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QUESTIONS

18 questions - 160 marks - 1 sub-topic

SUB-TOPIC FP3.6a

EIGENVALUES, EIGENVECTORS & DIAGONALISATION

Sub-topic FP3.6a - 18 questions - 160 marks - lowest tariff first
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( Leave\
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3.
2 k2
A=|2 2 k where £ is a constant
1 2 2
(a) Determine the values of & for which A is singular.
2
Given that A is non-singular,
(b) find A, giving your answer in terms of k.
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Question 3 continued
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Question 3 continued
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Question 3 continued

(Total 6 marks) —]
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ANSWER >

1 2 %k
M=|-1 -3 4| wherek isa constant
2 6 -8

Given that M has a repeated eigenvalue, determine
(i) the possible values of &,

(i1) all corresponding eigenvalues of M for each value of k.
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Question 5 continued

%



ANSWER >

7

Question 5 continued
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ANSWER >

-
1 k 2

6. A=|5 3 =2 where k is a constant
6 -1 4

(a) Determine the value of & for which A is singular.

3
Given that A is non-singular,

(b) determine A", giving your answer in simplest form in terms of k.
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Question 6 continued
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 7 marks)
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( Leave\
blank
6.
I -1 1
A=11 1 1| a=#l
1 2 a
(a) Find A™" in terms of a.
4
1 -1 1
B=|1 1 1
1 2 4
The straight line /, is mapped onto the straight line /, by the transformation represented by
the matrix B.
The equation of , is
(r— (12i + 4j + 6k)) x (-6i + 2j + 3k) = 0
(b) Find a vector equation for the line /|
“
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Question 6 continued
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Question 6 continued
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Question 6 continued

(Total 8 marks)
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ANSWER >

( )
-2 5 0
3 M=| 5 1 3
0 -3 6
Given that i + j + k is an eigenvector of M,
(a) determine the corresponding eigenvalue.
1
Given that 8 is an eigenvalue of M,
(b) determine a corresponding eigenvector.
(2)
(c) Determine a diagonal matrix D and an orthogonal matrix P such that
D =P'MP
6))
. J
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Question 3 continued
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 8 marks)
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( )
x 1 3
6. A=| 2 4 «x
-4 -2 -1
(a) Show that A is non-singular for all real values of x.
C))
(b) Determine, in terms of x, A™
C))
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Question 6 continued
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 8 marks)
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ANSWER >

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
0 o

2
M=|0 1 4
3 2 3

(a) Determine M ™'

The transformation represented by M maps the plane /1, to the plane /7,
The point (x, y,z) on 71, maps to the point (u, v, w) on II,

(b) Determine x, y and z in terms of u, v and w as appropriate.

The plane /I, has equation
3x=Ty+2z=-3
(c) Find a Cartesian equation for /7,

Give your answer in the form au + bv + cw = d where a, b, ¢ and d are integers to
be determined.
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Question 2 continued
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Question 2 continued
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Question 2 continued

(Total for Question 2 is 8 marks)
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ANSWER >

2 3 7 6 -1 4
T=|3 2 6 U=|15 ¢ -9
a 4 b -8 a 5

where a, b and ¢ are constants.
Given that TU =1

(a) determine the value of a, the value of b and the value of ¢

C))
The transformation represented by the matrix T transforms the line /, to the line /,
Given that /, has equation
=1y z+2
3 _
(b) determine a Cartesian equation for /,
C))
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Question 2 continued

S
<

o8
R

KX
KX

%

%

32



ANSWER >

7

Question 2 continued
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Question 2 continued

(Total for Question 2 is 8 marks)
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0 -1 3
M=|-1 4 -1
3 -1 0
1
Given that | -2 | is an eigenvector of M
1
(a) determine its corresponding eigenvalue.
2
Given that -3 is an eigenvalue of M
(b) determine a corresponding eigenvector.
2
1
Hence, given that | 1 | is also an eigenvector of M
1
(c) determine a diagonal matrix D and an orthogonal matrix P such that D = P"MP
C))
.
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Question 4 continued
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 8 marks)
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( Leave\
blank
3.
3 4 &k
M=|1 -2 k| wherekisaconstant
1 -5 5
Given that 3 is an eigenvalue of M,
(a) find the value of £.
3
(b) Hence find the other two eigenvalues of M.
3
(c) Find a normalised eigenvector corresponding to the eigenvalue 3
3
. J
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Question 3 continued
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Question 3 continued
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Question 3 continued

(Total 9 marks)
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5.
6 -2 -1
M=|-=2 6 -1
-1 -1 5
Given that 8 is an eigenvalue of M
(a) determine an eigenvector corresponding to the eigenvalue 8
2
(b) Determine the other two eigenvalues of M.
3
(c) Hence find an orthogonal matrix P and a diagonal matrix D such that PPTMP =D
“
. J
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Question 5 continued
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Question 5 continued
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Question 5 continued

(Total 9 marks) —]
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Leave
blank
31 p
3. M=| 1 1 2| wherep is areal constant
-1 p 2
(a) Find the exact values of p for which M has no inverse.
©))
Given that M does have an inverse,
(b) find M ' in terms of D-
)
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Question 3 continued
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Question 3 continued
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Question 3 continued

(Total 9 marks) —]
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6 k 2
4 M=|k 5 O
2 0 7
where £ is a constant.
Given that 3 is an eigenvalue of M,
(a) determine the possible values of £.
3)
Given that k£ < 0
(b) determine the other eigenvalues of M.
3
(¢c) Determine a normalised eigenvector corresponding to the eigenvalue 3
3)
L J
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Question 4 continued
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Question 4 continued
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Question 4 continued
Q4
(Total 9 marks) T
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ANSWER >

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

2 0 3
0 -4 -3
0 -4 0

M

Given that M has exactly two distinct eigenvalues 4, and 4, where 4, <4,

(a) determine a normalised eigenvector corresponding to the eigenvalue 4,

(6

4 2
The line /; has equation r= | -1 | + x| 0|, where x is a scalar parameter.
0 -1

The transformation 7 is represented by M.
The line [ is transformed by T to the line /,

(b) Determine a vector equation for 7, giving your answer in the form r xb =¢
where b and ¢ are constant vectors.
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Question 2 continued
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Question 2 continued
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Question 2 continued

(Total for Question 2 is 9 marks)
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1 -1 4
3. M={3 a b where a and b are constants
a 1 b
Given that i + 2j + k is an eigenvector of M,
(a) determine the corresponding eigenvalue.
2
(b) Hence determine the value of @ and the value of .
2
(c) Determine
(i) the other eigenvalues of M,
3
(i1) eigenvectors which correspond to these eigenvalues.
3
.
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 10 marks)
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( Leave |
blank
4. The matrix M is given by
2 -1
k3 2
-2 1 k
(a) Show that detM = 5k — 10
(2)
Given that k= 2
(b) find M in terms of .
)
The points O(0, 0, 0), 4(4, -8, 3), B(-2, 5, —4) and C(4, —6, 8) are the vertices of a
tetrahedron 7.
The transformation represented by matrix M transforms 7 to a tetrahedron with volume 50
(c) Determine the possible values of &.
)
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Question 4 continued
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Question 4 continued
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(Total 11 marks) |
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-
( ) %
a a 1 5
A=|-a 4 0 where « is a positive constant &
4 a 5
olo'
(a) Determine the exact value of @ for which the matrix A is singular. ’§:
(2) &
Given that 2 is an eigenvalue of A §§§
o
(b) determine §§§
&
(i) the value of a &
(ii) the other two eigenvalues of A
6))
1
NG
A normalised eigenvector for the eigenvalue 2 is | 1
J6
2
J6
(c) Determine a normalised eigenvector for each of the other eigenvalues of A
6
. J
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Question 5 continued
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Question 5 continued
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Question 5 continued

(Total for Question S is 12 marks)
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ANSWER >

71

~
4. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
4 0 2
M=|0 4 a
2 a E
3
where a is a constant.
1
Given that | 2 | is an eigenvector of M,
3
(a) determine the corresponding eigenvalue for this eigenvector.
2
(b) Hence show that a = 4
2
Determine
(c) the other two eigenvalues of M,
3
(d) a normalised eigenvector for each eigenvalue of M.
6))
(e) Hence determine a matrix P and a diagonal matrix D such that
P'MP =D
2
\ y,
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Question 4 continued

S
<

o8
R

KX
KX

%

%

72



ANSWER >

7

Question 4 continued
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Question 4 continued

(Total for Question 4 is 14 marks)
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MARK SCHEMES

official mark schemes, in the same order as the questions

75



< QUESTION

General Principles for Further Pure Mathematics Marking

(But note that specific mark schemes may sometimes override these general
principles)

Method mark for solving 3 term quadratic:

1. Factorisation

(x* +bx+c) = (x+ p)(x +q), where|pg| =|c|, leading to x = ...

(ax® +bx +¢) = (mx + p)(nx + q), where|pq| = |c| and |mn| = |a

, leading to x =...

2. Formula
Attempt to use the correct formula (with values for @, b and ¢).

3. Completing the square
%
Solving x> +bx+c=0: (xiEJ tgtc=0, ¢#0,leadingto x=...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (x" — x"™")

2. Integration

Power of at least one term increased by 1. (x" — x"*™")




< QUESTION

Nmber Scheme o i

1

7coshx+3sinhx=2e"+7= Substitutes at least one correct
T ye Y _e™* exponential form for either of the
7(6 © J+3[e © J:zexw

5 hyperbolic terms and achieves an | M1
equation in exponentials and
{% e +le " +3e" —de T =2e"+ 7} constants alone

2x 2 2x x Multiplies through by e to obtain
= 7(e + 1) + 3(e - 1) =4e” +1de any equation that would form a
{:> 5625 10 — 0 +7ex} 3TQ in e"if like terms were
collected
A correct three term quadratic in e”.
e _14e* +4=0 {3ezx T 40— 0} Could be implied by a correct root
even if terms have not been
collected.
Solves their 3TQ - usual rules. One
x XA\ x _ correct root for their quadratic if no
= (36 1)(6 2) =0=e = working. Ignore labelling of the
roots even if e.g.,“x” is used.
Both correct and simplified but do
not isw if there are other answers.

