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QUESTIONS

13 questions - 137 marks - 1 sub-topic

SUB-TOPIC FP3.5a

VECTOR PRODUCTS, LINES & PLANES

Sub-topic FP3.5a - 13 questions - 137 marks - lowest tariff first
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ANSWER >

( Leave\
blank
1. Relative to a fixed origin O, the points 4, B, C and D have coordinates (0, 4, 1), (4, 0, 0),
(3, 5,2) and (2, 2, k) respectively, where £ is a constant.
(a) Determine the exact area of triangle ABC.
3
(b) Determine in terms of k, the volume of the tetrahedron ABCD, simplifying
your answer.
3
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Question 1 continued
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Question 1 continued

A



ANSWER >

Leave\
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Question 1 continued

(Total 6 marks) —]
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Leave\
blank

8. The plane II, has equation
x-5y+3z=11
The plane 11, has equation
3x—2p+2z=7
The planes 11, and I, intersect in the line /.

(a) Find a vector equation for /, giving your answer in the form r = a + Ab where
a and b are constant vectors and /A is a scalar parameter.

6]
The point P(2, 0, 3) lies on ]|
The line m, which passes through P, is parallel to /.
The point O (3, 2, 1) lies on II,
The line n, which passes through Q, is also parallel to /.

(b) Find, in exact simplified form, the shortest distance between m and n.
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Question 8 continued

LeaveN
blank

A




ANSWER >

LeaveN
blank

Question 8 continued
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Question 8 continued
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Question 8 continued
Q8
(Total 10 marks) |
TOTAL FOR PAPER: 75 MARKS
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blank
5. The skew lines /, and /, have equations
I :r=(i+2j—5k)+A(5i+])
and
L:r=(2i—4j +4Kk) + 1 (8i — 2j + 3K)
where /1 and p are scalar parameters.
(a) Determine a vector that is perpendicular to both / and /,
(2)
(b) Determine an equation of the plane parallel to /, that contains /,
(i) inthe form r=a+sb + tc
1
(ii) in the form r.n=p
(2)
(c) Determine the shortest distance between / and /,
Give your answer in simplest form.
)
. J
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Question 5 continued
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Question 5 continued
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Question 5 continued
Q5
(Total 10 marks) |
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ANSWER >

7

7. The plane [ has equation

1 0 1
r=|2+A 3|+l
3 -2 2

where 4 and y are scalar parameters.

(a) Determine a vector perpendicular to /7

2
The line / meets /7 at the point (1, 2, 3) and passes through the point (1, 0, 1)
(b) Determine the size of the acute angle between /7 and /
Give your answer to the nearest degree.
“
(c) Determine the shortest distance between /7 and the point (6, =3, —6)
(C))
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Question 7 continued
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Question 7 continued
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Question 7 continued

(Total for Question 7 is 10 marks)
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e ™)
9. The plane 71 has vector equation
5 3 1
r=|3[+s|0|+¢ -2
0 1 2
where s and ¢ are scalar parameters.
(a) Determine a Cartesian equation for /7,
3
5
The plane /I, has vector equation r.| -2 | =1
3
(b) Determine a vector equation for the line of intersection of /7, and 17,
Give your answer in the form r =a + Ab, where a and b are constant vectors and
A is a scalar parameter.
“
The plane 71, has Cartesian equation 4x —3y —z=0
(c) Use the answer to part (b) to determine the coordinates of the point of intersection
of I1,, II, and II,
3
\ y,
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Question 9 continued
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Question 9 continued
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ANSWER >

7

6. The plane /7 has equation

-1 2 3
r=| S5(+A0|+ul -2
2 7 3

where 1 and p are scalar parameters.

(a) Determine a vector perpendicular to /7

2
The line / passes through the point A (1, 7, 3) and meets /7 at the point B(-1, 5, 2)
The acute angle between /7 and / is o
(b) Determine the value of « to the nearest degree.

“4)
(c) Determine the exact shortest distance from A4 to /7
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Question 6 continued
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 10 marks)
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ANSWER >

( )

8. The plane /7, has equation

where A and u are scalar parameters.

(a) Determine (7i +5j — 6k) x (=3i + j + 2k)
M

(b) Hence show that the equation of 77, can be written in the form
r.(8i+2j+11k)=p
where p is a constant to be determined.
2
Given that
* the plane /7, has equation x —y +z =7
* the planes /7 and /7, intersect in the line /,

(c) determine an equation for /, giving your answer in the form (r —a) x b = 0 where
a and b are constant vectors.

3
Given also that
* the point 4 has coordinates (2, 1, 3)
» the point B has coordinates (3, 0, 2)
* the line /, passes through 4 and B

(d) determine the shortest distance between /, and /,

“
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Question 8 continued

%

28



ANSWER >

7

Question 8 continued
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Question 8 continued

(Total for Question 8 is 10 marks)

S
<

o8
R

%
KX
KX

%

30



ANSWER >
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blank

7. The point P has coordinates (1, 2, 1)

The line / has Cartesian equation

x-3 y+1 z+5
5 3 -8

The plane 77, contains the point P and the line /.
(a) Show that a Cartesian equation for /7, is

6x—2y+3z=35
)

The point Q has coordinates (2, k, —7), where £ is a constant.

(b) Show that the shortest distance between /1, and Q is

2
=k +7|
7
2
The plane 77, has Cartesian equation 8x —4y +z=-3

Given that the shortest distance between /7, and Q is the same as the shortest distance
between /1, and Q,

(c) determine the possible values of £.

C))
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Question 7 continued
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Question 7 continued
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Question 7 continued

Q7

(Total 11 marks) |
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7. The line /| has equation

x-3 y—-5 z-4

The plane /7 has equation
2x +4y—z=1
The line /, intersects the plane /7 at the point P

(a) Determine the coordinates of P

3
The acute angle between / and /7 is 6 degrees.

(b) Determine, to one decimal place, the value of 6

3
The line /, lies in /1 and passes through P
Given that the acute angle between /, and /, is also 6 degrees,

(c) determine a vector equation for /,

)
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Question 7 continued
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Question 7 continued
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Question 7 continued
Q7
(Total 11 marks)
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( )
8. The plane /7 has equation
3x+4y—-z=17

The line /, is perpendicular to /7 and passes through the point P(—4, -5, 3)
The line /, intersects /7 at the point O

(a) Determine the coordinates of O

“4)
Given that the point R(—1, 6, 4) lies on /7

(b) determine a Cartesian equation of the plane containing POR

“4)
The line /, passes through P and R
The line /; is the reflection of /, in I7

(c) Determine a vector equation for /

(C))
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Question 8 continued
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Question 8 continued
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Question 8 continued

(Total for Question 8 is 12 marks)
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4. The plane 71, contains the point A4(2, 4, -5) and is normal to the vector | 3

The plane 7, contains the point B(3, 6, -2) and is normal to the vector

The line [ is the line of intersection of /7, and I7,

(a) Determine a vector equation for /.

The points C and D both lie on /.
Given that C and D are 5 units apart,

(b) determine the exact volume of the tetrahedron ABCD.
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Question 4 continued
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Question 4 continued
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ANSWER >

s

6. The points 4, B and C have coordinates (3, 2, 2), (-1, 1, 3) and (-2, 4, 2) respectively.
The plane 71, contains the points 4, B and C

(a) Determine a Cartesian equation of /7,

“
Given that
* point D has coordinates (—1, 1, -2)
* line / passes through D and is perpendicular to 77,
* plane II, has equation r.(14i—j—17k) =—-66
« [meets /I, atthe point £

(b) show that DE = p\/ﬁ where p is a rational number to be determined.
)

The point F' has coordinates (4, 3, ¢) where ¢ is a constant.
Given that 4, B, C and F are the vertices of a tetrahedron of volume 12

(c) determine the possible values of ¢

(©))
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Question 6 continued
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 12 marks)
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6. The line /, has equation

r=i+j+k+AiGi+3k)
and the line /, has equation
r=2i+sj+ul-2j+k)
where s is a constant and A and u are scalar parameters.

Given that / and [, both lie in a common plane /7,

(a) show that an equation for /7 is 3x +y —z =3

4
(b) find the value of s.

@
The plane /7, has equation r.(i +j — 2k) =3
(c) Find an equation for the line of intersection of /7, and /1,

O
(d) Find the acute angle between /7, and /1, giving your answer in degrees to

3 significant figures.
O

Q\?ﬂ
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Question 6 continued
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Question 6 continued
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Question 6 continued
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(Total 13 marks) |
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MARK SCHEMES

official mark schemes, in the same order as the questions
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< QUESTION

General Principles for Further Pure Mathematics Marking

(But note that specific mark schemes may sometimes override these general
principles)

Method mark for solving 3 term quadratic:

1. Factorisation

(x* +bx+c) = (x+ p)(x +q), where|pg| =|c|, leading to x = ...

(ax® +bx +¢) = (mx + p)(nx + q), where|pq| = |c| and |mn| = |a

, leading to x =...

2. Formula
Attempt to use the correct formula (with values for @, b and ¢).

3. Completing the square
%
Solving x> +bx+c=0: (xiEJ tgtc=0, ¢#0,leadingto x=...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (x" — x"™")

2. Integration

Power of at least one term increased by 1. (x" — x"*™")




< QUESTION

i
I%Efrjbl :rn Scheme Notes Marks
8(a) 1 3 -10+6
n=l—-5xl -2 1= = ( 5_ 9) Attempt vector product between M1
normal vectors
3 2 -2+15
—4
= 7 Correct vector Al
13
x=0=-5y+3z=11, —-2y+2z=7
1 13
=YY= ity Correct strategy to find apointon/ | M1
or
y=0=>x+3z=11, 3x+2z=7
1 26
=>x=——,z="—
7 7
or Correct position vector of pointon/ | Al
z=0=>x-5y=11,3x-2y="7
=>x=Ly=-2
Correct equation.
r=i-2j+1 (—4i +7j+ 13k) (follow through their position and Alft
direction vectors but must be “r ="
(6))
ALT x=11+5y-3z
3x-2y+2z=17 :>3(11+5y—3z)—2y+22 =7
_Tz_ 26 _13y+26 MI
13 13 7
Eliminate one variable
co11e5[-20.7= _13-13x Obtain 2 correct expressions for one | |
13 13 4 of the variables
x—1 _yt 2 - M1 Obtain a Cartesian equation for /
47 MI1ALl
13 13 A1 Correct equation
4 7 Deduce a vector equation for /
r =(i—2j)+ﬂ.(—gi+Ej+k) oe Follow through their Cartesian Alft
equation
(6))




