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QUESTIONS

10 questions - 74 marks - 1 sub-topic

SUB-TOPIC FP3.3a

DIFFERENTIATING INVERSE TRIGONOMETRIC &

HYPERBOLIC FUNCTIONS

Sub-topic FP3.3a - 10 questions - 74 marks - lowest tariff first




ANSWER >

7

1. Given that

y =3xarcsin2x 0<x< l
2
. . dy
(a) determine an expression for —
dx 2
2
(b) Hence determine the exact value of % when x = i, giving your answer in
the form an + b where a and b are fully simplified constants to be found.
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ANSWER >

Question 1 continued

(Total for Question 1 is 3 marks)
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ANSWER >

L
-
cosx + a
4. y= artanh(—)
cosx —a
where a is a non-zero constant.
Show that
dy
— =ktanx
dx
where k is a constant to be determined.
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ANSWER >

( )

Question 4 continued

(Total for Question 4 is 4 marks)

A



ANSWER >
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4. y = arsinh x + arsinh| — x>0
X
(a) Show that
dy  x-1
N
2
. dy -
(b) Hence determine the exact value of y for which il 0, giving your answer as a
simplified natural logarithm.
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ANSWER >

Question 4 continued

(Total for Question 4 is 5 marks)
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ANSWER >

( Leave\
blank
2.
y=In(tanh2x) x>0
(a) Show that
. pcosech4dx
dx
where p is a constant to be determined.
“
(b) Hence determine, in simplest form, the exact value of x for which j_y =1
X
2
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ANSWER >

Leave\
blank

Question 2 continued

(Total 6 marks) —]
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ANSWER >
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3. y=arsinh (vx* =1 x>1
(a) Prove that & = 1
dx x’ -1
3
1
f(x)= garsinh Vx* —1)-arctanx x>1
(b) Determine the exact values of x for which f'(x) =0
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ANSWER >

Question 3 continued

(Total for Question 3 is 7 marks)
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ANSWER >

Leave
blank
4. (1) f(x) =xarccosx —1<x<1
Find the exact value of £'(0.5).
3)
(i1) g(x) = arctan(e™)
Show that
g"(x) = ksech(2x) tanh(2x)
where k is a constant to be found.
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ANSWER >

Leave
blank
Question 4 continued
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ANSWER >

Leave
blank
Question 4 continued
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ANSWER >

Leave
blank
Question 4 continued

(Total 8 marks) —]
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ANSWER >

( Leave |
blank
3. (a) Given that y = arsech(%) , where 0 < x < 2, show that
v__p
where p and g are constants to be determined.
“4)
In part (b) solutions based entirely on calculator technology are not acceptable.
f(x) = artanh(x) + arsech(%) 0<x<1
(b) Determine, in simplest form, the exact value of x for which f'(x) =0
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ANSWER >
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blank

Question 3 continued
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ANSWER >

Leave
blank

Question 3 continued
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( Leave |
blank
Question 3 continued
Q3
(Total 9 marks) T
L J

INZ]
20



ANSWER >

y = arccos(sech x) x>0
(a) Show that
Y = sech x
dx
3
VA
C
P
0 x
Figure 1
Figure 1 shows a sketch of part of the curve C with equation y = f(x) where
f(x) = arccos(sech x) + coth x x>0
The point P is a minimum turning point of C
(b) Show that the x coordinate of P is ln(q + \/5 ) where g = l(1 +Jk ) and k is an
integer to be determined. 2
(6)
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ANSWER >

Question 7 continued
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ANSWER >
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Question 7 continued
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ANSWER >

Question 7 continued

(Total for Question 7 is 9 marks)
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ANSWER >

8. (a) Differentiate xarcosh5x with respect to x

2
(b) Hence, or otherwise, show that
3
; 3 242 £l
1arcosthdx = E—T+ln(p+q«/§) —Zlnr
where p, ¢, r and k are rational numbers to be determined.
®
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ANSWER >

Question 8 continued
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ANSWER >
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Question 8 continued
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ANSWER >

Question 8 continued
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ANSWER >
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Question 8 continued
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(Total for Question 8 is 10 marks)

TOTAL FOR PAPER IS 75 MARKS
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ANSWER >

( Leavew
blank
8.
y = arccos (2 Jx )
. dy
Det —
(a) Determine o
3)
(b) Show that
Jx
dx = xarccos 2\/; + dx
J g (235) .[ =
2)
L 1
(¢) Use the substitution Jx = 5 cos @ to show that
1 \/— 1 b
8 X
———dx=— | cos?6do
J. o V1 —4x 4 J. .
where a and b are limits to be determined.
“)
(d) Hence, determine the exact value of
1
8
J' arccos (2 \/; ) dx
0
)
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ANSWER >

Leave
blank
Question 8 continued

INZ]
31



ANSWER >

Leave
blank
Question 8 continued
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ANSWER >

Leave
blank
Question 8 continued
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ANSWER >

( LeaveN

blank
Question 8 continued
Q8
(Total 13 marks) |
TOTAL FOR PAPER: 75 MARKS
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MARK SCHEMES

official mark schemes, in the same order as the questions
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MARK SCHEME - IAL FP3 (WFMO03) - January 2023 - Q1 FP3.3a Differentiating inverse trigonometric & hyperbolic functi... < QUESTION

General Principles for Further Pure Mathematics Marking

(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:

1. Factorisation

(x* +bx+c) = (x+ p)(x+0q), where|pq|=|c

,leadingtox =...

(ax? +bx+c) = (mx+ p)(nx+q), where|pg| =|c| and [mn| = a|

,leadingtox =...

2. Formula
Attempt to use the correct formula (with values for a, b and c).

3. Completing the square

2
Solving x* +bx+c =0: (Xigj +q+c=0, q=#0,leadingto x=...

Method marks for differentiation and integration:

1. Differentiation
Power of at least one term decreased by 1. (x" — x"™)
2. Integration

Power of at least one term increased by 1. (x" — x")

Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent
examiners' reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are
small errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from
correct working with values but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked
for, or working with surds is clearly required, marks will normally be lost if the candidate
resorts to using rounded decimals.
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< QUESTION

uestion
%umber Scheme Notes Marks
1(a A, A B, .-B A a-A B_ B
@) (cosh Acosh B +sinh Asinh B =) € +e A Y €€
2 2 2 2
eA+B +eA—B _'_eB—A_'_e—A—B +eA+B _eA—B _eB—A+e—A—B Ml
- 4
Expresses the lhs in terms of exponentials correctly, combines terms and combines
fractions with common denominator (Brackets not needed due to fraction lines)
2eA+B +2€—(A+B) eA+B +ef(A+B) .
= 2 = 5 =COSh(A+ B) Al*
Fully correct proof with no errors
| 2)
(b) cosh(x+In2) = cosh xcosh (In2)+sinh xsinh (In 2)
2+3 2-13 .
= cosh x + 2 Isinh x
( 2 ) ( 2 j M1
Applies the result from part (a) and evaluates both cosh(In2) and sinh(In2)
Use of (a) must be seen
5 3. .
Zcosh x+zsmh X = 5sinh x Collects terms and reaches
5 17 acosh x =bsinh x oe dM1
= Zcosh X= Isinh X Depends on the first M mark
5cosh x =17sinh x oe Correct equation Al
1 (1+5
X=§|“ s Moves to tanh x and uses the correct
v logarithmic form for artanhx or reverts to
” exponential forms and solves for x
ee-1_5 .- Depends on both M marks
2x "
e +1 17
X= % In (1—61) Cao (Accept integer multiples of %) Al
©)
Total 7




< QUESTION

Notes:

0)

B1: Correct completion of the square. May be implied by an integral of the form EJ‘% dx
(x+1)" +2

M1: Obtains karsinhf(x) (k (1) or other equivalent form e.g.
%In{(x+1)+ (x+1)2+%} or %In[(2x+2)+\/4x2+8x+9J etc

Al: Correct integration (condone omission of + ¢). Missing ‘h’ is A0 so arsin is A0 but condone arcsinh x.
(ii)
M1: Applies integration by parts to obtain an expression of the form axarcosth—bI \/)Z_ dx

cx" -1

Al: Correct expression (condone missing ‘dXx’ etc)

X X
M1: Integrates bj— — kaJ£(cx? =1) or bI—
JH(ex? -1) Jvex? -1

AL: Fully correct integration (condone omission of + ¢)

— ksinh (arcosh3x)

ALT
M1: Applies integration by parts (after substitution of u = arcosh3x) to obtain an expression of the form

aucoshu — j bcoshu du

Al: Correct expression (condone missing ‘du’ etc)

M1: Integrates Ibcoshu du — csinhu

Al: Replaces x and obtains a fully correct integration (condone omission of + c)
Note: attempts that re-write arcosh3x in In form then attempt to integrate score zero.




