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3-MARK QUESTIONS

1 question in this booklet
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ANSWER >

( )

1 Differentiate with respect to x

2
6e3* cos 2x

INA



4-MARK QUESTIONS

4 questions in this booklet
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ANSWER >

( )
1 Anparticle P is moving along a straight line that passes through the fixed point O.
At time ¢ seconds, ¢ > 0, the displacement, s metres, of P from O is given by
s=0r+4r7-27t+4
Find the value of 7 at the instant when the velocity of P is 8 m/s.
4
\ J

INA



ANSWER >

( )
1 A particle P is moving in a straight line. At time ¢ seconds, ¢ > 0, the displacement,
s metres, of P from a fixed point O of the line is given by
2 1 3
s=3+8t+1t ——t
3
Find the distance of P from O when P is instantaneously at rest.
4
1\ J

INA
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ANSWER >

( )
2 The region enclosed by the curve with equation y = e*, the x-axis, the y-axis and the line
with equation x = 3 is rotated through 360° about the x-axis.
Use algebraic integration to find, in terms of 7 and e, the volume of the solid generated.
“4)
. _J

N2
11



ANSWER >

( )
3
1 Using calculus find the exact value of J- cos40do
Give your answer in the form —ﬁ where a is a prime number and b is an integer.
b @
\ J

INA
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5-MARK QUESTIONS

8 questions in this booklet

7
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ANSWER >

( )
5 A circle has radius 37cm and area 4 cm?
Given that the value of 7 increases by 0.05%
use calculus to find an estimate for the percentage increase in the value of 4.
()
1\ J

INA
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ANSWER >

( )
9 Find an equation of the normal to the curve with equation
y=(x*-2x)el™
at the point on the curve with coordinates (1, —1)
(5
\_ _J
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ANSWER >

( )
~sin2x
! N R x| >3
2(x? — 2% — xsin?2
Show that Z—y = (x 9)cos 2x 3xsm x
i Ji - 9)
)
) J

N
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ANSWER >

3 The curve C has equation y =9 —x”

Use algebraic integration to find the area of the finite region bounded by C and the x-axis.

(©))

INA
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ANSWER >

( )
2 y = (sin2x) v/3 + 2x
in2 A+ B 2
Show that & _Smex T ( ° x)cos il where 4 and B are integers to be found.
dx \/ 3+ 2x (5)
1\ J
INA
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ANSWER >

3 The curve C has equation y=e*(2x-1)*

Using calculus, find the exact value of the gradient of the tangent to C when x = 1

INA
19



ANSWER >

( )
5 The height of liquid in a vessel P is /&
The volume, ¥, of the liquid in P is given by V = 6k’
Liquid is leaking from P at a constant rate of 36.cm’/s
Find the exact rate of change, in cm/s, of # when V' =384 cm’
)
\ J

INA
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ANSWER >

( )
8 Use calculus to find the gradient of the curve with equation
1
y=e"(9x+2)3
at the point on the curve where x =1
Give your answer to 3 significant figures.
)
. J

INA
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6-MARK QUESTIONS

17 questions in this booklet

7
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ANSWER >

( )
2 Oil is leaking from a pipe and forms a circular pool on a horizontal surface. The area of
the surface of the pool is increasing at a constant rate of 8 cm?/s. Find, in cm/s to
3 significant figures, the rate at which the radius of the pool is increasing when the area
of the pool is 50 cm?
(6)
\_ _J

N2
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ANSWER >

( )
3 A particle P moves in a straight line. At time ¢ seconds, the velocity, vm/s, of P is given by
v=1—4t+7
(a) Find the acceleration of P, in m/s?, when ¢ = 3
(2)
(b) Find the distance, in m, that P travels in the interval 0 <7< 6
“4)
. _J

INA
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ANSWER >

( )
3
4 Diagram NOT
! accurately drawn
xcm i
A4
< 10xcm >
Figure 2
Figure 2 shows a solid right circular cylindrical metal rod.
The diameter of the rod is xcm and the length of the rod is 10xcm.
The rod is being heated so that the length of the rod is increasing at a rate of 0.005 cm/s.
Find the rate of increase, in cm?/s to 2 significant figures, of the volume of the rod
when x = 3
(6)
.

INZ)

25



ANSWER >

3 Giventhat y=e*(x*+ 1)

(a) find j—y
* 3)

The straight line / is the tangent to the curve with equation y = e*(x? + 1) at the point on
the curve where x =0

(b) Find an equation for / in the form y=mx + ¢

INA
26



ANSWER >

Diagram NOT
accurately drawn

Figure 4

Figure 4 shows a hollow right circular cone fixed with its axis of symmetry vertical.

The cone is inverted and contains liquid, which is dripping out of a small hole at the
vertex 4 of the cone at a constant rate of 0.9 cm?/s.

At time ¢ seconds after the liquid starts to drip from the cone, the height of the liquid is ~Zcm
above 4. The volume of liquid in the cone at time ¢ seconds is V'cm?

The vertical angle of the cone is 60°

(a) Show that V = énff
()

(b) Find, in cm/s to 3 significant figures, the rate at which the height of the liquid is
decreasing when the height of the liquid in the cone above the vertex is 1.2 cm.

INZ)
27



ANSWER >

( )
4 The curve C has equation
y=x=3x—24x + 6
(a) Use calculus to find the coordinates of each of the stationary points on C.
4
(b) Determine the nature of each of these stationary points.
Justify your answers.
(2)
1\ J

INA
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ANSWER >

6 The volume of a sphere with radius »cm is increasing at a constant rate of 3 cm?/s.

Find the rate, in cm?/s, at which the surface area of the sphere is increasing when » = 10

(6

INA
29



ANSWER >

( )
2 The finite region enclosed by the curve with equation y = 4 — x? and the line with
equation y = x + 2 is rotated through 360° about the x-axis.
Use algebraic integration to find the exact volume of the solid formed.
(6)
. J

INA
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ANSWER >

( )
5 yand x vary so that y = xe >
Given that the value of x increases by 3%, use calculus to find, in terms of x, an estimate
for the percentage change in y
Give your answer in the form a(b — cx) where a, b and ¢ are integers.
(6)
1\ J

INA
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ANSWER >

( )
3 Differentiate with respect to x
(a) e*5x -3
3)
x3
b
®) cos3x
3)
\ _J

INA
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ANSWER >

( )
2 A particle P moves along the x-axis. At time ¢ seconds, the displacement, x metres,
of P from the origin O is given by
x=t*—13.5t+ 12
(a) Find the velocity, in m/s, of P when ¢ =3
(2)
(b) Find the value of ¢ for which P is instantaneously at rest.
(2)
(c) Find the acceleration, in m/s’, of P when ¢ =2
(2)
\_ J

N2
33



ANSWER >

( )
2 When poured from a pipe, concrete is formed into the shape of a cuboid with a square
base of side x and with a height of 3x
The volume of the cuboid increases at a constant rate of 8m’/s
Find the rate of increase, in m/s, of x when x = 2 metres.
(6)
\_ J

N2
34



ANSWER >

o Diagram NOT

‘ rem accurately drawn

Figure 2

Figure 2 shows the sector O4B of a circle with centre O and radius rcm.
ZAOB = %radians 04 =0B=rcm

The area of the sector is increasing in such a way that the size of £Z4OB remains
constant, and the lengths OA4 and OB are both increasing at a constant rate of 0.2cm/s

Find the exact rate of change, in cm’/s, of the area of the sector when the length of

arc AB is 5—7T
2

INZ)
35



ANSWER >

\
A .
rem Diagram NOT
B accurately drawn
Scm
Scm
E
F
rem
D
Figure 3
Figure 3 shows a right triangular prism ABCDEF. A cross section ABC of the prism is a
T
triangle in which 4B =AC =rcm and ZCAB = 3 radians.
In the prism
T
AE=BF=CD=5cm ED=EF=rcm and ZDEF = 3 radians
.. 543
(a) Show that the volume of the prism is e r? cm?
1)
The volume of the prism is increasing in such a way that the size of ZCAB and the
size of ZDEF remain constant and the length of AE, the length of BF and the length
of CD remain constant.
The lengths of AB, AC, ED and EF are each increasing at a constant rate of 0.2cm/s
(b) Find the exact rate of increase, in cm?®/s, of the volume of the prism when the area
of the rectangular face BCDF is 60 cm?
)
J

N2
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ANSWER >

( )
6 A particle P is moving in a straight line. The displacement s of P, in metres, at time
t seconds, ¢t > 0, is given by
s =e*sin3t +2
At time ¢ = 0, P is at the point 4 and at time ¢ = %, P is at the point B
(a) Find the exact distance AB
(2)
(b) Find the exact velocity of P when ¢ = g
4
. _J

N2
37



ANSWER >

5 The force F newtons between two magnetic poles is given by the formula

3
2072

where r is the distance, in centimetres, between the poles.
The distance between the two poles is increasing at a constant rate of 0.7 cm/s

Find the rate of change of F, in newtons/s to 3 significant figures, when the distance
between the poles is 2.8 cm

N2
38



ANSWER >

Diagram NOT
accurately drawn

=

Figure 2

A

Figure 2 shows a hollow hemisphere with radius 20 cm

The hemisphere contains liquid, which is dripping out of a small hole at the lowest
point 4 at a constant rate of k cm’/s

At time 7 seconds after the liquid starts to drip from the hemisphere, the height of the
liquid is 2 cm above 4

The volume V'em® of liquid in the hemisphere is given by
V= % 72 (60— 1)

When /4 = 12, the height of the liquid is decreasing at a rate of % cm/s

Find the value of &
Give your answer in terms of &

INZ)
39



/-MARK QUESTIONS

13 questions in this booklet

7

40



ANSWER >

( )

12

Diagram NOT
accurately drawn

=V

Figure 2

The region R, shown shaded in Figure 2, is bounded by the x-axis, the curve S with
equation y = 2sinx and the curve C with equation y = 2cosx.
As shown in Figure 2, C crosses the x-axis at the point 4.

(a) Write down the x coordinate of 4.

M
As shown in Figure 2, C and S intersect at the point B.

(b) Find the x coordinate of B.
(2)

(c) Using calculus, find the area of the shaded region R.
Give your answer in the form a — Jb where a and b are integers.

INA
41



ANSWER >

8 Liquid drips onto a large horizontal flat cloth, forming a circular stain.
The liquid starts to drip onto the cloth at time =0
The area of the stain increases at a constant rate of 1.5cm?/s

(a) Find, in terms of z, the radius of the stain at time ¢ = 4 seconds.

(©))

(b) Find, in cm/s to 3 significant figures, the rate at which the radius of the stain is
increasing at time ¢ = 4 seconds.

N2
42



ANSWER >

( )
8 The volume of a sphere is 500 cm?
(a) Calculate the radius, in cm to 3 significant figures, of the sphere.
(2)
The surface area of the sphere is increased by 20 cm?
(b) Using calculus, find an estimate for the increase in the radius, in cm to
2 significant figures, of the sphere.
)
\_ _J

N2
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ANSWER >

2 A particle P is moving along a straight line, which passes through the fixed point O.

At time ¢ seconds (¢ > 0), the velocity, vim/s, of P is given by
v=1"-3t+4

At time ¢ seconds the acceleration of P is am/s?

(a) Find an expression for a in terms of ¢

(2)
The displacement of P from O is 7m when ¢ = 2

(b) Find the exact displacement of P from O when ¢ =4

N2
44



ANSWER >

( )
4 The equation of a curve is y = x° sin x
. . . 1
Find an equation of the tangent to the curve at the point on the curve where x = 5 T
Give your answer in the form y =mx + ¢
)
\_ J

INA
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ANSWER >

( )
9 A cube has edges of length xcm.
The total surface area, 4 cm’, of the cube is increasing at a constant rate of 0.45 cm?/s
Find the rate of increase, in cm’/s, of the volume of the cube at the instant when the
total surface area of the cube is 384 cm’
7
g _J

N2
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ANSWER >

5 A particle P is moving along the x-axis.
At time ¢ seconds, ¢ > 0, the velocity, v m/s, of P is given by
v =219t + 35

(a) Find the acceleration of P when ¢t =5

2

The particle comes to instantaneous rest at the points 4 and B at times ¢, seconds
and ¢, seconds respectively, where ¢, < ¢,

(b) Find the value of ¢, and the value of ¢,
()

(c) Use calculus to find the distance 4B

N2
a7



ANSWER >

Diagram NOT
accurately drawn

S 4

Figure 2

1
Figure 2 shows part of the curve S with equation y = (cos 30 + /3sin 39)2

where m <0 <n

The curve S meets the x-axis at the point with coordinates (m, 0) and at the point with
coordinates (7, 0)

(a) Find the exact value of m and the exact value of n

3
The finite region R, shown shaded in Figure 2, is bounded by the curve S, and the
x-axis in the region m < 60 < n
The region R is rotated through 27z radians about the theta-axis.
(b) Use calculus to find the exact volume of the solid generated.
Q)
\_ _J

N2
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ANSWER >

3 A particle P moves along the x-axis.
At time ¢ seconds (¢ > 0) the acceleration, a m/s’, of P is given by a=61-16
When ¢ =0, P is at the origin and is moving with velocity 12 m/s.
(a) Find an expression in terms of ¢ for
(i) the velocity of P at time ¢ seconds

(i1) the displacement of P at time ¢ seconds.

Q)
(b) Hence find the time at which P first returns to the origin.

N2
49



ANSWER >

( )
6 The volume of oil in a container is ¥ cm® when the height of the oil is /4 cm.
Oil is pouring into the container at a constant rate of 12 cm’/s.
Given that ¥ =34’
find the exact rate, in cm/s, at which the height of the oil is increasing
when 7 =1536 cm’
)
\_ _J

N2
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ANSWER >

g ~
5
y=e* (x2 - Sx)
2
Show that 2e?* = d_); _ 4d_y +4y
dx dx ™
- y,
INA
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ANSWER >

I i A = o

1 A particle P moves in a straight line. At time # seconds, the velocity, v m/s,
of P is given by

v=3t"-9¢t+7

(a) Show that P never comes to rest.

(b) Find the acceleration of P, in m/s?, when ¢ =4

Using algebra

(c) find the distance, in m, that P travels in the interval 0 <t <5

2

2

N2
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ANSWER >

11

y A
Diagram NOT
accurately drawn
/
o X

Figure 5§
Figure 5 shows part of the curve C with equation y =+/4x—8 and the
line / with equation x =b where >0

The finite region bounded by the curve C, the x-axis and the line /, shown shaded in
Figure 5, is rotated through 360° about the x-axis.

Given that the volume of the solid formed is 507z units?

find the value of b

N2
53




8-MARK QUESTIONS

22 questions in this booklet

7
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ANSWER >

( )
6 (a) Given that y = (4x — 3)e*
() find ¥
dx 3)
.. dy
(i) show that (4x —3)— = (8x —2)y
dx @)
(b) Differentiate LS)cz with respect to x
(x=3) 3)
\_ _J

INA
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ANSWER >

-

4 A particle P moves along the x-axis. At time 7 seconds (¢ > 0) the acceleration, a m/s?,
of Pis given by a = 6r — 12

When ¢ = 0, P is at rest at the origin.

(a) Find the velocity of P when ¢t = 2

3)
At time T seconds, T > 0, P is instantaneously at rest.
(b) Find the value of 7.

(2)
(c) Find the distance travelled by P in the first 8 seconds of its motion.

3

N2
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ANSWER >

(
8 A particle P moves along the positive x-axis. At time ¢ seconds (¢ > 0) the velocity,
v m/s, of Pis given by v =3+ 5¢—2¢
At time ¢ seconds, P is at the point with coordinates (x, 0).
Given that at time ¢ = 0, P is at the point with coordinates (5, 0), find the maximum value
of x, justifying that this is a maximum value.
.

®

N2
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ANSWER >

( )
6
A Diagram NOT
Y accurately drawn
2 \ ;x
Figure 2
The region R, shown shaded in Figure 2, is bounded by the curve with
equation y = 2x — x? and the line with equation 2y —x =0
The curve and the line intersect at the origin O and the point 4.
. . 33
(a) Show that the point 4 has coordinates 5 a)
(2)
The region R is rotated through 360° about the x-axis.
(b) Use algebraic integration to find, in terms of x, the volume of the solid formed.
(6)
\_ _J

INA
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ANSWER >

( )
8 Given that y = e* sin2x
2 d
show that 4y _ Y +13y=0
dx? dx
®)
\_ _J

INA
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ANSWER >

( )
9 Given that
x=e"'sin2t
show that
2
% +2 % +5x=0
! ®)
\_ J
INA
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ANSWER >

Diagram NOT
accurately drawn

|

Figure 3

Figure 3 shows a metal solid S.
The solid is a right triangular prism.

The cross section of S is an equilateral triangle with sides of length xcm.
The length of S is 4xcm.

The prism is being heated so that the cross sectional area is increasing at a constant rate
of 0.03 cm?/s.

(a) Find, giving your answer to 3 significant figures, % when x =2

©)

(b) Find the rate of increase, in cm?¥/s, of the volume of S when x = 2

INZ)
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ANSWER >

11

Diagram NOT
accurately drawn

Figure 4

The region R, shown shaded in Figure 4, is bounded by the curve with equation y = ¢,
the curve with equation y = 4¢*, the straight line with equation x = a, the x-axis and the
y-axis.

When the region R is rotated through 360° about the x-axis, the volume of the solid
generated is

k—8me™*

where & 1s a constant.

Using algebraic integration, find a possible value of a and the exact corresponding value
of k.

INA
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ANSWER >

( )
6 A particle P is moving along the x-axis. At time ¢ seconds (¢ > 0) the displacement,
s metres, of P from the origin O, is given by s = — 41> — 16¢ -8
(a) Find the distance of P from O when ¢ =0
1)
(b) Find the value of ¢ for which P is instantaneously at rest.
4
(¢) Find the value of ¢ for which P is accelerating at 10 m/s? in the positive x direction.
3)
\_ _J
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( )
8 The curve C has equation y = 2x? — sinx
The point 4 on C has x coordinate 7
Show that an equation of the normal to C at the point 4 is
x+@r+1)y—n(8z2+2x+1)=0
®)
\ J
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5 Differentiate with respect to x
3
(a) e*(6x +2)2

Give your answer in the form e** (\/ 6x + 2)(Ax + B) where 4 and B are integers.
)

sin3x

b -
®) (2x — 4y

INA
65



ANSWER >

6 (a) Using a formula from page 2, show that cos24 =1 —2sin*4
2

The finite region R is bounded by the curve with equation y =3 + 2sinx, the x-axis,

the y-axis and the line with equation x =

Sk

The region R is rotated through 360° about the x-axis.

(b) Use calculus to find the volume of the solid generated.
Give your answer to the nearest integer.