< QUESTION

M1: Find d in terms of a parameter
Al: correct expression

(b) 3) (2 1
2110 (= 2 Correct vector joining P to Q Bl
1 3 -2
-4 1 —40 Attempt vector product between the M
direction of / and their i + 2j — 2k
Tix| 2|=| 5§
13] | =2 ~15 Correct vector Al
0 |-40i +5j—15k| Anele b PO and I
sinf =
|—4i 7 +13k||i 25— 2k| ngle between PQ and line n
d= ‘P—Q‘ sin@
[40i+5i-15K 1 V40* +52+15% | Full hod for the d 1
= = Fully correct method for the distance | M
[4i+7j+13k| 234 uy
Cao Allow equivalent exact forms
g =Yl . 574 Al
39 Y
(6]
ALT 1 4 4
2 7 3 7
Vector equation for either line
=[0|+4] 1 =2 1
T " or L TH with their direction vector from (a) Blft
3 13 1 13
4 4 . .
3——u —1+—pu | | Uses either P and the parametric
_ 2 _ T 7 form of a point on n
OP=|0| ON=| 24+u |NP=| 2-u OR Q and the parametric form of a
point on m
1+ 13 7 2- B3
7 7
| 4 4
it 7‘” 7 M1: Forms scalar product of vector
2y 1 120 NP and direction vector of / and MIA1
equates to zero
2 3 u 13 Al: Correct vectors
7
56
> U=—- Solves M1
117
g |8 P o(290Y (10 54481
=a= 117 + 117 + 9 ) 39 |Obtains the correct distance Al
(6]
Alternative for M1A1M1
— ’ 4 Y 13 Y 56
NP=| -2—u |=d =\/(—1+7ﬂ) +(-2-p) +(2—7yj = d s min when = 4=
2- 13 7

M1: use calculus (or simplify and complete the square) to find the parameter corresponding to the min d

‘\'{,
58




< QUESTION

ALT 2 Correct vector PQ Bl
1 -4 1|4
21| 7 (=|2]|7]|cos@

Forms the scalar product and M
attempts to evaluate the LHS

-2)\13) |-2||13
-16 C cos6
cosf=—— orrect value for exact or Al
34234 decimal
d=POlsing =311 -16 Y _ 574 M1: Correct method for the distance. MIAI
=|PQJsin6 =3, 1 3234 | 234 Al: Correct EXACT distance
(6))
Total 10




< QUESTION

4(a) 2 0 -1
ko3oa=2P 2ol P et dcacko2) k6= M1
oK 2k 2 1 o
2 1 k
=6k—-4-k—-6=5k-10*% Al*
2
(b) 2 k -2 3k-2 k*+4 k+6
M"=| 0 3 1| orminors 1 2k-2 2| or
-1 2 k 3 4+k 6
M1
3k-2 k-4 k+6
cofactors -1 2k-2 -2
3 4-k 6
3k-2 -1 3
Adjugate matrix is | —k° =4 2k—2 —4—k | (> 6 entries correct) M1
k+6 -2 6
3k-2 -1 3
Hence M =—| _k*—4 2k—2 —4—k dM1A1
5k—10
k+6 -2 6
)
(©) Images of 4, B and C are (5,4k —18,3k—16), (0,7-2k,9—4k) and M1
(0,4k—2,8k—14) Al

5 4k-18 3k-16
(£)50=1/0 7-2k 9-4k|=(£)300=5(..)(=200k~400) = k=... = M1
0 4k-2 8k-14

(300 =200k — 400 :>)k=% or (300 =200k —400 :)k=% Al
k= 1 and k = 7 Al
2 2
6))
Alt Using volume scale factor. Attempts
method 4 8 3
a(bxe)=|-2 5 —4/=4(40—24)+8(~16+16)+3(12-20) =... Ml
4 -6 8
1 N )
Volume of T'is g|a.(b><c)| =l -2 5 3=.. 3 Al
4 6 -8
Volume image of 7= |detM x?:2—£|5k—10|=50:>k=... M1
£%A



MARK SCHEME - IAL FP3 (WFMO03) - January 2023 - Q7 FP3.5a Vector products, lines & planes < QUESTION

Question Scheme Notes Marks
Number
5(b)(ii) (2-2)(4=2)(5-4)+4(5—-1)+(-4—16+41) =0 Uses their value of a in a recognisable
attempt at a characteristic equation and
= (5—/1)[(2—1)(4—2)+4—4J =0 achieves a real non-zero eigenvalue =2. | M1
N (5_/1)(2_/1)(4_/1) —0= A= There must be some algebra but it may be
poor.
4and5 Both correct (no extra) and from correct Al
work
For information the cubic is +(2° ~114” + 384 —40) =0 )
(© X X X 2X+2y + 17 = 4x —2X+2y+2=0
Aly[="4"y | or(A="4"l)y|=0= —2x+4y=4y or -2x=0
z z 4x+2y+52=4z 4x+2y+2=0
OR
X X 2X+2Yy+12=5X -3x+2y+z=0 ML
Aly|="5"|y|or(A-"5"l)|y |=0=  —2x+4y=5y or -2x-y=0
z z z 4x+2y+5z2=>5z 4x+2y+2=0
Uses Ax=Ax or (A—Al)x =0 with their value of a and a real non-zero value of
A # 2 to obtain three simultaneous equations (allow if given as two equal vectors)
Alternatively attempts vector product of two rows of A—"4"I
0 1 One correct eigenvector.
As shown or multiple or with components
k-1 or £ -2 multiplied by e.g. “k” Al
2 7 Accepte.g., X=0,y=-1,2=2
Both correct eigenvectors. As shown or
0 1 multiple or with components multiplied by
e.g.k
t-1] and + -2 Accept X=..., Yy=..., Z=... Al
2 7 Both these 2 A marks could be implied by
their normalised eigenvectors
0 1 M1: A correct method to normalise at least
1 1 one of their eigenvectors
| -1, £—=|-2
+J§[ ) ] T ; J o Al: Both correct. Allow any exact M1AL
equivalents. Isw
All marks available regardless of howa =2, 4, =4 & A, =5 have been obtained (5)
Total 12
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< QUESTION

MARK SCHEME - IAL FP3 (WFMO03) - January 2023 - Q7 FP3.5a Vector products, lines & planes
%ﬁ;ﬁ;gp Scheme Notes Marks
6(a) ] a(1-cosd) ;
X .
E = or or —)‘; =asing At least one correct derivative B1
a—acosé
a’(1-cos 9)2 +(asin 0)2 Squares and adds their derivatives and uses
2 S 29 . .
_2 (1_ 2080+ COS2 0 +sin 0) cos Hﬂ.Lsm 6 =1to obtain ar21 expression |\,
, in cos & only (not cos” 6)
=2a’(1-cos0) Could be implied
dM1: Replaces cosé with =1 iZsinzgor
equivalent trig work (sign errors only on
identities) to obtain an expression in
., 0
=2a’ (1—(1—25in2(gnj:4a2 sinzﬁ SN Eonly dM1 Al
2 2 Requires previous M mark.
Can be implied.
Al: Achieves 4a’ sin? g ork =4 from
correct work
(4)
b
® Applies y % 2+ d_y 2
do do
W (v with their ka?sin? g and square roots. The
X y
SA = (2”)_[ y\/{(@j J{@j } do result of the square root may be incorrect
(20) 0 but must be of the form psin 9 M1
=(27r)j a(1-cosd)| 2asin— |d6 ) ) 2
(0 2 Allow a slip replacing y but they must not
have used X, % or ﬂ fory
dé do
Allow the letter k or an invented value.
27 may be absent or wrong. Integral not
required.
Uses trig identity/identities (condoning sign
_ (2;;)2a2j(02ﬂ)(sin 9 _in? cos deé’ errors) to obtain an exapressmn with
© 2 2 arguments of —only.
2 dm1

= (27)2a* J'((:)”)(sin g —sin §(2cos2 gflnd 0

oreg., = (Zn)ZaZL(Z”)Zsin3§ de

0)

Allow the letter k or an invented value.
27 may be absent or wrong. Integral not
required.

Dependent on previous M mark.

Scheme continues...

RA
62




MARK SCHEME -

IAL FP3 (WFMO3)

- June 2024 - Q9
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FP3.5a Vector products, lines & planes < QUESTION
Question Scheme Notes Marks
Number
6(a
@ Y1 p(5cos, 3sin0)
25 9
1
{%——Smna dy=3COS¢9} 2— _yd_y_ yz(Q—ixzjz
do 25 9 dx 25
d_y=_30950 45c950} dy -8« {: ~18x5¢0s0 } B1
dx 5sin @ dX 25y 75sin @ dx 9 /9_%)(2 249-9¢cos? 6
dy . dx dx
Any correct expression ford—x in terms of @, or x and y, or x. Allow for a correct — or _E
Correct perpendicular gradient
N =_30989:>mN = osin & rule for their d—yin terms of 4 M1
5siné@ 3cosé
May see m. =—2cotd = m, =3tan@
y—3sin@ = M(x—SCosﬁ) OR
3cosé
. in 16 . M1
y=mx+C=3sinf = 5 Zx50059+c:c:—36sm€
Correct straight line method with a changed gradient in terms of 8
Reaches given answer with
intermediate line of working and no
errors. Allow this equation written in
_ ) ) reverse, x and y terms in different
3y cos @ —9sin @cos @ =5xsin @ —25sin gcos @ order provided they are together with AL*
= 5xsin@—-3ycosd =16sindcos O * the third term on the other side and
allow the products in a different
order provided the numerical
coefficients “5”, “-3” and “16” are at
the front of the terms.
The last three marks require P (5cos @, 3sin &) to be substituted but condone using
e.g, 2 as the normal gradient when forming the straight line provided appropriate
substitution is seen before the given answer.
(4)
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Question Scheme Notes Marks
Number
6(b) AtQ, x=0 = y=-%sing Correct y coordinate of Q. Accept unsimplified B1

Correct method for midpoint for both

M is(50059+0  3sing+-3sin 6") coordinates with their y,. Could be implied.
2 Alternatively, award for M1

Accept x=3c0s6, y=-{sind AOPM =1A0PQ =1x1xsin@x5c0s0

(see area examples below)

e.g., Correct unsimplified expression for area of

. 16 AOPM
PQ meets x-axis at R gcos 6, 0

Do not allow recovery from a negative area.

Can only follow incorrect work i.e., an M1
= Area AOPM = AOPR + AOMR incorrect midpoint if

—1 i
:EXECOSH(3Sin9+ZSiI’I9j AOPM =3 AOPQ s used.
2 5 6 Please see below for alternatives
If shoelace method is used, score for a correct “extracted” expression for the area

0 5cosf® 3cosf O
(allow with modulus if correct) e.g., 1 ) 2
2|0 3sing -Isingé O

= 1|(5¢c0s0)(~Zsin6)—(3cos0)(3sin )| or 1[(5cos0)(Zsind)+(§coso)(3sind) |

1
{: 2—??sin 6cos 0:%sin 20} = (area :)30 Correct area following a correct expression Al

L and justification: From 22sin 26 : max (value) of sin26 is 1 ore.g., -1 <sin26 <1
or states & =7 or 45" or obtains this using differentiation: {L}sin 20 = {2} cos20 =0= ...