Ml

Al

Ml

1
x=In2, lnl Allow —lnifor In2 Al
3

and —In 3 or In 3! for ln%

Answer only is 0/5 Total 5
Note that it is possible to multiply through by e™ to form an equation in e, e™ and
constants. Score as main scheme, e.g.,

ze"+ze"‘+§e"—§e"‘=2¢"+7

2 2 2 2
:>Z+Ze"2"+§—§e‘2"=2+7e"" (M1)

2 2 2 2

=2 -7e+3=0 (Al
(26 -1)(e"-3)=0=e" = % 3 (M)

=e =2, % =x=In2, lné (Al)




< QUESTION

Question

Number Scheme Marks
5(a) ® i 2 11 o ® 1
J‘x"(Sx—Z)de=[—x"(3x—2)2} ——J‘ nx"*(3x—2)2 dx M1A1
' 3 o 3y
2 (6) _l
=.—=| mx"*(3x—2)(3x-2) 2dx dM1
3Jy
:g><6"><4—g><1—gn><3|n-i-ﬂnln_1
3 3 3 3
8 2 4 ddMm1
(In:—x6”———2nln+—nlnlj
3 3 3
31, =8x6" —2—6nl,_+4nl_,
) AL*
=(3+6n)1, =4nl_, +8x6" -2+
®)
(b) ° 1 2 11 8 2
|0=.[ (3x—2) 2dx=[§(3x—2)21=§—§=2 B1
211, =121, +1728 -2 (Implied by 211, _ 9966 or I, =@)
5 35
Or
151, =8I, + 2882 (Implied by 151, =334 or I, =%} M1
Or
91, =4l, +48-2 (Implied by 91, =54)
21, =12 Ell+@ +1728-2 =12 8 ﬂI0+4—6 +@ +1726=--- 9966
15 15 1519 9 15 5
or M1
=E(8I1+288—2)+l726=%(4lo+48—2)+@=---(%]
15 45 5 5
| 3322 AL
35
(4)
Total 9
.&;




MARK SCHEME - IAL FP3 (WFMO03) - June 2025 - Q6 FP3.6a Eigenvalues, eigenvectors & diagonalisation < QUESTION

Notes

(@)

) ®)
M1: Integrates by parts to obtain |:ax" (3x— 2)2} —ﬁj X" (3x— 2)% dx with or without limits

] @
Al: Correct expression (limits not required on either part, and ‘dx’ may be missing)

1 1

dM1: Writes (3X—2)2 as (3X—2)(3X—2) 2 Requires previous M mark.
ddMa1.: Splits the integral, applies the given limits to the first expression and introduces In and In-1
Requires both previous M marks
Al*: Completes the proof with no mathematical errors seen to obtain the printed answer. Allow recovery of
poor bracketing. Limits need not be shown on the integrals. Loss and subsequent recovery of the occasional ‘n’
and/or ‘dx’ loses this mark.
(b)
B1: Correct value for lo This may be implied by a correct value for I, I2 or 13
M1: Applies the reduction formula at least once to obtain I3 in terms of Iz or 12 in terms of I1 or 11 in terms of lo
Allow slips but must have the correct number of terms. May be embedded in another expression for I1, 12 or I3
This could be implied by the exact numerical values seen coupled with an obvious attempt. Allow a multiple of
I3, I2, l1e.g. 21l3= ...
M1: Completes the process to obtain Is in terms of lo (or I1if I1 is found by integration) and substitutes for lo (or
11) to find a value for kls or I3

Al: For % or exact equivalent

Note: It is possible for I1 to be found using integration, and a correct value would imply B1, but method marks
are for using the reduction formula.

X2
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MARK SCHEME - IAL FP3 (WFMO03) - June 2025 - Q6 FP3.6a Eigenvalues, eigenvectors & diagonalisation < QUESTION

-
Ql\llijerflkl)zp Scheme Marks
6(a) 1 k2
A=|5 3 -2
6 -1 4
|A|=12-2-k(20+12)+2(-5-18)  (via first row)
|A|=12-2-5(4k +2)+6(—2k—6)  (via first column) M1
|A| =12-12k -10-36—2 - 20k (Sarrus)
|A|=0=10-32k-46=0=k =... M1
9
k=—= Al
8
3)
(b) 1 k2 10 32 -23 0 32 -23
5 3 -2|—>| 4k+2 -8 -1-6k|—>|-4k-2 -8 6k +1 M1A1l
6 -1 4 -2k-6 -12 3-5k -2k-6 12 3-5k
10 32 -23 10 —4k-2 -2k-6
—4k-2 -8 6k+l |—>|-32 -8 12
-2k-6 12 3-5k -23 6k +1 3-5k
dM1A1l
10 -4k-2 —-2k-6
Alo_ "t -32 -8 12
32k +36
-23 6k +1 3-5k
(4)
Total 7
Notes
@

M1: Correct determinant attempt. This may be along any row or down any column, or via a “shoelace”
approach (rule of Sarrus). Condone sign slips, but the overall structure should be correct.

M1.: Sets their linear expression for the determinant = 0 and solves for k

Al: Correct value

(b)

M1: Applies the correct method to reach at least a matrix of cofactors. Two correct rows or two correct
columns needed. This may be implied by the transpose of their cofactor matrix, if the cofactor matrix is not
seen, with at least two correct rows or two correct columns.

Al: Correct cofactor matrix

dM1: Transposes their cofactor matrix and divides by their determinant. Depends on previous method mark.
If the candidate miscopies one element from their cofactor matrix, then allow this mark.

Al: Correct matrix. Allow any equivalent correct simplified matrix.

Note: a correct matrix of minors followed by a fully correct answer scores M1IA1dM1Al

&
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< QUESTION

Question
Number Scheme Notes Marks
2(i . 2
2 M1
=3((x+2)2+4) 3(x+2) +...
Must include 3 now or later
3((X+2)2+4) or 3(x+2)2+12 Al
2; dle ;2 dlearctanx+2(+c)
3¢ +12x+24 3] (x+2)+4 6 2 MIALl
MI1: Use of arctan
Al: Fully correct expression (condone omission of + ¢)
“
ii 2 2
@ 27-6x—-x =_(x +6x—27) Obtains —((x+3)2+...) or
M1
=—((x+3)2—36) —(x+3)" +...
—((x+3)2 —36) or 36—(x+35)2 Al
1 1 x+3
—_—dx=| —— dx =arcsin(—] +c
f 27— 6x—x° j J36—(x+3)’ o o
(Or =—arccos(x;-3)(+c)) MIAl
M1: Use of arcsin (or — arccos)
Al: Fully correct expression (condone omission of + ¢)
| 0
Total 8




< QUESTION

i
33?;1)1 :rn Scheme Notes Marks
3 3 4 k
M=|1 -2 &k
I -5 5
(@) 3-4 4 k 0 4 &
M-all=M= 1 -2-2 k|=|]l -5 &
1 -5 5-4 |1 =5 2 M1
(0)+4[2-k]+k[-5+5]
Attempts |M - /11| using A= 3
(0)+4[2-k]+k[-5+5]=0=k=..
M1
Uses |M - ﬂ| =0 and solves for k
k=2 Cao Al
3
(b) (3-A)[(A+2)(A=5)+10]+4(5-1-2)+2(-5+2+4)=0
M1
Attempts |M - ﬂ| = 0 using their value of k
= (3-2)[(2+2)(2-5)+12]=0
(/1+2)(/1—5)+12:>/12 -31+2=0= (/1—2)(1—1) =0=>1A=.. M1
Uses A = 3as a factor to obtain and solve a 3TQ to find the other eigenvalues
(Alternatively may use calculator to solve 1* —61%>+111-6=0)
A=1,2 Correct values Al
3
© 34 2y« X} 3x—Ay+2z=3% e the eigenvalue 3 and their &
I =2 2||y|=3|y|= x—2y+2z=3y | to form at least 2 equations inx, | Ml
1 -5 5)\z z) x-5y+5z=3z |yandz
! Any correct eigenvector. Allow
a| 1| (aa constant) any constant multiple of Al
2 i+j+2k
. 1
— 1 Correct normalised vector Al
J6
2
3
Total 9
‘}'{‘



< QUESTION

Question
Number Scheme Notes Marks
4.
I =] x"cosxdx
(a) n n oL n-1 _:
x"cosxdx=x"sinx— | nx"" sinxdx
MI1A1
MI: Parts in the correct direction
Al: Correct expression
n - n—1 n-2
= —q= + -1 dx
x"sinx { nx"" cosx In(n )x cosx } M1
Uses integration by parts again (dependent on the first M)
N n-1
=x"sinx+mx"" cosx—n(n—-1)1,_,* AL
Fully correct proof with no errors
(C))
ALT
1= jx” cosxdx = jx”'l (xcosx)dx
=x"sinx+x"" cosx—(n —1) X" (xsinx+ cosx)dx
o MI1A1
M1: Parts in the correct direction
Al: Correct expression
=x"sinx+x"" cosx—(n—1) | x" " sinxdx—(n-1)1,_,
_oun n—1 n—1
=x"sinx+x cosx—(n—l){—x cosx+(n—1)1n_2}—(n—l)ln_2 M1
Uses integration by parts again (dependent on the first M)
n o n-1
=x"sinx+mx"" cosx—n(n-1)1_,* RE
Fully correct proof with no errors
(b) I, =sinx (+k) Bl
I, =x*sinx+4x’ cosx—121, 2pphes the reduction formula once for /4 or Mi
=x"*sinx+4x’ cosx—l?.(x2 sin x + 2xcosx—2lo)
Applies the reduction formula again and obtains an expression for /4 which can Ml
include /o but not /2
= (x4 —12x* + 24) sin x + (4x3 - 24x)cosx +c
Award Al for either bracket and A1 for the other AlAl
If the answer is not factorised but is otherwise correct, award A1AQ
()
Total 9
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Question

Number Scheme Notes Marks

5 2 2
EANES S| y=mx+c
25 4

(a) x* (mx+ 0)2
25 4
Substitutes to obtain a quadratic in x and eliminates fractions
4x* -25 (mzx2 +2cmx+c’ ) =100