< QUESTION

(NDE;SE:P Scheme Marks
Accept vectors in i, j, k form or column vector form throughout
3(a) A=AxD)+(-1x2)+ (4% =... M1
A=3 Al
2
(b) 1 -1 4\(1) ("a"
3+2a+b="22"
a biy2=|"24"|=> —a=..,b= M1
a+2+b="1"
1 b{1 At
a=2,b=-1 Al
. 2
©() -2 -1 4
IM-2l|=| 3 2—-1 b
a 1 -1-1
=(1-A)[(A-2)(A+1)+1]+3(-1-2)+2+4[3-2(2-2)] (via first row) M1
=(1-2)[(2-2)(A+1)+1]-3[(1+ 4)-4]+2[1-4(2- 2)] (via first column)
=(1-2)(2-4)(-1-2)+2+12-8(2—2)+(1- 1) +3(-1- 1) (Sarrus)
A =22*-52+6=0=(1-3)(A’ +2-2)=0=A=.. dM1
A=1-2,3) Al
_ Q)
(i) 1 -1 4\(x) (x X—y+4z =X X -1
3 2 -1||ly|l=|y|[=3X+2y-z2=y=|Y|= 4
2 1 -1){z z 2X+y—-z2=1 z 1
or M1
1 -1 4\ x X X—Yy+4z=-2X X -1
2 “1|y|=—2|y|=3X+2y—z2=2y=>|Yy|=- 1
2 1 -1){z z 2X+y—-z72=-22 z
-1 -1
A=1->| 4| or A=-2->| 1 Al
1 1
-1 -1
A=1->| 4| and A=-2—>| 1 Al
1 1
@)
Total 10
‘}'f‘



< QUESTION

General Principles for Further Pure Mathematics Marking

(But note that specific mark schemes may sometimes override these general
principles)

Method mark for solving 3 term quadratic:

1. Factorisation

(x* +bx+c) = (x+ p)(x +q), where|pg| =|c|, leading to x = ...

(ax® +bx +¢) = (mx + p)(nx + q), where|pq| = |c| and |mn| = |a

, leading to x =...

2. Formula
Attempt to use the correct formula (with values for @, b and ¢).

3. Completing the square
%
Solving x> +bx+c=0: (xiEJ tgtc=0, ¢#0,leadingto x=...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (x" — x"™")

2. Integration

Power of at least one term increased by 1. (x" — x"*™")




MARK SCHEME - IAL FP3 (WFMO03) - June 2024 - Q3

FP3.3a Differentiating inverse trigonometric & hyperbolic functions

< QUESTION

Question
Number

Scheme

Notes

Marks

2(a)

2-4 0 3
det(M—M): 0 -4-1 -3
0 -4 -1
= eg. (2~ A)[(-4-2)(~4)~(~4)(-3)]-0+3(0)
or (2 A)[(-4-2)(~4)~(-4)(-3)]-0+0

Obtains an unsimplified
cubic expression for
det(M — A1) condoning
sign/copying slips only.
Allow poor bracketing if

intention clear.

Sarrus = (2-2)(-4-2)(-4)~(2-4)(-3)(4)

M1

Note: It is possible to just use Mx =Ax e.g.,
2

—-4y=1= y:—% and—4y—32:ly:>22—32:—%:AHM—lZ:O:...

Score the M1 for achieving a 3TQ in A from appropriate work condoning
copying/sign slips only

(2-2)(4*+42-12)=0 or A°+24°-204+24=0 or —A*-22°+204-24=0
(2-2)(A-2)(A+6)=0 or (1+6)(1-2)(41-2)=0
h=6 (1,-2)
dM1: Solves det(M — A1) =0 to obtain any value for A including 2. Not usual rules

—award for any value seen that is consistent with their equation.
The “=0" can be implied by a solution.

Note that they may disregard the (2—4)and solve a quadratic.
Al: -6 from a correct equation. Accept both solutions e.g.,"-6, 2" and allow if
mislabelled and/or —6 rejected. No incorrect solutions.

dM1
Al

Uses Mx =Axor (M—A1)x=0

2X+3z =-6x

Mx =-6x =
-4y =-62

8x+3z=0

-4y-37=-6y = X=...,y=..

with any of their non-zero
eigenvalues (however obtained) to
form simultaneous equations and
solves. No requirement for a

L Z=..

vector for this mark. There is no
need to check their values but
award MO for a zero solution.

(M+61)x=0 = 2y-32=0 = X=.., y=...
-4y+62=0

L Z=...

M1

Note: Could find vector product of first 2 rows of M— Al i.e.,
(8i+3k)x(2j—3k)=(—6i+24j+16k) (two correct components)

Correct method to
normalise their
eigenvector no matter how

1 this vector is obtained
provided it has at least 2
non-zero components.
Only allow slips if there is
working.

M1

A correct normalised
eigenvector in any form.
24 Note direction may be
16 reversed.

May use i, j, k notation

1 124217
12
eg.,—= 12| or | =F-|or or

8 8217

217 P17

Al

(6)

RA
41



< QUESTION

Summary of changes from Provisional Mark Scheme

A few minor changes were made to the Mark Scheme before marking on the marking service began.

Question Summary of changes
Number
QO03b The B1 for a correct matrix of minors was changed to an M1 to be

fairer to the candidates so that a small slip in the matrix of minors was
not penalised as heavily.

QO04ii The method marks were made dependent on each other as candidates
were unlikely to make significant progress unless the first derivative
was of the correct form and some first derivatives were trivial

expressions.
Qo6¢ Alternative 3 added
QO07ii Alternative added




MARK SCHEME - IAL FP3 (WFMO03) - June 2021 - Q4 FP3.3a Differentiating inverse trigonometric & hyperbolic functions < QUESTION
Question Scheme Notes Marks
Number
1(a) 1—tanh” x = sech *x
e —e Y Replaces the tanh x on the lhs with a
I-tanh®> x=1— [ﬁj correct expression in terms of B1
¢ +e exponentials.
_(ex_i_efx)Z_(ex_ef)()Z _(62,\'+2+672x)_(621_2+672)() 2er><2€72x
(e +e™) (e +e™) (e e ) Ml
Attempts to find common denominator and expand numerator
4 2 % . .
=| ———= |=sech”x Obtains the rhs with no errors. Alcso
(e"+e™)
3)
ALT1 1—-tanh® x = (1 - tanh x)(1 + tanh
x=( a2 X) Uses the difference of 2 squares on the lhs
! e —e ™ ! e —e™ and replaces the tanh x with a correct Bl
=|1- + L. 1
e PR expression in terms of exponentials.
_ 2e" 2¢" Attempt to find common denominators and M1
e +e " Jlef+e simplify numerators.
4 2 % . .
=| ——— |=sech"x Obtains the rhs with no errors. Alcso
(e"+e™)
ALT 2 , 4 Replaces the sech x on the rhs with a
sech™ x = — correct expression in terms of B1
(e +e™) exponentials.
2x —2x 2x —2x X —-x\2 X —x\2
(T +2+e) (e =2+e77) (e'+e ) —(e"—€T)
(" +e™) (e +e™) Ml
Attempts to express the “4” in terms of the denominator.
—x 2
=1- (%j =1—tanh” x* Obtains the lhs with no errors. Alcso
e +e”