Do not accept if there is any wrong statement e.g., sin260 < 1, -1 < sin 26 < 1 but we will

condone the ambiguous “sin 28 is between 1 and -1 Al
From any other expression: Must differentiate (unless rewrites as 2sin 20)
eg. @sinfcosd 2(cos’O—sin’6)=Lcos20=0 or tan’f=1=>0 =% or 45°
Ignore any further differentiation to justify maximum
(5)
Total 9
May see:
\/ AOPM =1A0PQ =1x3xLsingdx5cosd
s £ Fem B, 320 8) (Scores the first 2 M marks together since M is not

required — ignore an absent or wrong M)
AOPM = AOPQ-AOMQ

1x%sin@x5c0s0—1xLsin@x3cos0
AOPM = APQS —AOMQ —APSO
=1x(%sin@+3sin0)x5c0s0 -4 xLsinGx$cosd—4x3sinOx5cos 0
{=%sinGcos O —2sinfcosd - LsinGcos O}
AOPM = PSTU —APSO — AOMT —APMU
=5c0s6x(3sin@+1sing)—4x3sin #x5c0s 6
—1ix5cosfxEsinf—1x(5c0s0—3cosH)(3sinG+Lsin )
{=(%-5-%-2)singcos b}
Note that attempts that start by using Pythagoras for PM will also require the perpendicular distance from
O to the line

&
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Question
Number

Scheme Notes

Marks

7

yzln(tanhgj 1<x<?2

(@)

dy__1 < «Lsech? X or e.d., lcothl(l—tanhzij
dx tanh2 2 2 2 2 2

or e’ :tanhfj tanh dy = 1sech X
2 dx 2 2

y
or :>artanh(ey):5:> € d—yzlzd—yzicothi 1—tanh?| 2
2 1-e¥ Jdx 2 “dx 2 2 2

Obtains an expression for (or equation involving) g_y of appropriate form. Condone
X

sign/coefficient errors only and any % s written as x but no “y”’s. Do not condone
missing “h”s in hyperbolic functions unless they are recovered

M1

2 x X 2
1+ dx: SECh dx or e.g., 1+ cosh 3 ——
2tanh 25|nh cosh 3

d
Applies arc length formula (with or without the integration sign) with their —ywhich may

have been simplified incorrectly before substitution. Do not condone attempts that clearly
have worked backwards to deduce that the derivative is cosech x. Also condone incorrect

2
work processing 1+ (g—yj provided the expression is shown as square rooted afterwards.
X

2
Not dependent. Ignore any multiplier such as 7z or 2z or k but forming y fl{ﬂ) is MO
dx

M1

2 2
1+ ; - l+( _1 j
2sinh%cosh % sinh x

2
Uses identity/identities (sign errors only) to obtain 1+(3—yj in terms of x and not %

Attempts that square the derivative and add the 1 first before attempting to convert
to x must be convincing.
Requires both previous M marks.

ddM1

2 inh?2
1+ ,1 :\/1+cosech2x:s:_[2coth xdx or e.g., = dex:s:rcoth xdx
sinh ! sinh® x 1

Obtains given answer with no errors and at least one non-trivial intermediate line
following the first expression in terms of x. Allow without "s =" but RHS must be
exactly as printed. Allow a “meet in the middle” approach but it must be convincing

and _[12 coth x dx must be seen.

No missing “h”’s in hyperbolic functions or missing arguments even if recovered.

. . - 2.
We will condone the occasional notational error e.g., sech$”if recovered

Al*

(4)

RA
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Question
Number

Scheme Notes

Marks

7(b)

jcoth xdx = In(sinh x)

Correct integration. May see —In(cosech x)

May see the sinh x in exponentials without the “2” which may come from the
substitution u=e*—e™i.e., In(e* —e™)

Bl

2 -2 -1 e’ —i f
1,2&3. In[e ¢ ]—In(e_e ] =In e’ | or 4. In(sinh 2) —In(sinh1) = In(SI_nh 2)
2 2 ol sinhl
e
Following replacement of Icoth xdx with £In(sinhx), +In(coshx), £In(cosech x) or+In(sech x),
substitutes given limits, subtracts and writes as a single logarithm. Condone sign errors if
exponential forms used and may use negative powers of e.

M1

|| [ales)
-7 “_ el e e+et)(e—e™
1.1 e |_in| & |=In ° Ll or 2. 84 &g (exer)(e—e?)
1 ef-1 e’-e 1 (
e

_e? -1 g’ —e?)(ere? i i
e’—e’ ere J:In(( ) )J or 4 In(smhzj:In[ZSmhlcoshl)

e—e?’ e+e’ e?—e? sinhl sinh1

e——
e

2

or 3. :>In(

Following use of correct exponential form for sinh/cosech:
1. Obtains a correct In of a single fraction (or product of single fractions) with no
negative powers of e or
2. Uses difference of two squares to correctly factorise numerator or
3. Applies correct multiplier to achieve expression shown or
4. Correctly replaces sinh 2 with 2sinh1coshl allowing equivalent work e.g.,

2
sinh2  [(2cosh*1-1) -1 \/4cosh41—4cosh21
- = = s=In+/4cosh?1
sinh1 cosh?1-1 cosh?1-1

Requires previous M mark.

dM1

(¢*+1)(e*-1) 1 1)| Obtains given answer from
1s=In Te@1) :'”(ng or 2&3. S:'”(“g) complete and correct work.

Minimum for each route

-1 shown.
or 4. s=In(2cosh1) or In| 2 e+e =In e+1 ,
2 e Allow In(e +e)

Al*

Algebraic integration must be used
Note that there are potentially other ways e.g., factorising followed by log laws:

R R it O CH R G
S 04 G o i G

(4)

Total 8

&
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Question Scheme Notes Marks
Number

8 K o 1
I, :jo x"(k=x)zdx n=0
If d(...) notation is used marks are only scored when it is removed.
Please see overleaf if the split is done first
(a) n ! n-1 ! H 2 3
u=x u'=nx V' =(k—x)2 v=—§(k—x)2
k k 2 3
I, = {——x (k—x)? } —J- —=nx"" (k —x)z dx
3 , 90 3 M1
M1: Uses parts in the correct direction to obtain an expression of the form Al
3 3
£ (K—x)2 J_rJ....x”’l(k—x)E(dx)
Al: Correct expression (limits not required on either part and ‘dx” may be missing)
3 1
Applies(k —x)z =(k —x)(k —x)2
) ok ) to integral. Could be implied if work
( | :) 0+= nJ' xnfl(k - x)(k - X)E dx | correct but do not accept going straightto | dm1
n 3 0
ok, —2n1,
3 3
Requires previous M mark.
Expands and writes RHS in terms of both
,and I ie,RHS= 1 _, £..I withno
K other terms.
%nj'( L (k- x X" (k- )2 jdx This mark is not a\iailable until the
3
) 0 ) ) [...x” (k- x)z} disappears.
Zn(kl,,—1) or =knl_,—=nl_or . . ° ddM1
=3 (kI =1,) 3 " 3 Allow if actual integrals are used for both
5 K i 5 & i I, and/or 1, and allow going straight to
fknJ.x”’l(k—x)Z(dx)—fnJ.x (k—x)2 (dx) 2 2
3 3 33 gknln_1 -3 nl, provided the split was
seen.
Requires both previous M marks.
:[1+gnj l, :gknln_1 or = 8+2n I, =gknln_1
3 3 3
_ 2kn | *
" 3+2n ™
Reaches given answer with no mathematical errors seen. Allow poor bracketing if it
is recovered. There must be at least one non-trivial intermediate line where the LHS
=f(n)l, allowinge.g., I, +21, =... Al*
. S 2nkl
Allow minor variations in given answer e.g., |, =—2
2n+3
2 k
Condone missing ‘dx’s and allow if limits only seen once but [—E x"(k— x)Z}
0
must be replaced by “0” or better
©)

RA
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Question Scheme/Notes Marks
Number
8(a) I =jkx"(k—x)% dx=ka” (k—x)(k—x)_% dx=‘|'kkxn (k—x)_% dx—_[kx”*l(k—x)_% dx
n 0 0 0 0
Alt ) I 1 PR " !
=[—2kx (k—x)Z} +.[0 2knx"* (k —x)2 dx+[2x (k—x)Z} —.[0 2(n+1)x" (k—x)2 dx
Split 0 0
- 2kn
first =0+2knl , +0-2(n+1)1, = B+2n)l, =2knl =1 = 3oon *
+2n
For attempts like this award the first 2 method marks together for applying the split,
expanding and applying parts to achieve a correct form. The first accuracy mark can
be awarded for a correct expression (limits not required on either part and ‘dx’s may
be missing). As main scheme for the following two marks (note that in this case the
first and third terms must both be replaced by “0” or better).
There is no mark for just applying the split. (5)
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Question Scheme Notes Marks
Number
8(b) k 1
j XZ(k_X)ZdXZ% I, = 2Kn [
0 280 3+2n
Attempts |, in terms of I, or
4k 4k [ 2k I, in terms of I, and I, in terms of I,
1, = 7 = 7(? IOJ Accept with their I, substituted
or I 4k L= 2k | if 1, attempted first. Allow 1, =1 to be used M1
S A (i.e., I, lost)
See note below if only see 1, in terms of I,
k 1 37K 2
= (k—x)de:[—z(k—x)Z} Iy =...(k=x)2 M1
0 3 0 Limits do not have to be seen or applied
2 3 7
L8020 16,5 VB
3% 3 105 280
. : a
Solves an equation of the form 8z %where a, beZ, 5 gZ,c=50r7
and where the LHS is their I,. No processing or working requirements just look for ddM1
a value or numerical expression for k from an appropriate equation.
2, [Lﬁ]
May see k =e’ * ***’ or other logarithmic work.
Requires both previous M marks.
Note that 1—k; =%:> k=5 2187 or 0.668...
105 280 \16384
, \/_ Correct exact value for k from a correct equation.
28 2187 3 ot /2T L3 Al
128 16384 4 16384 =2
Note that if I, is only found in terms of I, then award the first two marks together
when a correct form for |, is achieved i.e.,
3 5 3
CX(k=x)2 4. (k=x)2 or ..(.x+..k)(k=x)2
Using parts:
2 2 4 sT¢ 4 8
IL=|—-=x(k=x)2——(k-x)2 | =—k?
Using substitution:
k 1 2 3¢ 4 8
u=k-x = I1=I x(k—x)2 dx={——(3x+2k)(k—x)2} =—k?2
0 15 , 15
There are no marks if the reduction formula is not used including direct attempts at
I, orif k= % is arrived at by purely solving the integral equation on a calculator
(4)
Total 9

&
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Question

Number
9

Scheme

Notes

Marks

9(a)

May use i, j, kK notation

3 1 2
n=|0 x| -2|=.. -5

Calculates the vector product of two
vectors in //;

(two components correct)

M1

Calculates the scalar product of a point
in the plane and their normal. Not
dependent but must follow an attempt at
a vector product which could be poor,
e.g., 3i+2k. Value must be correct if
there is no indication of a correct
method to evaluate the scalar product.

