through the focus (point F) has QR as a diameter

ALT 3 using circle theorems and converse of Pythagoras

B1: For finding FQ or FQ?

B1: FR or FR?

M1: For finding FQ® + FR®

M1 For showing that QR? = FQ* + FR?

Al: Concludes that the circle passing through the focus (point F) has QR as a diameter
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i
?\Illllensﬂl)(;? Scheme Notes Marks
8(a) P =a’(l-¢)=4=9(1-¢")=e=..
ore.g Uses a correct formula with @ and b
M1
b2 correctly placed to find a value for e
e=,/1— > =>e=
Correct value (or equivalent)
e— ﬁ J5 Al
3 e=+ 5 scores A0
0]
(b))
(iae, 0) = (i\/g, 0) or i3§, 0
BIft
Correct foci. Must be coordinates but allow unsimplified and isw if necessary.
Follow through their e so allow for (+ 3 xtheir ¢, 0)
(i) x:iﬁzi% or x:if
e V5 B Blft
Correct directrices. Must be equations but allow unsimplified and isw if necessary.
Follow through their e so allow for x = + 3/their e
| )
Special case:
Use of @’ for a and b? for b consistently scores MOAO in (a) and B1ft B1ft in (b)
. \65 81
This gives e =——, (i\/65, O), X=t—
9 \65
<) dx . d
( —=-3sind, & 2coso
dée dé
or
E i 27)’ dl -0 Correct strategy for the gradient of / in
9 4 dx terms of 4.
or M1
1 Allow Y = 2C0.SH to be stated.
|4 4x* 2 dy 4x 4x7 ) 2 dx —3sinéd
7 9 dx 9 9
d
N A 2 co.s 0
dx —3sind
2cosf Correct straight line method (any
y—2sinf = - (x —3cos 0) complete method). Finding the equation | M1
—3sin of the normal is MO.
—3ysin@+6sin’ @ = 2xcos - 6cos’ & Cso with at least one intermediate line of INC
2xcos@+3ysin@ =6* working
(&)
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d 3sin @
@ L: y= LA Correct equation for [, Bl
2cosé
. 3sind
2 + =6.y=
xcosf+3ysin€ =6,y 2cosé x Complete method for O M1
=S X=nL,Y =
( 12cos @ 18sin @ )
"L 4cos’@+9sin’ @’ 4cos? O +9sin’ O
Correct coordinates. Allow as x =..., y =... and allow equivalent correct expressions as Al
long as they are single fractions
12cos @ 18sind 12cos @ 18sin @
c.g X= ) y = - 20 X = 2 y = 2
4+5sin” 4 4+5sin” 4 9—-5cos” 0 9—5co0s” 8
3

£
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(e) y 3 Uses their coordinates of O to attempt an
At Q, ===tanf equation connecting x, y and @ or states | M1
x 2 or uses the equation found in (d)
4y?
144 1
‘o 12cos @ _ 12secé 5 144 sec? @ [ +9xzj
 4c0s®0+9sin’0 4+9tan> 0 - 2 9\ 22
(4+9tan 6’) [4+9X4y2J
9x
or
_ 18sin & _12secOtan @
YT 4c0s’019sin° 0 4+9tan’ 0 dM1
2 2
L 3al1e Y
»  324sec” ftan” 6 9x~ )9x
- 5 2 2\2
(4+9tan’ 0) [4+9X4y2j
9x
Eliminates 6
Depends on the first mark.
2 9 2 + 4 2
:xzzix( x )2/) :()c2+y2)2:9x2+4y2
(x2 +y2)
or Al
232 42 )
= 9><16x2y2(1+yz] = 4x18? [1+ 2 ] = (¥ +?) =9x7 +4y7
X 9x
Correct equation or correct values for a and S.
| 3
(e 2
Way 2 12cos @ 18sin @ . o\2 | 144cos® 0+324sin’ @
x:45'29y:45'20:(x+y): NEPAY
+osin +osm (4+551n 0) M1
2
Uses their Q to obtain an expression for (xz + yz) in terms of 6
2 2 2
144cos? 0+324sin°0 | | 144+180sin>0 | | 36(4+5sin’0) 1296
2 2 - 2 - 2
(4+SSin2 9) (4+SSin2 9) (4+5sin2 49) (4+5$in29)