:l:>4x2—25(m2x2+20mx+cz)=100 Mi

(= (25m* ~4)% +50cmx +25¢” +100 =0 Al
Correct 3TQ
"b? =4ac" = (50cm)’ =4(25m" —4)(25¢> +100)
Uses ‘b? = 4ac’ or equivalent

2500c’m” = 2500c’>m* +10000m> — 400c> —1600
10000m* = 400c” +1600
25m® =c* +4*
Fully correct proof with no errors

Ml

Al*

@

ALT 1 Using hyperbolic parameters:

x =5cosht,y=2sinht :d_y: 2c9sht
dx 5sinht

2cosht
5sinht

M1: Attempts the equation of the tangent Al: Correct equation (no simplification needed)

_ 2cosht o 2cosh’® ¢ —25sinh® ¢
Y Ssinhs sinh
, 4cosh’¢ ) 4 4(sinh2 1+ 1) 4cosh’t
=— 5 4+ =4+—= ) =
sinh” ¢ sinh” ¢ sinh” ¢ sinh” ¢
Extracts 25m” and 4 + ¢* from their equation
525m° =4+ *
Fully correct proof with no errors

(x—5cosht)=y—2sinht MIAL

25m

Ml

Al*

“

ALT 2 Using trigonometric parameters:

dy 2sect
x=S5sect,y =2tant o _oseed
Stant

2sect

Stant
M1: Attempts the equation of the tangent Al: Correct equation (no simplification needed)

(x—5sect)=y—2tant MIAL

2sect  2tan’t—2sec’t
y= X+
Stant tan ¢

4sec’t 4 1 sin’ ¢ +cos’ ¢ 4
25m’ = = 4402 =41+ —|=4 — =——— Extracts
tan’¢t  sin’¢ tan’ ¢ sin’¢ sin’¢

M1
25m”* and 4 + ¢ from their equation
S 25mP =440 F
Fully correct proof with no errors

Al*

Q)]

R
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(b) 25m> =c”+4 and 2=m+c
25m2=(2—m)2+40r 25(2—0)2=cz+4 M1
Uses the given hyperbola and the straight line with the result from (a) to obtain an
equation in m or ¢
24m*> +4m—-8=0
or Correct 3TQ in m or ¢ Al
24¢*> —100c+96 =0
24m2+4m—8=0:>m=l, _2
23
Or Solves their 3TQ in m or ¢ M1
24c2—100t:+96=0:>c=§, 8
23
2 8
y=—x+50ry=—§x+§ One correct tangent Al
1 X+ 3 d 2 X+ 8 Both 1 t. t Al
= — —an = —— — oth correct tangents
SR S R £
3
(© 1 3 9 , 75 625
m=—,c=—=>—x"+—x+—=0=>x=...
2 2 4 2
or
M1
2 8 64 , 800 2500
m:__’ C=——>—X ——x+—=0:x=...
3 3 9 9 9
Uses one of their m and ¢ pairs and solves for x
x——2 ——§orx—£ __3 One correct point Al
3 >V 3 4 >V > p
25 8 25 3
x=—?,y=—§andx=7,y=—5 Both correct points Al
3
Total 12
‘\’/.



< QUESTION

G
%lf;slézlrl Scheme Notes Marks
6(a) 1 -1 1
A=|1 1 1
1 2 a
|A|=a-2+a-1+2-1(=2a-2) Correct determinant in any form Bl
1 -1 1 a=-2 a-1 1 a-2 l-a 1
1 1 1|>|-a-2 a-1 3|->|a+2 a-1 -3
1 2 a -2 0 2 2 0 2 Mi
Applies the correct method to reach at least a matrix of cofactors
2 correct rows or 2 correct columns needed
a-2 l-a 1 a-2 a+2 -2
2 a-1 -3 1- -
a+2 a - a a-1 0 Al
-2 0 2 1 -3 2
Correct transpose of cofactors
. a=-2 a+2 =2
1= l-a a-1 0 Correct inverse Al
2a-2
1 -3 2
“
(b) 2 6 -2
d—4— A= 3 3 0 Corrfect inverse (follow through their Blft
matrix from (a))
1 -3 2
2 6 -2\12-64
_ 1 3 3 oll 4422 |= Attempt to m}lltiply the parametric form M1
6 of /2 by their inverse
1 -3 2 ) 6+34
6-1
=| —4+44 Correct parametric form Al
2-4
6 -1
_ Correct equation (allow equivalent
=4+ 4 o
r 5 : forms) but if given as / = ... award A0 Al
“@
Total 8




< QUESTION

Alternatives for (b)
(@ 2 6 -2
d=d4— A= 1 3 3 Correct inverse (follow through their Blft
6 matrix from (a))
1 -3 2
. 2 6 =2)\(12 | 36
-3 3 4 |==| 24
6 6 Attempt A (point on ) M1
1 -3 6 12 and A”(direction of /»)
2 -2\(-6 -6
1 3 7 |- 1 24 Both correct (NB No ft) Al
6 6
1 -3 3 -6
6 -1
Correct equation (allow equivalent
=|-4|+A4| 4 .
r 5 : forms) but if given as / = ... award AO Al
“
(i) 2 6 -2
ged— At 3 3 Correct inverse (follow through their Blft
6 matrix from (a))
1 -3 2
. 2 -2\(12 | 36
o3 3 4 |=g 24
1 =3 2l 6 12 Attempt A”'(point on 1) for 2 points Ml
1 2 —2)(6 1 30 Both correct (NB No ft) Al
—| -3 3 0f|6|==| 0
6 6
1 -3 2 \9 6
6 -1 Obtain the direction vector and deduce
r=|-4|+1| 4 correct equation (allow equivalent Al
) -1 forms) but if given as / = ... award A0
“
.&;
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General Principles for Further Pure Mathematics Marking

(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:

1. Factorisation

(x* +bx +c) = (x+ p)(x+0q), where|pq| =|c

,leadingtox =...

(ax? +bx +c) = (mx + p)(nx+q), where|pg| =|c|and |mn| =|a

,leadingtoXx =...

2. Formula
Attempt to use the correct formula (with values for a, b and ).

3. Completing the square

2
Solving x* +bx+c=0: (Xig) +g+c=0, q=#0,leadingto X=...

Method marks for differentiation and integration:

1. Differentiation
Power of at least one term decreased by 1. (x" — x"™)
2. Integration

Power of at least one term increased by 1. (x" — x"*!)

Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent
examiners' reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are
small errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from
correct working with values but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked
for, or working with surds is clearly required, marks will normally be lost if the candidate
resorts to using rounded decimals.

N
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< QUESTION

uestion
%umber Scheme Notes Marks
1(a A, A B, .-B A a-A B_ B
@) (cosh Acosh B +sinh Asinh B =) € +e A Y €€
2 2 2 2
eA+B +eA—B _'_eB—A_'_e—A—B +eA+B _eA—B _eB—A+e—A—B Ml
- 4
Expresses the lhs in terms of exponentials correctly, combines terms and combines
fractions with common denominator (Brackets not needed due to fraction lines)
2eA+B +2€—(A+B) eA+B +ef(A+B) .
= 2 = 5 =COSh(A+ B) Al*
Fully correct proof with no errors
| 2)
(b) cosh(x+In2) = cosh xcosh (In2)+sinh xsinh (In 2)
2+3 2-13 .
= cosh x + 2 Isinh x
( 2 ) ( 2 j M1
Applies the result from part (a) and evaluates both cosh(In2) and sinh(In2)
Use of (a) must be seen
5 3. .
Zcosh x+zsmh X = 5sinh x Collects terms and reaches
5 17 acosh x =bsinh x oe dM1
= Zcosh X= Isinh X Depends on the first M mark
5cosh x =17sinh x oe Correct equation Al
1 (1+5
X=§|“ s Moves to tanh x and uses the correct
v logarithmic form for artanhx or reverts to
” exponential forms and solves for x
ee-1_5 .- Depends on both M marks
2x "
e +1 17
X= % In (1—61) Cao (Accept integer multiples of %) Al
©)
Total 7
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FP3.6a Eigenvalues, eigenvectors & diagonalisation

< QUESTION

Way 2 ‘
(b) cosh (x+In2) = cosh xcosh (In2)+sinh xsinh (In 2)
2+1 2-1) .
= cosh x +| —2 |sinh x
( 2 j ( 2 j M1
Applies the result from part (a) and evaluates both cosh(In2) and sinh(In2)
Use of (a) must be seen
= 5cosh x =17sinh x
dM1: Collects terms and reaches an equation of form Acosh x = Bsinh x dM1A1l
Al: Correct equation
5[6 e jzﬂ[e —e” ]
2 2
126 = 290 — @2 :g oye Changes to exponentials (correct forms) ddM1
And solves for x
X= % In (lGlj Cao (Accept integer multiples of %) Al
Way 3
cosh(x+1n2)=cosh xcosh(In2)+sinh xsinh(In2)
ex +e—x eIn2 +e—ln2 ex _e—>< eIn2 _e—InZ ex _e—x
+ =5
[ZJ(ZJ[ZJ(ZJ(ZJ M1
Applies the result from part (a) and uses the exponential forms of the hyperbolic
functions.
Use of (a) must be seen
In2 -In2
eg 5e*+5e* —17¢* —17e™ oe Evaluates e and e™"* and starts to dM1
collect terms
11
126> =22 = e* == Correct value for e Al
X=.. Solves for x ddM1