M1

| -5|=>2x-5y-6z=-5

—6 —6

Any correct Cartesian equation, e.g.,
—2X+5y+62=5
2x—5y—-6z+5=0

Al

Alt

Sim
eqns

X=5+3s+t
y=3-2t
Z=5S+2t

=eg,y+z=3+s

Forms simultaneous equations in x, y, z,
s and t and obtains an equation that
eliminates at least one of s and t

@)

M1

x=5+3(y+z-3)+3iz-3(y+z-3)

5 5
X=3y+37—-3

M1: Proceeds to an equation in x, y and
zonly

Al: Any correct equation with terms

collected

M1
Al

(©)
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Question Scheme Notes Marks
Number
9(b) OX—By—62=-5  5x—2y+3z=1 Uses both plane equations to eliminate one
variable. May see M1
Way 1 = eg, 12x-9y=-3 21y +362 =27, 21x+27z=15
3y-1 4x+1
eg., 4x-3y=-1= x=2Y"2 y=
4 3
5(3y-1 — -7 12z -
G )+2y:4 16y+5+8y _ ,_9-7y _  _ 9
4 4 12 -7
Expresses one variable in terms of the other two (single underlining) or expresses two
variables in terms of the other one (double underlining). This work may be seen by setting a dM1
variable equal to a parameter to find the other variables in terms of the parameter (or the
parameter in terms of the other two variables) e.g.,
-1+32 9-74
=1, x=f(4), z=9(4 = X= ,Y=A4, 2=
y (1) 2=a(1) {=x-"22 =
y=241, /1=f(X), ﬂ:g(z) {322 4X3+1, y=1, 221227—9}
See examples below. Requires previous M mark.
ddM1: Correct method to form RHS of
vector equation. Allow slips but must not
be a clearly incorrect method (e.g., point
and direction confused, all non-zero point
coordinates the wrong sign, no attempt seen
€g. or implied to obtain single coefficients for
ax+l_ oo 122-9 _ x+3 _y-0_z-3|  the variables in the numerator where
3 -7 3 1 —2 | necessary). Allow this mark if the point is
1431 9-74 later changed by multiplication e.g., ddM1
oreg, x=—m—, y=4, 2=—o—= (-1, 0, 2) becomes (-1, 0, 3) Al
-1 3 -1 9 Condone missing r =...
—r=| 0l+a] 1|oregr=| 0l+a] 12 Allow this mark if (r—a)xb(=0)or
3 - 3 -7 rxb =axb are appropriately used.
Requires both previous M marks.
Al: Any correct equation (with any
parameter). Do not condone e.g., | = ...
Do not isw if the point is changed by
multiplication.
3y-1 5-9z x-0 y-1 z-3 42+1 5-72 0 ! )
) —_ :y4§= L orx=4,y= AP =>r=|1]+4| 4
4 7 1 4 -7 3 9 : o
examples S N
_ _ _5 oy 4_ _ _ 7 o7
5-7x_9 7y—z: 7_Y-7_12 orx=5 9/1] _lez 9’ _d=r=|2|ea] -2
9 12 —& 2z 1 7 -7 0

&
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71



MARK SCHEME - IAL FP3 (WFMO03) - June 2024 - Q9

FP3.5a Vector products, lines & planes

< QUESTION

Question Scheme Notes Marks
Number
9(b) Work may be minimal if they obtain a correct point.
But do not accept just sight of an incorrect point without some evidence of an
Way 2 appropriate method to obtain it.
_ 2x—5y—-6z=-5  5x-=2y+3z=1 | Assigns a value to one variable to obtain
Finds | Lety=0=2x-6z=-5 5x+3z=1 | two equations in the other variables or M1
point or = e.g., 12x-9y=-3 eliminates one variable as in Way 1.
and Solves or assigns a value to one variable to
takes 1ox— P find values for the other variables.
vector =12x="3=x=-3,y=0,2=3 There is no need to check a point that arises dM1
product May see (0 1 5) or (é 9 o) from no working provided it is clear that the
1319 71 7 -
of previous M mark has been scored.
normals Requires previous M mark.
Note that a point could be obtained via substituting the given form of I, into I, and expanding
(M1) and then finding values of s and t that satisfy the equation and then finding a point (dM1)
Calculates vector product of normals (two
components correct) and forms RHS of vector
equation (allowing for copying slips but must
2 5 97 1 _97 not confuse point and direction). Allow this
4 mark if the point is later changed by
-5 |x|-2|=|-36|=| 0|+4|-36 multiplication. ddM1
-6 3 21 3 21 Condone missing r =...
Allow this mark if (r—a)xb(=0)or
rxb=axb are appropriately used.
Requires both previous M marks.
Any correct equation in this form (with any
. ”7 s 9 parameter). Do not condone e.g., | = ...
e B o - Do not isw if the point is changed by
=r=| 0|+4]|-36|oreg.,r=| 0|+4|-12 multiplication. Al
3 21 3 7 Correct points will have the form
(35, @ )
(4)
Way 3 Finding 2 points on the line and subtract for direction e.g., Finds (—%, 0, %) (M1dM1 as Way 2)
2 points | Thenfinds (0, 4, $)= direction = (4, 4, — %) = forms RHS of vector equation (ddM1)
Then A1 for a correct equation
)
Correct points/positions include:
O (-5 (3] (L) (A () () (2
i 0 2 2 1 -3 -1 3
o ) o) ) W ) Wy o
&
A
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Question Scheme Notes Marks
Number
9(c) Note that use of their line from part (b) must be seen to score any marks in (c)
Substitutes the parametric form
- 9) (-3+94 of their line (allow slips but
r=l olsal 121=] 122 must not clearly confuse
\ ; s 15 position and direction) from (b) | M1
1 B . into //, and solves for A
4(-5+94)-3(124)~(5-74)=0=>7A=]=2=1 | The “=0” could be implied by a
solution.

=(9(3)-%, 12(3), -7(3)+3)=..

Substitutes their A into their line and obtains a point/position vector with values for

all coordinates/components. If there is no working at least two dMm1
coordinates/components should be consistent with their equation or parametric form.

Isw if the point/position is altered by multiplication.
Requires previous M mark.

Correct point. No others.
(2,3, -1) Allow x=..., y=..,Z2=...

- Al
and condone as a position
vector. Do not isw.
Q)
Total 10
PAPER TOTAL 75




< QUESTION

6(2) 2 3) [0-(=14) 14
0|x| -2 |=| -(6-21) |:=| 15 MI;
Al
7 3 —4-0 —4
2
(b) 1) (-1 2
Directionof /is £| | 7 |—| 5||=%|2 B1
3 2 1
Angle between line and normal to plane is given by
(Cosﬂ_)14x2+15x2—4x1 18 M1
J437.9 J437
So angle between plane and line is o =90°— 5 = ... M1
=59° Al
“
© 14 -1)( 14
. . M1
Equation of plane is r.| 15 |= 50| 15|=53 Al
—4 2|4
, ,  14x1+15%x7-4x3-53|
So perpendicular distance is M1
\437
54 ;
437 A
C))
(10 marks)
Notes
(a)
M1: Attempts the vector product of the two directions of the plane. If no method shown, at least two
correct coordinates implies the method. Alternatively, sets up and solves a pair of simultaneous
equations using dot products of a general vector with the directions. E.g.
(ai+bj+ck)(2i+7k)=0 2a+7c=0
. . e >a=.c,b=.c
(ai+bj+ck)(3i-2j+3k)=0| 3a-2b+3c=0
A1l: Correct normal to the plane.
(b)
B1: Correct direction vector for /, either direction.
£%A



< QUESTION

M1: Attempts a relevant dot product of the direction of / and normal to the plane. If no method
shown the value given must be correct for their vectors. Need not be named correctly, so accept if
they think the angle between these is what they need for this mark.

M1: Correct method to find the required angle. Must be using the correct vectors, but may be scored
if the previous M is withheld for incorrect method for the scalar product if they have stated this is
what they were attempting to find. Look for use of cos # and subtracting from 90°, or for use of sin
o with the dot product.

Al: Correct final angle (awrt). You may isw incorrect subsequent rounding following a correct
answer.

(c)

M1: Attempts to find “+d” for the equation of the plane with their normal from (a) and the point B.
Al: Correct value or equation for plane.

M1: Attempts the perpendicular distance formula or any other full method for the distance, allowing

|04'n - OB
minor slips (e.g. confusion in sign of d). E.g. T =... 1s an equivalent method.
n
Al: Correct answer.
Alt (¢) )
48| =[ 2| = A+ 4+1=3 M1
Al
1
So perpendicular distance is
. 18
|4B|sin o =|4B|cos (90— ) =|4B|cos f=3x"—" Ml
437
_ 4 Al
437
(C))
M1: Correct method for the distance AB
Al: Correct AB.
M1: Attempts correct trig ratio with the exact answer for the relevant cosine from part (b).
A1l: Correct answer.

Alt 2 (¢) 14i +15j— 4k

=TV or 4B =(2i+2j+k)(14i+15j-4k) =54 M1

s
n_|“| V437 Al

So perpendicular distance is |@[ﬁ = |(2i T2 k\)/{:;+ 5= 4k)| =.. M1
7
\J437
“@

M1: Attempts the unit normal vector or correct attempt at ABh.
Al: Correct vector or correct value

M1: Applies formula for distance between planes.

Al: Correct answer.




< QUESTION

Alt3 () 14 “1)( 14
. . M1
Equation of plane is r.| 15 |= 50| 15(=53 Al
—4 2| -4
Let X be where shortest distance to plane occurs. Then
AX =i+7j+3k —t(14i+15j— 4K )
So X is where
((1+140)i + (7 +150)j+ (3 - 40)k ) (14i +15j— 4k) = 53 M1
=437t+107=53=>1t= _o4
437
— 54 — 54
AX =———(14i+15j—-4k AX|=—=x/437 =...
437 (141+15] )= 4] 437
_4 Al
437
“@
M1: Attempts to find “d” for the equation of the plane with their normal from (a) and the point B.
Al: Correct value / equation of plane implied.
M1: Sets up equation for line through 4 and perpendicular to the plane and forms and solves with
the equation of the plane to find the parameter for which this line intersects the plane and attempts
the length of AX.
Al: Correct answer.