1296 144 cos* 0 324sin* @ M1
72=ax2+ﬁy2=a -+ > =.,p=
(4+5$in2 9) (4+5$in2 9) (4+5sin2 9)

Substitutes into the given answer and solves for a and f
Depends on the first mark.
. -
(xz + yz) —0x® +4)? (S(;;rgc/; expression or correct values for Al
Total 13

Pearson Education Limited. Registered company number 872828
with its registered office at 80 Strand, London, WC2R ORL, United Kingdom
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Question Scheme Notes Marks
Number

7(c) MZ1: Finds a value for the scalar product of
] ) ) ) a position vector to a point the plane and
Way 2 (i+2j+3k).("8i—2j—3k™)=-5 their normal. M1 A1l
Al: -5 (or 5 if normal is in the opposite
Perp. direction)
?'Stanfe “8x—2y—§z+5:.0” dM1: Uses distance formula with their
ormuia Shortest distance is normal and plane equation to reach a
|("8")(6) +("-2")(-3)+("—3")(-6) + 5| numerical expression for the distance.
N Condone sign slip on their -5 and theird | dM1 Al
8" +"2"+"3 must not be zero.
o =5 Dependent on previous M mark.
- J77 or 77 ALl: Correct exact distance. Isw
_ @)
Let (Ee the point on the plane (1, 2, 3) M1: Attempts vector from given point to a
Way3 | then PQ = (i + 2j+3K) — (6i —3j— 6k) point on the plane M1 Al
— _Ei . Ei : t
Projection — —5i +5j+9k ALl: Correct vector (+)
[resolving . - |BA A
formula Shortest distance is ‘PQ.n‘ B dM1: Uses formula with their vectors to
|("~5i+5j+9K").("8i +-2j+-3k") reach a numerical expression for the
NIRRT - distance dM1 Al
77 Dependent on previous M mark.
=—— or J77 ALl: Correct exact distance. Isw
NTT
(4)
Line through given point in direction of
Way 4 normal is M1: Uses line through given point in the
r = (6i —3j—6k) + A(8i —2j—3K) direction of their normal and substitutes
Example & meets plane “8X — 2y —3Z +5=0" when into their plane to find a value for 4. Thed | M1 Al
of in their plane equation must not be zero
method 8(6+84)-2(-3-22)~3(-6-31)+5=0 Al: Correct value
involving =>i=-1
the point | | . ugi s 5io apu _\/ﬁ
where | 1("8i+ ZJ+_ 3k )| - 8_ +_ 25+ M Attempts |An| or finds point on the
t':egge (g)_rzomigf_”lt;rsﬁnfn_'g) plane and obtains numerical expression for
plane = (-2, -1, -3) and distance is distance between trr)wcl)?npzomt and the given | dm1 A1
\/(6—"— 2")% +(-3-"-1")? + (-6 -"-3")° Dependent on previous M mark.
N \/ﬁ Al: Correct exact distance. Isw
(4)
Marks are scored through the ay which is the best overall match for the attempt.
Credit for work done in (b) is only available for part (c) if it is used in part (c).
Total 10