N2
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( )
3 Given that y = e sin2x
d’y _ dy
show that 13y + Fci 63
®)
\_ _J

INA
67



ANSWER >

Diagram NOT
accurately drawn

Figure 3

Figure 3 shows part of the curve S with equation y = x> + 2

The finite region R, shown shaded in Figure 3, is bounded by S, the y-axis and the line
with equation y =a where a > 2

The region R is rotated through 360° about the y-axis to generate a solid with
volume 187

Use algebraic integration to find the value of a

N2
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( )
7 The curve with equation y = mx? + 64/x + 39 hasa stationary point with
coordinates (4,7) where m and n are integers.
Using calculus
(a) find the value of m and the value of n
(6)
(b) determine the nature of the stationary point.
(2)
\ J
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Diagram NOT
accurately drawn

=V

Figure 2

x2
The curve S with equation y = T +2 where x > 0 and the line / with equation

2y —x—4=0 where x > 0 intersect at the points 4 and B, as shown in Figure 2.
(a) (i) Show that the coordinates of point A4 are (0, 2)

(i1) Find the coordinates of the point B

“4)
The finite region bounded by S and /, shown shaded in Figure 2, is rotated through
2z radians about the y-axis.
(b) Use algebraic integration to find the volume of the solid generated.
Give your answer in terms of 7
4)
\_ _J
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~

yﬂ

PR

is rotated through 360° about the x-axis.

Give your answer in terms of 7

o

Figure 2

Figure 2 shows the graph of part of the curve C with equation y =+/2x+6
The finite region enclosed by the curve C and the straight line with equation 3y —x =3

Use algebraic integration to find the exact volume of the solid generated.

=y

N2
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( )
3x+1
8 y = 2e >
S5x
dy
Find —
(a) Fin &
A 3x+1 Bx — A
Give your answer in the form L:C) where 4, B and C are prime numbers
to be found. Cx
)
The value of x increases by 2%
(b) Use your answer to part (a) to find an estimate, in terms of x, for the percentage
change in y
Give your answer in the form (Px - Q) where P and Q are integers.
3)
\_ J
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( )
4 The surface area of a sphere with radius » cm is increasing at a constant rate
of 50m cm*/s
Find, in cm?, the exact volume of the sphere at the instant when the rate of increase
.5
of ris —cm/s
\§ J
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\
9
s ya Diagram NOT
A accurately drawn
B
o \ \ X
Figure 3
Figure 3 shows a sketch of part of the curve S with equation y = —2¢e** + 4 and
the line L
The curve S has intersections with the line L at the points 4 and B with x coordinates
x =—1 and x = 0 respectively.
The finite region bounded by S and L is shown shaded in Figure 3
Use calculus to find the exact area of this region.
Give your answer in the form atber where a, b and ¢ are integers to be found.
¢ ®)
J
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11

Diagram NOT
accurately drawn

Figure 3

Figure 3 shows a hollow right circular cone with radius 3 metres and height
4 metres above the vertex 4

The cone is fixed with its axis of symmetry vertical.
The cone is initially empty.

Water pours into the cone at a constant rate of 97 m’/s
At time ¢ seconds after the water starts to pour into the cone, the height of the water is
h metres above A4

Find, in m/s, the rate at which the height of the water is increasing at the instant
when 2 =2
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( )
9
y=e"cos2t
(a) Show that 2e ¥sin2f = Y 4y
. d’y dy .
Given that e +M o + Ny =0 where M and N are integers
(b) find the value of M and the value of N
)]

\_ _J
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9 The finite region R enclosed by the y-axis, the straight line with equation y + 2x = 13 and
the curve with equation y = x2 — 2, is defined for points with coordinates (x, y) with x > 0

The region R is rotated through 360° about the y-axis.

Use algebraic integration to find the volume of the solid generated.
Give your answer in terms of .
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( )
10 The volume of a sphere is increasing at a constant rate of 40 cm?/s.
Find the rate of increase, in cm?/s, of the surface area of the sphere at the instant when the radius
is 4cm.
)]
\§ J
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7 The length of each side of a cube S, is increasing at a constant rate of 0.1 m/s.

(a) Find, in m’/s, the rate of increase of the volume of the cube S, when the length of
each side of the cube is 2m.

4)
The total surface area of a different cube S, is increasing at a constant rate of 0.05m?s.

(b) Find in m?/s, the rate of increase of the volume of the cube S, when the length of each
side of the cube is 6 m.

)
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\
11 Given that
4x
y=733 (8x* —4x+ 1)
d
(a) show that d_y =x’e™
g )
YA
Diagram NOT
accurately drawn
X
Figure 2
Figure 2 shows part of the curve C with equation y = 3xe™
The finite region R bounded by C, the straight line with equation x =—-2 and the x-axis,
shown shaded in Figure 2, is rotated though 360° about the x-axis.
(b) Using part (a), find the volume, to 2 significant figures, of the solid formed.
4
J

INA
81



ANSWER >

11

Diagram NOT
accurately drawn

Figure 3

The finite region R, shown shaded in Figure 3, is bounded by the curve with equation
y=e*—9 and the coordinate axes.

The curve crosses the coordinate axes at the points with coordinates (0, a) and (b, 0)
(a) (i) Find the value of a
(ii)) Show that »=1In3

3)
The region R is rotated through 360° about the x-axis.
(b) Use calculus to find the volume of the solid generated.
Give your answer in the form z(pIn3 + ¢), where p and ¢ are integers.
(6)
. J
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5 A particle P is moving along the x-axis. At time ¢ seconds (¢ > 0) the velocity, vm/s, of
Pis given by v=3¢"—23t+ 30

(a) Find the values of # when P is instantaneously at rest.

3
At time ¢ seconds the acceleration of P is a m/s’

(b) Find the range of values of ¢ for which a > 0
(2)

When ¢ = 0, P is at the point with coordinates (d, 0)
Given that, when 7 = 8, P is at the point with coordinates (26, 0)

(¢) find the value of d
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10

Diagram NOT
accurately drawn

Figure 2

The region R, shown shaded in Figure 2, is bounded by the curve with equation
y=x"+1 and the curve with equation x*>+y* =11

The two curves intersect at the point 4 and at the point 5.

(a) Find the x coordinate of the point 4 and the x coordinate of the point B.

Q)
The region R is rotated through 360° about the x-axis.
(b) Use algebraic integration to find the volume, to 2 decimal places, of the
solid generated.
)
\_ _J
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( )
7 y=e cos2x
(a) Show that
& =2y —2e*sin2x
dx
Q)
(b) Hence show that
2
¢y _ 4 4
dx? dx
)
\_ _J
INA
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7 Two numbers x and y are such that 3x—y =4
S=5x+y°

(a) Show that § =5x" +9x> —24x+16

Given that x can vary,

(b) use calculus to find the value of x for which § is a minimum, justifying that this
value of x gives a minimum value of S

(c) Find the minimum value of S

2

)
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5 A particle P is moving along the x-axis.
At time  seconds (¢ > 0) the acceleration, a m/s?, of P is given by a = 31 — 4

When ¢ = 0, P is at rest.

(a) Find the velocity of P when ¢ = 4

At time T seconds, 7> 0, P is instantaneously at rest.

(b) Find the value of T

When ¢ = 0, P is at the point with coordinates (-10, 0)

(c) Find the displacement of P from the origin when ¢ = 3

3

2

N2
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4

9 Given that f(x)= (1 + xz)

(a) show that f'(x)=8x(1+x>)
(2)

sin3x

(1+x2)

The curve C has equation y = 7

The point 4 on C has x coordinate %T

(b) Show that the gradient of the normal to C at 4 is
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4 f(x) = e* 1+ 2x

2e**(2 + 3x)
(a) Show that f'(x) = ﬁ
“4)

(b) Find an equation of the normal to the curve with equation y = f(x) at the point on
the curve where x = 0

Give your answer in the form ax + by + ¢ = 0 where a, b and ¢ are integers.
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Diagram NOT
accurately drawn

hcm

xcm 3xcm

Figure 3
Figure 3 shows a solid cuboid ABCDEFGH
AB =xcm BC =3xcm AH = hcem
The volume of the cuboid is 540 cm’

The total surface area of the cuboid is Scm?

(a) Show that S = 6x* + 1440
X

“4)

Given that x can vary,

(b) use calculus to find, to 3 significant figures, the value of x for which § is a minimum.

Justify that this value of x gives a minimum value of S.

3

(c) Find, to 3 significant figures, the minimum value of S.
(1)

\_ J
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8 Given that 2xy + 5y =¢"

dy  y(2x+3)
(a) show that dr 2r1s
)
dy
(b) find the value of dr when x =0
(2)

(c) find an equation of the normal to the curve with equation 2xy + 5y = e* at the point
where x =0
Give your answer in the form px + gy + r = 0 where p, ¢ and r are integers.
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hcm

7 rem
\/
Figure 1

Diagram NOT
accurately drawn

A solid right circular cylinder has base radius » cm and height cm as shown in Figure 1.

The cylinder has a volume of 90zcm’ and a total surface area of Scm’

(a) Show that §=2zr"+ ——
r

Given that r can vary,

(b) use calculus to find, to 3 significant figures, the value of » for which Sis a
minimum, justifying that this value of 7 gives a minimum value of §

(c) Find, to 3 significant figures, the minimum value of S

(©))

)
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( )
e(x2+1)
6 The curve C has equation y= —
x*+1
d K (x2+1)
(a) Show that d—y = (fW where K is a constant whose value is to be found.
X X
(5
(b) Find an equation of the tangent to C at the point on C where x = —1
Simplify your answer.
(5
\_ _J
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( )
1
Diagram NOT
A accurately drawn
hcm
v
Figure 4
Figure 4 shows an open container in the shape of a cylinder with radius »cm and
height 4 cm.
Given that the total surface area of the container is 625zcm’
(a) show that
625 — r?
po 8251
2r
3
The volume of the container is ¥cm’
Given that » can vary,
(b) use calculus to find the value, to 3 significant figures, of » for which V'is
a maximum.
Justify that this value of » gives a maximum value of
(6)
(c) For the value of 7 found in part (b), find the corresponding value, to 3 significant
figures, of /
1)
\ _J
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4 A particle P is moving along the x-axis. At time ¢ seconds, ¢ > 0, the velocity, vm/s,
of P is given by v=2¢—16¢+ 30

(a) Find the acceleration, in m/ s’, of Pwhent=75

P comes to instantaneous rest at the points M and N at times ¢, seconds and 7, seconds
where 1, > ¢,

(b) Find the exact distance MN

2

N2
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e4x
2x -3

7 The equation of a curve is y =

When x is increased to (x + dx), y increases to (y +Jy) where dx and &y are small.

2x _
e (4x 37) S
(2x - 3)2

(a) Show that Jy ~

Y
Given that x =2.5

(b) find an estimate, to 2 significant figures, of the value of dy when the value of x
increases by 0.2%
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Diagram NOT
accurately drawn
A B
rcm O rad
0
Figure 1

Figure 1 shows the sector O4B of a circle with centre O.
The radius of the circle is » cm and the angle AOB is 6 radians.
The area of the sector is 675 cm’

(a) Show that the perimeter of the sector, P cm, is given by

1350
d 3

P=2r+

Given that » can vary,

(b) find, using calculus, the minimum value of P
Give your answer in the form ax/b where a is an integer and b is a prime number.

)

(c) Justify that the value of P you found in (b) is a minimum.
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C S Diagram NOT
accurately drawn

Figure 3

Figure 3 shows part of the curve C with equation y = i, x > 0 and part of the
curve S with equation y = 2x%,x >0 4x

The curve C and the curve S intersect at the point 4

(a) Find the coordinates of point 4

3
The finite region R, shown shaded in Figure 3, bounded by the curve C, the curve S and
the straight line y = 4 is rotated through 360° about the y-axis.
(b) Find, using algebraic integration, the exact volume of the solid formed.
Q)
. J
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A: rom » g Diagram NOT

accurately drawn

Figure 4

Figure 4 shows a solid right triangular prism ABCDEF
The cross section of the prism is an isosceles triangle.
* ZDEC = LAFB = 90°
e« AB=DC =xcm
e« AD=BC=FE=ycm
e AF =BF =DE =CE

The triangular faces of the prism are vertical and the edges 4D, BC and FE
are horizontal.

The volume of the prism is 3.6 cm’

The total external surface area of the prism is S cm’

(a) Show that S satisfies the equation

2 72(V2 +1

2 5x (C))
Given that x can vary,

(b) use calculus, to find to 3 significant figures, the value of x for which § is
a minimum.
Justify that this value of x gives a minimum value of S

(C))

(c) Hence find, to 2 significant figures, the minimum value of S
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5 A particle P is moving along a straight line.
At time 7 seconds (¢ > 0), the velocity, v m/s, of P is given by
v=>3"-16¢+5

(a) Find the values of # when P is instantaneously at rest.

At time ¢ seconds the acceleration of P is a m/s”

(b) Find the range of values of ¢ for which @ > 0

(c) Find the distance, in m, that P travels in the interval 1 < ¢ < 4

(©))

(2)

N2
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(10)

(
9
Diagram NOT
accurately drawn
VA
\ I
0 x
Figure 3
Figure 3 shows part of the curve C with equation y* =x—1 and part of the line / with
equation 2y+x—4=0
The region R, bounded by the x-axis, the curve C and the line /, is rotated through
360° about the x-axis.
Using algebraic integration, find the exact value of the volume of the solid generated.
.
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3 A particle P is moving along a straight line, from a fixed origin O
At time ¢ seconds (t > 0) , the velocity, v m/s, of P is given by
v=2t"-191+35
At time ¢ seconds the acceleration of P is @ m/s’

(a) Find the value of ¢ for which a =0
3

P is instantaneously at rest at time 7; seconds and at time 7, seconds where 7, > T;

(b) Find the value of 7} and the value of 7,
3)

(c) Find the exact distance, in metres, that P travels between the times 7; and T,
Show your working clearly.
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rem Diagram NOT

—») 4
\/ accurately drawn

hcm
L) v
Figure 1

Figure 1 shows a solid right circular cylinder with radius » cm and height # cm
The total surface area of the cylinder is 7007 cm®
The volume of the cylinder is ' cm’

(a) Show that ¥ =7r(350—r7)

C))

Given that r can vary and using calculus,

(b) find, in cm to 3 significant figures, the value of  for which V' is a maximum.

Justify that this value of » gives a maximum value of V'

)]

(c) Find, to 3 significant figures, the height # cm for which V is a maximum.
1)

\ J
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( )
r R
6

A
. Diagram NOT
! y metres accurately drawn

ol S I

i X metres

E

Figure 2

Figure 2 shows a lawn ABCDEF, where ABDE is a rectangle of length y metres and
width 2x metres. Each end of the lawn is a semicircle of radius x metres. The lawn has
perimeter 90m and area Sm?

(a) Show that S can be written in the form

where k is a constant.

State the value of .

“4)
(b) Use calculus to find, to 4 significant figures, the value of x for which S is a
maximum, justifying that this value of x gives a maximum value of S.
(3)
(¢) Find, to the nearest whole number, the maximum value of S.
2)
\_ J
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( )
5
ya
Diagram NOT
25
accurately drawn
Figure 2
Figure 2 shows part of the curve with equation y = 25 — x* and part of the line with
equation y +x =13
The curve and the line intersect at the points 4 and B.
(a) Use algebra to find the coordinates of 4 and the coordinates of B.
4
The region R, shown shaded in Figure 2, is bounded by the curve, the straight line and
the x-axis.
(b) Use algebraic integration to find the area of R.
)
. _J
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( )
1
Diagram NOT
VA accurately drawn
C
0, b) D /
0 (16,0) x
Figure 2
Figure 2 shows part of the curve C with equation y = +/x — 2
Figure 2 also shows the straight line / with equation y =5 for x > 0 where b > 0
Given that C and / intersect at the point P with coordinates (a, b), where 2 < a < 16
(a) show that »>=qa -2
(2)
The finite region R bounded by C, the straight line with equation x =16 and /,
shown shaded in Figure 2, is rotated through 360° about the x-axis to form a solid S.
Given that the volume of the solid formed is 507
(b) use algebraic integration to find the value of ¢ and the value of b.
9
\_ _J
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( )
7 Th Ch tion y= ——
e curve Chas equation y = —5——
(a) Using calculus, find the coordinates of the stationary points on C.
)
2 2
(b) Show that &y = 2 —12)
dx? (x*+4)
4
(c) Hence, or otherwise, determine the nature of each of these stationary points.
(2)
1\ J
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( )
4 The curve C has equation y = 2x* + px + ¢ where p and q are integers.
The curve C has a stationary point at (3, —5)
(a) Show that p =—12 and find the value of ¢
4
(b) State, giving a reason, the nature of the stationary point.
1)
(c) Find an equation of the normal to C at the point on C where x = 1
Give your answer in the form ax + by + ¢ =0
(6)
. J
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yem Diagram NOT
accurately drawn

3xcm

Figure 2

Figure 2 shows a block of wood in the shape of a right triangular prism.

The cross section of the prism is a right-angled triangle with sides of length
3xcm, 4xcm and S5xcm.

The length of the prism is ycm.
The total surface area of the five faces of the prism is 144 cm?
The volume of the prism is V'em?

(a) Show that

V="72x — 6x°

)

Given that x can vary,

(b) use calculus to find the value of x for which V' is a maximum, justifying that this

value gives a maximum value of V'

“4)

(¢) Find the maximum value of
(2)

\_ J
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6 The curve C has equation

y=4x
The point 4 on C has coordinates (9, 12)

The tangent to C at the point 4 meets the x-axis at the point 7

(a) Find the coordinates of T
)

The normal to C at the point 4 meets the x-axis at the point N

(b) Find the coordinates of N

(c) Calculate the area of triangle ATN

N2
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\
10 Using suitable results for sin(4 + B) and sin(4 — B) from the formulae page,
(a) show that 2sin4xcosx =sin5x + sin3x
3
VA Diagram NOT
accurately drawn
0 X
Figure 4
Figure 4 shows part of a sketch of the curve y = 6sin4xcosx
(b) Using calculus, find the total area bounded by the curve and the x-axis between
T
x=0 and x= >
Give your answer to 3 significant figures.
®
J
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Figure 2

Figure 2 shows part of the curve C with equation y = e — 1 and part of the curve D
with equation y =9 — 9¢ >

The curves intersect at the origin O and the point 4.

(a) (i) Show that the x coordinate of the point A satisfies the equation
(€)Y’ —10e"+9=0

1
(i) Hence, show that the x coordinate of the point A4 is 3 In9
)
The finite region bounded by C and by D is shown shaded in Figure 2.

(b) Use calculus to find the exact area of this region.

N2
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(
7 A particle P is moving along the x-axis. At time # seconds (¢ > 0) the velocity of P is
vm/s where
v==1—10¢+28
(a) Find the velocity of P when ¢ =1
1)
Given that the distance of P from the origin is 24m when ¢ =3
(b) find the distance of P from the origin when ¢ =5
)
(c) Find the acceleration of P when ¢ =9
(2)
(d) (i) Show that there are no values of ¢ for which P is instantaneously at rest.
(i) Find the least magnitude of the velocity of P
3)
\_
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5 A solid cuboid has width xcm, length 4xcm and height 4 cm.
The volume of the cuboid is 75 cm® and the surface area of the cuboid is Scm?’

375
(a) Show that §=8x"+ E™

Q)
Given that x can vary, using calculus,
(b) (i) find to 3 significant figures, the value of x for which S is a minimum,

(i1) justify that this value of x gives a minimum value of S

)

(c) Find, to 3 significant figures, the minimum value of S

N2
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accurately drawn

Figure 4

Figure 4 shows a container in the shape of a right circular cone.
The container is fixed with its axis of symmetry vertical.
The vertical angle of the container is 60° as shown in the diagram.