MARK SCHEME - IAL FP3 (WFMO03) - June 2025 - Q8 FP3.5a Vector products, lines & planes < QUESTION
Question
Number Scheme Marks
@) Yy =C0S2X = dy =-2sin2x and then also:
dx
[fj 2 2
s=2z| “y 1+(ﬂ] (dx) and (d_yj =..=>S8=-
(0) dx dx M1
or
(%) ——
S=2r| cos2xy1+(-2sin2x)" (dx) =S =---
(0)
"
S= ZEI cos2x+/1+4sin? 2x dx* Al*
0
(2)
(b) 2sin 2x:sinh9:4c052x:—2:cosh9 0.e. Bl
- - ho
s =27 | cos2x\1+4sin? 2x dx = 27 | ees2x/1+sinhze —21Y 4o M1
ﬂf ﬂj 4e052%
=%I cosh 6+/1+sinh? @ d6’=%j cosh? @ d@ Al
ALT for 1
=cosh @
first 3 x:larcsin[lsinhﬂjzgzlzi 0 = arsinh(2sin 2x 3%=L52X
marks 2 2 402 || 1aheg ( ) dX 1+ 4sin?2x Bl
4
s ZHI cos 2x/L7 4sin? 2x dx S :sz €0 2Xy/1+ 4sin? 2x dx
— _ ) %coshg =2nj eos2x 1+ 4sin? 2x 7“1:43"‘22%9 M1
:271'.'. VLIL—L‘TJE»—étxllJrsmh Emdé’ 1+sinh29d
4 :ZHI €05 2% 47 %
:%J. cosh? @ do Al
0 -0\ 20 20
_ [£+lcosh20jd0 or = Z| [ | g (&2 g | M1
2 2 2 2 2 2 4
-z ¢9+lsinh 20 | or Z le2”+l6—1e‘2” Al
4 2 218 2 8
. 1 arsinh2 . 1
Z| @+=sinh 26 =Z—| arsinh2+=sinh(2arsinh2)
4172 o 4 2
or M1
arsinh 2
Z[le” +19—le‘25} = Z(lez'n(%ﬁ) +1In(2+\/§)—le2'n(2+ﬁ))
2|8 2. 8 | 2\8 2 8
:%(In(2+\/§)+2\/§) Al
)
Total 9
2
A

77



MARK SCHEME - IAL FP3 (WFMO03) - June 2025 - Q8 FP3.5a Vector products, lines & planes < QUESTION

Notes
(a)
Note: for part (a) there are two elements that must be combined to score the M mark
- Differentiation of y to the correct form
- Showing the substitution of their derivative and y into a correct formula (which could be implied by a

. dy )’ o
derivative of the correct form, a correct (d—ij for their derivative and a correct SA formula quoted).

M1: Differentiates y to obtain y = cos2x = g—i =k sin 2x and substitutes into the correct surface area formula.
Must see evidence of using the correct formula, which could be implied by a correct substitution with their
derivative and y substituted- simply stating the result after differentiation (even if correct differentiation) is
MOAO without some evidence of application of their derivative to the correct SA formula. Differentiation must
be seen, and the 27z but condone the omission of the limits and/or the dx for this mark.

Al1*: Reaches the printed answer with no errors or omissions. Fully correct working shown, including limits,

and the dxetc. Must be fully shown. Some exemplars are below:

T

4

y =C0S2X = j—i =-2sin2x= S = 27zj oS 2x+/1+4sin? 2x dx MOAO*
0

(Correct derivative but no substitution shown, no use of formula seen, states given answer with no justification)

: 3

y = COS2X = % =-2sin2x=S = ZnJ. cos 2x~[1+ (-2sin2x)” dx = ZﬂI cos2x/1+4sin’2xdx  MI1AL1*
X

0 0

(Correct derivative, use of correct formula seen - implied by a correct substitution with their derivative and y)

7
y =C0S2X = j_y =2sin2X= S = 27zJ‘ c0s 2x~/1+ 4sin? 2x dx MOAQ*
X
0
(Incorrect derivative, no use of formula seen by correct substitution, states given result with no justification)

Fd k3

4 4
y =C0S2X = j—y =2sin2x= S = ZﬂI €08 2x4/1+ (2sin 2x)* dx = erj‘ cos2xy/1+4sin*2xdx  M1AO*
X

0 0

(Incorrect derivative, use of correct formula implied by a correct substitution with their derivative and y)
dy ) 4 dy ) 4 — .
y =C0S2X = Foie -2sin2x and S=27] vy,[1+ i dx= S =27 cos2x1+4sin*2xdx MOAO
X
0 0
(Correct derivative and formula seen but no evidence of using the correct formula to obtain the given result)

) z
4
y =C0S2X = g—y =-2sin2x and (3—)/) =4sin’2x= S = ZEI €0s 2x+/1+4sin? 2x dx

X X .
MOAO*
(Correct derivative and square seen but no evidence of using this in the correct formula to obtain the given
result)
dy . dyY ., 3 dy 2 i
y =C0s2X = ax —2sin2x, ol i 4sin“2x, g = 272'-.' y 1+(&j dx = 27Z'I €0S 2x+/1+ 4sin” 2x dx
0 0
M1AL1*

(Correct derivative and square seen and use of this in the correct formula is implied by the correct formula being
quoted.
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< QUESTION

(b)

B1: Correct differentiation. Accept equivalent forms if the substitution is rearranged first. Must be a fully
correct differentiation to score this mark.

M1: Substitutes fully into the given integral and makes progress to eliminate the x terms. Must substitute fully,
including the dxand arrive at an integral involving only . Limits not needed for this mark and condone if they
are not changed yet.

Al: Correct integral in terms of cosh& (can ignore limits for this mark).

. 1.1 . . .
M1: Applies cosh’® @ = iaigcosh 20 or uses the correct exponential form and expands to obtain an integrable

form for the integral (can ignore limits for this mark)
Al: Fully correct integration (can ignore limits for this mark)

M1: Applies the limits 0 and arsinh 2 or e.g. 0 and |n(2 +J§) to an integrated expression of the form

ad +bsinh26or ae® +bo + ce™’ . Must see clear evidence of the limits being applied, but condone the
omission of the lower limit as it gives 0
Al: Cao. Must be in the exact form requested.




MARK SCHEME - IAL FP3 (WFMO03) - June 2025 - Q8 FP3.5a Vector products, lines & planes < QUESTION
.
ﬁﬂ?nst:grn Scheme Marks
Accept i, j,k notation or column vector notation throughout this question
8(a) i j k| (16
7 5 -6/=| 4 B1
-3 1 2| \22
()
(b) 16 4 8 4
4 |e 2 |=... or 2 |e 2= M1
22 -1 11 -1
r.(8i+2j+11k)=25 Al
(2
ALT
Using 1 16) (1 8 1
another | 9. A=0,u=1=point|3| ontheplane =|4 |e|3|=...or =|2 || 3|= M1
point on 1 22) (1 1) (1
the plane
r.(8i+2j+11k)=25 Al
)
(c) i j k 13
8 2 11|=| 3
1 -1 1 (-10
Or
52 52
0 3 3 M1
Points on the line are (see below) | -4 | and| 0 | so directionis| 4 |orany
3) | _40
3 3
52
multiplee.g. | 12 |etc
-40
2y +11z =25
X=...(0)= =z=...(3),y=...(—4
= {1 (3),y=-(4)
8x+11z =25 31 52
y=...(0)= == |-=|x=.|=
X+z2=7 3 3
8x+2y =25 39 31 M
z=...(0)= y :x:...(—),y:...(——J
X—y=7 10 10
Note: points will have the form [52+13a, ,_31;100()
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MARK SCHEME - IAL FP3 (WFMO03) - June 2025 - Q8 FP3.5a Vector products, lines & planes < QUESTION
Common points
009 (5.0-2) (B2 o) -2 2) (B2 (2L
3 3 10 13 13 3 3 5 5
(r—(-4j+3k )x 13i+3j-10k) =0
( —(—I _EKD (13i+3j-10k) =0
Al
39. 3 .
r-| —i——j||x(13i+3j-10k)=0
(212 mermg
Or equivalent for their correct point on the line and correct direction vector
(©)
Combining cartesian equations together (other eliminations are possible):
Alt to
find a X — z=7 _
point y+ :>3x—13y=52:>y=3x 52 X=52+13y
8x+2y+11z =25 13 3
and/or
direction z:7—x+y:_31_10y:>y=_3z_31
vector 3 10
for 52
either w22 ;430 3
M1 3x-52 ~ -3z-31 3 _y-0_ 3 -
mark So 3 =y= 10 = 13 =7 __@ so pointis| O M1
3 3 _3
3
Or
13
3
Direction is 1 | or any multiple
_10
3
52 13
3 3
pointis| O | anddirection is 1 | orany multiple M1
E _10
3 3
(r—(—4j+3Kk))x(13i+3j-10k) =0
Or
(r—(S—:l —3—1ka(13i +3j-10k)=0
Or Al
(r—(ﬁl —3—1D><(13i +3j—10k)=0
10
Or equivalent for their correct point on the line and correct direction vector
(©)
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< QUESTION

(d) 3) (2 1
+0|-|1||=%|-1 M1
2 3 -1
i j k -13 i j k 13
13 3 -10/|=| 3jorfl -1 -1|=|-3 M1
1 -1 -1 -16 13 3 -10 16
—4j+3k —(3i+2k)){(—13i +3j—16k
o |45+ (31 2K)) (131 43526k _ "
| 132 +32 4162
—i Al
434
(4)
Alt
using 3 2 1
ger_1era| +lol=]|11]l==+| -1 M1
points
on the 2) 3 -1
lines
Let the general points on the lines be X and Y
2+ (0+13u 2+A-13u
XY =|1-4 |-| -4+3u|=|5-1-3u |=
3-1) \3-10u -A+10u
2+1-13 13 2+4-13 1
TATH AT 414204 -278u =0 M1
5-1-3u |e¢| 3 |=0and|5-1-3u |e|-1|=0=
-3+31-20u=0
-4 +10u -10 —A+10u -1
(827) (183)
A=) — lu=...| —
217 434
143
24+ 4-13u 4;;
XY =|5-4-3u |=|——
434
-A+10u ﬁ M1
217
2 2 2
XV [42) (38 (B (12
434 434 217 434
11
d=—"_ Al
434
(4)
Total 10
.y,




MARK SCHEME - IAL FP3 (WFMO03) - June 2025 - Q8 FP3.5a Vector products, lines & planes < QUESTION

Notes

(a)

B1: Correct vector found. ISW once a correct vector product is seen e.g. if the components are divided by 2
etc.

(b)

M1: Attempts I N = p form for the plane by finding the scalar product between their part (a) or a multiple of
their part (a) and 4i+2j—k (or another point on the line, correctly obtained by substituting values of the
parameters into the line) . If the scalar product is found with a point not on the line, then MO.

Al: Correct equation

(©)

M1: Attempts the vector product between 8i+2j+11k and i— j+k or e.g. finds 2 points on the line and
subtracts to find the direction. If method not directly shown, then two correct components correct implies
method.

M1: Attempts to find a point on the line of intersection, either by substituting a value for x, y, z into the
cartesian equations of the planes, and solving to find the other two values or by combining the cartesian
equations together. MO if they find a correct point then multiply by a scalar.

39. 31. 13. 3.
Al: Any correct equation in the required forme.g. | r—| —i——j | |x| ——i——j+k |=0
10 10 10 10

ALT

M1: Combines the cartesian equations together by eliminating one variable and finding one in terms of the

other two or expressing two variables in terms of the other one, and making progress to write the line in the

X-a y-b z-c
d e

their line equation. Allow minor slips if the line is in the correct form.