N
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< QUESTION

(b) 2sech” x +3tanh x =3 = 2(1 —tanh® x) +3tanh x =3
= 2tanh”> x—3tanhx+1=0 M1
Uses sech” x =1—tanh? x and forms a 3 term quadratic in tanh x
(2tanh x —1)(tanh x —1) =0 = tanh x =... Solves 3TQ by any valid method M1
including calculator.
1 1.1
. Accept — N P
tanhx:%—)x:ln\/g InV3 P 21n3, 21n3 Al
And no other answers.
3)
ALT X -x
2sech’ x+3tanhx =3 =2 4 _|+3) == |=3
(e +e™) e"+e” Ml
=8+3(e™ —e ) =3 +2+e ) =...
Substitutes the correct exponential forms, attempts to eliminate fractions and collect terms
ox Y|
e =2=e = 3 Rearranges to reach e = ... M1
In/3 . Accept l1n3, —llnl
x=1In/3 2 23 Al
And no other answers.
Total 6
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MARK SCHEME - IAL FP3 (WFMO03) - June 2021 - Q4 FP3.3a Differentiating inverse trigonometric & hyperbolic functions
()':luest1on Scheme Notes Marks
umber
2.
y=+9-x>,0<x<3
(a) dy X
= Correct derivative in any form. B1
dx 9—x?
Note that the derivative may be obtained implicitly after squaring e.g.
d d b
y=9-x" =y’ =9-x :>2y—y=—2x:>—y=—
dx dx 9—x
x’ dyY , dy
Lengthof C= | ,[1+ 5 Uses 1+| — | dx with their =~ M1
9—x dx dx
Note that the above may be obtained via the implicit route as e.g.
2 2 2
1+(d—yj dx = 1+x—2dx= 1+— 5 dx
dx y 9—x
In which case the B1 is implied.
9 .
= \/ 5 dx=3arcsm£(+c) (or —3arccos£(+c))
9—-x 3 3
o
J P dx = 3arcsin (1) —3arcsin (0) (or —3arccos(l)+3arccos(0)) MI
0 —-X
Finds common denominator, integrates to obtain arcsin... or arccos...
and applies the limits 0 and 3.
3z Obtains the printed answer with no errors.
=—%* This mark should be withheld if there is no Al
2 evidence at all of the limits being applied.
Special case:
If + > is obtained for % score BOM1M1A1 if otherwise correct but allow full
9—x
recovery in (b)
“
(b) Surface Area .
9 & i ir ¥
_ / 2 Uses |27y 1+( dx with their =22 | M1
—J27Z' 9—x [ - de J dx .
3 3 Integrates to obtain kx and applies the limits
= j 6rdx =67 [x]o =.. 0 and 3. Condone omission of the lower M1
0 limit.
=18r 187 cao Al
3)
Total 7
®
KA

< QUESTION




< QUESTION

Question Scheme Notes Marks
Number
3. 31 p
M=|1 1 2
-1 p 2
(@) 31 p
detM=|1 1 2 Attempts determinant. Requires at least 2
| ) correct “terms”. May use other M1
P rows/columns or rule of Sarrus.
=32-2p)-12+2)+ p(p+1)
= p2 -S5p+ 2 Correct simplified determinant. Al
P> —5p+2=0= p=... Solves 3TQ M1
+
ot \/ﬁ Correct values. Al
2
“@
(b) 2-2p 4 p+1 Attempts the matrix of minors. If there is |  1q
. 2 any doubt look for at least 6 correct
Minors | (2=p7)  6+p  Gp+]) elements. May be implied by their matrix gi)lE(I\lIl
2-p (6-p) 2 of cofactors. )
2-2p -4 p+l Attempts cofactors. Ml
Cofactors | <(2—p?)  6+p —-(Bp+1)
2-p —(6-p) ) Correct matrix Al
) 2 9 o_ Transposes matrix of cofactors and
M- 1 4 p I; }67 divides by determinant. Ml
PP -5p+2 N tpoop- Follow though their det M from part (a)
p p . . Alft
p+1l 3p-1 2 but the adjoint matrix must be correct.
3
Total 9
Question Scheme Notes Marks
Number




MARK SCHEME - IAL FP3 (WFMO03) - January 2022 - Q3 FP3.3a Differentiating inverse trigonometric & hyperbolic functi... < QUESTION
Question
Number Scheme Notes Marks
3(a) x x Takes “sech” of both sides and differentiates
y=arsech| = |[=>sechy ==
2 2 . dx
to obtain — = k'sech y tanh y or M1
dx dy
= — =—2sech ytanh y .
dy equivalent.
2
-6
dy 2 2
)
X .
M1: Replaces sech y with ) and tanh y with 1—(2j MIAlL
. . dx dy . .
Al: Correct equation involving — or — in any form in terms of x only.
dy dx
dy _ —2 Correct derivative in the required form or
= Al
dx  xJ4-—x2 correct values for p and ¢.
(C))
(a) —arsech| X | = sech v =~ Takes “sech” of both sides, changes to
Way 2 Y 2 V= 2 “cosh” and differentiates to obtain Ml
2 .. dy 2 : dy &k :
= y__£ sinh y — = —- or equivalent.
= coshy x:>s1nhydx 2 ydx 2
dy _ 2 2
=—— =—
dx x“sinh y , \/( 2j2
x| =1 -1
x
22 MIAL
MI1: Replaces sinh y with || — | —1
X
.. . dx dy . .
Al: Correct equation involving d—ora in any form in terms of x only.
y
dy _ —2 Correct derivative in the required form or Al
dx  xJ4-x2 correct values for p and ¢.
(a) _ hl X h 2
Way 3 y =arsec 3 = y =arcos - Ml
Changes to “arcosh” correctly. Score this as the second M mark on EPEN.
dy 1 2
== Xx——
dx 2 2 X
3
x
. . k
M1: Differentiates to the form ———— oe
2 2 MI1Al
R [ . |
X
L. . dx dy . .
Al: Correct equation involving —ora in any form in terms of x only.
y
Score this as the first M mark and first A mark on EPEN.
dy _ —2 Correct derivative in the required form or
= Al
dx  xJ4-—x2 correct values for p and g.

N
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< QUESTION

(a) 2 2
Way 4 y=arsech| 2 |=sechy=2=|2| =sech? y= tanh y = [1-| =
2 2 2 2
L
2\ 2
:>sech2yd—y:—x - M1
dx 4
. . , dy x2) 2 .
Differentiates to sech® y— = kx| 1—= | or equivalent
dx 4
L L L
2\ 2 2\ 72 22
:>sech2yd—y=—x ENES [T S VA . N . { e
dx 4 4 dx 4 dx x 4
2
2
M1: Replaces sech? y with ( j MIAl
X
. . dx dy . .
Al: Correct equation involving d—or— in any form in terms of x only.
y
dy _ —2 Correct derivative in the required form or
= Al
dx  xJa—x? correct values for p and ¢.
@) x x xY
Way § =arsech| = |=>sechy === y =artanh| ,[1-| =
g [2j I [J M
Changes to “artanh” correctly. Score this as the second M mark on EPEN.
1
2\ 2
d ;(1 - Zj
S LD
4
2\2
x
kx (1 - 4} MIALl
M1: Differentiates to the form

72 (81§
1—[1—xj
4

L . dx d
Al: Correct equation involving —or 4

in any form in terms of x only.

dy
Score this as the first M mark and first A mark on EPEN.
dy _ —2 Correct derivative in the required form or
= Al
dx 4 —x2 correct values for p and g.

There may be other methods used.
If you are in any doubt if the method deserves any marks use Review.

N
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< QUESTION

(b)

f(x) = tanh™ (x)+sech” Gj = f'(x) =

Blft
Correct f'(x) following through their (a) of the form P

=

S
|

=

Also allow with “made up” p and ¢ or the letters p and g.

! —#=0:>2(1—x2)=x 4-2 > 4(1-2%) =2 (4-2%)

1-x? xV4—x°

Sets % =0 with their (a) of the form

p M1

XyJq—x°

and squares both sides to reach a quartic equation

5x*—12x*+4=0 Correct quartic Al

Solves their quartic equation to obtain a value

5x'—12x*+4=0=x"=2, 0.4 for x” and proceeds to a value for x. Apply M
=>x=.. usual rules for solving and check if

necessary. Allow complex roots.