At time ¢ seconds, ¢ > 0, the height of oil in the container is # cm and the volume of oil
in the container is V cm’

(a) Show that V' = l7zh3
9 3)

At time ¢ seconds the surface area of oil in the container is A cm’, as shown in Figure 4
Oil is dripping out of the bottom of the container at a constant rate of 4 cm’/s.

(b) Find the exact rate of change, in cm?/s, of the surface area of oil in the container
when i =24

INZ)
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Diagram NOT
accurately drawn

rcm

Figure 2 shows a shape ABCDEOFG

ABCO is a quarter circle with radius 7cm

The total area of the shape is 100 cm’
The perimeter of the shape is Pcm

(a) Show that P= 200 +2r

r

value of » gives a minimum value of P

(c) Find the minimum value of P

F

Figure 2

CDEO and AOFG are congruent rectangles of length »cm and width xcm

(b) Use calculus to find the value of » for which P is a minimum, justifying that this

(C))

)
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X cm

2x cm

Figure 3

Diagram NOT
accurately drawn

Figure 3 shows a solid cuboid with sides of length x cm, 2x cm and y cm

The volume of the cuboid is 72 cm®

The total surface area of the cuboid is 4 cm®

(a) Show that 4= 216 | 4y

X

(b) Use calculus to find the minimum value of 4
Justify that your value is a minimum value of 4

C))

INZ)
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10 The equation of a curve C is y = f(x) where f'(x) =3x> —4x —pandp # 0
The points with coordinates (2, 0) and (=1, 9) lie on C.

(a) Show that C has equation y =x* — 2x> — 4x + 8
(6)

The straight line / has equation y = 8§ — 4x

(b) Use algebraic integration to find the exact area of the finite region bounded by C
and /.
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10

Diagram NOT
accurately drawn

Figure 2

Figure 2 shows part of the curve C| with equation y =sinx + 1 and part of the curve

C, with equation y = cosx + 1

As shown in Figure 2, C, and C, intersect at the point 4 and at the point B

(a) Find the exact value of the x coordinate of 4 and the exact value of the x coordinate of B

(©))

The shaded finite region R, shown in Figure 2 is bounded by C, and C,

The shaded finite region R, shown in Figure 2 is bounded by the x-axis, C, and C,

(b) Use calculus to find the ratio

area of R, : area of R,

2

Give your answer in the form a: (T - c] where a, b and ¢ are integers.

N2
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ANSWER >

Diagram NOT
accurately drawn

Figure 2

Figure 2 shows a waste paper basket in the shape of a right prism with 5 faces and a
cross section that is a trapezium. The top, EFGH, of the waste paper basket is open.

The base of the prism ABCD is a rectangle with
AB=DC=2xcm and AD=BC=hcm
The cross sections HGBA and EFCD are such that
EF=HG=8xcm and AH=BG=CF =DE = 5xcm
The top, EFGH, of the waste paper basket is such that
EH=FG=hcm
The volume of the waste paper basket is 2250 cm?

The total surface area of the 5 faces of the waste paper basket is Scm?

1350
(a) Show that S=40x*+
X
)
Given that x can vary,
(b) use calculus, to find, to 3 significant figures, the value of x for which S is
a minimum.
Justify that this value of x gives a minimum value of S
)
(c) Find, to 3 significant figures, the minimum value of §
(2)
\_ J

N2
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11

/\ Diagram NOT
accurately drawn

hcm

Figure 3

Figure 3 shows a solid metal right circular cylinder of radius »cm and height /#cm.

The total surface area of the cylinder is 600 cm”

The volume of the cylinder is ¥cm®

(a) Show that V=300r — o’

Given that r can vary,

(b) (1) use calculus to show that the exact value of » for which V' is a maximum is

(i1) justify that this value of 7 gives a maximum value of V'

The cylinder is melted down and reformed into a sphere of radius pcm.

(c) Find, to one decimal place, the greatest possible value of p

Q)
100
p= |2
T
)
3

INZ)
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11

VA

Diagram NOT
accurately drawn

Figure 4

Figure 4 shows part of a curve C with equation y = 3e3
The point 4 with coordinates (2, p) lies on C

(a) Write down the exact value of p

()

The straight line n, shown on Figure 4, is the normal to C at 4 and crosses the x-axis at
point B

The region R, shown shaded in Figure 4, is bounded by C, n, the x-axis and the y-axis.

(b) Use algebraic integration to find the area of R
2
Give your answer in the form %e% We3-Ww

where W and V are integers to be found.

INA
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11

Diagram NOT
accurately drawn

Figure 4

A company manufactures chocolate bars that are inside packaging that is in the shape of
a right triangular prism.

The cross section of the prism is an equilateral triangle with sides of length xcm, as
shown in Figure 4.

The volume of the prism is 72 cm?
The total surface area of the prism is Scm?

(a) Show that

B 2883

S = +
2 X

(6)

Given that x can vary,

(b) use calculus to find, to 4 significant figures, the value of x for which § is a minimum,

justifying that this value gives a minimum value of S.

3

(c) Find, to 3 significant figures, the minimum value of S.
(2)

\_ J
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Diagram NOT
accurately drawn

Figure 1

Figure 1 shows a badge, shown shaded, made from two identical rectangles, ABCD and
DEFG, and a sector DCG of a circle with centre D.

Each rectangle measures xcm by ycm.
The radius of the sector is xcm and the angle CDG is 0.5 radians.

The area of the badge is 50 cm’
The perimeter of the badge is Pcm.

(a) Show that

100
P=2x+ 7
)
Given that x can vary,
(b) use calculus, to find the exact value of x for which P is a minimum.
Justify that this value of x gives a minimum value for P
(6)
(¢) Find the minimum value of P
Give your answer in the form k\/i , where £ is an integer to be found.
(2)
N\ _J
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Diagram NOT
accurately drawn

Figure 1
Figure 1 shows a sketch of part of the curve C with equation
y= %2 ~3Jx +8
The point P lies on C and has coordinates (4, a)

(a) Show that a =6

1)
The line L is the normal to C at the point P
(b) Show that an equation of L is 5y + 4x —46 =0
(6)
The finite region R is bounded by the curve C, the line L, the x-axis and the line with
equation x =1
(c) Use calculus to find the exact area of R
(6)
. J

INZ)
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(
9
VA
Diagram NOT
accurately drawn
Figure 4
Figure 4 shows a sketch of part of the curve C with equation y =f(x) where
f(x) =2x"+ax* +bx+c
. . . . 1 100
The curve C has a maximum at the point 4 with coordinates | ——, —
and a minimum at the point B with coordinates (2, -9) 327
Given that a, b and c are integers
(a) show that a=-5,b=—4 andc=3
)
(b) (i) Show that (x+1) is a factor of f(x)
1)
(i1) Hence, or otherwise, use algebra to factorise f(x) completely.
3
The curve C crosses the x-axis at the points M, N and P
The finite regions shown shaded in Figure 4 are bounded by the curve C
and parts of the x-axis from M to N and from N to P
(c) Use algebraic integration to determine the total area of the shaded regions.
Give your answer as an exact fraction.
Q)
\_

N2
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( )
. . . . . 28
9 The curve C, with equation y = f(x), passes through the point with coordinates (—2, - ?)
Given that f'(x) =x* —x*—4x + 4
(a) show that C passes through the origin.
“4)
(b) (i) Show that C has a minimum point at x = 2 and a maximum point at x = 1
(i) Find the exact value of the y coordinate at each of these points.
(7)
The curve has another turning point at 4.
(c) (i) Find the coordinates of 4.
(i) Determine the nature of this turning point.
3)
. _J
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( )
10 flx)=32x*-33x + 1
(a) Show that f(1) =0
1
(b) Hence using an algebraic method solve f(x) = 0
“4)
VA
Diagram NOT
accurately drawn
Cl
LC2
0 a x

Figure 4

The region R, shown shaded in Figure 4, is bounded by the curve C| with equation y = Jx,

1
by the curve C, with equation y = o and by the line with equation x =a

The curves C| and C, intersect at the point B, with x coordinate p, where p < a

(c) Find the value of p.
(2)

2
The region R is rotated through 360° about the x-axis to generate a solid with volume g

(d) Use algebraic integration to find the value of a.

(7

INA
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11
YA

The line / is the normal to C at the point B.

(c) Using calculus, find the area of R.
Give your answer to one decimal place.

"\

Figure 3

Figure 3 shows part of the curve C with equation y =4 —e™
The curve C crosses the y-axis at the point 4 and the x-axis at the point B.

(a) (i) Write down the y coordinate of point A.

(i1) Show that the x coordinate of Bis x =1n2

The finite region R is bounded by C, / and the y-axis.

=V

y=4-e&>

(b) Find an equation for /, giving your answer in the form y =mx + ¢

Diagram NOT
accurately drawn

(©))

4

INZ)
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ANSWER >

8 The curve C, has equation y = 5¢ > + 4
The curve C, has equation y = e*
The curves C, and C, intersect at the point 4.

(a) Find the exact coordinates of 4.

“4)
The tangent at 4 to C| intersects the x-axis at the point B.

. 1
(b) Show that the x coordinate of B is 5(5 + In5)
)]

The tangent at 4 to C, intersects the x-axis at the point D.
(c) Find the area of A4BD.

N2
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VA Diagram NOT
accurately drawn

=V

19} A\/B

Figure 3

The curve C with equation y =x?— 5x + 4 crosses the x-axis at the points 4 and B, as
shown in Figure 3

(a) Find the coordinates of 4 and the coordinates of B.

3)
The tangent to C at 4 meets the tangent to C at B at the point 7.
(b) Find the coordinates of 7.
(6)
The normal to C at A meets the normal to C at B at the point N.
(c) Find the coordinates of N.
3)
(d) Find the area of the quadrilateral ATBN.
3
\_ J

INZ)
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10

Diagram NOT
accurately drawn

Figure 4

2
Figure 4 shows the curve C with equation y = % + sin3x where 0 < x < ?7:

The curve C crosses the x-axis at the points M and N

7
(a) Show that the coordinates of M are (%, 0) and find the coordinates of N

3
The curve C has a maximum at the point 4
(b) Find the coordinates of 4
4
(c) Find an equation of the tangent to C at M
Give your answer in the form ay + b V3x - c37=0 where a, b and ¢ are integers
to be found.
“4)

The finite region, shown shaded in Figure 4, is bounded by the curve C, the y-axis and
the part of the x-axis from O to N

(d) Use algebraic integration to find, to 3 significant figures, the total area of the shaded
region.

INA
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( )
7 The point with coordinates (4, —104) lies on the curve C with equation y = f(x)
Given that f'(x) =4x’ — 12x> — 19x + 12
(a) (1) show that C passes through the origin,
Q)
(i1) show that C has a maximum at the point on the curve where x = 0.5
3)
The curve C has another turning point at 4 and another turning point at B.
Given that the x coordinate of 4 is negative,
(b) (i) find the coordinates of 4 and the coordinates of B,
)
(i) determine the nature of these turning points.
3)
\_ J
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\
VA
Diagram NOT
/ accurately drawn
@0\ 10/ 0 (b, )\
Figure 1
Figure 1 shows part of the curve C with equation y = f(x)
The curve C passes through the points with coordinates
(a’ 0)) (_17 O): (b: O) and (09 C)
Given that f'(x) = 17 + 2x — 3x°
(a) show that the equation of Cis y =15+ 17x +x° — x°
C))
(b) Find the value of a, the value of b and the value of ¢
(6)
The straight line / intersects C at the points with coordinates (b, 0) and (0, ¢)
The region R, shown shaded in Figure 1, is bounded by / and C
(c) Use algebraic integration to find the exact area of region R
)
J

INZ)
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Diagram NOT
S accurately drawn

=<V

Figure 1

Figure 1 shows part of the curve S with equation y = px* +gx+r
where p, g and r are constants.

The points A4, B and P with coordinates (- 2, 0), (6, 0) and (4, — 6) respectively lie on S

2
(a) Show that an equation of S'is y = % -2x-6

(©))

The line / is the normal to S at the point P

(b) Show that an equation of /is 2y +x+8=0
)

The finite region shown shaded in Figure 1 is bounded by S and /

(c) Use algebraic integration to find the exact area of the shaded region.

INZ)
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8 f(x)=2x2—4x+9

The curve C has equation y =f(x)
The line / with equation y —8x+9=0 is a tangent to C
The line £ is perpendicular to / and is also the tangent to C at the point where x = p

(a) Find the value of p

(b) Show that
() (a+B) =a’+p*+3aB(a+p)
(i) a4+/34=((a+ﬁ)2—2aﬁ)2—2(aﬂ)

2

The quadratic equation f(x)=0 has roots o and S
Without solving the equation and using your results from part (b)

(c) form a quadratic equation with integer coefficients, that has roots

a’—p and B’ —a

)

2

INZ)
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9 f(x) =3x" + 4x’ — 36x° + 64
Given that f(x) can be written in the form (x — 2)*(ax® + bx + ¢)

(a) find the value of a, the value of b and the value of ¢

C))

y=x@x+3)(x-2) Diagram NOT

accurately drawn

Figure 3

Figure 3 shows a sketch of part of the curve C with equation y =x(x + 3)(x — 2)

The curve C crosses the x-axis at the point M, the origin and the point B.
The point N lies on the x-axis between M and O.
The point 4 lies on C such that AN is parallel to the y-axis.

The area of the shaded region bounded by the curve and OB is numerically equal to the
area of the shaded region bounded by the curve, ON and NA.

Given that the coordinates of N are (n,0),
(b) use algebraic integration to show that n satisfies the equation

(x=2)Y(3x>+ 16x+16)=0
@)

(c) Hence find the exact coordinates of A.

INZ)
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-

r

11 The curve C has equation 3y = x> + 2
The point P lies on C and has x coordinate 4
The line £ is the tangent to C at P.

(a) Find an equation for &, giving your answer in the form ay = bx + ¢
where a, b and ¢ are integers.

The line / is the normal to C at P.
(b) Find an equation for /, giving your answer in the form dy = ex + f
where d, e and fare integers.

(¢) Find the area of the triangle bounded by the line £, the line / and the x-axis.

The finite region bounded by C, the line /, the x-axis and the y-axis is rotated through
360° about the x-axis.

(d) Use algebraic integration to find, to the nearest whole number, the volume of the
solid generated.

(6)

2)

3

(6)

N2
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<QUESTION

Question
Number Scheme Marks
1 36xe® cos2x—12e% sin 2x M1A1Al (3)
[3]

2
6e** cos2x

M1 For applying the Product rule
e There must be an attempt to differentiate both terms.

Accept as a minimum either e = +axe® or cos2x = —bsin 2x
e A correct application of product rule — accept e.g 36xe® cos2x +12e> sin 2x
[36xesxz cos2x —126% sin 2x]

Al For either 36xe® cos2x or —12e*" sin2x

Need not be simplified
Al For the fully correct expression

36xe® cos2x —12e* sin 2x
Need not be simplified.

Accept for example: 6x6xe® cos 2x —6x 2x e sin 2x

A
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< QUESTION

Question Scheme Marks
Number
ds
1 =3t +8t-27=8 M1
3t2 +8t—35(=0) Al
Bt=7)(t+5)=0
t= Z MIl1Alcao
3
[4]
M1 Attempt the differentiation and equate their result to 8. Power of at least one term to
decrease and none to increase’
Al Obtain the correct 3TQ. Terms can be in any order and = 0 may be omitted.
Ml Attempt to solve their 3TQ by any valid method. Must reach t = ...
Alcao | Fort= % (negative answer must be omitted or eliminated) or t = 2.33 or better

A
149




MARK SCHEME - Paper 2 - November 2020 - Q1 Calculus (8) <QUESTION

Question

Number Scheme Marks
1 (v=)8+2t—t? B1
8+2t—t?=(2+t)(4-t)=0=>t=4 M1A1
Distance =3+8x4+4° —543 = 29g m
3 3 Al (4)
(accept 29.7 or better or a recurring decimal)
[4]

Bl Correct differentiation

M1 Equate their differentiated expression (min 2 correct terms) to 0 (= 0 may be implied by
their solution) and attempt to solve the 3 TQ by any valid method. Must reach t = ...
Calculator solution: Allow M1AL1 if their equation and its roots are correct , otherwise
MOAO

Al Correct value of t (Ignore t = -2 if shown)

Al Correct distance, exact or min 3sf Award AO if value when t = -2 is also offered (and not
excluded)

If there is an error in the solution of their equation but t = 4 is used to obtain the correct
answer this mark cannot be awarded.

7
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<QUESTION

Question Scheme Marks
Number
_ 8 3x 2 _ 3 6Xx
2 Vol=x[ (e )dx(— x| e dx) M1
3
7{166’(} = (lew _1)” oe AMIALAL
6 |, \6 6 (4)
[4]
M1 Use Vol = 7Z'J- y2dx
Award if pi missing here but reappears later. Limits not needed, ignore any shown.
dx may be missing.
dM1 | Square correctly and attempt the integration. e®* — ke®* where k = J_r%or +1 Limits and dx
may be missing. Award if pi missing here but reappears later.
Al Correct integration including correct limits
Al Substitute the limits and obtain the correct answer

‘Q\’}/.
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< QUESTION

1 [cos46 do = Sin449 ] MIAL
For an attempt to evaluate their integral using the given values and reach a
value
. T . v
. ) z sm(4xJ sm[4xj
[2cos40 dgz[smw}s = 3)_ 4)_..
n 4 z 4 4 M1
J'fcos40 dé’z—ﬁ o
z 8 [4]
Total 4 marks

Mark | Notes
For an attempt to integrate cos 46 obtaining:
M1 + sin 40

4
For this mark ignore incorrect / absent limits

For the correct integrated expression:
Al sin 460

4

For an attempt to evaluate their integral using the given values and reach a value.
M1 | Must be substituting into k sin 46

Condone candidates who convert to working in degrees to evaluate.

3

For the correct value j g cos40 d@ = —?
4

Note: question requires answer to be given in the form — JTE and therefore equivalent answers are not
acceptable.