X = % In (1;) Cao (Accept integer multiples of %) Al

NB: Squaring and obtaining a value for sinhx or coshx introduces extra answers. If these extra answers are
then eliminated M1AL1 is available but if no attempt at elimination is made award MOAO
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Question
Number Scheme Notes Marks
Throughout both parts of this question do not penalise omission of dx or d@
) 20 (v D)\ Correct completion of the square
2(i) S+4x—x*=9-(x-2)" oe Any correct result B1
X—=2
-‘. dx = j’ = dx =sin” [ j(+c)
\/5+4x x? / x 2 MI1AL
M1: Obtalns ksm‘lf( )
Al: Correct integration (+ ¢ not needed)
_ (©)
(i) Xx=6=0="2
3
=23 = 92% Correct 6 limits in radians Bl
18 18x3secHtan @
3 dx= - s dé#
(x*-9)2 (9sec’ 6-9)2
M1
18
Ml:For § — s x(their%)de
((386C49)2 —9)2 do
54secdtan 6 secAtand sin@dcos’
T 3d@=54] 7,3 dO= a2 naind o 46
(9se02 9_9)2 27tan” @ cos- #sin” 4
Al
cosé secd
21 Sinzgdd oe eg2| q7gdl
Correct simplified integral
cosg
21 Sinzgdf=2| cosecdcotd d9=—2cosec€(+c) M1
Obtains kcosecd(+c)
. . . Uses changed limits correctly.
[-2cosecd]’ =—2cosec -+ 2cosec— Depends on all previous method dM1
% 3 6 m
arks.
Cao
= 4——J— Allow these 2 marks if limits have Al
been given in degrees
(6)
Total 9

&
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< QUESTION

ALT For B1 and final AM1A1 of (ii)
dM1: Reverse the substitution Al: Correct reversed result
Al: enter as B1 on e-PEN Correct final answer

Q\?ﬂ
92



MARK SCHEME - IAL FP3 (WFMO03) - June 2022 - Q6

FP3.6a Eigenvalues, eigenvectors & diagonalisation

< QUESTION

estion
(I\glzmbler Scheme Notes Marks
3(a
@ 3 Correct value seen in (a) B1
1)
(b) 2 5 0)(x) (8 —2x+5y =8x X
5 1 -3|ly|=|8y|=5x+y-3z=8y=|Yy|=..
0 -3 6)lz) |8z —3y+62=82 z M1
Correct method for the eigenvector
(making a variable equal to O is not a correct method)
X 1
y|=| 2 Any correct eigenvector Al
z -3
2
() -2-1 5 0
|M—/1I|= 5 1-24  -3(=0
0 -3 6-4 M1
=(-2-4)[(1-2)(6-1)-9]-5[5(6-4)]=0=>1=..
NB CE is 4> —54% —421+144 =0 but may only find the constant term
Correct third eigenvalue
The work for these 2 marks may be
A=-6 seen in (a) — award them Al
Correct third eigenvalue by a
different method — send to review
3 0 0
D=0 8 0 C(_)rrec_t D following through their ALft
third eigenvalue
0 0 -6
-2 5 0)x —6X —2X+5y =—-6X X -5
5 1 -3||yl=|-6y|=5x+y-3z=-6y=|Yy|= 4 ML
0 -3 ©6)\z -6z -3y +6z=-62 z 1
Correct strategy for 3" eigenvector
1 5
V3 V14 V&2 Fully correct matrix consistent with
P 1 2 4 their D AL
V3 V14 a2 May haveﬁ etc
r 3 1 3
NN TN
©)
Total 8
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Question
Number

Scheme Notes

Marks

4.

cosX+a
y =artanh| ———
cosx—a

dy 1 ><(cosx—a)><—sinx—(cosx+a)><—sinx
o 2 2
dx l_(cosx+aj (cosx—a)

cosx—a
ﬂ=;2x(—sinXX(cosx—a)fl+(cosx+a)xsinx(cosx—a)fz)
dx 1_£cosx+aj

cosx—a

M1: Correct method for the derivative.

or

This requires ;Zx An attempt at the quotient (or product) rule.
1_[ cosx+a

cosx—a
Al: Correct derivative in any form

M1A1

_ (cosx—a)’ _2asinx _ 2asinx _
(cosx—a)’ —(cosx+a)’ (cosx—a)® —4acosx

. sin X
Uses correct processing to reach A —— or Atanx
COS X

Depends on the first method mark.

dMm1

1
=——tanXx Cso
2

Al (&)

Way 2

2asin
y=artanh(Mj3a _cosx+a dy  2asinx

cosx—a cosx—a dx (cosx—a)2

. . d .
Takes tanh of both sides, obtains sech® yd—y =an attempt at the quotient or product rule
X

M1

dy 1 2asin x
& = 7% 2
1_(cosx+aj (cosx—a)
cosx—a
Correct derivative in any form

Al

2 . .
(cosx—a) 2asin x 2asin x

(cosx—a)’ —(cosx+a)” (cosx—a)’ ~ —4acosx

. sin x
Uses correct processing to reach A —— or Atanx
COS X

Depends on the first method mark.

dmMm1

= —ltan X Cso
2

Al 4)

X2
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< QUESTION

Way 3 ;
Uses substitution u :M, obtains —| = 2asinx > | by quotient rule and
cosX—a dx| (cosx-a)
i M1
d_y(: 1 2) followed by chain rule to obtain d_y: ! X 2asin x 5
dul 1-u dx 1_(cosx+aj (cosx—a)
cosx—a
Correct derivative in any form Al
Uses correct processing to reach 22X or Atanx
COS X dm1
Depends on the first method mark.
1
= —Etan X Cso Al 4)
Total 4
Way 4 1+ COSX+a
y:lln cosx—a :lln[—cosxj
2 |q_cosx+a ) 2 a M1: Converts to correct In form and uses
cosx—a chain rule to differentiate M1A1
dy 1 1 sin x Al: Correct derivative in any form
x 2 ~ cosX T2
a
Uses correct processing to reach 230X o 2tanx
COS X dm1
Depends on the first method mark.
= —%tan X €SO Al
4)

N
RA
95



MARK SCHEME - IAL FP3 (WFMO03) - June 2022 - Q6

FP3.6a Eigenvalues, eigenvectors & diagonalisation

< QUESTION

Question
Number

Scheme Notes

Marks

5

1
x = de? | y=¢e' -t 0og<t< 4

2

dx _, L dy

— , —=¢e'-1 Correct derivatives Bl
dt dt

NB: Allow missing dt in the following integration work

s = (27) j y (‘zjz{‘gjz(dt):(zﬂ) j (e‘—t)\/(4e;1J2+(e‘—t)2 (ct)

[=(2n> j (et—t)m(dt)} M1

Applies the surface area formula with or w/o the 27z

Correct simplified integral
Brackets must be present unless implied by
~(27) [ (¢! ~t)(e'+1)(at)

(27[).[(62t +e' —te' —t)(dt) is seen

subsequent work but award by implication if | A1

~(27) [ (¢! ~t) (e +2)(t) = (27) [ (e +e' ~te' ) (at)

=(2r) 1eZt +e' —te' +e' —Et2
2 2

B1Al
B1: ForJ.tet dt =te' —e'(+c)

Al: Fully correct integration
(the integration may be shown as 2 separate parts and score B1A1 if both parts
correct)

4

=2r 1e2‘+2e‘—te‘—1t2 =2z (1e8+2e4—4e4—8j—(1+2]
2 2| 2 2

Applies the limits 0 and 4 Must include 27 now. dm1

If 2 integrals have been used limits must be applied to both and the results added
Depends on the first M mark (and some valid integration)

7r(e8 —4e* — 21) Cao

Al

Total 7

(@)
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uestion
QNumber Scheme Notes Marks
6(a) X 1 3
A= 2 4 X
-4 -2 -1
NB: Work for (a) can only be awarded in (a)
Correct determinant attempt (expand by
any row or column) or use the Rule of
|A|=x(—4+2x)—(-2+4x)+3(-4+16) | Sarrus (send to review if unsure) M1
Sign errors allowed only within the
brackets
=2x*-8x+38 Correct simplified determinant Al
2x2 ~8x+38=2(x—2)" +30
or Starts the process of showing det A # 0
d 9 E.g. Completes the square, finds the
—X(2X _8X+38)=4X_8=O:>X=2 minimum point or finds discriminant M1
May find discriminant of
= 2x% —8x+38=.. o
or X" —4x+19=...
b? —4ac=64—-4x2x38=...
Appropriate reasoning for their chosen
2x2—8x+38 > 30 method _and a conclusion stating that A
is non-singular. All 3 previous marks
, or needed AL
b*—4ac<0 (No need to evaluate a discriminant, so cso
Therefore det A # 0 which means A is non- | ISW slips in calculation provided
singular 64-4x2x38=..0r 16-4x19=...
seen
(4)
(b) x 1 3 ~4+2x -2+4x -4+16 ~4+2x  2-4x 12
2 4 X|->| -1+6 —-x+12 -2x+4|—>| -5 -Xx+12  2x-4
-4 -2 -1 x-12  x*-6  4x-2 x-12 -x*+6 4x-2) | Mm1AL
M1: Applies the correct method to reach at least a matrix of cofactors
2 correct rows or 2 correct columns needed
Al: Correct cofactor matrix
—4+2x  2-4x 12 —4+2x -5 x—12
-5 —X+12  2x-4|—>| 2-4x —-x+12 —-x*+6
x-12 —x*+6 4x-2 12 2x—4 4x-2
1 —4+2x -5 x—12
At=———| 2-4x —x+12 -x*+6 dM1A1
2x°—8x+38
12 2x—4 4x -2
dM1: Transposes and divides by their determinant.

&
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If their original determinant has been divided by 2 (acceptable for (a)) and then used
here it is not their determinant and so scores dMO
2 correct rows or 2 correct columns needed from their previous matrix
Depends on previous method mark.
Al: Correct matrix

4)
Total 8

£
98



MARK SCHEME - IAL FP3 (WFMO03) - January 2024 - Q2

FP3.6a Eigenvalues, eigenvectors & diagonalisation < QUESTION

Question
Number

Scheme Notes

Marks

1()

1 @l X Obtains ...arctan (k)
(S)I 16+x° o= (8)[4 arctan (4)] Allowk =1

M1

Substitutes the given limits, subtracts
T8 either way round and obtains a value

z[arctan (ﬂ = 2(arctan~/3—arctan1) =... | (could be a decimal). The substitution
4L does not need to be seen explicitly and

may be implied by their value.

dM1

1
% orp= 5 Correct exact value (or value for p)

2 2
Accept equivalent exact expressions e.g. % orp =E and isw if necessary.