Correct exact answer (allow equivalents e.g.

V1o

\/E 5 ). If any extra answers given score AQ
5

’2
eg x==+, [—
g 5

X = Al

(&)
Total 9

Special case:

It is possible for a correct solution in (b) following a sign error in (a) e.g.

v 2
dx  x\4-x?
f(x)=tanh™' (x)+sech™ (%j =f'(x)= l—lxz +ﬁ

1 lxz _|_%=0:>2(1—x2)=—x\/4—x2 :>4(1—x2)2 =x2(4—x2) etc.
- xN4—x

This is likely to score M1M1AOQAOQ in (a) but allow full recovery in (b) if it leads to the correct answer.
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Question
Number

Scheme/Notes

Marks

7(a)

y = arccos(sech x)

e.g. cosy =sechx =

—sin yg—y =—sech xtanh x

dy _ (-sechxtanhx) X cosy = (coshx) ' =

or, e.g.,
dx \1-sech” x —siny gy =—(cosh x)?sinh x| M1

—sin y = —sech x tanh x X X
dy

. . . .o.d dx
Differentiates to obtain an equation in d_y or — of the correct form
X

e.g. condone coefficient sign errors only.

d inh
\ll—sechzxj—yzsech X tanh x \ll—sechzxd—i: SInn X
X

A A cosh? x
dx tanh = tanh xj—izsech xtanh x = tanh Xd_y: sinh x

dx cosh? x

dy _sechxtanh x

dM1

L . .. dy ax . .
Uses correct identities to obtain an equation in d_ or — in terms of x only with no roots
X

dy
but accept /tanh?® X as “no roots”

dy _coshx sinhx

T i ' 2
:>g—=sechx :>3—y=sechx dx sinhx “cosh®x
X

:>d—y:sech X
dx

Fully correct proof. An equation in dy or ax and exactly two different hyperbolic

dx dy
functions with no roots must be seen before the given answer but accept +/tanh? x as

“no roots”
Withhold this mark for any mathematical error e.g., clear use of

d 1 d
—(arccosx) =+ and —(sech x) = +sech x tanh x
o )=+ and g (sechx)
or e.g. hyperbolic functions written as trig functions or vice versa.
Allow slips if they are recovered but clear and consistent errors score AQ

Al*

Note: There may be other methods seen, e.g., using exponentials and “meeting in the
middle”

(©)

&
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(b)

iah2 oy 2 _ 2
e.g. i(coth X) =—cosech’x or sinh X EOSh X secrl X or 1-coth?x etc.
dx sinh® x tanh“ x
(e —e’x)2 —(e*+e )2 2¢” (e” —1)—2e” (e” +1) -4
or e.g. 5 or > or 5 etc. B1
=) () (=)
Correct derivative of coth x in any form. Allow recovery if they write e.g. —cosec’x
when —cosech®x is clearly implied by subsequent work.
1
e.g., sech x — cosech?x = 0 = sech x = cosech’ = ==
coshx sinh®x
acosh? x+bcosh x+¢ =0 or asech’ x+bsechx+c=0
or
2
sech x —cosech?x =0 == — 2 x—( . 2 *j =0=> M1
e“+e e‘—e
= Ae"™ +Be* +Ce” +De*+E =0
Sets f'(x)=0 and uses correct identities to obtain a 3TQ in cosh x or sech x
or substitutes the correct exponential forms and obtains a 5 term quartic in €*
cosh®x—coshx—1=0 or sech®x+sechx—1=0 oe
4x 3x 3[ X Al
=e"-2e"-2e"-2"+1=0 oe
Correct quadratic equation or correct quartic equation.
(=D + (=12 — _
coshy— ~EDEVED 40D (1445
2(1) 2
2
ore.g., (sech x+ij L 0= sechx= 1445
2 4 2
Solves quadratic resulting from sech x + their derivative of cothx =0 dM1
Must obtain a real and exact value > 1 (or between 0 and 1 if sech used).
Apply usual rules. (No need to reject invalid values)
If no solving method seen one solution must be consistent with their equation.
For the 5 term quartic in €* progress is unlikely unless they proceed via e.g.
2
(e2X —(1+«/§)eX +1) =0
2
X = arcosh L+V6 =In lJM/§+ L+V5 -1
2 2 2
2
‘oo 1445+, [(1+5) -4 ddm1
or i:ﬁ:e”—(1+«/§)ex+1:0:>e*: ( ) =X=..
2 2 2
Uses correct logarithmic form or exponentials to find x as a In of an exact value.
Exponential definition must be correct and quadratic solving subject to usual rules or
consistent with their equation leading to a value of >0
1 1 145  [1+5
= X= In[§(1+\/§)+ §(1+J§)j or accept x_In{ >t }
Al
1 1
Note that X =In —(1+ \/5) + —(1+ \/5) scores AQ
2 2
(6)
Total 9

&
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< QUESTION

Correct work in (b) leading to:

cosh? x —cosh x —1=0 = cosh x = 1+2\/§

1+J§ 1+J§ 1+J§
x=arcosh[ 7 J:In[ 2 +,/ 5 J

1+J§

With no evidence where the — comes from, scores: BIM1A1dM1ddMOAO

Q\?ﬂ
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FP3.3a Differentiating inverse trigonometric & hyperbolic functions

< QUESTION

Question Scheme Notes Marks
Number
2 Condone poor notation e.g., determinant lines used for matrix bracketing
(@
2 .00 Correct value for determinant,
det|]0 1 4 {=2X(—3+8)} =10 seen or stated and not justina | BI
3 2 -3 final answer
5 -12 -3 5 12 -3 o
Minors:| 0 —6 —4|=' Cofactors:| 0 —6 4 || Attempts the cofactor matrix with M
at least 6 correct elements
0o 8 2 0o -8 2
Inverse is )
5 0 0 10 0 Corr.ecf m’\’ferse but allqw ft on
1 their “10”. Allow equivalent Alft
— -6 -8|oreg, & -3 -4 fractions/decimals. A0 if clearly
10 3 4 2 3 2 1 obtained incorrectly
10 5 5
Work to obtain Adj(M) must be seen but it may be minimal, e.g., sight of the matrix of A3
minors followed by the correct answer is acceptable.
Note that BO M1 Al is possible.
(b) .
Multiplies their M ' by | v
5 0 O0)fu w
L 12 -6 8| v|= Must use a matrix other than M — | M1
10 3 4 ollw not just changed by application of
determinant. Condone sight of
vM! = ... but must not be a
clearly incorrect multiplication
method
X Su Tu Su Su
y :% 12u—6v—-8w | or fu—3v—tw]| or é 12u—6v—-8w | or | Zu—Sv—-Sw
z —Bu+4v+2w —Su+iv+iw —Bu+4v+2w —u+iv+iw Alft
Alft: Two correct vector components, coordinates or equations, ft their d # 0 Alft
Alft: All three correct ft their non-zero d # 0
Must be exact (and not rounded decimals for ft)
These ft marks are not available for an incorrect Adj(M)
3
Alt X u
Using M x=u _ Uses M| y |=| v | and finds x,
z w
y+dz=v = y= : Mi
y and z as functions of u, vand w
3x=2y-3z=w z= Condone sight of vM = ... but
must not be a clearly incorrect
multiplication method
=1
r=ql Al: Two correct equations
y=%u-3v-3tw Al: All three correct Al Al
= —%u +%v +%w Any form with terms collected
(©)]
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< QUESTION