‘l\’}/.
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< QUESTION

5
A=x(3r) =97rr2:>%:187rr Ml
5Azi1ﬂx5r:187rr(5r) B1
r
5_Az187zr5r:187r12”5r:22 M1
A A Orr r
hen 27 =0.05% = 24 ~ 0.1% so the area by about 0.1%
So when 7—0. 5A>:>7~ 1% so the area increases by about 0.1% | nr1A1
ALT
M1
Radius (after increase) = 3r x [1 + %) M1
~3.0015r {BI}
Area before increase = 7z(3r)2 =97r® Area after increase =
A=7(3.0015r)" =9.009002257 ML}
2 2

. 2-009002257r” =971 | 100 = 0.100025 ~ 0.1% | M1}

Percentage increase = 9rr? (A1}
so the area increases by about 0.1%

Total 5 marks

M1 Differentiate 4 wrt r

Bl Use of §Az%xé‘r
dr
Ml
Use of o4
A
Ml Use of or =0.05%
r
Al Area increases by about 0.1%
ALT:
Ml Finding the radius after the increase (may be implied by 3.00157)
B1 3.00157 (may be implied by a correct area after the increase)
M1 Finding the area after the increase
i Use of Area (new)-Ar.ea. (original) <100
Area (original)
Al Area increases by about 0.1%
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MARK SCHEME - Paper 1 - June 2021 - Q9 Calculus (8) < QUESTION

Question Scheme Marks
number
9 d
& —(x*=2x)e"™* + (3x* - 2)e** M1 Al
dx
d
When x = 1 _ 2 — Gradient of normal = _1 M1
dx "o
1 .
(y+1):—5(x—1) oe and isw once seen M1 A1
(5)
Total 5 marks

Mark | Notes
M1 | For the use of product rule.
This is not given on page 2 so please mark as follows:
e There must be an acceptable attempt to differentiate both terms. For this question

xX*—2x—ax’+b a,b=0

e >xe
. dv, du ) ) - -
e Allow their ud—ivd— (as long as it fulfils these minimum conditions)
X X
d
Y _ —(x® —2x)e"™ +(3x* —2)e"*
dx
Al
For the correct simplified or unsimplified g—y as shown above.
X
M1 I . . dy . .
For substituting x = 1 correctly into their ™ to obtain a value for the gradient of the
X
normal.
d 1
Whenx=1 2 ="2"= m, = ——— (must come from their d_y)
dx "2" dx

M1 | For correctly forming an equation using the given coordinates with their gradient of the

normal which is the negative reciprocal of their value of j—y
X

1
(y+1) = _E(X_l)
If y=mX+C is used, then they must find a value for ¢ and find an equation.

1 x 1
2 2 2

Al | For the correct equation as shown above in any form.

7
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< QUESTION

4

1 1
2 5 1 ; 2 >
dy 2¢0s2x(X* ~9)?2 —§x2xsm 2x(x* -9) 2
™ (x 9] M1A1A1
1 1
2c0s2x(x* —9)? (X* —9)2 — = x 2xxsin 2x
2
1
dy (x*-9)
dx (x2 —9)
dy 2(X*—9)cos2x—xsin2x . dM1A1
dx 2 o) cs0
(x*-9) 5]
ALT
_1
y = sin(2x) (x2 —9) 2
dy 2 -1 . 1 2 _3
= 2 cos(2x)(x* —9) 7z + sin(2x) (— E) 2x)(x=—9)2 [M1A1A1
{d_y 2 cos(2x)(x?-9)- xsm(Zx)}
dx (x2— 9)2
dy _ 2(x2-9)cos(2x)—x sin(2x)
== o * dM1A1
cso]

Total 5 marks

M1

For an attempt at Quotient rule.
The definition of an attempt is that there must be a correct attempt to differentiate at least one

term and the denominator must be (vVx2 — 9)2.

Allow the terms in the numerator to be the wrong way around, but the terms must be
subtracted.

Attempt at differentiation of the terms:

sin(2x) — k cos(2x) where k is an integer

1 1
(x2—=9)2 > Ix(x2—9)2

Al

For correct differentiation of at least one term.
1 1
2 cos(2x) (x> —9)z or — l x 2x sin2x (x2 —9)72

Al

For a fully correct Quotlent rule

dy _ 2cos2x(x? 9)2——><2x sin 2x(x2-9)" 2

dx (x2-9)

.\\\\’{.
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MARK SCHEME - Paper 1 - November 2021 - Q4 Calculus (8)

< QUESTION

dM1

For an attempt to rearrange to the given form.
Dependent on M1 being scored.
An attempt requires obtaining a single fraction and multiplying numerator and denominator

by (x? — 9)% (see {} in mark scheme).

Al
CSO

Fully correct method to show
dy _ 2(x*-9)cos2x—xsin2x

o G20y
3 3
Allow with 1/ (x2 — 9)3 given as (x? — 9)z or / (x2 — 9)

ALT — product rule

M1

For an attempt at Product rule.

The definition of an attempt is that there must be a correct attempt to differentiate at least one
term.

Attempt at dlfferentlatlon of the terms:

sin(2x) (x? — ) I k cos(2x) (x? — ) : where K is an integer
sin(2x) (x% — 9) 2 > lx sin(2x) (x? — 9) 2

Al

For correct differentiation of at least one term.
1 3
Either 2 cos(2x)(x?> —9)™z or sin(2x) (— %) 2x)(x* —9)2

Al

For a fully correct Product rule
1 3
j—z = 2cos(2x)(x? — 9)7z + sin(2x) (— %) 2x)(x? —-9)2

dM1

For an attempt to rearrange to the given form.
Dependent on M1 being scored.
An attempt requires obtaining a single fraction and multiplying numerator and denominator

by (x? — 9)% (see {} in mark scheme).

Al
CSO

Fully correct method to show
dy _ 2(x*-9)cos2x—xsin2x

i G20y
3 3
Allow with \/(x2 — 9)3 given as (x? — 9)z or / (x2 — 9)

RA
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MARK SCHEME - Paper 2 - January 2022 - Q3 Calculus (8) <QUESTION

Question Scheme Mark
3 9-x*=0=x=13 Bl
3%
. X
A= 9-x* dx=|9x-" M1A1l
- 3],

A:[9x3—3—3j—{9x—3—ﬁJ:36 M1A1l
3 [5]

Total | 5 marks

Mark | Notes
You may see the working without A = .... . Please accept for full marks.
B1 Find the intersections of C with the x-axis.

9-x*=0=x=43
Attempt to integrate the given expression only i.e., 9—x

A squared expression integrated is MO.
See General Guidance for the definition of an attempt.

M1

g X3 &
(A)=I 9-x* dx=| 9x——
a 3],
Ignore limits for this mark, even if they are completely missing.
3

Al For the correct integral (A) = {9X—X?} [ignore limits for this mark].

For substituting their limits into their integrated expression provided it is changed from
9—x* and is not a differentiated expression.

(A)=(9x'3'—§}—[9x'[—3]'—¥}:

This mark can be implied by the correct final answer following correct integration. Allow
also double 18 for this mark.

M1

If the final answer is incorrect and their integrated expression is incorrect, do not award this
mark unless substitution is explicitly seen.

f\% For the correct answer only (A)=36 (cm?)
5

7
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MARK SCHEME - Paper 1 - June 2023 - Q2 Calculus (8)

Question Scheme Marks

2

dy . 1 - 3
&:SInZXxEXZx(?wZX) 2 +(3+2X)2 x2x €0S 2X M1A1A1l

dy _ sin2x +2x4/(3+2x)coszx=S'n2X+2(3+2X)COSZX=.. dM1

dx /3+2x N3+2X

d_y_sin2x+(6+4x)COSZX . Al

dx V3+2x €S0

Where A=6and B =4 [5]

Total 5 marks

Mark

Notes

M1

For an attempt to apply product rule:

An attempt is as follows.
e The formula used must be correct. % =uv'+vu'
X

e Minimally acceptable differentiation used within a correct formula.

sin2x —» kcos2x and \/3+2x—>l(3+2x)

where k and | are a positive integers and k,I =0
(You will see | = 1 without other working which is correct)

1
2

Al

One term correct — (simplification not required) and the other minimally

acceptable.
1

Either sin ZXX%X 2><(3+ 2x)‘§

1
Or (3+2x)2x2xc0os2x

Al

Fully correct — simplification not required
1 1
% =sin 2Xx%x2x(3+ 2x) 2 +(3+2x)2 x2x€0s 2X
X

dMm1

1
For correct use of ¥3+2X 0 (3+2X)2 as a common denominator.
NB: This mark is dependent on the first M mark scored.

Al
Cso

d : . .
For the correct d—y as shown with no erroneous or missing working.
X

dy sin2x+(6+4x)cos2x
Allow embedded values. E.g., — =

dx N3+ 2x

isdM1A1

7
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MARK SCHEME - Paper 2 - November 2024 - Q3 Calculus (8) < QUESTION
Question Scheme Marks
number
3 4x2(2x-1)°e™ +3e*(2x-1)* oe M1A1Al
4%2(2(1) -1)°e* +3e*(2(1) -1)* dM1
11e*  cao Al
Total 5 marks

Part | Mark Additional Guidance
M1 | Use of product rule to give an expression of the form pe® (2x —1)% + qe® (2x —1)*.

There must be a + sign between terms. p> 0,9 >0

If they have expanded (2X—1)4 first, look for the form
e¥ (ax® +bx? +cx+d) +ge® (2x -1)*,
where g >0, and a, b, ¢, d are nonzero constants

FY], the correct expanded form of (2X—1)4 is 16x* —32x% +24x? —8x+1, and its

correct derivative is 64x® —96x? +48x —8, so you might see the correct j—yas
X

% =e¥(64x° —96x* +48x —8) +3e¥(2x-1)*
X

Al Either term correct.

Al Both terms correct.

dM1 | Substitution of x = 1 into their derivative. If no explicit substitution seen, provided
their derivative is correct, we award this mark if awrt 221 seen.

Dependent on previous method mark

Al Correct exact value, cao

RA
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5 dv
—l18h?
{dh } M1
av _ (+)36 B1
dt
384=6h*=h>=64 or h=4 B1
fin o, av)
d dv dt
dh 1
{E}=18x42 x(£)36 oe M1
= —1 oe Al
8
Total 5 marks

Part | Mark Additional Guidance
M1 | Correct differentiation, 18h?seen award the mark
Bl v

For o = -36 or 36 correctly stated explicitly or used implicitly in a chain rule.

Bl
For h®=64orh=4or h=3,/£(;4

M1 | For correctly substituting their derivative and their numbers into a correct chain
rule, implied or stated.

Al

For —% oe e.g. stating the height is decreasing at the rate of % is also correct

INZ)
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MARK SCHEME - Paper 2R - June 2025 - Q8 Calculus (8) < QUESTION

Question Scheme Marks
number
8 1 2 M1
3e¥ (9% +2)3 +§.9.e3x(9x+2) s Al Al
1 2
3e3(9+2)3+§.9.e3(9+2) 3 M1
=146 Al
[5]

Total 5 marks

Part | Mark Additional Guidance
M1 1 2
Use of product rule to give an expression of the form ke (9 +2)3 + 16> (9x + 2) *where

k=1or3,1 +1. There must be a + sign between terms.

Al 1 2 Lo
For +§.9.e3x (9x+2) 3 or +3e*(9x+2)® simplification not necessary.

Al Both terms correct — simplification not necessary.

M1 | Substitution of x = 1 into any changed expression

Allow substitution into an expression which has been simplified incorrectly after an
expression of the required form.

Can be implied by a correct answer or by 12.18...... +134.0.......

Al | Awrt 146

7
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MARK SCHEME - Paper 2 - June 2019 - Q2 Calculus (8) < QUESTION
Guestion Scheme Marks
Number
2 _ 8 B1
dt
a =2nr M1
dr
50
A=50 r=,|— (3.989...) M1
/4
dr dr d4 1
—=—x—,=—7=x8,=0.319 (cm/s
SRR = (cmy/s) MI,Alft,Al
27, |— [6]
V3
For either method, accept 4 or S for area, » for radius. Any other letters used for area
NB .
and/or radius must be defined.
B1 u =8 seen explicitly or used
t
. . 2 . d4
Ml Attempt to differentiate 77" to obtain ™ Power of » must decrease
r
Ml Attempt to obtain » when 4 =50 cm® (ie solve 50 = 7z7%)
Ml For a correct, useful, chain rule. Derivatives can appear in any order
Alft Substitute their known quantities and rearrange to % =... if not in this form already.
t
All 3 M marks needed
Al Correct answer, must be 3 sf
ALT “_ 8 B1
dt
r= \/E oe Ml
T
1
ar = 1 A2 M1
dd 2z
 dr_dr M1
de d4 dr
YV S STV B I Alft
2Wr 2z 50
=0.3191...=0.319 (cm/s) Al
B1 a =8 seen explicitly or used
t
MIl Attempt to find » in terms of 4
Ml Attempt to differentiate their expression for  to obtain % power of 4 must decrease
Ml For a correct, useful, chain rule. Derivatives can appear in any order
Alft Substitute their known quantities and rearrange to % =... if not in this form already. All
t
3 M marks needed
Al Correct answer, must be 3 sf

7
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MARK SCHEME - Paper 2 - June 2019 - Q3 Calculus (8) < QUESTION

Guestion Scheme Marks
Number

3(a) dv =2t-4 M1
dt
Accel =2 (m/s’) Al )

6 £ °
® | s=] (t2—4t+7)dt={——2t2+7t} MIALI
0 3 .
6’ dM1 Alcao
=—-2x6°+7x6=42 (m
3 (m) 4)
[6]
(a)

Ml Attempt to differentiate the expression for v. Power of 7 to decrease in at least one term
and increase in none.

Al Substitute = 3 and obtain correct acceleration — units may be missing
(b)

Ml Attempt to integrate the expression for v. Power of ¢ to increase in at least one term and

decrease in none. Ignore limits if shown. Constant not needed for indefinite integration.
Al Correct integration. Limits/constant not needed.

IM1 Either substitute the limits 0 and 6 or use s =0, ¢ = 0 to obtain a value for the constant
and substitute 7 = 6 in the complete expression. (Substitution of 0 can be implied if the
result would have been 0) Depends on the previous M mark
If more values of 7 are substituted and results used award M0

Alcao | §=42 (m)
NB Ans 42 w/o working scores 4/4 (Done on a calculator)

7
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3 Let | be the length. % =0.005
I:10x:>ﬂ:10 or ﬂ:10%:0.005:>%:0.0005 B1
dx dt dt dt
X x) 5zx° B1
r=—, V =7Z'(—) x10Xx =V =
2 2
d_V B 157 x> M1
dx 2
dv dv dx dl dv dv dx M1
—=—X—X— 0 —=—X—
dt  dx dl dt dt  dx dt
2 2
Vv _157mx3 1 0005 or I 1733 50005 dM1
dt 2 10 dt
=0.106028...
dv 5 Al
E~0.11 (cm®/s) [6]
Alternative
| |
X=— or r=— stated or used
10 20 Bl
| Y 7l
V=r —| xl="—
”(20) 7 200 B1
2
av _ 3l M1
dl 400
av _dv di
dt dl dt M1
dvV  37x30°
— = 0.005=0.106028...
dt 400 am1
Vo011 (cm®/s) Al
dt [6]
Total 6 marks

ll\’}/‘
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MARK SCHEME - Paper 2R - June 2019 - Q3 Calculus (8)

Apart from x, which is defined in the question, different variables may be used providing
that they are consistent throughout the working.
Score the best mark using either alternative but not a mixture of both.

BL | d =10 or ax =0.0005
dx dt

B1 | Correct expression for the volume of the cylinder. Simplification not needed.

2
Brackets for (gj are required unless implied by subsequent working.
M1 . . . adv . )
Attempt to differentiate to find FVE You need to see a multiple of x“from
X
differentiating x®. ft their V if it is a multiple of x* .
Mark the differentiation and ignore any error in the label, ?j—v , for this mark
X

only.

M1 State, or use correctly, the chain rule v = d—Vx%xﬂ or v = d—Vx%

dt dx dl dt d dx dt

dMm1 . . : : dv
Substitute to find a numerical expression for T dep on both M marks.
ft their d—Vﬂ% if clearly stated.

dx dx dt
Al | dv ~0.11 given to 2SF
dt
Alternative
Bl X = 1 or r= 1 stated or used
10 20
B1 | Correct expression for the volume of the cylinder. Simplification not needed.
2

Brackets for (ZLOJ are required unless implied by subsequent working.

M1 . . . av . 2
Attempt to differentiate to find o You need to see a multiple of 1°from
differentiating 1°. ft their V if it is a multiple of I° .

Mark the differentiation and ignore any error in the label, O('j—\l/ , for this mark
only.

M1 State, or use correctly, the chain rule av = d—Vxﬂ

ddl dt

aMm1 Substitute to find a numerical expression for %—\: dep on both M marks.
ft their O('j—\l/ if clearly stated.

Al (:j_\t/ ~0.11 given to 2SF

7

165

< QUESTION



< QUESTION

3(a) dy 2 (2 2x
et (x* +1)+e™(2x) MIAIAL
[3]
(b) When x=0
dy 2x0
—=2xIx1+1x0=2 =e " (0+1)=1
o y=e""(0+1) BIB1
y—1=2(x-0)=y=2x+1 B1
[3]
Total 6 marks
(@)
Attempted use of the product rule. Sum of two terms (either way round) with
M1 x" — X" (Condone €°* instead of 2e*) Once the correct answer is seen ISW.
This mark may be implied by the sum of two terms with one of the two terms
correct.
Al Either term correct
Al Both terms correct
(b)
B1 When x =0 ay =2
dx
B1 Whenx=0 y=1
B1 y=2x+1

INZ)
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6
@) [V = l7z|’2 h}
3
r h
tan30° =—=r=—
1 (hY 1 Al
V=-r|l—| h=>V==zh'* €50
3 9 (2]
® v M1
dh 3
dh dh dv dh 3 3
—=—X— = —= -09= x—0.9 =—-0.59683...
dt dv o dt dt  zh? 7x1.2° MIMI
~—0.597 cn/s ‘Zl
[Accept an answer of £0.597 cm/s] [4]
Total 6 marks
(@)
M1 Finding r = %and substituting into V = %ﬁrzh (Allow r =htan30°)
Al cso Obtains the given answer with no errors in the working
(b)
2
M1 v _zh
dh 3
dh  dh dv
M1 — = x——
dt dv dt
dh 3
M1 —= x10.9
dt zh?
Al +0.597 (cm/s)

INZ)
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MARK SCHEME - Paper 1R - November 2020 - Q4 Calculus (8) <QUESTION

Question Scheme Marks
number
4(a d M1
@) & 332 —6x—24
dx
"(x+2)(x-4)"=0 M1
x=-2orx=4 Al
(-2, 34) and (4, —74) Al
4
(b) d’y - .
—5="6x—6" and substitution of their -2 or 4 M1
. dy . . .
or consider values of I either side of their -2 or 4
or use properties of a cubic*
(-2, 34) maximum and (4, —74) minimum Alcso
(2)
[6]
Part | Mark Additional Guidance
(a) Ml General guidance — an attempt to differentiate, power of at least one term

must decrease by one.

Also, no power must increase.

M1 | Equates their derivative = 0 and attempts to solve by any method — see
general guidance.

Al | Both correct values for x

Al | All values correct, listed as coordinates or correctly paired

X= Y=

(b) Ml Correctly differentiates their derivative from part a and substitutes one of
their x values. Allow sight of 18 or -18 following a correct differentiation to

imply this mark.

Al Allow this mark if there is an incorrect y value from part a

)

Must correctly make the argument they’ve chosen and identify the points as
shown. If substituting x = -2 and x = 4 or values either side of the these, their
evaluations of the substitutions must be correct.

* A convincing argument about the shape of a positive cubic curve and
position of the minimum and maximum point must be made. Send to review,
if in doubt.

In the conclusion, it must be clearly stated which coordinate or value of x is
a maximum and which is a minimum. Just a substitution of a value and
stated max or min is insufficient.