&
RA
103



MARK SCHEME - IAL FP3 (WFMO03) - January 2023 - Q9

FP3.2a Ellipses & hyperbolas

< QUESTION

104

Question Scheme Notes Marks
Number
8(a) I, = ICOS”X dx = ICOS X €0s"™x (dx) Correct split. Could be implied by their work M1
Way 1 Obtains psin xcos"™ X + _[q cos" % xsin® x(dx)
H n-1 n-2 H)
=sin xcos x+j(n—1)cos xsin? x (dx) o6 dm1
Requires previous M mark.
_ Replaces sin® x with 1—cos’ X to achieve a
=sin xcos"’1x+'[(n—1)cos"’2 X(1-cos” x) (dx) P ) Al
correct expression for |,
. o1 Proceeds to the given answer with at least one
=sinxcos"* x+(n-1)1,, —(n-1)1, intermediate step and no errors. Condone
1 . n-1 . missing “dx”s but there must be no missing Al*
=1,= ECOS Xsinx +_n Iz arguments. Any clear bracketing error must be
recovered before given answer.
(4)
I, = jcos”x dx = jcosz x cos"2x (dx) _
Way 2 L, L Correct split and replaces cos’® xwith 1-sin’x | M1
= J(l—sm x) cos™x (dx)
= '[(cos”‘z x—cos"? xsin’ x) (dx)
= fcos”’2 x (dx) —I(sin xsin xcos"? x)(dx) =
dM1
M1: Expands, splits and obtains pIcos”’2 x (dx) +qcos"™" xsin x + I rcos” x(dx) oe Al
Requires previous M mark.
Al: Correct expression for |, : J.COS"’2 x (dx) —(—ﬁcos”’l xsin x+J'ﬁcos” X(dx)) oe
1 1 1 Proceeds to the given answer with at least one
=l +——cos" " xsinx———I, intermediate step and no errors. Condone
n-1 n-1 s o *
1 n-1 missing “dx”’s but there must be no missing Al
=1, ==cos" ' xsinx+——1_, * arguments. Any bracketing error must be
n n recovered before given answer.
(4)
(b) | :l[cosn—l Xsin x}% +L‘1| , or :l(n,1)| , Uses the RF to obtain an expression for | in terms
n n ) n n- n n—
r o T 99 1 of I._,or lintermsof |, M1
= - i 2 J— ==
12 z[cos Xsin X]o * 2 1 or 2 lo Condone if necessary if limits are absent.
Correct expression for | in terms of | oe
~ (n-1)(n-3)..5x3x1 following correct work including 2 applications of
ne n(n —2)(n—4)...6><4>< 20 the reduction formula (which could be embedded) Al
with dots & at least 3 terms in each product (first 2 & prior to this answer. |0 may have been calculated
last, or first & last 2) previously but do not allow just the final printed
answer to imply this mark.
eg, I, = Fdx T I, = [X]o% “Zor I, T g Correct value 1_‘or ly- _requwe.s _wrltten evidence of B1
0 2 2 2 integration (minimal)
Proceeds to given answer. Requires all previous
= (n _1)(n —3)..5x3x1 o7 marks. Withhold this mark if no%[cosk*1 xsin Xf is
" n(n-2)(n-4)..6x4x2 2 o Al*
] seen or expression just disappears — one such
Allow extra terms in both products. expression must be replaced by “0” or have
substitution seen
Attempts via proof by induction will be reviewed. 4
Attempts may be seen via |l = (=-(n-3).3 l,and I, = E[6?+lsin ZQT :ixl
n(n-2)..4 2 2 , 2
Etg



< QUESTION

Question Scheme Notes Marks
Number
8(c) T eea z , Replaces sin’ x with 1—cos® x ML
Io cos xsin de:jo cos x(l—cos x)dx Can be implied by an attempt at 1, — 1,
_ . =[2x38x1_7x5x3x1)x | Any correct numerical expression for the | ,,
¢ % 6x4x2 8x6x4x2)2 integral
Correct exact value. Accept equivalent
5 3 5 oe 5\ 7
32" 256" T 256" fractions and allow e.g., | — | = Al
128 )2
This is a “Hence” and requires clear use of I, -1,
For the A marks there must be no evidence that the answer has been arrived at without
using part (b). There is no credit in (b) for work in (c).
Just "l = i;r" is 0/3 but just "1, — I, = iﬂ'" is 3/3
256 256
@)
Total 11