Question Scheme Notes Marks
Number
2(¢) 1 o, L Substitutes their expressions into
3x—7y+22=—3:3(714)—7(;14—gv—gw)+2(—ﬁu+gv+;w)=—3 the equation for Hl M1
Correct equation. Terms in any
—-15u+10v+12w=-6 order but constant isolated. Al
Accept any integer multiples.
()]
| Total 8
Alts To gain any marks by an alternative approach, a complete attempt at a Cartesian equation
for /7, must be made by a viable strategy e.g.,
general point on 3x—7y+2z=-31is (S, t, —%S+%t—%)
200 s u=2s v==3u+15—6
3 2 3\ -is+2t-3] w=Ls-Zt+2 s e
=>v=-"3u—-tw+iu+i-6
Obtains a plane equation in any Cartesian form
_3 6 3 Correct equation. Terms in any
V=sU—2w—:i=
{ v s } order but constant isolated. Al
—15u+10v+12w=-6 Accept any integer multiples.
2
Total 8
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FP3.3a Differentiating inverse trigonometric & hyperbolic functions

< QUESTION

?\EE;%Z? Scheme Notes Marks
3(a) 1 [ > Correct derivative.
=—|t +cotx)=> —=— - .
Wa}'f 1 h% 2( an x + co x) a2 (sec X —cosec x) oe Any equivalent. B1
;de??ﬁles 1 1 Applies sec’ x=*tan’ x+1 and
ir n .
sqsuar:s = 5(1 +tan’ x—(l +cot’ x)) {: E(tan2 x—cot’ x)} cosec’x = +cot’ x+1 to their | M1
derivative
, Squares to a 3 term expression (or 4
1 if middle terms uncollected
& :f(tan"x+cot"x—2tan2xcot2 x) 5 ) v ) dM1
dx 4 2tan” xcot” x can be seen as 2
Requires previous M mark.
2 Adds the 1 and achieves either
T R (tarﬁ Y+ cot' x— 2) expression shown but allow the
dx 4 constant to be multiplied by
1 1 | 1 tan” x cot’ x Al
= Z(‘[an4 x+cot' x+ 2) or Ztan4 x+ ZCOt4 X+ 5 May be seen as e.g.,
Not implied. Must be seen %\/tan“ x+cot’ x+2tan’ xcot’ x
M1: Applies the arc length formula
3 2 z . . dy
d 1y: with their —
s = ,IJ{dic}] dx:2.[ (tan2x+cot2x)dx* dx
z R Al: Correct result achieved withno | p11 A1*
¢ clear mathematical errors seen.
1 1 * ol € 1,97
Allow —(tanzx—i-cotz x) or — | tan’x+cot® x Co.nd.one omission of “dx . apd/or
2 2 limits and occasional missing
arguments.
Converting to sin & cos: likely to score max of 100010 unless tan & cot are convincingly recovered | (6)
1 dy 1 2 2 Correct derivative.
=—(tanx+cotx)= === - .

Way 2 v 2( an x +co x) 2 (sec X —cosec x) oe Any equivalent, Bl
quua;‘les dy 2 1 Squares a derivative of the correct
_gSttt_t_e“ = | = 7<sec4 x +cosec’ x —2sec” x cosec’ x) form to obtain a 3 (or 4 if middle | M1
ldentities dx 4 terms uncollected) term expression.

= %{(1 +tan’ )c)2 +(1+cotz x)2 —2(1+ tan’ x)(1+0012 x)j Applies sec” x=*tan’ x 1 twice
. W 7 1 1 4| and cosec’x =*cot’ x £1twice. | dMI
{:Z(l+2tan x+tan® x+1+2cot’ x+cot' x—2—2tan’ x—2cot” x—2tan’ xcot x)} Requil‘es previous M mark.
2 Adds the 1 and achieves either
A l(tarﬁ ¥+ cot x—2) expression shown but allow the
dx 4 constant to be multiplied by
| 1 | 1 tan® x cot’ x Al
= Z(‘[an4 x+cot’ x+ 2) or Ztan4 x+ ZCOt4 X+ 5 May be seen as e.g.,
Not implied. Must be seen %\/tan“ x+cot’ x+2tan’ xcot’ x
” M1: Applies the arc length formula
3 2 z . _dy
d 1]:3 with their —
s = 1_{)/] dx:J- tan’x + cot’ xdx * dx
z dx 2 R Al: Correct result achieved withno | pp1 A1
¢ clear mathematical errors seen.
1 1 oot 113 (L)
Allow f(tanzx +cot’ x) or = | tan’x+cot® x| Condone omission of “dx” and/or
2 2 limits and occasional missing
arguments.
Converting to sin & cos: likely to score max of 100010 unless tan & cot are convincingly recovered | (6)

RA
55



< QUESTION

%ﬁ;%(e)? Scheme Notes Marks
3(b) z z Applies tan’ x = +sec’ x+1

%J-:(tanzx+cotz x) dx:%J‘” (seczx—1+coseczx—1) dx and cot?® x = +cosec’x +1 to M1
s s the integral
Work in sin and cos must use identities (sign errors only) and lead to a result of the form
below after integration condoning the absence of a term in x but allow the last M to be
available following a completed attempt at integration.

MI: For £sec’ x — *+tan x
1 z and *cosec’x — +cotx
) [tan x—cotx—2x :Ig Requires previous M mark. | dMI Al

¢ Al: Correct integration. Limits
not required.

j Applies the limits (see note

below) following any completed
attempt at integration. Allow

slips provided it is a clear Ml
1 27 \/5 \/3 T
{‘{‘/5 _____ (____ 3}}} attempt at f(%]—f(zj

1 T T 2r T T 2z
—| tan——-cot————| tan——cot —— —
2 3 3 3 6 6 6

6

Correct answer in any exact simplified form with 2 terms e.g.

43 7| 25 = 2 = 1[2\/5 ,,} 437 Al

2003 373 6 B3 63 2 6
5
Note they may apply the limits %&% or %&% and then double the result. ®
Just the answer or decimal answer (0.6311017628) is 0/5 Total 11




< QUESTION

Question

Scheme Notes Marks
Number
4 Allow any suitable vector notation throughout this question.
@ x|t 2|t X2 (2 M1: Uses r.n = a.n at least once
3= 4] 3= or |yl 0= 61 Of=.. to obtain a plane equation M1 Al
z){ 3) |5/ 3 z)(=5) (=2)|-5 Al: Both correct equations.
—x+3y+3z=-5 and 2x-5z=16 Accept in r.n = p form
Obtains one variable (may be
_16+5z written as parameter for all
eg, xX= . M1
2 marks) in terms of one of the
other variables
_2x-16

z

:>x25+3y+3(2x_16j M1: Obtains the

variable/parameter in terms of
the third variable (or the two | M1

= 5x=25+15y+6x—d8=x=—15y+23 other variables in terms of the | A1

x=—15y+23= 16+5z parameter) (M1 on
2 Al: Both correct equations epen)
Alternatively, y=_x+23=6_z or z=2x_16=6—6y
15 6
O 23 16 0 1
— —_—d J’_i
{x P4 1‘5=225:>} r=| Z |+ -%
=5 3 16

|
v

M1: Attempts vector equation of line but “r = may be missing.
Requires all previous M marks.
Allow numerical slips but it must be a correct method i.e., an attempt at

X, / dM1 Al

X—X, - -z
= IR b Lor=|y [+4|m
/ m n
z, n
Al: Any correct equation including “r ="
23\ (-15 8 B
or X280 276 U fg il 1 | or {2282l 220 0 s -1
-15 1 -6 3 -1 1
6 —6 0 1
Note that the line may be given in (r—a)xb=0 or rxb=axb form )




< QUESTION

Question
Number

Scheme

Notes

Marks

4(2)
Alt

Finds
point and
vector
product
of
normals

—x+3y+3z=-5 and 2x-5z=16

M1: Uses r.n = a.n at least once
to obtain a plane equation
Al: Both correct equations
Accept in r.n = p form

M1 Al

16

eg, x=0=2z=——
& 5

Sets one variable equal to a
value and finds a value for
another variable. Correct for
their equations if no working.

M1

16 23
=53 —g)=y-2 =02 -4)

Ore.g., (23, 0, 6), (8, 1, 0)
Points will have the form (23 —15¢, «a, 6—6a)

M1: Proceeds to find a value for
the remaining variable. Correct
for their equations if no working.
Al: Correct values

M1

Al
(M1 on
epen)

C=r=l 2 A ]

8
r=| 0 [+4] 1 r=|1{+A4| 1
0

dM1: Attempts vector product of

normals (two correct

components if method unclear)

and forms vector equation with

point and direction in correct

places but allow for a copying
error or mix up with

components.