R
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\Y =ﬂ7zr3 d—V=472'r2, A=4xr? =—=8xr M1A1 Al
3 dr (M1 for
any one)
dA _dA _ dr _ dv
L=xTxoe M1
de —ar v e
— — 2
2 = [87 x 10] X [Wloz] x 3 = 0.6 (cm?/s)
dM1Al
[6]

Total 6 marks

M1 | For using the correct formula for volume of a sphere or for surface area of a sphere and
attempt to differentiate their expression.
[See General Guidance for definition of attempt to differentiate]
Al | Forone correctj—‘r’ = 4mr? or j—‘: = 8nr
Al | For both correct 3—‘: = 4mr? and 3—’: = 8nr
M1 1 For applying a correct Chain rule using their j—‘: , their 2—’: and ‘;—‘t’ = 3 to obtain
gé-—ﬂéﬁx Eﬁ QK._'8 ! x’_;L_’)<3
dt ~ dr " dv " dt nr 4mrr?
May be seen in two stages.
dM1 | For substitution of » = 10 into their expression for Z—? to obtain
4 8 x 10" x'——'x 3
dt 41TX10
Al |22 =06(cm?/ 5)

‘l\’}/.
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2 4-x2=x+2=x+x-2=0=(x-1)(x+2)=0=x=1 -2 M1Al
v =n.[j2(4—x2)2 dX—iZ'fZ(X-I-Z)Z dx M1
x> 9x° i
V = ;zj x* —9x2 —4x+12 dx = ﬂ[g———ZX +12xL M1
15 3 2
V=r E_3X1 —2x1 +12><1 2><[ 2] +12><[ 2] M1
Vv :15372'_9
5
v _ 1oz Al
5
ALT "
V=7Z'J._12(4—X2)2 dx—%x32><3
57" M1
V =z (16-8x +x*) dx~[97]= ﬁ{lGX—% X?L_[gﬂ]

13 1 5 _2 3 _2 5
{[LQ][HH N R "
v 1887 o

5
v =1087I Al]
5
Total 6 marks

‘Q\’}/.
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MARK SCHEME - Paper 2 - November 2021 - Q2 Calculus (8)

Mark

Notes

M1

For equating the equation of the curve and the straight line, form a 3TQ with an
acceptable attempt to solve the equation to find the x coordinates of the two points
of intersection.

[See General Guidance for the definition of an attempt]

This mark is awarded for a complete method.

Al

Forx=1and -2

Method 1

M1

Uses the correct form for the volume of rotation.
Ft their x coordinates used correctly.
Everything must be correct for this mark including 7

M1

For an attempt to integrate their expression for the volume of rotation for either the
curve or the line (or even a combined expression).

Do not accept a mixture of integration and differentiation.

[See general guidance for minimum requirements for integration].

Award even if their expression is not squared.

Ignore the absence of 77 or limits for this mark.

M1

For attempting to evaluate their integrated expression (which must be a changed
expression) with their limits the correct way round.

Substitution must be seen.

Ignore the absence of 77 and ft their values of x for this mark

Al

For the correct exact value of % or exact equivalent.

Method 2

M1

Uses the correct form for the volume of rotation of the curve minus the volume of
the cone. The volume of the cone is: %xn'x('l'wL 2)2 x('1'—"-2")

Ft their x coordinates for the limits and for the dimensions of the cone.
Everything must be correct for this mark including 7

M1

For an attempt to integrate their expression for the curve.

Do not accept a mixture of integration and differentiation.

[See general guidance for minimum requirements for integration].
Award even if their expression is not squared,

Ignore the absence of 77 or limits for this mark.

M1

For attempting to evaluate their integrated expression (which must be a changed
expression) with their limits the correct way round.

Substitution must be seen.

Ignore the absence of 77 and ft their values of x for this mark

Al

For the correct exact value o or exact equivalent.

7
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5

dy _ a2x _ —2X __ 42X _ _ A—2x _

&_e 2xe™ = (1-2x) = 5y =€ (1-2x) 5 M1ALAL
e (1-2x)ox e (1-2x)x0.03x

ﬂxlOOz(—_H)x100= ( _Z)XX %100 dM1ddm1

y Xe xe

% change iny =3(1-2x)[%] Al

Total 6 marks

Mark

Notes

M1

For an attempt at Product Rule.

The definition of an attempt is as follows.
e Both terms must be differentiated as follows:

d(x) =1 de) ") =+Be™

dx dx

e The correct form of product rule must be used.

dv du

u—+v— or the other way around.

dx dx

Al

For a fully correct product rule j_y —e ¥ —2xe

X

Al

For 5y=e?(1-2x)6X or &y= (e‘2X —2xe‘2x)5x

or 6y=(e‘2x—2xe‘zx)x1::')—); or Sy=(e?"—2xe")x0.03x oe

dMm1

—2X _
For writing oy _¢ (L 22X)5X or
y xe ¥

Ft their differentiated expression provided it is of the form:

Sy =(Ae™ —Bxe™")ox

This mark is dependent on the first M mark.

5y _ (e —2xe ™)X

2x

y xe~

ddM1

For substituting in the value of 6x=0.
percentage change to the required form.

i.e.
e (1-2x)x0.03x
NI

9Y 100 =
y

This mark is dependent on the previous two M marks
The minimum required for an attempt is a correct cancellation of xe > from the

numerator and denominator.

x100 or ﬂxlOOz x100
y

03x and attempting to simplify the

(e’2X —2xe )x 0.03x

Xe—Zx

Al

For the correct answer in the required form y = 3(1— 2x)[%]

\\\’{
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MARK SCHEME - Paper 2R - January 2022 - Q3

Calculus (8)

Question
number

Scheme Marks

3()

(b)

dx

2x M1 Al
d—izZe2X V5Xx—-3+ oe Al

dy _ 3x*cos3x —x*(=3sin3x) M1 Al

25X -3 (3)

Al
(cos 3x)? 3)

Total 6 marks

Part

Mark | Notes

()

M1

For use of the product rule. Sum of two terms (either way round)
There must be an attempt to differentiate both terms.
See below.

(5x-3)r = “xkx(5x-3) 1 k20

e =le* 1£0

Al

For either term correct

5e2X
292X\/5X—3 or —_—
2+/5X -3

Al

For the correct derivative.

2X
Y o Bx 3425 o
dx 24/5x-3

1 1
% =2e” (5x—3)2 +§e2x (5x—3) 2 oe

(b)

M1

For an attempt at the use of the quotient rule.

- There must be an acceptable attempt to differentiate both terms
x* = 3x?

cos(3x)=-msin3x m=0

- The denominator must be squared.

- The terms in the numerator must be subtracted in either order.

Al

For one term correct
3x*cos3x or x3(-3sin3x)

Al

For the fully correct derivative.

7
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MARK SCHEME - Paper 2 - June 2022 - Q2 Calculus (8) < QUESTION

Question Scheme Marks
number
2 a :d—)t(:4t3—13.5 M1
When t=3 v=4(3)°-135=945ms™ ?;
2
27 M1
b 4t3 —13.5:03t3:§3t:1.5 Alft
)
c a= d—\t’ =12t M1
Whent=2 a=12x2°>=48ms™ é%
Total 6 marks
Part | Mark | Notes
Ignore incorrect/spurious notation through this question. e.g. ignore j_y =... orthe LHS
X
@) For an attempt to differentiate the given expression [with no terms
M1 | integrated]
See General Guidance for the definition of an attempt to differentiate.
Al For substituting the value of t = 3 into their differentiated expression and
obtains 94.5 (units not required)
(b) M1 For setting their % =0 which must be at a minimum of the form +kt*+1 and
attempting to find a value for t
For t=1.5
Alft | Ft their expression for v which must have come from an acceptable attempt
to differentiate the given x
(c) , . odx dx 3
M1 For differentiating their Ty which must be of the form a (orv) =+kt” £
where k and | are constants, [with no term integrated]
Al For substituting t = 2 into their differentiated expression and obtains 48 (units
not required)

7
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MARK SCHEME - Paper 2R - June 2022 - Q2 Calculus (8)
Question Scheme Marks
number
2 (V=)3x° B1
dVv
— =9x?
dx M1
(L)t o Vv dng,
dt ~ Jdt " av dt ~ dx * de M1
dx _\_8_ Al
(dt _) 9x2 o€
dx 8
(_t _) 9x22 o€ dm1
2
— oe Al
9 [6]
Total 6 marks
Part | Mark Additional Guidance
B1 | Correct simplified expression for Volume
M1 | Minimally acceptable attempt at differentiation— see general guidance
(kx? where k # 0 if working from correct V)
M1 dx
A correct chain rule that could be used to find E
dx dx . .
Condone absence of = unless = 1S not the subject.
Al As shown oe
dM1 - o
Substitution of x = 2 into their E , dependent on second method mark.
Al Correct answer (exact or correct to 2dp or better)
For all marks condone poor notation e.g. use of dy/dx as long as not ambiguous.

R
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r° r
A=—x==|

26 (12) B1
d_A_ZXﬂ'I‘_(ﬂ'_I’J M1
dr 12 6
dA_dA dr M1
d dr dt
LengthofarcAB=57”=r%:>r=15 M1
dA 7 x15 T M1A1l
= 02== (cm?/s
it 6 2( ) [6]

Total 6 marks

6 For using the correct formula for the area of the sector
r’ zr?
A = —X—=| —
276 [ 12 j B1

For an attempt to differentiate their expression for the area
provided it is in the form A=kr? where k # 1 (see general

guidance) M1
d_A _2xa7r _(ﬂ_l’j
dr 12 6

For a correct statement of chain rule to achieve Z—?

dA dA dr

— =—x— may be seen stated or implied by substitution.
gt dr dt Y PHEADY M1
For using the length of arc when the length of arc is 57” M1
57 rZ = (r=15)
2 6
For attempting to find the rate of change of area using a
correct chain rule, their Z—A , the given % and their value for r
r
4 T 15'% 0.2 =... M1
dt 6
dA 7 2
For the correct value of T2 (cm / s) Al
[6]

Total 6 marks

‘l\’}/.
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MARK SCHEME - Paper 2 - June 2023 - Q6 Calculus (8) < QUESTION

Question Scheme Marks
6
(a) (V =)5><1>< r’xsin z 2%# * B1*cso
2 3 4
[1]
b M1
dr 2
(When the area of BCDF = 60 cm?, BC = DF =r=)12 cm Bl
av _dv dr . M1
dt  dr dt
dv 53 ) dM1A1
(E ijxlzxo.z =63 oe (cm®/s) 5]
Total 6 marks

Part | Mark | Notes
(@) | BI* _ _ 1 , (=«
cso | For a correct expression for the volume of a prism V = 5x EX r=xsin §
followed by the given answer stated. No errors. Use of 60° for %is fine.

(b) M1 | For differentiating the expression for V to given an expression of the form pr
where p is a positive constant. We don’t need to see (%—\r/ :j if it’s clear the
candidate has attempted to differentiate the given volume.

B1 | For finding the length BC or DF when the area of the face BCDF = 60 and
deducing that r = 12 cm.
M1 . . . dv av dr
For a correct chain rule involving —, — and —
dt = dr dt
[Can be implied by later correct substitution.]
dM1 dv dr
For substituting their o their r and the given value of m =0.2
Dependent on the first method mark.
Al
For (d—v =j 63 (cm®/s)
dt
Que Scheme Marks
stio
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MARK SCHEME - Paper 1R - June 2024 - Q6 Calculus (8)
Question Scheme Marks
6(d) | t=0=s=e"%sin(3x0)+2=2
t=£:>s=e2xﬁsin(3xzj+2=e3+2 M1
6 6
AB=g3 +2-2=g% (m) Al
[2]
(b) v = 2e” sin 3t +3e” cos 3t M1A1A1
When t =2
3
uw 2 . 2z
v=2e3 sin(—xB}LSe 3 cos(—ij:—Se 3 (mfs) B1ft
3 3 [4]
Total 6 marks
Part | Mark Notes
@ For an attempt to find the displacements of A and B as simplified
M1 values.
At least one must be correct and simplified for this mark and there must
be an attempt at the other.
Al | For finding the distance AB
(b) For an attempt at product rule.

[v]= ke xsin 3t +e% x| cos
sin 3t

e The terms must be added.

e >ke® and sin3t —1cos3t

e The formula must be correct. i.e.,

3t

M1 e There must be an acceptable attempt to differentiate both e* and

k,I =0 and integers

Al | One term fully correct.

Al | Both terms fully correct.

B1ft

For using t :% in their v to find a

result.

value for v

The minimally acceptable expression for v must be a changed
expression from the given s in terms of e*, sin3x and cos3x

Note: This is a ft mark. Please check their substitution and the final

Please isw a value of —24.36.... if seen together with the exact value.

7
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MARK SCHEME - Paper 2R - June 2024 - Q5 Calculus (8) < QUESTION

Question Scheme Marks
5 dr B

dF 3 M1A1l
V= 2 x—7p3
{dr 2 ZOr oe

03 07 =—00095663 /

T dar X n =} - NE x 0.7 = —0. ... (newtons/s) M1dM1AL

[6]
Accept awrt — 0.00957 or -9.57 x 1073

Total 6 marks

Mark Notes
Bl For writing % = 0.7 can be implied or embedded in later work. Condone using letter d or
D or R only instead of r.

M1 For an attempt to differentiate the formula for F, for ...r=2 —...r~3 oe

: -P : . . .
Attempts quotient rule, look for = (P >0, Q>0) oe, if the quotient rule is quoted, it

Qr*
must be correct, if clearly they use incorrect quotient rule MO
Al For a correct differentiated expression simplified or unsimplified

M1 For a correct chain rule, accept in any order. (correct chain rule stated or implied by their
working) Condone using letter d instead of r.

For example, accept

dF  dF  dt dF dF dr {dF _
— =—X — or — =——+ —— | — does not need to be the subject
dr dt dr dr dt dt \ dt
dM1 For substituting the value of r=2.8 into their dF/dr in a correct chain rule, leading to
dr . . : .
= .(a value, not a numerical expression) | the value can be a fraction or decimal.

If their final answer is not correct, explicit substitution must be seen.
Depends on the previous method mark only.

Al For the correct value of % (Condone lack of units or incorrect units) isw

7
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MARK SCHEME - Paper 1 - June 2025 - Q7 Calculus (8)
Question Scheme Marks
number
7
Yo« B1
dt
{z—\;}=407zh—ﬂhz M1
dv dv dh dh k M1A1
—_ - X— Y — =
d dh dt dt 407h - zh?
1 k k 28
——=- =- =k=—rx(cm®/s
60 4O><7r><12—7z><122{ 3367r} 5 ) dM[é]Al
Total 6 marks
Part | Mark Additional Guidance
Bl For identifying that Z—\t/ =-k seen/embedded in a correct chain rule,
accept +k
M1 Attempt to find i_\; condone if i—\r/]is not present or incorrect
If attempted by expanding the bracket first, they need to achieve Ph + Qh?
If attempted by product rule, score for Ah(60—h) + Bh?
M1 A correct chain rule formed by using z—\;% and Z—\t/ (in any order)
stated or implied
Al | Obtains the correct chain rule having at least two terms with values/expressions
substituted in, no errors seen.
e.g.
—k =(4onh—;zh2)x@ or d—V=(4onh—;zh2)x_i
dt dt 60
M1 .
d Substitutes h =12, av _ +k, dh_ ii and theird—v ='407zh — zh*"
dt dt 60 dh
to a correct chain rule to find k =...
Dependent on the 2nd M mark only
Al | Correct answer only for using correct signs throughout
28 . i
?7[ or 5.6z, ignore unit

7

180

< QUESTION



MARK SCHEME - Paper 1R - November 2020 - Q12 Calculus (8) <QUESTION

Question Scheme Marks
number
12 (a) jm Bl
(ZCOSXZO) (XZ)E or 90 ° (1)
(b) (2cos x =2sinx) tan x =1 M1
T R Al
(©) 2 )
4 . 2
I(O) (2sinx)dx + L"Z“ (2cos x)dx M1
[-2cosx]4 +[2sinx]2 Al
4
(—V2+2)+(2-v2)=4-22 dM1
=4 _\/g cao Alcao
CSO
4)
[71

Part | Mark Additional Guidance
(a) B1

T . .
For 5 or 90 degrees. Can also be shown as a coordinate — ignore any

incorrect y coordinate.
(b) M1 | Fortanx=1
Al

T : .
For Z or 45 degrees. Can also be shown as a coordinate — ignore any

incorrect y coordinate.
(c) M1 For both integrals correctly shown, with an addition sign between them.
Limits need not be shown. Must be 2 integrals shown. Can’t be shown as
one integral with incorrect limits.

Al For both functions correctly integrated. Limits need not be shown.
dM1 | For their limits clearly and correctly substituted in or for the numerical
expression(s) shown in the MS.
If mark awarded for substitution, both integrated expressions must have both
limits correctly substituted. 0 must be the lower limit on the first integral.

V4
Allow ft of their Z (must be the upper limit on the first integral and the

V4
lower limit on the second and can be in degrees) and their E (must be the

upper limit on the second integral and can be in degrees).

Al cao cso A0 if degrees used in part c

Note, can also be completed as either integral doubled — symmetry.

M1 — correct integral stated with multiply by 2 evident or implicit later.
Al correctly integrated

dM1 — as for main scheme, the multiply by 2 must be clearly shown.
Al as main scheme

R
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8 (a) 4x15=6 B1
zr’=6 M1
= E Al
Vs (3)
(b) d—A=27rr M1
dr
dr dr dA 1
— = x—|=—"-x15
dt dA” dt[ 2nr } M1
= 1 x1.5 M1
27r\/E
T
=0.173 Al
(4)

Total 7 marks

(8 | B1 |For(4x15=)6
M1 | For zr? =6 an attempt to rearrange to make r the subject
Al For r = \/E
Vs
b
(®) M1 | For 3—A = 27zr This must be correct.
r
M1 | For application of ﬂ = ﬂ X d—A
d dA dt
M1 | For substituting their r into %
Al | Forawrt0.173

INZ)
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Bl Accept ?j—'? =20

MARK SCHEME - Paper 1 - June 2022 - Q8 Calculus (8) < QUESTION
Question Scheme Marks
number

8a ﬂ7rr3 =500 sor’= 3x500 therefore r=4.92 accept awrt 4.92 M1 Al
3 4rr )

b o0A=20 B1

dA
(A:47zr2)—>(—):87rr M1
dr
dr 1
or~—oOoA=20x— M1
dA 8rr
Whenr=4.92 sr~ _20 0.16(16204507) M1
87(4.92)
or 0.1617428283 if 4.92 used
0.16 cm accept awrt to 0.16 '(Aé
Total 7 marks
Part Marks | Notes
(@) M1 For correct substitution into the formula for volume of a sphere and correct rearrangement
to give rorr?,
Al For r=4.92
(b) For 6 A=20- may be stated explicitly or implicit in working.

For 8zr

M1 . .
A may be replaced with another variable, eg S

dr dA
For or = d—AéA and substitution of 20 and their expression for .

L N . . dA .
M1 Condone poor notation if substitution and their expression for ar is correct.

dr dr dA dA
Eg accept — =— x— if using their expression for —
9 8CCEPL G g gp | SIng el expression for

dM1
condoned) foror
Dependent on previous method mark.

For substitution of their value for r into their expression (as given above, poor notation

Al For 0.16 cm (units not required)

Without appropriate calculus — no marks may be awarded for this question.