MARK SCHEME -

IAL FP3 (WFMO03) - January 2023 - Q9 FP3.2a Ellipses & hyperbolas

< QUESTION

Question
Number

Scheme Notes

Marks

9(a)(i)

o2 MZ1: Uses a correct eccentricity formula
) with correct values for a and b and obtains

, 8 \/_ 3 a value for €% or e
=€ =.. (§j €= 3 or 3 ALl: Correct value for e (not +)
Could be implied

M1 Al

B1: Both correct foci as coordinates
Foci are (iZ«/E, 0) or(iJ§,0) Condone any use of a negative e
Note that this is not an ft mark.

Bl

®)

(a)(ii)

W2 98

+— OH‘— or +ﬁoe

Both correct equatlons. Reqmres single fraction.

3 . . . .
Allow ft: x=+ T computed into a single fraction, condoning e <0
eire

Allow “X1= ..., X2 =..."
"x=iE

€
_N2 92,
4

4

92

. a .
Condone, e.g., but just "— = J_rT" is BO
e

B1ft

@)

(b)
Way 1

PF =ePM

|PF|=¢|PM,| or |PF,|=¢|PM,|oe States this definition of an ellipse.

M1

[PR|+[PF,|=e(|PM,[ +[PM,[) or e(MiM.[) | correct method for a numerical expression

..&..XZX..¥.. o (or with cancelling" x"s) for |PF,|+|PF,|

with their e and directrix.
or |PF,|+[PF,|= One of the underlined expressions must

) Zﬁ..[..%/?.. x}+" Zﬁ..[..9ﬁ..+ X] be seen for the first approach.
4 3

3 Requires previous M mark.

dm1

_g * Fully correct proof. Modulus signs are not
B required.

Al*

Way 1

Guidance

If they work inaand e, %2 x% is only acceptable if e(|PM1| +|PM 2|)ore(|M1M 2|) is seen

a a
(as with using the values) and e(— - Xj + e(— + X) (: Za) is acceptable but note in both
e e

these general cases the second M mark becomes available when a = 3 is substituted.
The second M is not available for any work which relies on |PF1| = |PF2|

Their proof needs to be shown to be valid for any position of P

50|PF|+|PF|—2\/— 9:{— 2{ 92 or using ex%+e><% cannot score the

second M WithoutE(|PM1| +|PM2|) or e(|M1M2|) being seen.

If e appears as a value it must be correct for the final mark.
Just|PF,|+|PF,|=2a=2x3=6is0/3
Having earned the first mark in Way 1, some candidates proceed to work with a specific
point on the ellipse as in Way 2. Further credit is only available if they clearly state e.g, «
|PF,|+|PF,|is constant for any P”

®
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MARK SCHEME -

IAL FP3 (WFMO3)