Al

®)

(i)

1 1 . 2X . X
2| ——=dx=2| —arcsin— | | ore.g. arcsin—
J9—4x2 2 3 %

M1: Obtains ...arcsin (kx). Allow k = 1 so allow just arcsin x.
Al: Fully correct integration but allow unsimplified as above

M1 Al

) (zxj* ) (ij . (1) n
arcsin| — =arcsin{ — |—arcsin| — |=—
3 )]s 3 2) 12

4

.(2k] n o 2K (nj 2k 2
=arcsin| — |[=—+==>—=sin| = |=>—=—=k=...
3 12 6 3 4 3 2

Substitutes the given limits, subtracts either way round, sets = % uses

(1 . . .
arcsin (—j :% and the correct order of operations condoning sign errors only to
reach a value for k e.g.

. T T
2k 7\ =« 2k T T 3sm(12i6j
ia(arcsin(—j——} = o = arcsin(—j =—J_r€ —k=— 2% O

3) 6 3) 12a 2

Note that k may be inexact (decimal) or may be in terms of “sin” but must have a

M

simplified argument e.g. k = >

dM1

32

k = —— or exact equivalent e.g., —=
4 q g 2\/5

Note that a common incorrect answer is k = gsin (2—72)(: 0.913...) which comes

from an incorrect integral of 2arcsin(2—;] (generally scoring 1010)

W2

Condone x=——
4

Al

(4)

Total 7
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FP3.6a Eigenvalues, eigenvectors & diagonalisation

< QUESTION
i
?\Ilfﬁ‘?]ll)zrr] Scheme Notes Marks
2(a) 2 3 7 6 -1 -4 1 00
Way 1 TU=I1=|3 2 6| 15 ¢ -9(=/0 1 O
a 4 b))l -8 a b 0 01
TU=1 6a+60-8=0 -2+3c+7a=0 M1
=eJg, or
—-4a-36+5b=1 -3+2c+6a=1

Obtains at least 2 equations with at least one correct.
(condone column x row multiplication leading to the way 2 equations — see below).

Ignore errors in unused elements or equations.
6a—8b =-60

0., =a=...,b=... or
—4a+5b=37

Ta+3c=2 3

=a=..,C=..

6a+2c=4 dM1
Obtains values for two of a, b and ¢. You do not need to check their values. As long
as the previous M mark was scored, it is sufficient to just write down values.

Al: Two correct values
a=2 b=9 c=4 Al: All three correct values and no extra
values unless they are rejected.

Al Al

(4)
6 -1 —4
Way 2 UT=1=| 15 ¢
uT=1 8 a5
12-3-4a=1
For first =eg., 42-6-4b=0
2 marks

[45+2c—-36=1]
Obtains at least 2 equations with at least one correct.
(condone column x row multiplication leading to the way 1 equations — see above).
Ignore errors in unused elements or equations.
e.g., 4a=-8, -4b=-36 [2c = -8]
=a=..,b=..
Obtains values for two of a, b and c¢. You do not need to check their values. As long
as the previous M mark was scored, it is sufficient to just write down values.

M1

dM1

N
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MARK SCHEME - IAL FP3 (WFMO03) - January 2024 - Q2 FP3.6a Eigenvalues, eigenvectors & diagonalisation < QUESTION

2b-24 -3b+28 4 6 -1 4

T’1=U:>m 6a—-3b —-7a+2b 9|=|15 ¢ -9
a—5b+

Inverses -2a+12 3a-8 -5 -8 a 5

2b-24 [ —7a+2b }
6 c

Way 3

. eg., =4, = =
For first =80 1A tb+36 " 4a_5hb+36 | 4a_5b+36
mark

For T'= f(—lb) M where M has at least 1 correct element and obtains 2 equations.
ay
Note that there is no requirement to find all the elements of M.
OR

9a+5¢c —4a+5 4c+9 2 3 7
-3 -2 -6 |=|3 2 6
15a+8c -6a+8 6¢+15 a 4 b
-3 _3, 4c+9 _7 6¢c+15 b
—-6a—-2c+3 —-6a—-2c+3 —-6a—-2c+3

M1

Ul=T=—
—-6a—-2c+3

=eg,
1
f(a,c)
Note that there is no requirement to find all the elements of M.

For U™ = M where M has at least 1 correct element and obtains 2 equations

N
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MARK SCHEME - IAL FP3 (WFMO03) - January 2024 - Q2 FP3.6a Eigenvalues, eigenvectors & diagonalisation < QUESTION
2(b) 1 3 1 3
Xx-1 vy .
T:—4:Z+23[|2.r:] 0 iﬂ, —4 or|r— 0 X —4 :0
-2 1 -2 1 M1

Obtains parametric/vector form (allow one slip only) or clearly identifies position and
direction vectors. May be implied by an attempt to transform both.

6 -1 -4)1+31 6+181+41+8-44
15 '-4' 9| 441 |=|15+4541+161+18-94
-8 '2' S5)\-2+4 —8-241-81-10+54

or
1 3 1 3
their U x their | 0 —4 | or xtheir | 0 | and xtheir | -4
-2 1 -2 1
or
1 4 32 14
their U xtheir | 0| and U xe.g. | -4 | then dir=| 85 |-| 33
-2 -1 -45) | -18

Complete and correct method with their b and c for their U X their parametric form or
U X both vectors or U x 2 points on the line and attempts direction.

Must be an attempt to mutliply correctly i.e. clearly not rowxrow but allow attempts M1
that use T for U using their a and b provided all elements are constants and it is a
“changed” T
OR
2 3 T )\(x 1+34 2X+3y+7z=1+31
3 2 6 ||y|=| 41 |= 3x+2y+6z=-41
"2" 4 "9" )\ z -2+ 2X+4y+9z2=-2+1
x=181+14
= y=521+33
z=-18-274
A complete method using their parametric form and their T to produce and solve 3
simultaneous equations to find x, y and z in terms of A
Alternatively solves Tx =("i—2k") and Tx = ("3i—4k +k") to find position and
direction
14 +184 dM1: Correctly converts their result into
Cartesian equation.
[l,:r=]| 33+522 Requires previous method mark
~18-271 Al: Correct Cartesian equation - allow | dM1 A1
equivalents e.g.,
:>x—14:y—33:z+18 7-(18)  -z-18
18 52 =27 T o7 T o7
(4)
Total 8
A

102



< QUESTION

2(b) Alternative
xotoy=ddy LT
3 3 3 3
M1: Obtains parametric form (allow one slip only)
) [ttt
6 -1 -4 33 3 3
15 -4'" -9 %—gt = 15t—%+%t—3t+21
-8 2" 5
1t—Z —8t+§—§t+§t—§
3 3 33 3 5
M1: As above
8+ 6t
[L:r=] ar_ 52,
3
-9-9t
47
:>x—8_y 3 _7+9
6 52 -9
3
dM1ALl: As above

£
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MARK SCHEME - IAL FP3 (WFMO03) - January 2024 - Q4 FP3.6a Eigenvalues, eigenvectors & diagonalisation < QUESTION
uestion
?\Iumber Scheme Notes Marks
4(a) 0 -1 3\ 1 yl
Mx=Ax=|-1 4 -1|-2|=|-21|=e0,24+3=1=>1=5
3 -1 o)l 1 A
or
-2 -1 3) 1 0
(M=Al)x=0=| -1 4-4 -1|-2|=|0|=eg,-1+2+3=0=>4=5 |MLAl
3 1 a)l1 0
M1: Correct method leading to a value for A
Al: Correct value
Note that the working may be minimal so e.g. 2+3=1= 4 =5 is sufficient.
Correct answer only scores both marks.
(03]
(b) 0 -1 3)(x X 3 -1 3)x) (0 X 3) (-1
-1 4 -1|y|=-3|ylor|-1 7 1| y|=|0]|oreg.,| y|=|-1|x| 7
3 -1 0)\z z 3 -1 3)\z 0 z 3) |1
_ _ _ M1
= X=., Y=, 2=
Uses Mx = -3x or (M- (=3)1)x = 0 to produce simultaneous equations and obtains
values for x, y and z (not all 0) or uses a suitable vector product (with two correct
components if method unclear)
1 Any correct eigenvector (allow x = ..., y
k| 0 =..,z=..and apply isw if a vectoris | Al
-1 subsequently formed incorrectly)
)
(c) Mx =Ax=e.g., -1(1)+31) =1 or A3 —42%-112+30=0
(M-Al)x=0=eg,-1-1+3=0 detM =-30= 44,4, =—154 B1
A=2
Correct value. May be seen in their D which may come from an attempt at PTMP.
3 0 0 Diagonal matrix with —3 and their
(D :) 0 '2' 0 eigenvalues anywhere on the leading B1ft
. diagonal and 0’s elsewhere.
0 0 'S Ignore labelling.
1 £ 1 £ N (£
2| -Llor o] 0] or |1]|>|%
1 N3 -1 _Az 1 B M1
6 2 3
Correct method seen to normalise at least one eigenvector of the two given
eigenvectors or their eigenvector from part (b). May be seen in their P.
300 £ £ £
D=| 0 2 OlandP=| 0 £ _&
0 05 _2 Bk Al
2 3 6
Both fully correct, consistent and labelled matrices. Elements may not have had
denominators rationalised. (Any columns of P could be in opposite direction)
(4)
Total 8

X2
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< QUESTION

Note that some candidates go straight into solving |M —/1I| =0e.g0.

-4 -1 3
-1 4-2 -1=0=-2(2(A-4)-1)+3+1+3(1-3(4-1))=0
3 -1 -2

= A*-41*-111+30=0=>1=-3,5, 2

If this is all they do then the B mark in (c) can be awarded for 4 =2

The other marks in the question are available for the appropriate work.

Q‘\’/ﬂ'
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< QUESTION

General Principles for Further Pure Mathematics Marking
(But note that specific mark schemes may sometimes override these general
principles).

Method mark for solving 3 term quadratic:
1. Factorisation

Jeading to x = ...

(x* +bx +¢) = (x+ p)(x +¢q), where|pg| =|c

(ax® +bx +¢) = (mx + p)(nx +q), where|pq| = |c| and |mn| = |a| Jeading to x = ...

2. Formula

Attempt to use the correct formula (with values for a, b and c).