R
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<QUESTION

2@ | (@a=)2t-3 M1 Al
[2]
0 | (s=[(t*—3t+4)dt)
t3 3
(s =)?— Etz + 4t(+C) oe M1 Al
(t=2,5s=7)
3 3 )
Z_Ix2%44x24C=7=C=— dMm1
3 2
3
A 3 piaarli A M1AL
3 2 3
[5]
ALT
Displacement —7 = I:(xz —~3x+4) dx
x> 3x? )
| XX 4 [M1A1
3 2
3 2 3 2
| A3 ]| 23X 4 dM1M1
3 2 3 2
_Ar Al]
3
Total 7 marks

N2
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MARK SCHEME - Paper 1R - June 2022 - Q2 Calculus (8) < QUESTION

Part | Mark Additional Guidance
2(a) M1 | For a minimally acceptable attempt at differentiation (see general guidance), no power of t
must increase.
Al | Correct expression with or withouta = ...
(b) M1 | For a minimally acceptable attempt at integration (see general guidance), no power of t
must decrease. + C is not necessary for this mark.
Al Fully correct integration. C is not necessary for this mark.
dM1 | Correct substitution of t = 2 into their integrated expression, correctly equated to 7 and an
attempt to rearrange to find C.
Note: This mark is dependent on the first M mark in (b)
M1 | Substitution of t = 4 correctly into their expression for s, provided it is a changed
expression from v
Al Correct value oe must be an exact value.
ALT
M1 For a minimally acceptable attempt at integration (see general guidance), no power of t
must decrease.
Al Fully correct integration
dM1 | For the correct limits between t = 4 and t = 2 and equates to d — 7 or equivalent
M1 | Substitutes the limits to evaluate the integral
Al Correct value oe must be an exact value.

R
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MARK SCHEME - Paper 2 - January 2023 - Q4 Calculus (8)
Question Scheme Marks
number
Vs z® T
When x=— y=— S0 | —,— Bl
2 y 8 ( 2 8 J
Y a2 3 M1
&—3X Sin X+ X” CoS X AL AL
2 3 2
4 When x == d—y=3z sin| Z |+ Z 1 cos| Z | = 37 M1
2 dx 2 2 2 2 4
3 2
3
y- L =2 [y T M1
8 4 2
3
y= “rtx-=r Al
4
Total 7 marks
Mark | Notes
Note: In this question, all substitution of angle values must be in Radians only.
3 3
B1 | For obtainingy = % [allow (%) and also awrt y = 3.88]
For an attempt to use the product rule.
The definition of an attempt is as follows:
e There must be a correct attempt to differentiate both terms.
M1 sinx=>cosx x’=ax* wherex=0
e The correct formula must be used. i.e., it must be a sum of their two
terms.

Al | At least one term must be correct. Either 3x*sinx or x°cosx
For 3x*sin x+ x® cosx oe

Al | Ignore any subsequent simplification once you have seen the correct answer —
even if the simplification is incorrect.

d 3
For substitution of % into their d_i = {Zﬂz } provided it is a changed expression.
Allow a value of awrt 7.4(0)
M1 ) e . . dy . . .
NOTE: You must see a full substitution of — into their — if their expression
2 dx
for dy IS incorrect.
dx
For a correct method for finding the equation of a line using their value of y,
dy/dx and the given x [allow x = 1.57...]. This must be applied correctly.

ML | Either uses the formula with their values, or if uses y =mx+c they must
reach a value for c before this mark can be awarded. Do not allow processing
errors to find the value of ¢

3 1
For y=-r’Xx-=7r°

Al 4 4
Allow y=7.4(0)x—7.75 or better values.

Do not allow a mixture of decimals and exact values.

7
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MARK SCHEME - Paper 2 - January 2023 - Q9

Calculus (8)

Question Scheme Marks
number
9
9A _ 0.45 B1
dt
V=x= v _ 3% B1
dx
A:6x2:>d—A:12x B1
dx
384 =6x" = x=8 M1
dv _dv dx dA "
dt  dx dA dt
dv 1 9x
— =3x*x—x0.45 | === oe
dt 12X [ 80} dm1
When x =8 ?j_\t/ =0.9cm3/s Al
Total 7 marks
Mark Notes
For e =0.45 seen anywhere in their working
Bl ds
Accept other letters, for example S for the area o =0.45
av .,
B1 For & = 3X
Accept also other letters in place of x such as r for example.
dA
B1 For iy 12x
Accept also other letters in place of x such as r for example.
For setting 384 = 6x° and proceeding to a correct method leading to a
M1 value of x
Award this mark when they obtain x> =64=x=...
For a correct expression of the chain rule seen or implied.
dv. dv dx dA
L, —=—X—XxX—o
dt  dx dA dt
M1 They may complete this in two stages. So you may see for example:
I 1 A pdV  de dv
dt dA dt dt dt dx
dx
For substituting their values into a correct chain rule.
dv 2 1
—=3(8) x x 0.45
am1 | g 3@ e
This mark is dependent on the previous M mark scored.
Al For 0.9 (cm3/s)

A
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< QUESTION

S@ | dv_ g M1
dt
%=4x5—19=1(m/82) Al
[2]
(b) 2t2-19t+35=0=(2t-5)(t-7)=0 t—5 7
~19t+35=0= (2t -5)(t-7)=0=t=2, M1
H:g t,=7 Al
[2]
(©) 7 2t 10t2 !
— 2_ — —_——
D—Ig(Zt 19t+35)dt—{3 > +35t}5 M1
2
3 2 3 2
2x7 _19><7 +35%7 |- 2x2.5 _19><2.5 +35x25 M1
3 3
Al
=[4—9—%}=[8.167—38.542]=[—@ or -30.375} 3]
6 24 8
= D=%(m) oe e.g. 30.375
Total 7 marks
INZ
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MARK SCHEME - Paper 2R - June 2023 - Q5 Calculus (8)

Part

Mark

Notes

(@)

M1

For differentiating the given v and substituting in t = 5 into the
derivative. Both differentiation and substitution must be correct for this
mark.

Al

For the correct acceleration of 1 m/s?. Units are not required.

(b)

M1

For attempting to solve the given 3TQ for the velocity.

A correct method must be used, and they must reach two values of t for
the award of this mark.

See General Guidance for the definition of an attempt to solve a 3TQ.
If there is no visible method seen, both values of t must be seen for the
award of this mark.

Al

For the two correct values of t
They do not need to ne identified as t, or t, for this mark. Accept

§ and 7 seen.
2

(©)

M1

For an attempt to integrate the given expression for v.
At least one term must be correct and no terms are to be differentiated.
If the value of 35 “disappears’ it is MO.

The question states ‘use calculus’ so integration must be seen.

M1

For substituting the two values of t into their integrated expression.
and subtracting the result (either way) of both substitutions.
Allow for any changed expression from v

A correct answer of i% or £30.375 implies correct substitution

into a correct integral.

If the integration is incorrect, or the values are incorrect, full correct
substitution must be seen for the award of this mark.

Al

For the correct distance (which must be a positive value).

7
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< QUESTION

7(a) 1
(cos367+\/§sin36')2 =O:>cossez—\/§sin39:tan39=—% M1
=30=-= or 5{ Al
—m=-% n=T o
18 18 [3]
(b) o, .
V =z (cos30+3sin30) dg M1
18
_ Sz
H 18
Ve sin3¢9  /3cos30 M1
3 3 z
- 18
sin 3(5”) «/50033[5”) sin 3(—”) \/50053(—”)
Vv 18 18 18 18 M1
=7 — — —
3 3 3 3
\ 4—” Al
3 [4]
Total 7 marks
Part | Mark Notes
@) M1 | Sets the equation = 0 and obtains tan 36 = k

Al | Finds at least one correct value of 36
30--= or %
6 6
Works in degrees
Accept —30° or 150° for this mark.
This mark is also implied by one correct solution for m or n in degrees or

radians.
NB Thisisan M mark in Epen
Al For m - n :5_7r which must be in radians.
18 18

Accept embedded in coordinates.
M and n do not need to be identified.

.:\’{.
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MARK SCHEME - Paper 2R - June 2023 - Q7 Calculus (8) < QUESTION

(b) | Working in degrees.
Allow working in degrees up to the last M mark.

M1 | For a correct statement for the volume of revolution with 7 and their limits.
Allow

2 -
Vv =7zflj'r:([cos30+\@sin3¢9};) d@ orV :n'[jlfj,(cos36?+\/§sin30) de
18 18

Allow also:
V=7 (cos30++3sin30) dx orevenV =7 (cos30++3sin30)
13 13

This mark can be implied by correct further working
Working in degrees

V= ;sz;l(cosw ++/3sin 39) do

M1 | For an acceptable attempt at integration.
Minimally acceptable integration is as follows.

sin 349’ sin30 — + cos 3¢

cos30 = +

Ignore absence or incorrect limits and the absence of 7 for this mark.

M1 | For substitution of the correct limits into their integrated expression the correct
way around. This must be a changed expression from the one given.

If the integrated expression is correct with correct limits, allow a final volume

of 4?” seen without explicit substitution. If the final volume is incorrect

without evidence of explicit substitution award MO.

If the integrated expression is incorrect or the limits are incorrect, explicit
substitution must be seen for the award of this mark.

Do not allow use of degrees at this stage.

Ignore absence of 7 for this mark.

For the correct volume (V) - 4?”

Al

7
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MARK SCHEME - Paper 2 - November 2023 - Q3 Calculus (8) <QUESTION

Question Scheme Marks
3@ | v=6t>—16t+c M1
t= O, v=12 Al
6t° )
v=——16t+12=[3t’ ~16t+12]
2
M1
(ii)
3 2
1
s=3L— ot +12t+k
Al
[t=0, s=0]=k=0 [4]
s=t°-8t* +12t
(b) At the origin,s =0
t° —4t* +12t =0 M1
=t(t-2)(t-6)=0 dM1
=>t=2,6, (O) AL
P first returns to the origin when t = 2 seconds 3]
Total 7 marks
Part | Mark Notes
@) M1 | For integrating the given expression. (+c) not required for this mark
See General Guidance for the definition of an attempt.
No term to be differentiated.
Al Finds the value of ¢ and the correct expression for v
(i) M1 | For an acceptable attempt to integrate their v. See General Guidance for the definition
of an attempt.
(+k) not required for this mark.
No term to be differentiated.
Al For the correct expression for the distance, which must have come from establishing
explicitly that k = 0 from the integration.
Without + k_in their integration this mark is automatically lost.
(b) M1 | For setting their expression [which must be a cubic] fors =0
dM1 | For solving the cubic
Minimally acceptable attempt is = t(t+ A)(t+B)=0 where |AB|=12
oralsoallow (t+A)(t+B)=0 where |AB|=12 as candidates are told that
one value of t =0
Any method to solve the quadratic is acceptable. Formula or completing the
square.
This is a dependent mark.
Use of a calculator
If there is no working seen and either their values of t are incorrect or their s is
incorrect, only award this mark if a correct method is used/seen to solve the
equation.
Al For the correct value of t = 2 explicitly stated.

7
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MARK SCHEME - Paper 2 - November 2023 - Q6 Calculus (8)

Question Scheme Marks
6 dv
— =12
dt B1
M1AL
1536 =3h° = h = 3/15336 _g
@:d_vxizlzxizzlzx_l =L (cmus) oe M1dM1A1
dt dt dv oh 9x8” 48
dh [7]
Total 7 marks

Mark

Notes

Bl

For stating d_V =12
dt

This must be clearly labelled Z—\:

Bl

For differentiating the given expression for the volume.

This must be clearly labelled d_V

It must be correct for this mark.

M1

For using the given formula, rearranged correctly to find the height of oil when the
volume = 1536

/15 6
That is, unless you see h = 8, you must see this expression. h =3 ;

Al

For the correct value of h =8
Sight of h = 8 without working is M1A1

M1

For sight of a correct chain rule involving 3—? d_V and d_V only.

dh dt
Accept in any order.

For example, accept d—hxd—v = v that is, ((jj_T does not need to be the subject.

dt dh dt
This mark can be implied by a correct next step.

dm1

For substituting in their values/expressions with their value of h into a correct chain
rule.
Note, this mark is dependent on the previous M mark.

Al

For the correct rate of increase. This question asks for an exact value. Do not accept a

decimal estimate or accept 0.02083 unless you see a recurring sign.

Accept any fraction that simplifies to % You will see % which is completely

acceptable.

7
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< QUESTION

5

B _ e (x?

x x dy
i —5x)+e2 (2x—5):>[e2 (2x—5)=&—2y}

X* —5x)+2e™ (2x—5) + 2¢* (2x—5) + 2
or LY oW gex(2x_5)+ 26”
dx dx
2
LI ANPYLBP K PIV PYEY
dx*  dx dx
2X_d_y dy y *

= 2e ==
dx dx

ALT1 LHS = RHS

B _ g (x?

- —5x)+e2x(2x—5) 272 —10xe> + 2e2*x —5e?*

[=2e”%* —8e” x —5e” |

dzy
= 4e”*x* + 4e**x —8e** —16e**x —10e**

dx?
[ 4e¥*x? —12e>*x —18e**

RHS = 4e”x* —12e”x—18e™ — 4(2e”*x* ~8e™x —5”* ) + 4(e”*x* —5e>* )
RHS = 4e”*x?* —12e?*x —18e”* —8e?*x? + 32e™*x + 20e®* + 4e°*x* — 20e?*X
RHS =2e? =LHS *

ALT2  LHS=RHS
g_y:2e2X(x2—5x)+e2x(2x—5)=[ezx(2x2
‘; Y — e (4x-8)+2e™ (2x° ~8x~5) =[ e (4x* ~12x-18)

RHS = e (4x? —12x—18)—4(e2x (2x? —8x—5))+4(e2x (x? —5x))
RHS = 4e*x* —12e?*x —18e?* —8e**x* + 326X + 20e* + 4e**x? — 20e**Xx
RHS = 262 = LHS *

—8x—5)]

M1A1A1l

M1Al

M1

Al
(N]0)

[7]

[MIALAL

M1A1

M1

Al]

[MIALAL

M1A1l

M1
Al]

Total 7 marks

ll\’}/‘
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MARK SCHEME - Paper 2 - June 2024 - Q5 Calculus (8) < QUESTION

Mark | Notes

General principles of marking this question.
You must read every line of working carefully.
The first 3 marks are for the correct application of Product Rule
The next 2 marks are for the correct reapplication of Product rule.
The final M mark is effectively for rearranging/substituting to the required form.
The final mark is only to be awarded if everything is correct. This is a show question.
Some candidates may use implicit differentiation, this is absolutely fine.

M1 For an attempt at product rule.
e There must be an acceptable attempt to differentiate both terms.
e The correct formula must be applied.
e Minimally acceptable differentiation is as follows:

e = +ke” and x*-5x=+(2x-5)

Al For one term correct within product rule
Al For a fully correct derivative.
M1 For differentiating their first derivative a second time to find the second derivative.

There are several different ways this can be completed. Please apply the same
rules for the second derivative as for the first.
There must be only 4 terms here out of which, award this mark for at least two
terms correct.
Al d’y .

For a fully correct pa in any form

2

M1 For substituting ezx(2x—5):j—y—2y
X

Alcso For the correct final expression with no errors.
ALT 1and?2
M1 For an attempt at product rule.
e There must be an acceptable attempt to differentiate both terms.
e The correct formula must be applied.
e Minimally acceptable differentiation is as follows:
e = +ke” and x*—5x=+(2x-5)

Al For one term correct within product rule
Al For both terms fully correct.
M1 For differentiating their first derivative a second time to find the second derivative.

There are several different ways this can be completed. Please apply the same
rules for the second derivative as for the first. Look for two out of four terms
correct

If their starting point is g—y =’ (2x* -8x—5) or 2e”x*—8e**x—5e”* check
X
their differentiation for the M mark and apply 1 out of 2, or 2 out of 4 correct..

Al 2
For a fully correct dy

Fva in any form

M1 Collects up all terms on the RHS to obtain Ke”* K =0

Please check their working carefully.
Alcso For the correct final expression with no errors.

7
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MARK SCHEME - Paper 1 - June 2025 - Q1 Calculus (8) < QUESTION

Question Scheme Marks
number
1(a) b2—4aC=(—9)2—4><3><7=—3 M1
—3<0 so no (real) solutions for v Al
[2]
b
( ) {3—\:}=6t—9:>a=6><4—9=15(m/sz) M1A1
[2]
(©) 2 5
s=j(3t2—9t+7)dt=[t3—gt2+7t} M1
0 2 0
_5_ s +7x5=§(m)oe
2 2 M1A1l
[3]
Total 7 marks
Part | Mark Additional Guidance
(@) M1 | Applies the discriminant, or any other valid method.
e.g.

Attempts to solve the 3TQ by quadratic formula,

2
Completing square, achieves B(t—gJ +...

Attempts to solve v = 0, finds complex roots
Al Verifies that the equation for v has no (real) solutions

2
By completing square, it must be correct, 3(t —gj +% , States the graph

is above x axis, or >0

Finds correct complex roots

, states imaginary numbers/roots

9+/3i
6

Note: Just stating “error” is not enough

(b) M1 | Attempts to differentiate the expression for v.

Power of t to decrease in at least one term and increase in none.

Al Substitutes t = 4 and obtains correct acceleration, with or without unit.

(c) M1 Attempt to integrate the expression for v.

Power of t to increase in at least one term and decrease in none. Ignore
limits if shown.

M1 Clear substitution of the given limits into their integrated expression for
distance, no need to see substitution of zero, can be implied by the correct
distance found from a correct integrated expression

Al . .
9—25 (m) oee.g.47.5, ignore unit

7
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MARK SCHEME - Paper 1 - June 2025 - Q11 Calculus (8)

Question Scheme Marks
number
11 Intersection of the curve with the x-axis to find lower limit
{y=vax-8=0=4x-8=0}=x=2 Bl
Volume of rotation
[ R P M1
V=z[ (Vax-8) dx= {;;L (4x-8) dx}
4x° g
vzf{__sx} M1
2 2
2 2
S07r=rn Axb —8xb |- 4x2 —8x2 M1
2 2
50=2b°-8b+8=0=b*-4b-21
dddMm1
0=(b+3)(b-7) ddddM1
[7]
Total 7 marks
Mark Additional Guidance
B1 Finds the lower limit of the integral:
For x = 2 or (2,0) seen/embedded in their integral/on the graph
M1 Sets up a correct expression for the volume with their lower limit (a numerical value)
found earlier and the upper limit of b, must have 7
M1 Correctly integrates 4x —8, with or without
M1 Substitutes their lower limit (a numerical value) and upper limit b correctly into their
integrated expression (with or without = ), and equates to 50 / 50
dddM1 | Forms a 3TQ in b/x
Dependent on previous three M marks
ddddM1 | Solves the 3TQ with any correct method
Can be implied by their correct b value from a correct 3TQ
Dependent on all previous M marks
Al For b =7 only, from correct working, must be b=7, not x =7
Note: If attempted the volume of revolution about the y-axis, only B1 could be possibly awarded,
no other marks could be scored.