- January 2023 - Q9

FP3.2a Ellipses & hyperbolas

< QUESTION

Question Scheme Notes Marks
Number
9(b) States this oe definition of an ellipse,
|PF1| +|P':2| = |QF1| +|QF2| justified by explanation.
Way 2 | where P and Q are any points on the ellipse |  Accept e.g., “|PF1|+|PF2| is constant for M1
oe »
PF,+PF, =k : _ : any P
e.g. Q is where E crosses positive x-axis
= |PF,|+|PF,|= 3—"2J/2"+3+"2/2"
Q is where E crosses positive y-axis Correct method for a numerical value for
= |PF|+|PF,|=2y1* + 242" |PF,|+|PF,| using another point on the dM1
Q is on E directly above F; ellipse and their foci.
— |p|:1|+|p|:2| = Requires previous M mark.
(28], [pairf o (2]
\/1—9+\/(2>< 2\/5 ) +l—T
_ Fully correct proof. Modulus signs are not
=6 * ! Al*
required.
_ (©)
Wav 3 P(3cosd,sin o) Correct general point in parametric form
y |p|:1|2 _ (3(:059_--2\/5--)2 +sin?g and applies Pythagoras for the distance (or M1
Point ) its square) to either of their foci. Allow in
interms | Of \PFZ\Z :(30059+"2J§") +sin?0 terms of a, b and &
of Correct method for |PF,|+|PF,| with their
IPF+|PF,|= foci. Two three term quadratic expressions
! 2 required but allow the second to be implied | gwm1
\/Bcos? 01242 cos 0+9 +8cos? 0 +1242 cos0+9 | if its correct square root is seen. Score when
a and b are substituted.
Requires previous M mark.
|PF1| +|PF2| = Fully correct proof. Modulus signs are not
required. The intermediate step shown oe is | Al*
3-24/2c0s0 +3+2+2 cos 9= 6* required for this Way.
@)
2 2
X -X
Way 4 P x,q/l—— or P| x, J
9 9 Correct general point in terms of x and
Point in 2 applies Pythagoras for the distance (or its
2 " " 2 X A A . . M1
terms of |PF,| =( 242 —x) +1-=— square) to either of their foci. Allow in
X 29 terms of a, b and x.
2 X
PR =(x+"2v2") +1-=
P =iz 1
Correct method for |PF,|+|PF,| with their
foci. Two three term quadratic expressions
|PF,|+|PF, ‘_\/ X2 — 4J2% +9 +\/8 X2 +42x+9 | required but allow the second to be implied | gm1
9 if its correct square root is seen. Score when
aand b are substituted.
Requires previous M mark.
22 22 Fully correct proof. Modulus signs are not
|PF|+|PF,|= 3——x 3+ —x 6*| required. The intermediate step shown oe is | A1*
required for this Way.
Credltworthy alternative approaches will be reviewed 3)
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MARK SCHEME - IAL FP3 (WFMO03) - January 2023 - Q9

FP3.2a Ellipses & hyperbolas

< QUESTION

Question Scheme Notes Marks
Number
9(c) 2 ; ina i i i
2 2 X 2 Substitutes line into the ellipse equation.
X +9(2x+c)" =9 or 9 +(2x+c) =1 Condone slips provided intention clear. M1
7x% +36cx+9c* —9 =
3 3736c % -9=0 Correct quadratic with x* terms collected Al
or e.g., ?xz +4cx+¢°-1=0 (could be implied)
Y» (sum of roots) = (X =)i8C
37
or
(x=) 1 —36¢+4/(36¢)? - 4(37)(9c? - 9) , ~36c —/(36c)? - 4(37)(9c¢* -9)
2 2(37) 2(37)
b dM1 Al
MZ1: Correct attempt at %2 (sum of roots), i.e., “%a for their quadratic.
a
Ignore how the expression is labelled.
Requires previous M mark.
Al: Any correct equation in x and ¢
Allow this mark if e.g., X is seen as My
Substitutes their ¢ = px into
the line to obtain an equation
inxandy only.
Allow e.g., x,, and y,, and
condone e.g., suffixes of P &
This may also be achieved by
—~c= --_ﬂ--x = y=2x+ _ﬂ X e.g., finding y in terms of ¢
18 18 and then eliminating ¢ with
. . ddm1
.18, .18, c y 1 their equation in x and ¢
or x="-2-"e= y=2x 37 Cte= YT Must not be using “My > or
“My ” etc. but imply this
mark from a locus equation
inxandy or
x_and y with appropriate
suffixes
Requires both previous M
marks
Obtains correct equation for locus (accept
—y = _i X oe equivalents) and makes conclusion e.g.,
18 “passes/goes through origin/O/(0,0)” but | Al*
| passes through the Origin oe* allow “shown”/”as required”/”QED” etc.
Requires all previous marks.
(6)
Total 13
PAPER TOTAL.: 75
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< QUESTION