M1: Correctly extracts both the point and the direction from their line equation in cartesian form. Allow minor

slips if the line is in the correct form.

Al: Forms the correct equation of the line in the correct form. Condone the ‘0’ and/or the ‘r’ without an

underscore to indicate that it is a vector.

(d)

M1: Attempts the direction of 1,

M1: Attempts the vector product between their direction from part (c) and their direction of |,. If method not
directly shown, then two correct components implies the correct method.
(a—c)en

form and then correctly extracting either their point or their direction correctly from

M1: A full method to find the required distance using formula |n

where a and c are the position

vectors of individual points on the lines |, and I, and n is the vector product of the direction vectors for their

3
lines. 0y (18 3 1}]. Note that the point A could also be used in the line I, so that | | is
eg.rn=|-4|+4 3 |andr,=|0|+u| -1
3 -10 2 -1 2
(2 . . 3 4 1
replaced with 1 (or another point). The numerator may be seen as a scalar triple product e.g. 13 3 _10 €€
3 1 -1 -1

Al: For i or awrt 0.528

434
ALT

M1: Attempts the direction of |,
M1: Forms the general point between the two lines, attempts the dot product between the general point and both direction vectors of
the lines |, and 1, to form and then solve two simultaneous equations in their parameters. Must find a value for both.
M1: Substitutes their parameters to find their XY and then finds the magnitude of their XY

11
Al: For or awrt 0.528
\434
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MARK SCHEME - IAL FP3 (WFMO03) - January 2021 - Q7 FP3.5a Vector products, lines & planes < QUESTION
estion
Ic\zlzmber Scheme Notes Marks
7(a) 5i+3j— 8k and 2i—3j— 6k lie in I]; Identifies 2 correct vectors lying in I7; | Bl
5 2 -18-24
n=| 3|x|-3]|= —(—30+16)
-8) \ -6 -15-6
Attempts the vector product between 2 correct vectors in I7;
If no working is shown, look for at least 2 correct elements. Mi
Ore.g.
Let n =ai + bj + ck then
(ai +bj +ck)-(5i + 3j—8k) =0, (ai +bj+ ck)-(2i—3j —6k) =0
=5a+3b-8c=0,2a-3b-6c=0=>a=2¢,3b=-2c=>n=...
—42 6
=| 14 |oreg. | —2 Correct normal vector Al
21 3
(6i —2j +3k)-(i +2j +k) =...
Attempts scalar product between their normal vector and position vector of a point in
II. Do not allow this mark if the “5” (or equivalent) just ‘appears’. There must be dM1
some evidence for its origin e.g. a.n = ... where a and n have been defined earlier.
Depends on the first method mark.
6x—2y+3z=5%* Correct proof Al*
(6]
Alternative 1 for (a):
E.g. Let equation of II1 be ax + by +z=c¢ Bl
3 points on I1; are (1, 2, 1), (3, -1, -5) and e.g. (8, 2, —13)
a+t2b+1=c,3a-b-5=¢,8a+2b-13=¢c =>a=...b=...,c=... M1
Solves simultaneously for a, b and c using correct points
2 5
=a =2,b=—§,c=§ Correct values Al
2 5 . .
2x — 3 y+z= 3 Forms Cartesian equation dM1
6x—2y+3z=5%* Correct proof Al*
Alternative 2 for (a):
(1,2,1) —>6x—2y+3z=6—-4+3=5
B1
Shows (1, 2, 1) lies on II;
) 3 5
x—3:y+ :Z+5—>r: —1 |+ A| 3 | orequivalent
5 3 —8
-5 —8 MIAL
M1: Converts / to correct parametric form seen as part of an attempt at this alternative
allow 1 slip with one of the elements
Al: Correct form
6(3+5/1)—2(—1+3/”L)+3(—5—8l) =5
O dM1
Shows / lies in I}
Pliesin I and [ lies in II1s0 6x—2y +3z=5%* Al*
All correct with conclusion
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MARK SCHEME - IAL FP3 (WFMO03) - January 2022 - Q7 FP3.5a Vector products, lines & planes < QUESTION
Question
Number Scheme Notes Marks
7(a) 4
x-3 _Y -5 _Z -4 —r=5+1l -2 Convert; to parametric form. “r =" is M1
4 -2 7 not required
2x+dy-z=1 Correct strategy for finding P. Condone
= 1= (3) —Pis .. for the plane equation.
(1 5-1,2 5) Correct coordinates. Condone if given Al
as a vector.
3)
(a) x-3_y-5 Uses the Cartesian equation to find x in
Way 2 4 __—2:>x—13—2y terms of y M
o _ o Correct strategy for finding P. Condone
2xtdy—z=1=26-dy+dy-z=1 the use of 2x+4y—z=0 Ml
S zZ=.,X=.,)V=.. .
for the plane equation.
(1 5 -1, 2 5) Correct coordinates. Condone if given Al
as a vector.
(b)
4 2 Applies the scalar product between the
—2 |e| 4|=8-8-T7=-7 direction of /; and the normal to the Ml
7 1 plane
Examples:
+7 . +7
p=cos' ———r==.. g=sin' ———=...
V69+/21 V69421 dMm1
Attempts to find a relevant angle in degrees or radians.
Depends on the first method mark.
Allow awrt 10.6 but do not isw and
0=10.6° mark the final answer. Al
For reference € =10.5965654°
3)
(b) 4 2 26
Way 2 x| 4l=|—18 Attempts vector product of normal to I7 M1
7 _1 _50 and direction of /,
26 +18% +20% =+/21V/69sina
Attempts to find a relevant angle. aM1
sina = 10+/46 —~a=.. Depends on the first method mark.
69
Allow awrt 10.6 but do not isw and
0=10.6° mark the final answer. Al
For reference @ =10.5965654°
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MARK SCHEME - IAL FP3 (WFMO03) - January 2022 - Q7 FP3.5a Vector products, lines & planes < QUESTION
¢ .
© ! 1 k 26 Attempts vector product of normal to I7
a=2 4 -li=-I8 and direction of /;. If no method is seen | M1
4 -2 7 -20 expect at least 2 correct components.
i j k 49 Attempts vector product of “a” with
13 -9 —10=|-7 normal to 7 to find direction of /» Mi
2 4 -1 70 Correct direction for /» Al
15 7 Depends on both previous M marks
Attempts vector equation using their ddM1
r=|-1|+ul -1 direction vector and their P
25 10 Correct equation or any equivalent Al
correct vector equation
)
(© A=1=(7, 3, 11) lieson /,
Way 2
7 2
r=|3 [+¢ 4
11 -1 Complete method to find a point on M1
=2(7+2t)+4(3+4t)-11+1=1
2 (17 1 35) ,
t=——=|—,—,— |isonh
3 333
15 17 28 Uses their point and their P to find M1
1 1 direction of /
Direction of hbis | =1 |—=| 1 |=—=| —4 [econ o7 2
25 3 35 3 40 Correct direction for /, Al
Attempts vector equation using their
15 7 direction vector and their point on & ddml
r=|-1|+u| -1 Correct equation or any equivalent
25 10 correct vector equation. Must have r = | Al
andnote.g. L=...
() Normal to plane from /;
Way 3 3 2
r=|5|+¢ 4
4 -1 Complete method to find a point on /> M1
=2(3+21)+4(5+41)—-(4-1)=1
t=—1:>(1, 1, 5) ison/,
15 1 14 Uses their point and their P to find
N Ml
L . direction of I,
Direction of L is | =1 |—| 1 |=| -2
25 5 20 Correct direction for /> Al
Attempts vector equation using their
! 7 direction vector and their point on / ddMl
r=1|+u -1 Correct equation or any equivalent
5 10 correct vector equation. Must have r = | Al
andnote.g. L=...
Total 11
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MARK SCHEME - IAL FP3 (WFMO03) - June 2022 - Q8 FP3.5a Vector products, lines & planes < QUESTION
Question
Number Scheme Notes Marks
7. n
In=J.XdX nel, |x<+10
V10— x?
(a) J‘ Xn Xn—l x X
I, = | —=dx= | —=0dx Writes x" as x x x"? M1
V10— x? V10— x2
X" x x : :
S dx=—x"" (10— x2)2 +(n —1)"‘x“‘2 (10— x2)2 dx
V10— x?
g dM1: Uses integration tiy parts to obtain ) dM1AL
XX = axt (10 —x? )E + ,8-“ x"? (10 -x° )E dx
V10— x?
Al: Correct expression
1
= ...+(n—l)jx”‘2 (10—x2)(10— x2) 2 dx
1 1
- ...+10(n—1)J.xn2 (10-x%) 2 dx—(n—l)jx” (10-x*) 2 dx dM1
1 1
Applies (10-x*)? =(10—x*)(10-x*) 2 and splits into 2 integrals
_ B (. Introduces In2and I, and makes
= ...+10(n 1) L (n l) l,=nl, progress to the given result daMm1
1
nl, =10(n—1)1, , —x"*(10-x* )2 *
*
Fully correct proof with no errors (recovery of missing brackets counts as an error) as Al
does missing dx
| (6)
®) S T
l,=| ————dx=|-(10-x*)2 | (=-3++/10
- [ e 04 | (D) i
Correct method for 11 Limits can be substituted later
Applies the reduction formula at least
- 1
Sl; =10>4l, +... once Allow with 3 or {—x“(lO—xz)?} M1
0
3 20 3 160 43
I, =8l,->=8| =I,-1|-2=—1,-—
773 5 [ 3! j 5 3 ' 5
160 43
Completes the process using their I1 to obtain a numerical value for Is
Limits must now be substituted
= i(sooJTo - 2529) Cao Al
15
(4)
Total 10
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MARK SCHEME - IAL FP3 (WFMO03) - June 2022 - Q8 FP3.5a Vector products, lines & planes
uestion
(Ngumber Scheme Notes Marks
8(a) —4 3
(r=)| -5 |+t| 4 Forms the parametric form of the line | M1
3 -1
3(3t — 4) + 4(4t - 5) — (3 —t) =17 Substitutes the parametric form for the
line into the plane equation and solves | dM1
—t= (2) for “t”. Depends on the first mark.
-4 3
non Uses their value of t correctly to find
-5 2" 4 ;
3 - 1 Q. Depends on the previous mark. dM1
Correct coordinates Accept if written
(2’ 3 1) as a column vector but not with i, j, k Al ()
Way 2 X+4 = y+5 _Z -3 Forms the Cartesian equation of the
3 4 -1 line, rearranges twice to get 2 of x, y, z | M1
eg x=f(y) z=9(y) as functions of the third
Substitutes these into the plane
X . dmi
equation and solves for one coordinate
Obtains the other 2 coordinates dm1
Correct coordinates Accept if written
2,31 L
( 3 ) as a column vector but not with i, j, k Al
(4)
b _
(b) 2+4 1+4 2+1 Attempts 2 vectors in plane PQR
PQ=|3+5|,PR=| 6+5|,RQ=|3-6 | (Must use the given coordinates of P, | M1
1-3 4-3 1—4 )| R and their coordinates of Q
I N 30 Attempt vector product between 2
6 —2|=|-12 vectors in PQR. Depends on the first | dM1
311 1 42 mark.
5)\(2
ol 3l=11 Uses any of P, Q or R to find constant. | 1
211 Depends on the previous mark.
5x-2y+7z=11 Any correct Cartesian equation Al
(4)
Way 2 —4a-5bh-3c=1 Uses the Cartesian form of the
sa+3b+c=1 equatlon.ofaplane, ax.+by+cz=l, M1
and substitutes the coordinates of each of
—a+6b+4c=1 the 3 points
Solves to get a value for any of a, b or ¢ dmM1
Obtains values for the other 2 dM1
5 2 7 . .
—X——=y+—z=1 Any correct Cartesian equation Al
11 117 11
(4)