7
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MARK SCHEME - Paper 2 - June 2019 - Q6 Calculus (8) < QUESTION

?\luestion Scheme Marks
umber
6(a)(i) %:4&* +2(4x-3)e™ MI1A1A1 (3)
. oY, N2 (e %
(ii) (4x 3)dx =(4x-3)(8x—2)e™ =(8x-2)y MIlAlcso (2)
dy  ScosSxx(x—3) —sin5xx2(x—3
b | L= (x=3) - (x=3) MIAIAL (3)
& (x-3)
ALT Using product rule:
y:(x—3)_2 sin5x M1
gx—yz—z(x—3)3 sin5x +5(x —3)” cos 5x AlAl
. [8]
(a)()
M1 Use product rule to differentiate the given expression. Must have 2 terms added. One to
be of the form ke** and the other of the form &'(4x—3)e® where k=1 or 2
Al Either term correct
Al Second term correct
NB No simplification needed for these 3 marks

ALT y=4xe™ -3 = % =4e”* +8xe™ —6e™*

M1 Expand the given expression and differentiate using the product rule for 4xe**
Al Any 2 terms correct; Al Third term correct.

NB No simplification needed for these 3 marks

(i)
M1 Use their result from (i) to obtain an expression for (4x - 3)% No need to simplify.

Alcso | Correct given result obtained with no errors in the working.
Can start with LHS and show equal to the RHS or vice versa or can start with each side
and “meet in the middle”

(b)
Ml Attempt the quotient rule. The denominator must be (x - 3)4 and the numerator must be
of the form (kcosSx ><(x—3)2 —sinSx xl(x—3)) k=450r £1, /=1or?2
(ie sine may have been differentiated to — cosine)
Al One fully correct term in numerator.
Al All fully correct.
ALT
M1 Rewrite without a quotient and apply the product rule obtaining 2 terms of the form
shown
Al Either term correct
Al Second term correct

No need to simplify
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4@ | v=[(6t-12) dt=3t" 12t (+c) M1A1
Whenzt =0,v=0 sg c=0 A1CSO
V=3t -12t =3x2° -12x2=-12 (m/s) [3]
(b) | v=0, 3t°-12t=0=3t(t-4)=0=>T =4 M[lzl]\l
© | s=[(3"-12t) dt=t>-6t* (+k) M1
d=[r —6t2]4‘+[t3 6t | =32+160=192 (m) M1A1
0 4 [3]
Alternative
© | s=[(3"-12t) dt=t>-6t* (+k) M1
Attimet=0, distance=0, k=0
t=4 s=4°-6x4°=64-96=-32
t=8 s=8-6x8"=512-384=128 M1
Total distance travelled = 32 +32 +128 = 192 (m) Al
Total 8 marks

(@ | M1 | Attempt to integrate 6t —12, must see power of t increased by one in either

term and no decrease in powers. Do not accept v =t(6t—12).
Al | Correct result of integration. Constant is not required.
Alcso | Correct velocity. Negative sign is required. Must show or state constant = 0.

(b) | M1 | 3t2_-12t=0 and attempt to solve.
ft their integration if M1 awarded in (a).

Al | T=4 Allowt=4. Do notallow if T =0 is also given as an option.

(c) | M1 | Attempt to integrate their velocity providing it includes at least one term in
t? or higher powers. Must see power of t increased by one in at least one
term and no decrease in powers. Do not accept s=tx theirv.

M1 | Attempt to use limits of O to 4 and 4 to 8 and then add the magnitudes of the
two values. ft their T = 4 if M1 awarded in (b).
Al ]192

Alternative

(c) | M1 | Attempt to integrate their velocity providing it includes at least one term in
t? or higher powers. Must see power of t increased by one in at least one
term and no decrease in powers. Do not accept v =t(6t—12).

M1 | Substitute and attempt to find distance when t = 4 and whent = 8.
Working to confirm k = 0 must be shown.
ft their T = 4 if M1 awarded in (b).

Al | 192

7
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8 5t 2t
s=|(3+5t-2t*)dt=3t+—-—+c
.[( ) 3 M1
whent=0 s=5
5=0+0-0+c B1
5t 2t
S=5+3t+———
5 3 Al
When s = X
& _3ystoor =0=(2t+1)(t-3)=0=>t=3
dt MI1A1
2 3
:>x=5+3><3+5><3 _2x3 =£ oe Al
3 2
2 2
d—z(:5—4t whent =3 d—;(=—7:>max MIAl
t dt
[8]
Total 8 marks
M1 Attempt to integrate
B1 c=5
2 3
Al S=5+3t+ St
2 3
M1 Solving 3+5t—2t> =0
1
Al t =3 if shown must reject t = )
Al X= 37 oe
2
. . [ d*x
M1 Differentiates to obtain © =|5-4t
Al Establish that the maximum has been obtained and give a conclusion

INZ)
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Question Scheme Marks
Number
6
3 9 3 3
(a) Whenx—z y—3—z—z and 2_’)7—5—0 M1
3 3) .. .
So (E’ Z) lies on both the line and the curve Alcso (2)
3
(b) (m) fz(Zx — x2)%dx M1
0
3
= (1) f2(4x2 +x* — 4x¥)dx Al
0
3 5 ;
4x° x 2
= % dM1
(m) [ 3 + z x l
0
153
_153(x) Al
160
ELEL (3)2 (@)= 21z ddM1Alcao
160 3 \4/ \2 40 (6)
8]
3 1 2
2
ALT: nf <(2x —x?)% — (Ex) )dx M1
0
2 15
njz(—xz —4x3 + xM) dx Al
0o 4
3 513
12 e X dMIA1
4 5
L 0
135 81 2437 27
gl _So e 2T ddM1Alcao
32 16 160 40
(a)
M1 Attempt to show that (%,%j lies on the curve and the line. Any valid method including
solving the equations allowed.
Alcso Appropriate conclusion following correct work. Verification, as shown, needs a
conclusion.
Solving the equations to obtain g =2x-X> or y=4y—4y’ and hence coordinates of A
needs no conclusion. M1 for reaching coords, A1 for correct coords (decimals allowed)




MARK SCHEME - Paper 2 - January 2020 - Q6 Calculus (8) <QUESTION

Question Scheme Marks
Number
(b) Algebraic integration must be seen — otherwise no marks.
The first 4 marks can be awarded with or without 7z provided the work is consistent.
The first 3 marks can be awarded if no limits are shown.
M1 Correct integral, with or without 7. Limits may be missing — ignore any shown.
Al Square the bracket correctly.
dM1 Attempt the integration of their integrand. The power of at least one term should increase
and no power should decrease. Ignore limits.
153 1537

Al Substitute the correct limits and obtain 160 or Teo (0.95625(p1))

ddM1 Subtract the volume of the cone from their previous answer. Both terms to include =
Alcao | Correct final answer (0.675pi)

ALT: See above for general instructions re integration

M1 Integral must be the difference of 2 squared terms
Al Correct integrand after squaring, need not be simplified
dM1 Attempt the integration of their integrand. The power of at least one term should increase
and no power should decrease.
Al Correct result

ddM1 Substitute their limits
Alcao Correct final answer.
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Question Scheme Marks
Number
8 y =e’* sin 2X Q:Ze” cos2X +3e’* sin 2Xx MI1A1
dx
2
ay_ (—4e3X sin 2X + 6e™ cos 2X) + (6e3X c0s 2X +9¢™* sin ZX) MI1AIALI
dx’
=12e™ cos2x +5e’* sin 2
d’y _ dy
——6—+13
o ax Y
=12 cos 2X +5¢’* sin 2X—6(2e3" cos 2X + 3e™ sin2x) +13¢™ sin 2x dMl1
=12¢™ cos2x + 5e** sin 2x —12¢e’* cos 2x —18¢™ sin 2x + 13> sin 2x ddM1
=0 * Alcso  [8]
ALT %zZe“ cos 2X + 3e’* sin 2X MI1A1
X
dy_ 2¢* cos2x+3y
dx
2
LY _ (—4e™ sin2x+66™ cos 2x) +3 L MIAIAI
dx dx
2
d—g— ﬂ+13y=(—4e3xsin2x+6e3xcos2x+3ﬂj— ﬂ+l3y dM1
dx dx dx dx
=13y +6e™ cos2Xx +9¢e’* sin2X—3%+13y
X
dy ,dy %k ddM1Alcso
=-13y+3—-3—=—+13y=0
U e 18]
Ml Attempt the product rule. 2 terms of the form *ke™ cos2x and #le™sin2X with
k=1lor2 andl=1or3
Al Fully correct first derivative
Attempt the second derivative using the product rule correctly on either term. Must have
M1 . S
at least one of the terms in the first derivative fully correct.
Al Al | Al for each fully correct bracket
2
dM1 Substitute their derivatives and y in d z/ - 6% +13y Depends on both previous M marks
X X
This and the following M mark may be awarded together.
ddM1 Remove the brackets
Alcso | Reach “0” from fully correct work.
ALT
MIAI As above
M1 Replace sin term with a y term and attempt the second derivative using the product rule
on first term.
AlAl Al Correct bracket Al Correct second term
dM1 As above
ddM1 Obtain an expression which is either all derivatives plus Yy terms or all trig terms
Alcso | Reach “0” from fully correct work
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Question Scheme Marks
number
9 u=e" Vv =sin2t
u=-e"' Vv =2cos2t
dx -t —t i -t
— =2e cos2t—e sin2t=2e cos2t—x M1 Al
dt Al
u=2e" Vv =C0s 2t
u=-2e' v=-2sin2t
X 4o sin2t—2et cos 2t - ¥
F—— e SIinZt—Ze COoS —a M1 A1l
d*x dx dx dx
—2=—4x—£— xj——:—5x—2— dm1
dt dt dt dt dM1
2
2OX oM ey Al cso
dt dt
[8]
Notes
M1 For an attempt to differentiate using the product rule. Must have 2 terms
added together.
Al For one correct term
Al For two correct terms
M1 Attempts to differentiate 3—):
2
X . X
Al | For d—2 =—4e'sin2t—2e ' cos 2t — & oe
dt dt
. - dx . d°x
Dependant on previous M mark - for substitution of x and —into —-
dt dt
dMm1 )
. dx dox . . .
or for substitution of X'E and F into the given equation
. o d®x dx
Dependant on previous M mark - for simplifying to —- =-5Xx—-2—oe
dM1 dt dt
or All 5 correct terms seen and an attempt to simplify (5 correct terms
may be implied by 7 correct terms)
Al cso | Obtains the given equation or clear working to show that the equation = 0
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9 (a) dA
& =00 B1
1, . J3
A==x°sin60 =—x?
2 4 M1
i,
dx 2 Al
dx 1
Whenx=2 — =—x0.03=0.0173cm/s M1 Al
dt /3
(b) dv ©)
V=43x2 —=3J3%2
‘/_ dx \/_ M1
When x =2 3V —12./3x0.017
enx= E— x0.0173=0.36 M1 Al
3)
Total 8 marks

INA
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Part | Mark | Guidance
(@ . . : . : dA
B1 | For stating or using correctly in their Chain Rule s =0.03
For using the correct formula (% absin Cj with the correct lengths and
angle of 60° or % for the cross-sectional area of the prism to
. 1, . . (B, . - . . _
M1 obtain A= EX sin60” = TX and differentiating their expression which
- » . dA
must be as a minimum A= px“ to obtain Pl gx [where p and q are
X
constants].
. . 3 1 :
[The height of the triangle is 7x if they use E>< base x height]
Al | For the correct A = ﬁ X
dx 2
. : . . dA _ :
For applying a correct Chain rule using their o and x = 2 to obtain
X
ME T |1 da|_ dx da_, 2, 1
—_— = — X — — X —X 003
dt | dA " dt TA T dt 32
dx
A | Z_oo0173
dt
(b) For a correct expression for the volume using their A from part (a) to obtain
V= @ X2 x 4x = (\@x3) and differentiating their expression which must be
M1 | @@ minimum V =mx® to obtain as a minimum (i_v =nx* [where mand n
X
are constants]
(d_v — 3\/§X2j
dx
. . . v .
For applying a correct Chain rule using their ™ and x = 2 to obtain
X
v _dV 12 3x0.0173= [0.359...] (ft their d—xj
dt dx dt dt
M1
Note: dx =0.0173 or ﬁ
dt 100
av _av d_x_12\@><£=i=o,36
dt dx dt 100 25
Al | For awrt 0.36
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x=%|n4 or x=In2 Al
In a
T 2ezxdx+7zj 166 %dx M1 M1
0 In2
1 In2
- 2X _ _ox ]2
7Z'|:2€ l +7r[ 8e ]Inz M1
2 1 8 —2a
T ~3 +7r(— e +2)= M1
% _gre®  a=2and k='% M1AL
2 2
Total 8 marks
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Mark | Guidance
Sets e* = 4 and attempts to make x the subject
M1 e*
A minimum of e® =4 or e* =2 isrequired to be seen for this mark.
Al | For obtaining either x :%In 4 or x=In2
. In2 x \2 In2 2% . .. . .
For stating ﬂjo (e ) dx:frj0 e”*dx  using the limits of their In 2 (which must
M1 be of the form In k) and O correctly
Note: Condone a missing z here if it is seen at the final M mark.
For stating EL:2(4G_X)2dX = ﬂL:zlGE_ZXdX using a and the limit of their In 2
M1 | (which must be of the form In k where k is consistent between the two integrals)
correctly
Note: Condone a missing  if it is seen at the final M mark.
For an attempt to integrate both expressions obtaining:
2x _ —2X —2X
Either £ or 16e condone 16e
M1 2 2 2
For this mark ignore the absence of 7 or incorrect/absent limits
[need not be simplified]
For substituting their limits correctly (where their In 2 must be of the form In k
where k is consistent between the two integrals) into their integrated expression.
For this mark ignore the absence of 7
dMm1 2h2 L0 —16e2n2
zl & || —16e —g =ﬂ(2—1j+ﬂ(—8€2a +2)
2 2 2 2
This mark is dependent on the previous M mark.
For equating to the given expression for the volume and equating coefficients to
find values for a and k. We must see 7 used here for the award of this mark.
1 1
| 2-=|+7(-8%+2)=—-87e®
M1 ( ( 2) ( =3 ]
7 -2a -4
7—872’6 =k-8ze"=k=.. a=..
I
Al | For a=2 and k=7

7
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6 (a) 8 (m) (must be positive) Bl
[1]
(b) ds ..
E=3t —-8t-16 M1AL
% =0 when P is stationary = 3t* -8t -16=0
3t*-8t-16=(3t+4)(t-4)=0=>t=4 M1A1
[4]
© ds
— =6t-8 B1ft
at MI1AL
6t—-8=10=t=3 [3]
Total 8 marks
Part | Mark | Notes
(@) B1 | For 8 (m) only
(b) For an attempt to differentiate the expression for s
ds s
— |=3t"-8t-16
M1 [v or dt}
See General guidance for the definition of an attempt with no terms integrated.
A1 | For the correct expression for v or %
M1 | For setting v or %z 0 and solving their 3TQ to find at least one value of t.
For t=4
AL | 1f two values of t are given [t = _%j do not award this mark
(©) For the correct expression for the acceleration.
B1ft | Fttheir %
The differentiation must be correct for this mark.
M1 | For setting their differentiated expression = 10 and solving for t
Al |Fort=3
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Question Scheme Marks
number
8 When (x=7 y=)27° B1
ﬂ = 4X—C0S X M1
dx
dy
When X =7 d—=47z—COSzz =4r+1 M1 Al
X
. 1
Gradient of the normal = — M1
"4r+1"
— 27t =— X—1) oe M1
y A +l( )
[(472' +1)(y—27r2) =—X+ 72']
Ary+y—8r°—27°—71+x=0 dm1
X+(@4r+1)y—-7B7° +27x+1)=0 * Al cso
Total 8 marks
Mark | Notes
B1 For (y =)27°
M1 For differentiating y wrt X, to give an expression of the form ax — cosx
M1 For correct substitution of X = 7 into their derivative
Al For d_y =4r+1
dx
. 1
M1 For gradient of the normal = ———
"(4r+1)"
For a fully correct method to find the equation of the line, using the
correct x coordinate and their y coordinate and their gradient, which must
1
e =———— and must have come from differentiation.
M1 their (47 +1)
If y = mx + ¢ is the method used, ¢ must be found and the line written as y
=. If this method is used, this mark can be implied by the next method
mark.
For expanding and rearranging their equation (allow one sign or algebraic
dM1 | error) to form an unsimplified equation = 0
Dependent on previous method mark.
Alcso | For obtaining the given expression
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Question Scheme Marks
number

5 (a) ER 1 3 1 M1
4™ (6x+2)2 + E.G.e4X (6x+2)2 =|4e™(6x+2)2 +9e™(6x +2)2 Al Al
6™ y6x+2(24x+17) d'\/'[é]Al

®) | 3cos3x(2x—4)*—sin3x.2.3.2x-4)? [3cos3x(2x—4)3 —6sin 3x(2x—4)2} A'l"i .
(x4 (2x—4)°
oR 3cos3x(2x—4)° —(24x* — 96X + 96 ) sin 3x
(2x—4)°
ALT using product rule sin3x(2x-4)
3c0s3x(2x—4) * +5in3x(-3)(2)(2x~4) * =| 3cos3x(2x—4) * ~65in3x(2x~4)* | A'l/'i .
[3]
Total | 8 marks
Part | Mark Additional Guidance
(@) 3 1
M1 | Use of product rule to give an expression of the form pe™(6x+2)? +qe*™ (6x +2)?
where p=1or4, g> 1. There must be a + sign between terms.
Al Either term correct. Note that simplification is not required for this mark.
Al Both terms correct. Note that simplification is not required for this mark.
Obtains an expression of the form e** («/Gx +2 ) (Ax+B) where A,B =0
You must check their working here that it follows from their attempt at product
dM1 | rule. There must be an intermediate step seen as follows for example:
3 1 1
46 (6x+2)2 +9e* (6x+2)? =¥ (6x+2)? (4(6x+2)+9)
Note: This mark is dependent on the first M Mark
Al Correct A =24 and correct B =17
(b) Attempt at the quotient rule. Numerator must be the difference of two terms (either way
round) of the form  kcos3x(2x—4)*—Isin3x(2x-4)*, k=43 1 >3
M1 | OR accept: (terms wrong way around)  Isin3x(2x—4)% —k cos3x(2x—4)°*,
k=43 1>3
Denominator must be of the form (2x-4)° or accept [(2x—4)3]2
Al Either term correct, either way round.
Al Fully correct
ALT
Use of product rule to give an expression of the form
- kcos3x(2x—4)° ~Isin3x(2x—4)* k=+3 1 >3
Accept for this mark 15in3x(2x—4)* —k cos3x(2x—4)™
Al Either term correct.
Al Fully correct
NB: Ignore any subsequent simplification of their derivative.
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cos2A =cos? A—sin? A
6 M1 Al
a - (1—sin2 A)—s.in2 A=1-2sin> A * €80
2
b ﬂ'J.OX(3+ 2sin x)zdx M1
njz(9+123in X + 4sin? x) dx M1
0
7r_|7(11+123in X —2c0s2x) dx M1
0
7[11x —12cos x —sin 2x]01 M1
ﬁ{[%—ﬁﬁ —1) ~(0-12 —o)} — awrt 35 "o
Total 8 marks
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Part | Mark Notes
(@) M1 | For the use of both cos2A = cos? A—sin? A and cos? A= (1—sin2 A) to attempt
to form the required identity.