3. Completing the square

2
Solvingx® +bx+c=0: (xigj tqtc=0, ¢=0,leading to x = ...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (x" — x"")

2. Integration

Power of at least one term increased by 1. (x" — x"*")




MARK SCHEME - IAL FP3 (WFMO03) - October 2020 - Q3 FP3.6a Eigenvalues, eigenvectors & diagonalisation < QUESTION

Use of a formula

Where a method involves using a formula that has been learnt, the
advice given in recent examiners’ reports is that the formula should be
quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it,
even if there are small errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by
implication from correct working with values, but may be lost if there

is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an
exact answer is asked for, or working with surds is clearly required,
marks will normally be lost if the candidate resorts to using rounded
decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark
schemes will give details of what happens in particular cases. General
policy is that if it could be done “in your head”, detailed working would
not be required. Most candidates do show working, but there are
occasional awkward cases and if the mark scheme does not cover this,
please contact your team leader for advice.

N
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Question

Number Scheme Notes Marks

Mark (a) and (b) together but do not credit work for (a) that is seen in (c)
5(a) 6 -2 -1)x) (8 -2 =2 —1)\(x) (0 x
-2 6 -—1||y|=|8ylor|-2 =2 —=1|ly|=|0|=|y]|=..
-1 -1 5)z 8z -1 -1 =3)\z 0 z
Correct method for obtaining the eigenvector
i—j Any multiple of this vector Al

Ml

2

(b) 6-4 -2 -1
M-2al=| -2 6-1 -1
-1 -1 5-2

= (6-2)((6-2)(5-2)-1)+2(2(2-5)-1) -1 (2+6- 1)
- T _— M1
Correct attempt at the determinant of M — AL . The terms with single underlining
should be correct with correct signs but allow minor slips in the brackets with
double underlining.
Note that the rule of Sarrus gives

(6-2)(6-2)(5-2)-2-2(6-4)~(6-2)-4(5-2)

21747 4904 —144 = 0> A= Splyes M—l'I=0toobtam2d.1fferent M1
distinct real eigenvalues excluding 8

:>ﬂ,=3,6,(8) For 3 and 6 Al

(€)]




< QUESTION

General Principles for Further Pure Mathematics Marking
(But note that specific mark schemes may sometimes override these general
principles).

Method mark for solving 3 term quadratic:

1. Factorisation

(x* +bx +c) = (x+ p)(x +q), where|pq| = || leading to x = ...
(ax® + bx +¢) = (mx + p)(nx +q), where|pq| =|c| and |mn| =|a| Jeading to x = ...

2. Formula

Attempt to use the correct formula (with values for a, b and c).
3. Completing the square

b 2
Solvingx* +bx+¢=0: (xi—j tg+c=0, g=0,leading to x = ...

2

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (x" —» x"")

2. Integration

Power of at least one term increased by 1. (x" — x"*")




MARK SCHEME - IAL FP3 (WFMO03) - June 2021 - Q3 FP3.6a Eigenvalues, eigenvectors & diagonalisation < QUESTION

Use of a formula
Where a method involves using a formula that has been learnt, the

advice given in recent examiners’ reports is that the formula should be
quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it,
even if there are small errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by
implication from correct working with values, but may be lost if there

is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an
exact answer is asked for, or working with surds is clearly required,
marks will normally be lost if the candidate resorts to using rounded
decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark
schemes will give details of what happens in particular cases. General
policy is that if it could be done “in your head”, detailed working would
not be required. Most candidates do show working, but there are
occasional awkward cases and if the mark scheme does not cover this,
please contact your team leader for advice.

N
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< QUESTION

Summary of changes from Provisional Mark Scheme

A few minor changes were made to the Mark Scheme before marking on the marking service began.

Question Summary of changes
Number
QO03b The B1 for a correct matrix of minors was changed to an M1 to be

fairer to the candidates so that a small slip in the matrix of minors was
not penalised as heavily.

QO04ii The method marks were made dependent on each other as candidates
were unlikely to make significant progress unless the first derivative
was of the correct form and some first derivatives were trivial

expressions.
Qo6¢ Alternative 3 added
QO07ii Alternative added




MARK SCHEME - IAL FP3 (WFMO03) - January 2022 - Q4 FP3.6a Eigenvalues, eigenvectors & diagonalisation < QUESTION
Question
Number Scheme Notes Marks
4(a) 3 0k 2
A=3=M-=3l|=k 2 0/=0=3(8)—k(4k)+2(-4)=0
2 0 4
ore.g.
6-1 k 2
M-Al|=| k 5-2 0 |=0
M1
2 0 7-2
= (6-2)(5-2)(7-2)—k(k(7-2))+2(0-2(5-1))=0=24—k(4k)-8=0
Correct interpretation of 3 being an eigenvalue leading to the formation of a quadratic
equation in k only.
If the method for forming the determinant is not clear then look for at least 2 correct
“components”.
NB rule of Sarrus gives 24 -8 -4k =0
) _ Solves quadratic.
=4k =16=k=.. Depends on the first M. aml
k=%2 Correct values Al
3)
(@) 6 k 2\(«x x 6x+ky+2z=3x
Way 2
5 O0f|y|=3|y|=> ke+5y=3y
2 0 7))z z 2x+7z=3z M1
1 1 ’ K’
z=——1X, y=——kx:>6x——x—x=3x:—=2
2 2 2 2
Eliminates z and y and reaches a quadratic equation in & only
2 .
_ _ Solves quadratic.
P 2k=.. Depends on the first M. aml
k=%2 Correct values Al
(b) 6-1 -2 2
k==2=>M-A|= -2 5-2 0
2 0 T-2
M1
= (6—1)(7—/1)(5—ﬂ,)+2(2ﬂ—14)+2(2ﬂ,—10) =0
Applies a value of k from (a) and a recognisable attempt at the characteristic equation (the “=
0” is not needed here).
If the method is not clear then look for at least 2 correct “components”.
Solves cubic. May use A =3 as a factor or
= A -1827+991-162=0=> A =... calculator to solve. Depends on the first dM1
mark. Allow complex roots.
_ Correct values.
A=69 (’3) Allow to come from k=2 Al
&)

X2
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< QUESTION

(©) 6 -2 2\ «x 6x—2y+2z=3x x
-2 5 0f|y|=3|y|=2x+5y=3y =|y|=..
2 0 7Nz z 2x+7z=3z z
or
3 -2 2)(x) (0) 6x-2y+2z=0 («x Mi
-2 2 0fly|=l0|=2x+5y=0 =|y|=..
2 0 4){z 0 2x+7z=0 z

Correct strategy for finding the eigenvector using a value of & from (a)
Note that the cross product of any 2 rows or columns of M — 31 gives an eigenvector

2

pl 2 Any correct eigenvector Al
-1
2

% 2 Any correct normalised eigenvector Al
-1

3
Total 9




MARK SCHEME - IAL FP3 (WFMO03) - June 2024 - Q2 FP3.6a Eigenvalues, eigenvectors & diagonalisation < QUESTION
Question Scheme Notes Marks
Number

1(a) 13 a 72 One correct equation in a and e.
ae=— or —=— Allow equivalent correct equations. Bl
¢ e 13 Could include — or +signs
Having obtained two equations in a and e
e.g. of the correct form i.e.,
a
a:7_2337_2e2:E:>e2:_" [@J ae:p and _=q p,q?ﬁO,
13~ 13 2 144 _ € _ . M1
solves simultaneously to find a positive
13 13 72 2 169 ) -
or a=2— F:E: = T value for e*(no requirement for e > 1) or e.
€ € Condone poor algebra provided a value is
obtained. May find a first.
e= 3 or 1% or 1.083.
13 Al
Not iﬁ unless negative value clearly rejected in this part.
@)
(b) With any value for a, which might be seen
72 13 6 13 5 in part (a), and their e, uses a correct
A= oras 2(8) eccentricity formula with correct
s 2l substitution to find a value for b or b.
b* =a®(e" -1) = Could be implied. May see M1
2 2
b=ave®’-1loruseofeg.,
{bZ:GQ((gj —1J:% or bzg} , g
e= l+% or ezg with c =+/a’ +hb?
X2y )
Xy Xy Applies 7 b7 =1 correctly for their
a? b’ 36 = values. Not dependent.
Could use e.g., b*x* —a’y* =a’h’
e.g., 25x*—144y* =900
A correct equation in correct form. Requires all previous 5 marks but allow if 4
. . 1 . . .
marks with A0 in (a) for e = ig and negative value not rejected in part (a). Al
Any positive integer multiple. Allow equivalents provided variables on one side and
constant on the other and y? term has negative coefficient.
Just p =25, q=144, r =900 requires px>—qy’ =r to be seen.
Ignore wrong values for p, g, r following a correct equation (e.g., “q = —144”)
Alt (x—2Y +y? = ()" (x—2)° ML: Forms equation correct for their ae, e and 2
Using XP—13x+180 4 y? =109y2 _13x 436> B X -y =5
PS? =e2PM? M1: Expands and reaches rx> —sy’ =t, r,s,t#0
Al: e.g., 25x*—144y* =900 as main scheme
(©)
Total 6
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Question Scheme
Number Marks
In all parts, accept alternative notation for arsinh and arcosh such as sinh* and cosh etc
2(1) 4x2+8x+9=4(x+1)2+5 or 4x2+8x+9=(2x+2)2+5 B1
1 1 1. 2(x+1)]
—— dx= | ——— dx==arsinh| ——== |(+c)oe.
.[\/4x2+8x+9 I,/4(x+1)2+5 2 [ NG (+¢) MI1AL
_ (©)]
(i) j arcosh3xdx = xarcosh3x—J 3 dx M1 Al
Jox? -1
1, 5, 1.
= ...——(9x —1)2 or ...—=sinh(arcosh3x) M1
3 3
1
jarcosth dx = xarcosh:%x—%(Qx2 ~1)2 (+c)
or
2 1) Al
xarcosh3x —| x -3 (+c)
or
Iarcosth dx = xarcosh3x —%sinh (arcosh3x)(+c)
4)
ALT
u=arcosh3x = x= %coshu = g_x = %sinhu
. u“ . M1A1
Iarcosh3xdx = jgusinh udu = §cosh u —J.gcosh udu
Ecoshu —lsinhu (+c) M1
3 3
xar cosh 3x — %sinh(ar cosh 3x) (+c¢)
or
1 1
xarcosh3x—§(9x2 ~1)2 (+c) Al
or
1
» 1)2
xarcosh3x—(x —gj (+c)
(4)
Total 7