&
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< QUESTION

Nmber Scheme o i

1

7coshx+3sinhx=2e"+7= Substitutes at least one correct
T ye Y _e™* exponential form for either of the
7(6 © J+3[e © J:zexw

5 hyperbolic terms and achieves an | M1
equation in exponentials and
{% e +le " +3e" —de T =2e"+ 7} constants alone

2x 2 2x x Multiplies through by e to obtain
= 7(e + 1) + 3(e - 1) =4e” +1de any equation that would form a
{:> 5625 10 — 0 +7ex} 3TQ in e"if like terms were
collected
A correct three term quadratic in e”.
e _14e* +4=0 {3ezx T 40— 0} Could be implied by a correct root
even if terms have not been
collected.
Solves their 3TQ - usual rules. One
x XA\ x _ correct root for their quadratic if no
= (36 1)(6 2) =0=e = working. Ignore labelling of the
roots even if e.g.,“x” is used.
Both correct and simplified but do
not isw if there are other answers.

Ml

Al

Ml

1
x=In2, lnl Allow —lnifor In2 Al
3

and —In 3 or In 3! for ln%

Answer only is 0/5 Total 5
Note that it is possible to multiply through by e™ to form an equation in e, e™ and
constants. Score as main scheme, e.g.,

ze"+ze"‘+§e"—§e"‘=2¢"+7

2 2 2 2
:>Z+Ze"2"+§—§e‘2"=2+7e"" (M1)

2 2 2 2

=2 -7e+3=0 (Al
(26 -1)(e"-3)=0=e" = % 3 (M)

=e =2, % =x=In2, lné (Al)




MARK SCHEME - IAL FP3 (WFMO03) - January 2024 - Q6 FP3.5a Vector products, lines & planes < QUESTION

uestion
gumber Scheme Notes Marks
6(a) -1) (3 -4 -2) (3 -5 -2\ (-1 -1
+AB=+|| 1|- =+[-1|,+AC=+|| 4|- =+ 2|, +BC=x - 1||=4| 3
3) (2 1 2) |2 0 2 3 -1 M1

Correct method to obtain two relevant vectors using subtraction.
You can ignore labelling e.qg. if they find BA but call it AB

4\ (-5 (-2
eg., ABxAC=| -1|x| 2|=| -5
1 0) |-13 dm1

Correct method to find the vector product of two relevant vectors (if a correct method
is not shown, two correct components for their vectors must be obtained)

3)(2
eg.,|2|| 5|=6+10+26=42
21113 ddMm1

Attempts the scalar product between their normal vector and any of the position
vectors of A, B or C.

2Xx+5y +13z2=42

O eq. —2Xx—5y—132+42=0 Any correct Cartesian equation. Al

4)
(@)altl -1\ (3 -4 -2\ (3 -5 -2\ (1 -1
+AB=x|| 1]|- —+|-1|,#AC=%|| 4|-|2||=#| 2|, +BC=%« - 1]|=% 3 M1
3) (2 1 2) |2 0 2 3 -1
Correct method to obtain two relevant vectors using subtraction.
3 —4 5\ x=3-41-5u
eg., r=[2+A| -1|+uy| 2| y=2-A+2u =eg. A=2-2
2 1 0 7=2+1 dM1
Attempts the parametric equation of the plane and uses components to eliminate at
least one of their parameters.
x=3-41-5u .
e.g., Yy=2-1+2u =e.qg. /1:2—2:>e.g.y:§(y—4+z) 4dM1
2=2+4
Eliminates both of their parameters.
5 . .
e.g. x=3—4(z—2)—5(y—4+ 7) Any correct Cartesian equation. Al
(@)alt2 3a+2b+2c=1
ax+by+cz=1— -a+b+3c=1 =a=—, bzi, c:E
42 42
—2a+4b+2c=1
1 5 13
= —X+—y+—z=1
21 42 42

M1: Substitutes the given points to give 3 equations in 3 unknowns
dM1: Solves simultaneously to find values for “a”, “b” and “c”
ddM1.: Substitutes back in to obtain a Cartesian equation
Al: Any correct equation

N
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FP3.5a Vector products, lines & planes

< QUESTION

(b)

Obtains parametric form for line DE with
their normal (or recalculated normal)
seen or implied. Allow one slip only.

LineDE:(r=)| 1
-2 13

M1

1422 -1)—(5A4+1)-17(134-2) =66 = A=...
Substitutes their parametric form into the equation of /7. and solves for A — can
follow MO provided their parametric form was an attempt at OD + A(their n)

M1

A correct exact value for 4 depending on

85 their method e.g. use of

198 n=-2i—-5j-13k gives /1:—8—5

198

Al

DE :\/(ZXE)Z L Ex Dy a3 By
198 198 198

ore.g.

2 2 2

(100 e [T (18] 1)
99 198 198 99 198 198

Correct method to find a numerical expression for distance DE
Requires previous method mark

Note DE = —%\/(2)2 +(5)*+(13)° =... is ok for this mark

dM1

Correct exact answer in the required form

85 19
or p=—orl—
66

66
8522
66

8522

66

DE
Not DE =—

Al

©)

-1
E.g.
-2

-1
E.g.
-2

1{+1| 5

1(+4

Beware — Special Case!

An incorrect sign of A may fortuitously give the correct length DE.
2

13

-2
-5
-13
In such cases score as MIM1AOM1A1ft i.e. we will only penalise it once.

X2
RA
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85
leading incorrectly to A = —@would lead in both dM1 cases above to DE =

85
leading incorrectly to A = ﬁwould lead in both dM1 cases above to DE =

85422
66

85+/22

66
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Xx+1 y-1 z+2 Obtains Cartesian form for line DE with
Way 2 (J—r)( 2 = 5 = 13 j their normal (or recalculated normal)
allowing one slip only and attemptsto | M1
Sim St 3.9 find two variables in terms of the other
. SY=—X+—, Z="X+— .
eqns 2 2 2 2 variable
For first 14X_(§X+Zj _17 (QXJFQJ _ 66 M1: Substitutes into the plane equation
three 2 2 2 2 and findsx =...,y =..., 2 =... M1 Al
marks 14 623 709 Al: Correct exact values
= X=—"—, Yy=—1, I=—
99 y 108 108 = Way 1 for last two marks
(© 13(2
eg. AF.ABxAC=| 1 ||5 |=2+5+13q-26
g-2)\13
or
-4 -1 1
eg.|-5 2 0 |=-4(2(q-2))-5(q-2)-5-2
1 1 g-2 M1

4 -1 1 -4 -1
oreg.ruleofSarrus: -5 2 0 -5 2/=-4(2(q-2))-5-5(q-2)-2
1 1 9g-2 1 1

Correct method for vector between F and A, B or C and finds scalar product with their
normal or attempts the scalar triple product to obtain a linear expression in g.
For the scalar triple product look for at least 2 correct “elements”.

%(13q—19) —+12=5q=..

dM1
Sets é of their expression in g equal to one or both of +12 (or equivalent work e.g.
their expression in q equal to one or both of +72) and proceeds to a value for g
53 Correct values. Allow exact equivalents
q=7,-— 53 1 Al

for -—— e.g. 4—

13 18 %9 13
(©)
Total 12

7
KA
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< QUESTION

Question Scheme Notes Marks
Number
3. 31 p
M=|1 1 2
-1 p 2
(@) 31 p
detM=|1 1 2 Attempts determinant. Requires at least 2
| ) correct “terms”. May use other M1
P rows/columns or rule of Sarrus.
=32-2p)-12+2)+ p(p+1)
= p2 -S5p+ 2 Correct simplified determinant. Al
P> —5p+2=0= p=... Solves 3TQ M1
+
ot \/ﬁ Correct values. Al
2
“@
(b) 2-2p 4 p+1 Attempts the matrix of minors. If there is |  1q
. 2 any doubt look for at least 6 correct
Minors | (2=p7)  6+p  Gp+]) elements. May be implied by their matrix gi)lE(I\lIl
2-p (6-p) 2 of cofactors. )
2-2p -4 p+l Attempts cofactors. Ml
Cofactors | <(2—p?)  6+p —-(Bp+1)
2-p —(6-p) ) Correct matrix Al
) 2 9 o_ Transposes matrix of cofactors and
M- 1 4 p I; }67 divides by determinant. Ml
PP -5p+2 N tpoop- Follow though their det M from part (a)
p p . . Alft
p+1l 3p-1 2 but the adjoint matrix must be correct.
3
Total 9
Question Scheme Notes Marks
Number
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4()

FP3.5a Vector products, lines & planes

f(x)=xarccosx, —1<x<1,

f’(x) = arccos x — al
NI

M1: Differentiates using the product rule to obtain an expression of the form:

X
NI

Al: Correct derivative

arccos x =

MI1Al

05 -3 -3 T 1
- oee.g. — =
N 3 ¥ 3

£'(0.5) = arccos 0.5 —

Al

A

(i)

g(x) = arctan(e’*)

‘ 2™
X)=—
g e +1

M1: Differentiates using the chain rule to obtain an expression of the form:
ke**

(e“ )2 +1

Al: Correct derivative in any form

MIl1Al

5 .
g'(x) =———— =sech(2x) ir/l{troduces sech(2x). Depends on previous
e +e .

dM1

Differentiates sech(u) — £sechu tanhu

g"(x) = —2sech(2x) tanh(2x) Depends on both previous M’s.

dM1

Correct expression.

Al

(O]

(i)
ALT1

‘ 2>
X)=
g’ e +1

M1: Differentiates using the chain rule to obtain an expression of the form:
ker

(e“ )2 +1

A1l: Correct derivative in any form

MI1Al

4e> (1 +et ) —4e* x2e™

e +1)’

Differentiates using quotient or product
rule. Depends on first M.

g"(x) =

dM1

~ 4e2x _4e(>x B _4(62x _e—ZX)
(e4x +1)2 (CZX +eflx)2

Multiply through by e™**. Depends on
both previous M’s.

dMl1

2 er _ 672,\'

er + 672): er + e%x
=-2sech2xtanh 2x

=-2

Correct expression.