Note that they could obtain the
direction from 2 points on the
line.

Requires all previous M
marks.

“r =" may be missing.

Al: Any correct equation
including “r ="

dM1
Al

)
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FP3.3a Differentiating inverse trigonometric & hyperbolic functions

< QUESTION

Question
Number

Scheme

Notes

Marks

4(b)

Note: If 0/5 allow SC 00010 for a correct volume formula seen for tetrahedron ABCD e.g.,
é‘@(a % CT?)‘ Allow with missing modulus but not vector arrows unless implied by further work.

Way 1
STP inc.
CD

-15

=5
1|=262=>CD=—""~| 1
6 AN »

-15

Attempts magnitude (allow
numerical slip) of their direction
vector and scales correctly to
length 5

Ml

Let C be the point (8, 1, 0)

-6 3 8
and CB=| 6|-|1

Finds vectors for any two edges
other than CD. Could be implied
by a distance calculation if C
and/or D defined. This mark is
not scored if either vector is in
terms of a parameter unless it is
assigned a value (or is eliminated
appropriately) later.

M1

Uses an appropriate scalar triple
product with their vectors and
finds a value. Must not include
position vectors. Could be
inexact. MO if clear evidence of
an inappropriate method

Ml

455

262

v = L/ep. (B .- 452
6 3262

786

dM1: Divides their STP result by
6 and obtains a positive value.
Could be inexact. Modulus might
not be seen.
Requires previous M mark.
Al: A correct exact value

dM1
Al

(6]

Way 2
STP not
inc.

CD

-15

=5
1|=y262=>CD=—""—| 1
6 BN »

-15

Attempts magnitude (allow
numerical slip) of their direction
vector and scales correctly to
length 5

Ml

Let C be the point (8, 1, 0)

Finds vectors for any two edges
other than CD. Could be implied
by a distance calculation if C
and/or D defined. (See also
comment for second M1 in
Way 1 re use of a parameter)

M1

Uses an appropriate scalar triple
product with their vectors and
finds a value. Must not include
position vectors. Could be
inexact. MO if clear evidence of
an inappropriate method

M1

V:é@.(ﬁxﬁ):...:

dM1: Divides their STP result by
6 and obtains a positive value.
Could be inexact. Modulus might
not be seen.
Requires previous M mark.
Al: A correct exact value

dM1
Al

3)
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< QUESTION

Question Scheme Notes Marks
Number
4(b) . :
-15 -15 Attempts magnitude of their
Way 3 her 2 directi tor and scales t
Triansl _ _ irection vector and scales to
:;::%_e ! 262=CD 62 length 5. See note after next M M1
perp. -6 -6 below.
distance -
to plane Let C be the point (8, 1, 0)
& vol. of -15 -6 Jio
pyramid AreaAACD=l|C—D ><a|=li 3l=... 9= 6519
2 214262 s 24262 M1
Uses formula to find a value for the area of one of the faces. Must be a full method (vector
product and modulus). Condone missing &
Any attempts by trig/Pythagoras must be complete and credible
Note: It is possible to obtain the area of a relevant triangle such as ACD by e.g., finding
the length of the perpendicular distance of point 4 to the line and multiplying this by +x 5
— in such cases allow the first M for completing a viable attempt at the height of the
triangle and the second for the area (Condone missing 1)
AACD is in 7, so perp. height of tetrahedron is
shortest dist. of B (3, 6,— 2) to —x+3y+3z=-5: Obtains a value for the
perpendicular height via formula M
—1x3+3><6+3><(—2)+5| 14 or any credible method
= {—} (examples below)
| ey [T
(! (! 5-9 14
Parallelplanes:| 6 || 3|=9,| 4|.| 3|=-5= ; =
-2 3 -5 + 32 + 32 \/E
1
2.
! 3
Projection/Resolving : BA=|2|= =
2 2
3 \/ (-1) +3°+3
MI1: Uses
1xarea Axperp.height and
obtains a positive value.
_1 6519 14 455 455,262 L must have been used for | dM1
324262 \/E 3,262 786 triangle area earlier unless they | Al
now use +X...
Requires previous M mark.
Al: Either correct exact value
(6))
Total 12
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FP3.3a Differentiating inverse trigonometric & hyperbolic functions

< QUESTION

(12\11111?:1%2? Scheme Notes Marks
5 1 2 &
M=|-1 -3 4
2 6 -8
(i) & (ii) 1-2 2 k Recognisable complete attempt at
Mark the det| -1 -3-4 4 det(M - ﬂ,I) . May use other
parts 5 6 —8_4 Ml
together rows/columns. Allow * and slips
=#[(1-2)((-3-2)(-8-2)~24)=2((~1)(-8- 1) =8) + k((-1)(6) - 2A-3- 1)) including +2 for first -2
Sarrus = £[(1=2)(=3=2)(=8=4) + (2)(4)(2) + (k)(=1)(6) — (k)(-3 = A)(2) — (1= )(4)(6) — (2)(~1)(-8 - 2)]
M1: Obtains
Atlarl” +bA+c+dkoe) a,b,c,d #0
2
Al: Correct expression — allow:
2
= (1=2)( 4> +112) =22+ 2k2 £{2}(~A2 ~102+9-+2k oe)
_ 3 2
=-1 —210/1 +91+2kA or i{/l}(/12+102—9—2k Oe) M1 Al
=4 (_Z’ —104+9+ Zk) Allow quadratic to be
unsimplified and the marks can be
implied if the initial A has been
removed
{One cigenalue s zeo. M iepeated Ben) |y st their -+ dk =0
B o and solves for k
or or
{i (—ﬂz -10A+9+ 2k) has repeated roots so} Considers the case of their M1
. 2
B quadratic aA” +bA+c+dk=0
b —dac=0= 100-4(-D(9+2k)=0 — k= | havingarepeated root and uses a
100-4(1)(-9-2k)=0 valid strategy to find k&
Alternative approaches with A% +101—-9—-2k =0:
(A+a) =4 +202+a" > 2a=10=9-2k=5 =k=..
sumof roots =—10 => root =—5=> product of roots =(-5)*=-9-2k=k=...
9
k= Y or k=-17 One correct value for k Al
{One eigenvahzu;( ii Zero, }Cf r_epeated then} Attempts to set their ¢+ dk =0
9+2k=0=k=.. and solves for k£
and and
{i (—22 —10A+9+ 2k) has repeated roots so} Considers the case of their M1
. 2
B quadratic aA” +bA+c+dk=0
b —dac=0= 100-4(-1)(9+2k)=0 having a repeated root and uses a
100-4(1)(-9-2k)=0 valid strategy to find &
9 Both correct values of k and the
k = —= with eigenvalue —10 {and 0 repeated} associated non-zero eigenvalues
2 clearly assigned. Al
k =—17 with eigenvalue —5 {repeated and 0} No additional eigenvalues or
values for k&
Total 7