Nmber Scheme o i

1

7coshx+3sinhx=2e"+7= Substitutes at least one correct
T ye Y _e™* exponential form for either of the
7(6 © J+3[e © J:zexw

5 hyperbolic terms and achieves an | M1
equation in exponentials and
{% e +le " +3e" —de T =2e"+ 7} constants alone

2x 2 2x x Multiplies through by e to obtain
= 7(e + 1) + 3(e - 1) =4e” +1de any equation that would form a
{:> 5625 10 — 0 +7ex} 3TQ in e"if like terms were
collected
A correct three term quadratic in e”.
e _14e* +4=0 {3ezx T 40— 0} Could be implied by a correct root
even if terms have not been
collected.
Solves their 3TQ - usual rules. One
x XA\ x _ correct root for their quadratic if no
= (36 1)(6 2) =0=e = working. Ignore labelling of the
roots even if e.g.,“x” is used.
Both correct and simplified but do
not isw if there are other answers.

Ml

Al

Ml

1
x=In2, lnl Allow —lnifor In2 Al
3

and —In 3 or In 3! for ln%

Answer only is 0/5 Total 5
Note that it is possible to multiply through by e™ to form an equation in e, e™ and
constants. Score as main scheme, e.g.,

ze"+ze"‘+§e"—§e"‘=2¢"+7

2 2 2 2
:>Z+Ze"2"+§—§e‘2"=2+7e"" (M1)

2 2 2 2

=2 -7e+3=0 (Al
(26 -1)(e"-3)=0=e" = % 3 (M)

=e =2, % =x=In2, lné (Al)




MARK SCHEME - IAL FP3 (WFMO03) - June 2021 - Q8 FP3.2a Ellipses & hyperbolas < QUESTION

Question Scheme Notes Marks
Number
8(a) Asymptotes are y = +2x y=+2xo0eeg x= J_r% B1
@
8(b) s _ Uses the correct eccentricity formula with a
4=’ —1=e=45 =1 and b = 2 to find a value for e. Ml
Foci are (15,0) Both required. Al
2
8(c) fdy_dy dO_ 2sec’d
sv—2y Y dy oY dy _4x _4sectd (& _& sec
dx dx  y 2tan9 dx d9 dr  secOtand
MI1Al
M dx+ By Y 0= Y op(g)or BB 4O )
dx dx & do dx
Al: Correct gradient in terms of
Explicit differentiation may be seen:
1 1
- dy 1 - 4sect
2 2 2 2
V=4 4= y=(4x"-4) > —=—(4x"-4) 2 x8x = ——m7m7—
( ) dx 2( ) V4sec’ 64
1
Score M1 for % = loc(4x2 —4) 2= f(H) and A1 for correct gradient in terms of 8
4secd Correct straight line method using their
Eg. y—2tanf = (x secd) gradient in terms of § and x = sec 6, M1
y =2tan ¢
ytar1¢9—2tan2 0 =2xsecd—2sec’ 0
= ytan#-2tan’ @ = 2xsecd—2(1+tan’ §)
ytan @ =2xsecd—2* Obtal'ns the given answer with sufficient Alcso
working shown as above.
Q)
8(d
) VPV (~1,0); P(sec 6,2 tan ) = y %( +1)
or
WO : W (1,0): O(sec 0.— 2 tan ) = y = 2tan‘9( x—1) MIAl
M1: Correct straight line method for elther VP or WQ
Al: One correct equation in any form
—2tan @ 2tan @
= i(?C -, y= an —(x+1) Both equations correct in any form. Al
secd—1 ecfd+1
Attempt to solve and makes progress to
2tan @ —2tan @
an (x+1)= an ( —1)=x/y=... | achieve eitherx=... ory=...interms of 6 | M1
secd +1 secd — only.
x=cosf or y=2sinéd One correct coordinate Al
x=cosé and y =2siné Both correct Al
2 .
Correct equation or correct values for a and
x2+y7=10ra=1,b=2 b d Al
()
Total 14
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