< QUESTION

1 Y 1,2 i
dr 2 (2x)2—1
2
( j 4x M1
4x -1 4x -
(8] s I ety
1+ Al
J- 4x’ — 4x” —
2(4x* —1)?
=(x—1) M1
8><A
1 13
4x* —1)?
s = % [\/4X169 1- 4XT—IJ dMm1
7
2
1 11
E(15[ 43 ) —3 Al
()
(6 marks)
Notes:
M1: Attempts Y accept the form . Allow —— A (condone missing brackets)
dx’ / -1 J2x? -1

Alternative 1:
Writes %ar cosh2x as — ln (2x +/4x7 -1 ) leading to

dy 1 1 [ J 2x /4 —1 1
— =—X
dv 2 2x4q/ax’ -1 \/4x -1) ar -1 2x+\/4x —1) Jax? -1
Alternative 2:
dy 1 1
dv sinh2y 4?1
If either approach is taken then the same condition for the form of the derivative applies.

y=%arcosh2x:>2y arcosh2x = cosh2y = 2x—>4smh2y%—2 =

Note that this differentiation may be seen in an attempt by parts of j ydx

2
M1: Attempts to find 1+ (%} using their % and attempts common denominator.

Al: Reaches a correct simplified integral with \/x_2 replaced with x as shown in the scheme.

1 1 4x
Allow equivalent formse.g. 2| x,|——dx, — | ———dx
q g I 4x2—1 2_[ ’(2x)2_1

This may be implied by subsequent work.




< QUESTION

1
M1: Attempts the integration and reaches the form o ( Bx* — 1)2 . oo and/or f may be 1

This may be implied by e.g.

u=4x"-1- kI—du alu or u=x*—> kj‘ﬁdu =a4u—-1
dM1: Applies the limits to their integral. Depends on the previous 2 method marks.
Any attempts at substitution requires use of changed limits e.g.
675
u=4x"-1-= J‘—du—) ] =..

48

Al: cao Accept equivalents in the correct form, such as 5 \/363

Examples of alternative for the final 3 marks:

L oshu= 2I ¥ g | =S8N Ghudu
2 Jaxt -1 Jeosh?u—12
n(26+15+3) _ ~In(26+15+3) In(7+4+/3) _ ~In(7+443)
lcosh udu = l[sinh u]mSh26 _Le ¢ _8 ¢
2 2 arcosh7 2 2 2

=%(15\/§—4\/§)=%\/§

Score M1 for a complete method for the substitution leading to ksinhu and then dM1 for
applying changed limits (or reverts back to x) and Al as above

secu

x—lsecu:ZJ-de—J‘ secutanudu
2 Nax? - Vsectu —
1 arcosh1
—sec udu——[tanu]
2 arcosh;
11

Score M1 for a complete method for the substitution leading to ktanu and then dM1 for
applying changed limits (or reverts back to x) and A1 as above

Special Case if no integration is attempted:
Note that if candidates do not attempt the integration but obtain the correct exact answer then a
special case of MIM1A1MOAOAL1 (4/6) should be awarded.

Lo
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2. coshy=x,y<0:>y=1n[x—\/x2—1]
y -y
coshy=x:x=e -;e B1
=2xe’ =¥ +1 M1
) 2x+ (2x)2—4><1><1
=eV -2xe’ +1=0=¢" = 5
M1

or

:>ezy—2xey+1=O:>(ey—x)2+l—x2 =0=¢’ =..

=xtx* -1 Al
So y=1n|:x—\/x2—1]* Al*

since y<0=¢’ <1 soneed x—+/x*—1 (as x >1 so must subtract) B1
Q)
(6 marks)

Notes:

—-X

. . e +e
B1: Correct statement for x in terms of exponentials. cosh y = scores BO.

M1: Multiplies through by e’ to achieve a quadratic in €”. (Terms need not be gathered.)
M1: Uses the quadratic formula or other valid method (e.g. completing the square) to solve for ¢’

2x++4x* -4
2

Al: Correct solution(s) for e”. Accept if only the negative one is given. Accept

Al*: Completely correct work leading to the given answer regardless of the justification why the
negative root is taken (correct or incorrect). Must be no errors seen.

B1: Suitable justification for taking the negative root given.
E.g.y<0so y= ln[x—\/x2 —1]. Condone x++/x*—1<1 so y =ln[x—\/x2 —1}.

Note that the B1 can only be awarded if all previous marks have been awarded.
But the reason may be given before or after In has been taken.

E.g. (ey —x)2 +l-x"=0=¢’ —x=2Jx’—1buty<0so e’ —x=—/x" -1

Working backwards:

y=]n[x—\/x2—1]:>ey =x—Vx’—1(Bl)=¢" +e”’ =x—\/x2—l+;(Ml)
x—x* -1
2x(x—\/x2—1)

1 e’ +e”

x—~x' =1+ = Ml)=2x(Al)=x= =cosh y(Al

e e ratl LU RERCUE RS (A1)
Final B1 unlikely to be available.




< QUESTION

1
3@ d_y= 600.80 or 2_x+2_yd_y=0 or d—y=1x1(576—9x2) 2x—18x B1
dx -8sind 64 36 dx dx 4 2
m __3cosd m _ 1 4sin@ MI
" 4sin@ Y m, 3cos@
So normal is y —6sin @ = 4sin 0 (x—8cosd)
3cosd
or dMm1
= 4sin 6 xX+c¢, c=6sind— 4sin0 x8cos
3cosd 3cosd
= 3ycos@—18sinfcosd =4xsinf—32sinHcos & AL
= 4xsinf—-3ycosd=14sinfcosf*
“@
b
(b) Ais (%COS@,OJ and B is (0,—%sin 9) B1
% cosd % sind 7 7
Mis ,— =| —cosf,——sinf
2 2 ( 4 3 j M1
2 2
-2 2, 3 4 ) dM1
sin” @+ cos 49—1:>[ 7y + 7x =1 Al
=16x" +9y° =49 Al
(©))
(9 marks)
Notes:
(@)
B1: A correct statement for, or involving, % See examples in scheme for parametric, implicit and
direct forms.
M1: Finds % in terms of @ and applies the perpendicular condition to find gradient of the normal.
dM1: Uses their normal gradient and P to find the equation of the normal
A1*: Correct answer from correct work with at least one intermediate step and no errors seen.
(b)
B1: Correct coordinates for A and B or correct intercepts of / seen or implied by working. Allow in
any form simplified or unsimplified.
M1: Uses their 4 and B to attempt the midpoint, M. May be implied by at least one correct
coordinate.
dM1: Uses sin® @+ cos” @ =1 with their M to form an equation in x and y only.
Depends on the previous mark.
Al: A correct unsimplified equation.
Al: Correct equation in the required form. Allow any integer multiple.




< QUESTION

Special Case: If M is found as e.g. (% cosd, %sin 0) withhold the final mark only if otherwise

correct.

Q\?ﬂ
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< QUESTION

4(a) 2 0 -1
ko3oa=2P 2ol P et dcacko2) k6= M1
oK 2k 2 1 o
2 1 k
=6k—-4-k—-6=5k-10*% Al*
2
(b) 2 k -2 3k-2 k*+4 k+6
M"=| 0 3 1| orminors 1 2k-2 2| or
-1 2 k 3 4+k 6
M1
3k-2 k-4 k+6
cofactors -1 2k-2 -2
3 4-k 6
3k-2 -1 3
Adjugate matrix is | —k° =4 2k—2 —4—k | (> 6 entries correct) M1
k+6 -2 6
3k-2 -1 3
Hence M =—| _k*—4 2k—2 —4—k dM1A1
5k—10
k+6 -2 6
)
(©) Images of 4, B and C are (5,4k —18,3k—16), (0,7-2k,9—4k) and M1
(0,4k—2,8k—14) Al

5 4k-18 3k-16
(£)50=1/0 7-2k 9-4k|=(£)300=5(..)(=200k~400) = k=... = M1
0 4k-2 8k-14

(300 =200k — 400 :>)k=% or (300 =200k —400 :)k=% Al
k= 1 and k = 7 Al
2 2
6))
Alt Using volume scale factor. Attempts
method 4 8 3
a(bxe)=|-2 5 —4/=4(40—24)+8(~16+16)+3(12-20) =... Ml
4 -6 8
1 N )
Volume of T'is g|a.(b><c)| =l -2 5 3=.. 3 Al
4 6 -8
Volume image of 7= |detM x?:2—£|5k—10|=50:>k=... M1
£%A

121



MARK SCHEME -

IAL FP3 (WFMO03) - January 2023 - Q5

FP3.6a Eigenvalues, eigenvectors & diagonalisation

< QUESTION

Question
Number

Scheme

Notes

Marks

2(a)

4 . .
X = -3 or any equivalent equation.

Allow x =J_ré
3

Bl

@

(b)(¥)

Way 1

a 4 -
Uses — = i§ oe and a correct eccentricity
e

formula and obtains an equation in a.
Condone replacing b? with 25 if equation is
otherwise correct

M1

9a*-16a?-80=0
:>(9a2 +20)(a2 —4) =0=a’=..

Solves a 3TQ in a? (or equation that would
lead to a 3TQ) to find a positive real root
(usual rules — but if no working seen they

must obtain one positive real value of a2 or
a correct to 3 sf which is consistent with
their equation). Do not award if confusion

with variable e.g.,

"(9a®+20)(a’-4)=0=a=4"
Requires previous M mark.

dM1

Not a =22 unless negative rejected

Al

@)

Way 2

a 4 .
Uses — = J_r§ oe and a correct eccentricity
e

formula and obtains an equation in e.
Condone replacing b2 with 25 if equation is
otherwise correct

M1

16e* —16e*>-45=0
= (4¢°-9)(4e’ +5)=0=¢"=...