R
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< QUESTION

Question Scheme Notes Marks
Number
2 2
XY P(4cos6, 3sin6)
16 9
6(2) dv  3cosf 2x 2yd dy 18«
ay = —m or 16 ?yay =0= ay = —@ Uses a correct metho(;iyand finds
or an expression for a of the M
CR ) N correct form (sign and
2
x—+y—=1:>y=3 - :>d—y=E -2 | -2 coefficient slips only)
16 9 16 dx 2 16 16
d 3cosd 3 ivative i
b _ C(.)S oc e.g —>cotf oe Any correct derivative in terms Al
dx  4sin@ 4 of @ only.
. 3 9 . . .
y—3sin0=— C(')S (x —4cos 0) or Applies cqrrect stralght lmg
sin@ method using any gradient in
3cosé i 3cosf terms of €. If they use
o YT sne T 3sinf=- 4sin 4cosO+c y=mx+c they must substitute | M1
12sin2 0 +12cos coordinates correctly and reach
4sin @ MO if use normal gradient
= 4ysin@—12sin’ @ =—3xcos@+12cos’ @ or
. 3cosd 3 .
usingy=mx+c:y=————x+——=4ysind =-3xcos @ +12
4sinf  sinf
= 3xcosf+4ysin 9{: 12(cos” @ +sin’ 49)} =12
M1: Multiplies through to remove fraction to obtain an equation with trig expressions in sin MIAL*
and cos only. Allow this mark if they go straight to the given answer from a correct
equation. Can score from use of a normal gradient and/or with coordinates wrongly placed
but there must have been an attempt at a line.
A1*: Correct equation from correct work. sin® @ and cos® & must be seen somewhere in the
working. Accept e.g., sin’ @+ cos’ @ = 1seen in side-working
(6))
®) y—3sinf = 4sin0 (x —4cos 9) oe M1: Applies correct straight line
) cosd ) method with the negative
c.g., 4xsin @ — 3_)/' cos@ =7sin@cosl reciprocal of their tangent
_ 4sinf gradient. If y=mx+c isused | M1 Al
or r= 3cosd x+e coordinates must be substituted
. 4sin O —7sinOcos O correctly and ¢ =... reached
= 3sinf = o5 4cosf@+c=>c=... {W} Al: Any correct equation
()]

%{-o




< QUESTION

%‘i;%g? Scheme Notes Marks
6(c) Any correct x-axis intercept of
the tangent. Allow e.g.,
. 4 12
Ais ,0 {x=}——, 4secO Bl
cos@ 3cosf
Could be on a diagram or
implied by midpoint

Sets x = 0 in their normal
16 7 equation (changed gradient) and
x=0:>y—3sino9=—?sint9:>B is (0,—§sin9j finds y. Could be implied. Ml

Allow just — % sin@ oe

2 7 Any correct midpoint. Accept
So midpoint M of ABis | ——,——sin @ any equivalents and as Al
cosf 6 X=uy Y=
) ) Usessin®> @+cos’ @ =1 to
sin?@+cos’@=1= _Ey + 2 -1 obtain an equationinx andy | 1y
7 X only. May follow incorrect or no

attempt at midpoint
dM1: Rearranges to the form

4
:>£y2+—2=1:>36x2y2 +49x 4 =49x° x (piqy2)=r, p.q,re’Z
v ¥ Requires all previous M dM1 Al
= x*(49-36y") =196 Lot )
Al: Correct equation
(6)
Note that is possible to use e.g., 1+ tan® @ =sec” @, for example: Total 13
_ _ _ 2.2 2
M(Zsec&, 7tan9j:sec :f, y= 7tan9:>tan€:ﬂ:>1+9x y X (2ndM1)
6sec 2 3x 7 49 4
9% ¥
=1+ =T:>196+36x2y2 =49x* = x* (49-36y°) =196 (3rdM1, Al)




MARK SCHEME - IAL FP3 (WFMO03) - June 2023 - Q8

FP3.3a Differentiating inverse trigonometric & hyperbolic functions

< QUESTION

Question
Number

Scheme

Notes

Marks

7(a)
Way 1

I = Icosh" 2x dx = .[cosh 2xcosh"" 2x dx

= %sinh 2xcosh"” 2x— J‘%sinh 2xx(n—1)cosh"” 2xx 2sinh 2x dx

M1: Correct split and attempts to
apply parts to obtain an
expression of the correct form
(sign and coefficient errors
only).

Al: Any correct expression

M1 Al

{_ %sinh 2xcosh™ 2x—(n— I)Isinhz 2xcosh”? 2x dx}

= %sinh 2xcosh"" 2x—(n— I)J‘(cosh2 2x— l)coshH 2xdx

Applies
sinh’ 2x =*cosh’ 2x %1
Requires previous M mark.

dM1

=1 = %sinh 2xcosh™ 2x—(n-1)(1,-1,.,)

n

Introduces /, and I, , —not

implied by given answer.
Requires previous M mark.

ddM1

I .
{:> nl, = 5 sinh 2xcosh"™ 2x +(n— 1)1”2}

_ sinh2xcosh"" 2x o -1
" 2n n

%
1n—2

1

Fully correct proof. Condone
missing ‘dx’s. Poor bracketing
must be recovered before given
answer but no other errors e.g.,

sin for sinh, or wrong or missing
arguments

Al*

-/ .
Accepte.g., I, = (=Dl +Lsmh 2xcosh” 2x

n 2n

)

Way 2

I = J‘cosh” 2x dx = Icoshz 2xcosh"? 2x dx

= J'(sinh2 2x+ l)cosh”'2 2x dx

M1: Correct split and applies
sinh’ 2x =*cosh’ 2x %1
to obtain an expression of the
correct form (sign and
coefficient errors only).
Al: Correct expression

M1 Al

{: JAcosh”2 2x dx+ jsinhz 2xcosh"? 2x dx}
J.sinhz 2xcosh"? 2x dx{: J.sinh 2xcosh”? 2xsinh 2x dx}

L sinh 2xcosh"™" 2x — % cosh” 2x dx

2(n-1) n—

Attempts to apply parts to obtain
an expression of the correct form

for Isinhz 2xcosh"” 2x dx

Requires previous M mark.

dM1

sinh 2xcosh"™ 2x — L I,
n—1

2(n-1)

Introduces /, and I, , —not

implied by given answer.
Requires previous M mark.

ddM1

{: (n-1)1, = %sinh 2xcosh 2x+(n—1)I_, —1, }

. n—1 _
_ sinh 2xcosh"™ 2x N n lln_2 %

IYl
2n n

Fully correct proof. Condone
missing ‘dx’s. Poor bracketing
must be recovered before given
answer but no other errors e.g.,

sin for sinh, or wrong or missing
arguments

Al*

-7
Accepte.g., [, = u 1
n 2n

+—sinh2xcosh"™ 2x

)

RA
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< QUESTION

Question Scheme Notes Marks
Number
7(b) (1+cosh Zx)3 =1+3cosh2x+3cosh’ 2x + cosh’ 2x

Correct expansion. Could be implied e.g. by x+ 3/, + 3/, + I, and allow if correct but Bl
terms are not collected.

Condone if partially or completely in “x” provided terms are collected
Completes an attempt to apply
the reduction formula for
I, or I,.May be slips but must

1. 1
cosh’ 2x dx or I, =—sinh2xcosh2x+=1, or .
4 2 get two terms. May be seen with

1 P 1, /I, attempted and/or
. 2
Icosh’ 2x dx or I, o sinh 2x cosh® 2x + 3 I, embedded in expression for

j(l +cosh Zx)3 dx

I, =x and [ =z*ksinh2x
1 (condone /; from formula) and
Iy=x 1 ZESIthx j(1+3cosh2x)dx—>xiqsinh2x

(1+cosh2x) dv= | (1+3cosh2x)dv+37, +7,= | Anduses the aboveto obtainan | dM1
expression for

M1

x+%sinh2x+%sinh2xcosh2x+%x+%sinh2xcoshz 2x+%sinh2x(+c) J-(l 4 cosh 2x)3 dx

Requires previous M mark.
Note: One of 7, and 7, may be attempted directly — if so, correct identities must be used

and an expression of a correct form obtained. Examples:

I, = | cosh’2x dx = lcosh4x+l dlesinh4x+f
2 2 8 2
3. 3. 3001 1
= x+=sinh 2x + =sinh 4x + = x + —sinh 2x cosh 2x+fs1nh2x(+c)
2 8 2 6 3
I, = J.coshS 2x dx =J-cosh 2x(sinh2 2x+1)dx =%sinh3 2x+%sinh 2x

— xS sinh 2x+ > sinh 2x cosh 23+ > x+ L sinh’ 2x+1sinh2x(+c)
2 4 2776 2

If exponential definitions are used they must be correct.
Correct answer. Award when a
correct expression with collected | Al
like terms is seen.