Al

Note that the first derivative may be obtained implicitly in either method e.g.

d—y=2€2x:>d—y=%
I+(e™

y= arctan(e“) =tany=e"" =sec’ y

Total 8

Question
Number

Scheme Notes

Marks

5.

I = Isec” xdx,

X2
RA
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< QUESTION
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5(a) Isec" xdx= J.SGC"_2 xsec” xdx Splits sec” x into sec” > xsec” x Ml
Isec" xdx =sec”* xtanx — j (n—2)sec” * xtan® xdx
D d ious M k
. . epends on pli'EVIOUS 2 mar 2 2 dMIA1
dM1: Uses integration by parts to obtain sec” ~ xtan x — kj sec” " xtan” xdx
Al: Correct integration
- - Bl
sec” xdx =sec” > xtan x — | (n—2)sec” > x(sec’ x —1)dx
I I( ) ( ) (M1 on
Uses tan” x =sec” x—1 EPEN)
fsec” xdx =sec" > xtanx —(n— Z)I sec” xdx+(n— 2)J‘sec”’2 xdx
=sec’ *xtanx—(n-2)I +(n-2)I, ,=(n-1)I =... ddM1
Depends on all previous M and B marks
Introduces I, and /,.>and makes progress to the given result.
(n - 1)]}1 = tan xsec” > x + (n - 2) I ,* Fully correct proof. Alcso
()
ALT _[sec” xdx = j sec”” xsec’ xdx Splits sec” x into sec” xsec’ x MI
J.s.ec”’2 xsec’ xdx = J‘sec”’2 x(l +tan’ x)dx Bl
Uses sec? x =1+ tan? x and splits into 2 (4™ mark
= _[sec”’2 xdx+jtan2 xsec”? xdx integrals. M1 on
EPEN)
J.tanz xsec"” xdx = tan xsec” > x — J.sec” xdx
(n-2) (n-2)
: . 2 n-2 . -2 n dM1
Uses integration by parts on Jtan xsec” ~ xdx to obtain Atanxsec” " x— BI sec” xdx
Note this is the 2" M on EPEN.
Isec” xdx = ‘[sec”’2 xdx+ ! tan xsec” > x — Isec” xdx
(n-2) (n-2) Al
Fully correct integration
Jlsec”xdx:IHJr tan xsec” ™ x — ! I,=(n-1)1I,=..
(n—-2) (n—-2) ddM1
Depends on previous M and B marks
Introduces I, and /., and makes progress to the given result.
(n - l)ln = tanxsec”” x+ (n - 2) I,* Fully correct proof. Alcso
5(b) I, =1 Correct value for /> seen or implied. B1
1 . 4
I, =—t +—=1 . . .
¢ 5 anxsee x 54 Applies the given reduction formula once. | M1
ore.g.

X2
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I, = —tan—sec’ —+%I4
ore.g.
1 4 4
L=-()(~2) +<1,
1 411 2 1 4 4 8
=§tanxsec4 x+g(§tanxsec2 x+gl2) = g(l)(\/z) +E(1)(\/E) +E(1)
M1
Applies the given reduction formula again and uses the limits
to reach a numerical expression for /s
28
=— Correct value Al
15
@
ALT I,=1 Correct value for [; seen or implied. Bl
I, = %tanxsec2 x+§12
ore.g.
1 V4 T . . .
1, = 3 tan Zsec 1 + 3 1, Applies the given reduction formula once. | M1
ore.g.
1 2 2
I = étanxsec4 x+%[§tanxsec2 x+§12j = é(l)(\/z)4 +%(1)(\/§)2 +%
M1
Applies the given reduction formula again and uses the limits
to reach a numerical expression for /s
28
=— Correct value Al
15
Total 10

In part (b), condone confusion with the coefficients provided the intention is clear.

For either method in part (b), all working must be shown and the given reduction formula must be used at least
once. So do not allow e.g. I4 to be evaluated with a calculator but 7, can be evaluated directly without using the
given reduction formula using an alternative method e.g. by parts or by substitution — see below:

Parts:
I, = Isec“ xdx = Isecz xsec’xdx =sec” x tan x —ZJ‘ sec” x tan”x dx

=sec’ xtan)c—stec2 x (sec2 x—l)dx =sec’ xtanx—2jsec4 x dx+2.[sec2 x dx
1 2
=sec’ xtanx—21, +2J‘sec2 x dx =31, =sec’ xtanx+2tan x = I, =§sec2 xtanx+§tanx
Substitution:
1, = J.sec“ xdx = Isecz xsec’xdx = Isecz x (1+tan2x)dx

du u’ tan® x

u=tanx = jsecz X (1+tan2x)dx = Isecz X (1+u2) 5 :?-i-u = 3 +tan x
sec” x
Question Scheme Notes Marks
Number

X2
RA
96




MARK SCHEME - IAL FP3 (WFMO03) - June 2021 - Q6
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6(a) i j K e
Attempt cross product of direction vectors. If
Normal to plane givenby |1 0 3|=... | the method is unclear, look for at least 2 M1
1 -2 1 correct components.
=6i+2j-2k Or any multiple of this vector. Al
Substitut iat int int
oSt u6§ ip;)r}og 22 i[;’om o Use a valid point and use scalar product with Mi
eg (1,1,1)or (2,1, 4) to find “d” normal or substitute into Cartesian equation.
6x+2y—2z=6 .
" Given answer. No errors seen Al* cso
3x+y—z=3
@
6(a) ALT r=i+j+k+A>0+3K)+u(i—-2j+k)
=Sx=1+A+u, y=1-2u, z=1+31+pu
M1: Forms equation of plane using (1, 1, 1) and direction vectors and extracts 3 equations | M1A1
for x, yand zin terms of Aand u
Al: Correct equations
x:1+l—1y+lz—l+1y Elimipatgsland,uand achieves an Mi
2 2 3 2 6 equation in x, y and z only.
3x+y—z=3* Given answer. No errors seen. Al
6(b) s=-3 cao B1
@
6(c) . .
ik Attempts cross product of normal vectors.
1 1 2[=i-5j-2k If the method is unclear, look for at least2 | M1
31 -1 correct components.
g x=0,2y—-2z=6,y—-2z=3 Any valid attempt to find a point on the M1
:}y:3,z:0 line.
e.g. (0,3,0) Any valid point on the line Al
Correct equation including “r =" or
r=3j+A(-5j-2k) equivalent e.g. x:y__:z’:i Al
-5 2
“)
6(c) r=i+j+k+A>0+3k)+u(i-2j+k), r(i+j-2k)=3
ALT 1 =14+A+pu+1-24-2—-61-2u=3 M1
Forms equation of first plane using (1, 1, 1) and direction vectors and substitutes into the
second plane to form an equation in A and u
Solves to obtain g in terms of A or A in terms
1 Ml
:>,u=§(—5/1—3) of u
Correct equation Al
1
E.g. r=i+j+k+ﬂ(i+3k)+§(—5/I—3)(i—2j+k) Al
Correct equation including “r ="
6(c) 3 Uses the Cartesian equations of both
+y—z=3, x+y—2z=3=2x+z=0
ALT 2 rrymETme, xmymLs —exTE planes and eliminates one variable Ml
1 5 Introduces parameter and expresses other Mi
z=A=>x=——A, y=3+2z—x=3+=A4 | 2 variables in terms of the parameter
2 2 -
Correct equations Al
Correct equation including “r =" or
r=3j+A(0-5j-2k) equivalent e.g. x _y-3_=z Al
-5 =2
6(c) 3 -3 C92-3—=2 _o | Uses the Cartesian equations of both
ALT3 YrymEES, xhymLs X planes and eliminates one variable MI

KA
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FP3.5a Vector products, lines & planes

< QUESTION

Uses the Cartesian equations of both
3 —z=3 —2z=3=5 =3
FrYTE=S, Xxhy—Lz =Xy planes and eliminates another variable Ml
_ =z 33—y Correct equations for one variable in
= X= 5 YT 5 terms of the other 2 Al
y_3 2 Correct equation or equivalent e.g.
x:—is ) x=3_—y=i Al
5 —2
6(d) (3i +j- k)-(i +j- 2k) =6 Correct value for scalar product B1
Full scalar product attempt to reach a value Mi
cosO = Gi+j-k).(i+j-2k) 6 for cos &
Jo+1+11+1+4 V11 Forcosaz\g Al
0 =42.4° Correct value. Mark their final answer. Al
@)

:(ljl")[ |(3i +j- k) X (i +j- 2k)| = \/% Correct value for magnitude of cross product | Bl
' |(3i +j—K).(i+ - 2k)| \/g Full attempt to reach a value for sin 6 M1

sind = = . 55
VoO+1+141+1+4 11 For sin§ ==-= Al
0 =42 .4° Correct value. Mark their final answer. Al

Total 13

N
RA
98



	Contents
	FP3.5a  Vector products, lines & planes
	1. Q1  ·  IAL FP3 (WFM03) January 2021  ·  6 marks
	2. Q8  ·  IAL FP3 (WFM03) October 2020  ·  10 marks
	3. Q5  ·  IAL FP3 (WFM03) October 2021  ·  10 marks
	4. Q7  ·  IAL FP3 (WFM03) January 2023  ·  10 marks
	5. Q9  ·  IAL FP3 (WFM03) June 2024  ·  10 marks
	6. Q6  ·  IAL FP3 (WFM03) January 2025  ·  10 marks
	7. Q8  ·  IAL FP3 (WFM03) June 2025  ·  10 marks
	8. Q7  ·  IAL FP3 (WFM03) January 2021  ·  11 marks
	9. Q7  ·  IAL FP3 (WFM03) January 2022  ·  11 marks
	10. Q8  ·  IAL FP3 (WFM03) June 2022  ·  12 marks
	11. Q4  ·  IAL FP3 (WFM03) June 2023  ·  12 marks
	12. Q6  ·  IAL FP3 (WFM03) January 2024  ·  12 marks
	13. Q6  ·  IAL FP3 (WFM03) June 2021  ·  13 marks

	Mark schemes
	1. Q1  ·  IAL FP3 (WFM03) January 2021
	2. Q8  ·  IAL FP3 (WFM03) October 2020
	3. Q5  ·  IAL FP3 (WFM03) October 2021
	4. Q7  ·  IAL FP3 (WFM03) January 2023
	5. Q9  ·  IAL FP3 (WFM03) June 2024
	6. Q6  ·  IAL FP3 (WFM03) January 2025
	7. Q8  ·  IAL FP3 (WFM03) June 2025
	8. Q7  ·  IAL FP3 (WFM03) January 2021
	9. Q7  ·  IAL FP3 (WFM03) January 2022
	10. Q8  ·  IAL FP3 (WFM03) June 2022
	11. Q4  ·  IAL FP3 (WFM03) June 2023
	12. Q6  ·  IAL FP3 (WFM03) January 2024
	13. Q6  ·  IAL FP3 (WFM03) June 2021