Solves a 3TQ in e? (or equation that would
lead to a 3TQ) to find a positive real root
(usual rules — but if no working seen they

must obtain one positive real value of &2 or
e correct to 3 sf which is consistent with
their equation). Do not award if confusion

with variable e.g.,

PR
(4e —9)(4e +5)_o:>e_4

Requires previous M mark.

dm1

(e:E:j a=2
2

Not a =22 unless negative rejected but
condone sight of e = ig" or'e= —g

Al

®)

RA
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< QUESTION

Question Scheme Notes Marks
Number
2(b)(ii) 3 a2 3 Uses a correct method to obtain a numerical

3
€=5= ae:§x2 orae=-,-= ZX4 expression for ae oe with their values of a, |\,
e, &, b? etc. however obtained. Condone

or ae=c=+va’+b*=+2*+5 use of a negative e or a

Fociare (£3,0) Both correct foci as coordinates Al

Allow "2 - % = a=4, e=3"toaccess the last M mark only in (b) for (£12,0) @
e
provided the values of both a and e are clearly seen beforehand

Total 6

Note that it is possible to answer (ii) before (i) —e.g.,
Let foci be (+c, 0)
a’e’*=c’=b’+a’=5+a’and
a a> a 4 , 4
e ae ¢ 3 3

4 . L
=c?= 5+§c ( (i) M1: Uses correct formulae to form an equation in ¢ — condone b?

replaced with 25 as with main scheme)
=3c?-4c-15=0=(3c+5)(c-3)=0=c=3
( (i) dM1: Solves 3TQ to find positive real root)
= (%3, 0) ((i)AL: Correct foci as coordinates)

a= EXB ( (i) M1: Correct method for a)

a =2 ((ii) Al: Correct value)
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< QUESTION

Question
Number

Scheme

Notes

Marks

3
Way 1
Converts

to sinh
and cosh

4tanh x —sech x =1
sinh x 1

coshx coshx
4sinh x—-1-coshx=0
e e o
2 2

Replaces one hyperbolic function with its
correct exponential equivalent. Allow for
correct replacement of just e.g.,Sinh X after

. sinh x
usingtanh x =
cosh x

but do not allow any further marks if the
original equation was reduced to one in a
single hyperbolic function.

May follow errors

M1

e _2e*-5=0

M1: Obtains an equation which if terms are
collected isa 3TQ (or 2TQ with no
constant) in e*

Al: Correct 3TQ

M1 Al

6

+
eX:2_\/4+60 Gj L

2+8_§]

M1: Solves 3TQ (or 2TQ with no constant)
in €*. Apply usual rules. If no working seen
they must achieve one correct root of their
equation to 3sf which may be complex. If
2TQ must get a correct non-zero root of
their equation.
Al: Any correct unsimplified expression
for €* that includes the positive root. Must
be exact

M1 Al

Ing, Inlg, In1.6 only but allow k = ...

No unrejected extra solutions

Al

Total 6

Way 2

Straight
to e*

e —e™ 2

— =1
e +e* e 4e”

Replaces one hyperbolic function with its
correct exponential equivalent

M1

3 —2e*-5=0

MZ1: Obtains an equation which if terms are
collected is a 3TQ (or 2TQ with no
constant) in e*

Al: Correct 3TQ

M1 Al

ex:2iJ4+60(:>

2+8_§j
6

6 3

M1: Solves 3TQ (or 2TQ with no constant)
in e*. Apply usual rules. If no working seen
they must achieve one correct root of their
equation to 3sf which may be complex. If
2TQ must get a correct non-zero root of
their equation.
Al: Any correct unsimplified expression
for e* that includes the positive root. Must
be exact

M1 Al

5
Xx=In=
3

Ing, Inlé, In1.6 only but allow k = ...

No unrejected extra solutions

Al

Total 6

In Ways 1 & 2, if they form an equation which is not a quadratic in e* they must achieve

5 .
the correct exact root of §t0 access the middle four marks

&
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®
3 2
M1: Factors out the 4 and completes the square achieving 4(x + Ej +... or without factoring the 4

achieves (2x+ 3)2 +... where ... is anything other than 25. Condone for this mark

1

4 ( 3 jz dx but this is A0 if no independent correct expression is shown.
X+=| +...
2

Al: Correct completed square form (constant must be gathered).

M1: Attempts the integration with arctan used. Look for k arctan (l x their linear term) . Allow with
any k and /, including 1 or % . (May be via a substitution but must return to integral in x of the

correct form for the mark.)

If an incorrect completion of the square results in (ax + b)2 —¢” then this mark may be awarded

f ln(ax+b—cj
or ...In| ——
ax+b+c

Al: Correct answer, need not be fully simplified but must have at least combined multiple fractions,

e.g. lx% = % must have been combined. Accept alternative forms of arctan, e.g. tan™' or atan.

2
(i)
B1: Correct completed square form for the quadratic (need not be fully simplified).
M1: Attempts the integration to either arcosh or In form. Form should be correct for their x + 2 and
a. Allow with In| | and give benefit of doubt for the M if mod is required. They may use a
substitution for this mark, # = x + 2, and may be scored for the integral in terms of u. If a substitution

such as x +2 =cosh(u) or x+2 = V21secu is used they must carry out the full process — with
supporting working shown - to reach an integral in # with correct limits identified as part of the
method, or reversal of the substitution must carried out.
Al: Correct integral (may be in terms of u if the substitution u =x + 2 is used), or correct integral
and correct limits if a hyperbolic substitution is used. Ignore spurious statements of equality if they
give both forms, and award for either correct form. Allow with moduli in the logs.

11
]mecﬁ

arcsec——

Vat
M1: Applies the limits 3 and 9 to their integral of a correct form (allowing a minor slip, e.g. a sign
error inside a In), or correct limits for their variable if they use a substitution, in an integral of the
correct form (may be scored if MOAO was awarded for insufficient evidence). Evidence of the
application of limits must be seen — do not accept solutions which go directly to the answer. All
steps of working are asked for in the question.
dM1: Simplifies to a single In term, applying the arcosh In (allowing a minor slip, e.g. a sign error
inside a In) formula first if necessary. Again, there must be sufficient evidence after substitution
before the final simplified answer.
Al: cso

Note that x+2 =+/21secu will lead to an integral [ln|tan u+secu
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< QUESTION

4(a) 4 0  2)(1) (10
0 4 all2|=] .. M1
2 a 20/3)\3
A4,=10 Al
2
(b) 4 0 2)1) (10
0 4 all2]=20 :>8+3a=200r2+2a+?><3=30 M1
2 a 20/3)|3] |30
=a=4* Al*
2
(©) 4—1 0 2 "
0 4-1 y 4=(4—1)[(4—1)[?—1J—16]+2(0—2(4—/1)) .
2 4 =-2
3
i 44 , 148 80
—l3+?/12—7/1+?=0}:%(4—/1)(3,12—32/1+2o)=o:>,1=...,... dm1
/1=4,§(,10) Al
(©))
(d 4 0 2\ x ¥ (4-2)x+2z=0
0 4 4|yl=2|y|l=] (4-2)y+d4z=0 =.. M1
2 4 20/3) z z (20 ]
2x+4y+ ?—,1 z=0
5 3 2
l=§:>k 6| or A=4=m| -1 Al
-5 0
Normalised
3 2
v 222 | and 2mam || az10m 2| | avm
3m— 3 \/% \/g 5 \/ﬁ 9
-5 0 3
©)
(© 14 2[5 3/70 100 0 Bift
P=|2/\14 -1/\5 6/J70|,D=| 0 4 0
3/ 14 0 —5/\70 00 2/3 Blft
2
(14 marks)
Q‘\’/ﬂ'
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Notes:

(@)

M1: Correct attempt to find the eigenvalue. Need only see top row calculated. May come from
attempts at using (M - /11) v=0

Al: Correct value.

(b)

M1: Sets up a correct equation in a for their eigenvalue in (a). Must be extracted from the matrix
equation. May come from attempts at using (M - AI) v =0. Condone any unused incorrect

equations.

A1*: Shows that ¢ = 4 from correct work.

(©)

M1: Attempts to expand det (M — AXI). This may be along any row or down any column, or via a
“shoelace” approach. Condone sign slips, but the overall structure should be correct. Working must
be shown — do not accept solutions that just state the factorised form. The expansion must be seen in
some form. Accept alternative approaches.

dM1: Sets the characteristic polynomial equal to zero (which may be implied) and solves by a valid
method (may be by calculator) — dependent, so as a minimum, an attempt at the expansion must
have been seen but the cubic need not have been fully simplified.

Al: Correct remaining eigenvalues.

(d) Note — you may allow recovery of the final 3 marks in this part if the relevant
normalisation work is completed in part (e).

M1: Sets up the eigenvector equations in general terms or for one of their eigenvalues and makes
some attempt to use them (allow even for the given eigenvector for this mark). Working must be
shown, MO if correct vectors are stated with no supporting working.

Al: Either of the two remaining eigenvectors found, need not be normalised for this mark. Must be
given as a vector, but accept row vectors rather than column vectors.

M1: Applies a correct process to normalise at least one of their vectors. This may be done on the
given eigenvector (working need not be shown for this one).

Al: Both normalised eigenvectors for 4 = 4,% correct. (Row or column vectors acceptable.)

B1: For correct normalised vector for eigenvalue 10. (Row or column vector acceptable.)
3470 /70 25/5 V14714
You may see ﬂ,z%: 3J70/35| and 1=4= —x/§/5 ; A=10=> J14 /7 | or other

J70/14 0 314 /14

3/5
. . 270
equivalent versions of these vectors, e.g 4 = 3 = BT 6/5

-1
(e)

B1ft: For either a correct P for their normalised eigenvectors providing they are non-zero or for a
correct D for their eigenvalues.

B1ft: For both a correct matching P and D for their normalised eigenvectors and their eigenvalues,
providing there is no zero column or row.

Note: If D and P are not labelled then treat their diagonal matrix as D and other matrix as P. If they
are incorrectly labelled (ie D as P) then withhold the second B (if earned).
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