~—

= éx+ Hsinh 2x+ Esinh 2xcosh 2x + lsinh 2xcosh’ 2x(+c
2 6 4 6

1, attempted directly = §x+%sinh 2x+%sinh 4x+%sinh 2xcosh’ 2x(+c) @

1, attempted directly = %x+25inh 2x+%sinh 2xcosh 2x+%sinh3 2x(+¢)

If identities are used before a correct answer is seen with like terms collected then the Total 9
work must be correct




MARK SCHEME - IAL FP3 (WFMO03) - June 2023 - Q8 FP3.3a Differentiating inverse trigonometric & hyperbolic functions < QUESTION

Question Scheme Notes Marks
Number
8(a) d
ly ax cx Sx
— =rarcosh 5x + ———= or arcosh 5x + ———=(MI1) = arcosh (5x ) + ———— (Al)
{dx \Jbx® -1 Jxi=d ( ) \25x° -1 M1
M1: Differentiates to obtain expression of the correct form a, b, ¢, d#0 Al
Al: Correct differentiation. Any equivalent form.
2
(b) d ( Sx S5x

— | xarcosh (5x )= arcosh (5x ) +"—==—==="= | arcosh(5x)dx = xarcosh(5x)— | "————="dx
st () o557 = o5 o[ e |,

M1: Rearranges their answer to (a) correctly and integrates or uses the correct formula to

apply parts to 1xarcosh 5x to obtain the above.
Iarcosh(Sx)dx xarcosh 5x I ,_ Al
. 255 (limited ft)
Al: Correct expression — but see note below on limited ft
[l

1 , s dx -C ( X’ — 1)2 M1
= xarcosh(Sx) —g(25x —l) (+c) -/Bx Al

Al: Fully correct expression with
xarcosh(5x) - see note below for limited ft

(limited ft)

9

3 8
Note: Substitutions : u = 5x = (u2 —1)? B {é\/uz —1} u=25x"-1= [é \/;}

5

4

M1: Correct form Al: Fully correct expression with xarcosh(5x)

A limited ft for one of the errors in (a) shown below applies for the first two A marks. However
also allow the following if this error occurs in part (b) which is most likely to come from not
rearranging and effectively restarting by using parts. Note that substitutions could be used.

s
b:5:>xarcosh(5x)—j\/527
e

1
=1= xarcosh(5x) dx = xarcosh(Sx)—z—ls(Zsz —1)E (+¢)
1
dx = xarcosh (Sx)—(sz —1)E (+c)

1
5= xarcosh 5x dx= xarcosh(Sx)+%(25x2 —1)E (+c)

)arcosthdx:éarcosh(3)fl 25x2—1— larcosh BN 25xi71
1 5 5 25 4 4) 5 16

Applies appropriate limits (note substitutions above) with subtraction the right way round seen to Ml
obtain an expression of the form x arcosh <5x) +f (x) where f(x) has come from integration
\/_ Correct answer seen in any
=—arcosh(3) - ————arcosh| — |+— :
5 ®) 5 4 (4) 20 Must not follow clearly Al
incorrect work.
. Converts arcosh(3) or arcosh ()
arcosh3 =In (3 +4/3° -1 ) or arcosh [é) —in| 2+ (éj -1? to any correct log form.
4 4 4 Independent mark but must have M1
obtained xarcosh(5x)£f(x
:>31n(3+\/')—i—71 242 (5x)£ ()
5 20 where f(x) has come from
integration
3 9 \/— P Correct answer. Terms in any
7——+ln(3+2\/5)5 ——In2 order but otherwise written as Al
20 4 shown.
Must not follow clearly incorrect work. Allow values for p, ¢, r & k
()
Total 10

“
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< QUESTION

1 1 1
8(2) %zi%x..x : or cosy=2x’ :>isinyd—y=..x 2 M1
1-kJx dx
1
_1 2
%:i ! X(szj or % + Kx - dM1
1-4x 1_(2\/;)
d_y__ oee.g. — d Al
dr  Jx1-4x dr —4x2
3)
(b) dx=fl><arccos 2\/; dx =xarccos 2\/; - x_—ldx M1
E (245) N
Way 1
=xarccos(2x/;)+ \/; dx* Al*
1-4x
(2)
d -1
Way 2 — = -
y dx(xarccos(Zx/;)) l.arccos(Z\/;)+x.\/_m M1
Vo
2J‘arccos(Zx/;)dx=xarccos(2x/;)+ m dx Al*
(2)
© L& L0, de=—Jrsingds, & =~ Lsinocoso
2Jxdo 2 o 2
i | B1
—=——sm20
4
0 0
J' J‘ 1cos@) sin dH M
J1-4x \/1 cosH
1 cos” fsin @ HsmB IJ‘cos 040 Al
\1-cos®
xX= 039—5 J- 1J>”
=—| cos’0do Al
x=l:>0—£ V1= 4x
8 4
)
£



< QUESTION

@ 1 l(1+cos29) d0=K|6+1sin20 M1
4)2 2
T 1
=— 0+—sm20 =.|==-=
J‘ V- 4x [ :lﬂ ( 32 16)
4
ore.g.
1 V4 1
3 5 < dM1
o x dx =l[6?+lsin2¢9}2 = —l{arccos%/;+lsin2arccos2x/;}8
o V1—4x 8 2 = 8 2 0
(7 1 «
= = —4 ———
8l4 2 2
= garccos(2x/;)dx =[xarccos 2&]% cZ L ccos e —o4 Z oL dmi1
. o 32 16 8 V2 32 16
e Al
16 16
“
(13 marks)
Notes:
(@
M1: Attempts to apply the arccos derivative formula together with chain rule. Look for
% = i;zx f(x) where f (x) is an attempt at differentiating 2+/x where f(x)# a/x

N

Note that k may be 1 for this mark.

Alternatively, takes cosine of both sides and differentiates to the form shown in the scheme.

dM1: Correct form for the overall derivative achieved, may be errors in sign or constants with &k # 1
Alternatively, divides through by sin y and applies Pythagorean identity to achieve derivative in
terms of x.

Al: Correct derivative, but need not be simplified. Award when first seen and isw.

(b) Way 1

M1: Attempts to apply integration by parts to 1xarccos (2\/; ) .

Look for xarccos(2«/;)—‘.‘x"their (@)"dx or u= arccos(Zx/;) = % = part(a), % =l=v=x

A1*: Correct work leading to the printed answer. There must be a clear statement for the integration
by parts before the given answer is stated.

Soe.g u= arccos(Z\/;) = % = part(a), % =l=>v=x

= arccos 2\/_ dx = xarccos 2\/7 '[
J e

2
You can condone Iarccos (2\/; ) dx = xarccos (2\/; ) + Ix— dx*

1—-4x

1




< QUESTION

Way 2
M1: Applies the product rule to xarccos(2\/; ) , look for l.arccos(Z\/; ) + x."their (a)".

Al*: Rearranges and integrates to achieve the given result, with no errors seen.

(©
B1: Any correct expression involving dx and d@, see examples in scheme.
Jx
V1-4x

Ignore attempts at substitution into the xarccos (2\/; ) .

M1: Makes a complete substitution in the integral J- dx to achieve an integral in 6 only.

B
Al: A correct simplified integral aside from limits. May be implied by e.g. %J‘ cos’ 0 do

T

Note that this mark depends on the B mark.

A1l: Finds correct limits for 8 and applies to the integral by reversing the sign — i.e. correct answer

with limits and sign all correct. Accept equivalent limits e.g. —% to —% or X to 22

2 4
Note that this mark depends on the B mark.

(d)
M1: Applies double angle identity to get the integral in a suitable form and attempts to integrate.

Accept cos’ @ = %(il +¢0s26) used as identity and look for 1 — & and cos 26 — i%sin 20

dM1: Applies their limits (either way round) to their integral in 6 or reverse substitution and applies
limits 0 and é .

Depends on the previous method mark.

dM1: Applies limits of 0 and % to the xarccos(2\/; ) to obtain a value (or their limits either way

round if they applied the substitution to this to obtain a value) and combines with the result of the
other integral.

Depends on both previous method marks.
Al: Correct final answer.
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