Al | For cos2A=1-2sin®> A with no errors seen.
©) | ML

b
For the correct use of use of ﬂ'J‘ yzdx to obtain:
a

n_[oz(3+ 2sin x)zdx with the correct limits and 7

You may not see 7z and the limits at this stage. They may add these in at the
end of their work. Check and if that is the case, award this mark.
M1 | For expanding the given quadratic correctly to achieve: This must be correct.

EIE(Q +12sin x +4sin’ x) dx or accept ﬂ'[oz(9+6sin X+ 65sin X +4sin’ x) dx

Ignore limits and 7z for this mark.
This is an A mark in Epen

For using sin® A= #and substituting this identity into their expansion

M1

to attempt to obtain: njoz(11+123in X —2c0s2x) dx

As a minimum we need to see: A+ Bsin x+C cos2x

Ignore limits and 7 for this mark.
M1 | For an attempt to integrate their expression which must be of the form:

A+Bsinx+Ccos2x or A+Bsinx+Csin®x where there must be an
acceptable attempt to integrate as a minimum at least both A and Bsin x to
obtain A— Ax and Bsinx — —Bcosx

Ignore limits and 7 for this mark.
M1 | For the correct substitution of the correct given limits the correct way around
into an integrated/changed expression.

7{(%—6\/5—1}(0—12—0)} =35.041....

This mark can be implied by the correct final answer ONLY if the correct
integration is seen explicitly in the response. If their integrated expression is
incorrect, and no substitution is seen award MO here.

Al | Forawrt 35

7
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= 18e3* sin 2x + 12e3* cos 2x
RHS = 6(3e3* sin 2x + 2e3* cos 2x)

= 18e3* sin 2x + 12e3* cos 2x
LHS = RHS

3 dy _ 3X o 3x
dX_3e Sin 2x+ 2e”" cos 2x M1ALAL
Method A
d y 3x 3x 3X i
o =3(3e* sin 2x + 2™ cos 2x ) + 6e™ cOs 2X — 4e™ sin 2x M1
d’y _dy s
=3—=+6e” cos2x—4
dx? dx y M1
3x dy 3x dy
2e cost=&—3y:>6e cost=3d——9y M1
2
dy _gdy, gdy —9y— 4y:>13y+d32’ 6 M1A1
dx? dx  dx dx dx
[8]
Method B
dy =3y +2e* cos 2x
dx
2
d—g=3d—y+6e3X0052x—4e3Xsin2x, d—32/=3d—y+6e3X0052x—4y [M1,M1
dx dx dx dx
dy dy
2e¥ cos2x =—2 -3y = 6e¥* cos2x =3—=—-9
ax Y ax M1
2 2
ay de de 9y—4y:>13y+d—)2/=6d—y
dx? dx  dx dx dx M1A1]
Method C
2 M1
d_z/ =3(3e™ sin 2x+ 2e% cos 2x) + 6> cos 2x — 4™ sin 2x [
13y + % = 13e3¥ sin 2x + (5€3* sin 2x + 12e3¥ cos 2x) M1
j—i’ = 6(3e3* sin 2x + 2e3* cos 2x) M1
(= 18e3* sin 2x + 12e3* cos 2x)
LHS = 13e3*sin 2x + (5€3* sin 2x + 12e3* cos 2x) M1A1]

Total 8 marks

y =e*sin 2x

For an attempt to differentiate the given expression.

‘Q\’}/.
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e There needs to be an acceptable attempt to differentiate both
terms. e3* sin 2x — ke3* sin 2x + le3* cos 2x with k,l = 0
e There need to be two terms added.

dy _ 3e®*sin 2x + 2e¥ cos 2x
dx

M1

One term completely correct.

dy =3e**sin 2x +'2e* cos 2x'
dx

or

Zl_y ="'3e**sin 2x'+ 2e* cos 2x
X

Al

Fully correct differentiated expression.

ady _ 3e*sin 2x + 2e** cos 2x
dx

Al

Method A

. d%y
For an attempt to find P

Minimally acceptable attempt is ke3* sin 2x + le3¥ cos 2x —
k(me3* sin 2x + ne3* cos 2x) + l(pe3* cos 2x + qe3* sin 2x)
k, L as in their first derivative, m,n,p,q # 0

d’y

dx?

3(3e3x sin 2x + 2% cos 2x) +6e> cos2x — 4e¥*sin 2x

M1

2
For substituting y and dy into their d—g
dx dx

2
d—); _3W, gen cos2x—4y
dx dx

M1

For preparing to eliminate cos2x by rearranging their g—i

2% cos2x = d—y—3y = 6e* cos 2x :3ﬂ—9y
dx dx

Allow errors in arithmetic but not mathematically incorrect
process.

M1

. . . dy d’y
For an unsimplified expression only in terms of y, ™ and e
X

d? dy _dy
2V _3Y 3% gy 4
dx? dx  dx y=4y

M1

For the required simplified expression with fully correct working.

d’y .dy
13y +—2L =62
erdx2 dx

Al
[8]

Method B

. d2y . dy 3x
For an attempt to find pa using i =3y +2e” cos 2X
X X

7
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Minimally acceptable attempt is j—z = ky + le3* cos 2x — M1,M
dz—yzkd—y+l( e3% cos 2x + ge3* sin 2x) 1
dx? dx p 1
k, L as in their first derivative, p,q # 0
2 2
d—g 3% | 66 cos2x - 4e¥ sin 2x, d—Z 3D | 66 cos 2x—4y
dx dx dx dx
: . : . d
For preparing to eliminate cos2x by rearranging their d—y
X
M1
2e% cos 2x :d—y—3y = 6e* cos 2x :3ﬂ—9y
dx dx
Allow errors in arithmetic but not mathematically incorrect
process.
o . ) dy d’y
For an unsimplified expression only in terms of y, ™ and O
X X
—2-32432_9y-4
o o cax
For the required simplified expression with fully correct working.
d’y _ .dy
13y +—==6—
YT T X Al
Method C
. d’y
For an attempt to find —3
X
Minimally acceptable attempt is ke3* sin 2x + le3* cos 2x —
k(me3* sin 2x + ne3* cos 2x) + l(pe3* cos 2x + qe3* sin 2x) M1
k, 1 as in their first derivative, m,n,p,q # 0
2
3—2’ = 3(3e3X sin 2x + 2e¥ cos 2x) +6e¥ cos 2x —4e* sin 2x
X
For substituting y and % into the LHS of the result. M1
For substituting j—y into the RHS | For simplifying the LHS of M1
x the result and writing as
of the result. k(363 sin 2x 4 263 cos 2
For unsimplified expressions for (3¢™ sin2x + 2e™* cos 2x) M1
the LHS and RHS of the result in
terms of e3¥ sin 2x and
e3* cos 2x only and method to
simplify both sides
For correctly simplifying the LHS and RHS and showing equal. Al
Total 8 marks

7
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[y=x2+2:x2:y—2]
a a y2 ¢
\ =7zj2 x? dy:>18ﬂ=ﬂjz(y—2) dy,=7z[7—2y} M1,M1
2
2 2
13ﬂ:7;[[a——2aj—[2——2x2ﬂ M1
2 2
0=a?—4a—32 MIAL
a’-4a-32=(a+4)(a-8)=0=>a=8 M[t]Al
ALT
x=0,y=0"+2=2
[y=x*+2=x"=y-2| [B1
2 a
a y—2
187z:;rj2(y—2) dy, 187r:7{( > ) } M1,M1
2
a-2Y (2-2Y
a-2Y 2 M1A1
18 = T :>36=(a—2)
a=2+36=a=8 M1A1]
Total 8 marks
INZ)
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Calculus (8)

Question

Notes

Marks

7

The intersection of S with the y-axis is at the point with
coordinates (0, 2). May be givenaswhenx = 0,y = 2

Bl

For a correct statement for the volume, condone missing or
incorrect limits and missing =

[y:x2+2:>x2:y—2]

Y, =7Z'LaX2 dy:>18ﬂ:ﬂf2a(y—2) dy

M1

METHOD A
For an attempt to integrate the expression which must be in the
minimally acceptable form y+2

2 a
187 = 7{% - Zy} [Ignore limits and ~ for this mark]

2

M1

For substituting the limits into their integrated expression to
form an equation in a. No simplification is required for this
mark.

e 04]

M1

For forming a 3TQ in terms of a 0=a’-4a-32

M1

For the correct 3TQ
0=a’-4a-32

Al

For an attempt to solve their 3TQ
a’-4a-32=(a+4)(a-8)=0=a=..

M1

For the correct value of a=8
If a = —4 is also stated then it must be rejected.

Al
[8]

METHOD B
For an attempt to integrate the expression which must be in the
minimally acceptable form y+2

o [
187z_7{(y > ) } [Ignore limits and = for this mark]
2

M1

For substituting the limits into their integrated expression to
form an equation in a. No simplification is required for this
mark.

M1

e (57

2
For forming an equationina  18= (Tj =36=(a- 2)2

M1Al

For an attempt to solve their equation.
a=2+36 =>a=8

M1A1l

Total 8 marks

7
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Question Scheme Marks
7(a 1 M1Al
@) Q:me+1x64x 2
dx 2
1 1
32X 2+2mx=0=32%x4 2+2mx4=0=16+8m=0=>m=-2 dM1Al
_ _ 2 _
N =39+64/4 —2x4* =135 dM1AL
[6]
® | @y 1. -2 2
—=——x32X 2 -4=-16x 2 -4
x> 2 M1
d’y i ALFT
—5 =-6<0= maximum
dx [2]
Total 8 marks
Part | Mark Notes
(@) M1 | For an attempt to differentiate the given expression.
Minimum required is two of:
o mx?->kmx, k#0
1
o 64x o nx 2z, n#0
e 39-0
Al | For a correct derivative in terms of m
aM1 For setting their g— = 0, substitute x = 4 and attempting to solve to
X
find the value of m
Dep on 1% M mark.
Al | For m=-2
dM1 | For using their value of m to find a value for n
n=4%>xm+ 167
Dep on 1%* M mark.
Al | For the correct value of n
(b) M1 | For finding the second derivative.
2 3
Minimum required is 3732' = km + px~ 2 with k, p not 0.
Allow for substituting x values on either side of x = 4 into their g_y
X
1
provided 3—1 = kmx + nx"z with k, n not 0.
A1FT | For substituting their value of m and forming a correct conclusion.
Minimum required is substitution of their value of m together with
x = 4 into their second derivative, evaluation and correct conclusion.
Allow for evaluating of ;I_y on either side of x = 4 and forming a
X
correct conclusion.
x=392=06038... x=41%=-059%..
dx dx

7
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Question Scheme Marks
4(a) Mark parts (i) and (ii) together.
2y—x—4:0:>y=i24 oe
2 2
X g X+t oe = = +8_x+4 oe= x*+8=2x+8 oe M1
4 2 4
= x*-2x=0=x(x-2)=0 oe M1
=x=(0,) 2
=>y=273
So coordinates at point A are (0, 2) * Al*
and at point B (2, 3) Cso
Al
[4]
NB SC1 - for correct and complete substitution of x = 0 into the equation of
curve S or line | to show that y = 2, where there is no other work, other work
is incorrect or no marks would otherwise be gained. Award this as 15t M
mark. THERE ARE NO OTHER MARKS AVAILABLE FOR PART (a) IF
THIS IS ALL STUDENTS DO
= =
(b) V :”L (4y-8) dy—;zJ'2 (2y—4)2 dy M1
"3 "3 "3 M 1
[: njz (-4y*+20y-24) dy or nL (4y-8) dy—;rL (4y*-16y+16) dy}
3 2 ('3
:(7[)|:_4_y_|_20_y_24y:|
3 2 (2"
2 ('3") 3 2 ('3")
or (ﬂ){“i-szy} —(ﬂ){4—y—m—y+16y}
2 ('2") 3 2 ('2")
nnuld nnon2 nAnu3 nnn2
:(71-) 4x"3 Jr20>< 3 oAk | 4x"2 Jr20>< 2 o4y M1
3 2 3 2
—Eﬂ Al
’ [4]
ALT
nge 1
V=x| (4y-8) dy - x 2% 2" x1 M1
ay> _17( 4
=r| —-8 } (——ﬂj M1
4 M1
=z|(2x"3"—8x"3")—(2x"2"*-8x"2" (——n)
I )-( -3
—gﬂ Al
3
Total 8 marks

7
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Part | Mark | Notes
(@ | M1 | Correctly equates the equation of S with the equation of |

M1 | Forms a quadratic and a minimally acceptable attempt to solve their quadratic.

For a 2TQ the solution of their quadratic for must be correct, but any zero

If they achieve a 3TQ and attempt to solve — see general guidance.

solution doesn’t need to be shown as it’s obvious from the given diagram.

Al1* | For correct substitution of x = 0 to show coordinates of A (0, 2) orx =0,y =
cso | Allow coordinates without brackets. SC1 (see MS) if this is the only work done.

2.

Al | For the coordinatesof B (2,3) x=2,y=3
Allow coordinates without brackets.

Note on labelling:
If the labels (i) and (ii) are not present, the marks can be awarded if
e The coordinates appear in the correct order or
e They are labelled with A and B
If there is ambiguity award Al AQ if both correct and A0 AOQ if only one is correct

(b)

M1 | For a correct statement for the volume of rotation with 2 and their upper limit

used correctly and correctly including 7z . The lower limit must be 2.

M1 | For a minimally acceptable attempt to integrate (see general guidance) and no

power of y must decrease.
zand limits do not need to be present to gain this mark.
There must be a minimum of 2 terms to integrate.

M1 | For substituting their limits into their changed expression the correct way round.

There must be at least one clear substitution of each limit.
7 does not need to be present to gain this mark.

Al 2 .
For the correct final volume = 57[ accept 0.6 7,0.67 7 or better

ALT

M1 | For a correct statement for the volume of rotation of the curve with 2 and their
upper limit used correctly including 7z minus the correct formula used for the
volume of a cone. The lower limit must be 2. This mark may also be awarded

if the integral is subtracted the wrong way round.

M1 | For a minimally acceptable attempt to integrate (see general guidance) and no

this mark. There must be a minimum of 2 terms to integrate.

. 4 .
power of y must decrease. 7, limits and _Eﬂ do not need to be present to gain

M1 | For substituting their limits into their changed expression. There must be at least
one clear explicit substitution of each limit. This mark can be implied by a correct

: 4 o
final answer. 7 and —§7Z'd0 not need to be present to gain this mark.

Al 2 .
For the correct final volume = 57: accept 0.6 7,0.67 7 or better

final A mark cannot be awarded.

If a negative value is found and changed at the end to a positive value, this

Note: any candidate incorrectly rotating around x axis, 2"4 & 3" M marks are

available for integrating an expression & substituting in. Max mark M0 M1 M1 AQ.

7
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ALT last
5 marks

x*  2x x> 4x
\/2x+6=—+1:>2x+6_—+—+1 ———-5=0
3 9 3 9 3

= X’ —12x-45=0=(x+3)(x-15)=0=x=-3,15
[When x=15, y=6]

(v =)ﬂj‘j(2x +6) dx —%x 7x'67x("15'-'-3")

(v =)(ﬂ)[%+ex}‘ls' 2167

g

(v =)7r[[2 a :5'2 +6x '15']—[L;3')2 +6x (= 3)” — 2167 (=3247 —2167) =108

2 e . 2
ﬂ'j (2x+6) dx — 7Z'I (X—+%+1]dxornij:|(2x+6)dx—;r.[_l;(gﬂj dx

‘15 3 2 15
(V=)(x) 2i+6x -z X2y
2 " 9x3 3x2 .

V= 7{( 2x157 6 15J LLfl)erex('—s')]]

3 12 3 -3
7{(15 ,2x15' 15}_[( 3) ,2x(=3) '_3']]=1087r
9x3 3Ix2 Ox3 3x2

M1

M1A1

M1M1

M1

M1A1l

[8]

M1M1

M1

M1A1

Total 8 marks

N2
222



MARK SCHEME - Paper 1 - November 2023 - Q5 Calculus (8) <QUESTION

Mark Notes
M1 | Sets the equation of the curve = equation of line and attempts to form a 3TQ, which must include

an attempt to expand Gx +1j(%x +1j . Allow only 1 error in processing overall.

2
Acceptasaminimumforthismark:%in—K:O or X*+lx—-M=0 J,K,L,M >0

M1 | Solves their 3TQ using a full and minimally acceptable method (see general guidance) to find two
values. They must show their method if using an incorrect 3TQ.

Note this is not a dependent mark, so the candidate can solve a 3TQ not of the form required for
the first M mark.

Al =-3,15

M1 M1 Al may be awarded for both correct values given without working.

M1 | For the correct expression for the volume of rotation under the curve including 7z and ft their x =
-3, 15.

M1 | For the correct expression for the volume of the cone. Ft their x =— 3, 15 and their value of y

only (must be clear they are using a value of y. ‘6’ cannot be 15 or — 3). %x 7T % ‘6'2><('15'— '-3')

M1 | For an attempt to integrate their expression for the curve. Minimally acceptable attempt (see
general guidance) — no power of x to decrease. 7z and limits don’t need to be present.
M1 | For substitution of their limits into any changed expression representing their volume of the curve
and evaluation of the final volume using their volume of the cone.
Not a dependent mark but substitution must be into their changed expression.
This mark may be awarded for the work being done in parts and subtracted in any order at any
point, but there must be a subtraction. This M mark may be implied by a correct final answer.
Al | For V=1087r
This mark may not be awarded if the subtraction is the incorrect way around and the sign
of the answer is simply changed at the end.
ALT last5 marks

M1 | For the correct expression for the volume of rotation under the curve including 7z and ft their x =

-3,15
M1 | For the correct expression for the volume of rotation under the straight line including 7 and ft
theirx=—3, 15

2
Where candidates have combined the 2 expressions, M1 M1 can be awarded for iﬂ'jf(% —%—5} dxor

for a clear attempt to combine the correct two expressions, even if the following simplification is incorrect.

2
. . . 15 X°  4X
[Note for final A mark correct integral is ﬂj3[—3 + 3 + 5) dx

M1 | For an attempt to integrate the expression for either the curve or the line or what they intend to
be their combined expression. Minimally acceptable attempt (see general guidance) — no power
of x to decrease.

7 and limits do not need to be present for this mark.

M1 | For substitution of their limits into any changed expressions representing their volume of the line
and the curve and evaluation of the final volume or their combined expression.

There must be at least one correct substitution of both limits into each expression.

Not a dependent mark but substitution must be into changed expressions.

This mark may be awarded for the work being done in parts and subtracted in any order at any
point, but there must be a subtraction. This M mark may be implied by a correct final answer.
Al | For V =108z This mark may not be awarded if the subtraction is the incorrect way around
and the sign of the answer is simply changed at the end.

7
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PLEASE REMEMBER TO CHECK DIAGRAM FOR RELEVANT LENGTHS AND WORKING
Throughout the question where lengths are in brackets eg (AC =), this means you don’t
have to see AC =.

But the mark cannot be awarded for a clearly incorrect method eg VO = +/x* + x* for the

INZ)
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225

8(a) (9}1_)5X2x2x3xe3m—-1OXxZe3X+1 o6
dx (5x2 )2 M1A1A1
d Xe3X+l 30 _ 2 l 3x+1 _
(_y =j (30x—20) or 0xe”™(3x—-2) ML
dx 25x* 25x*
B 10e¥+ (3x - 2) B 23+ (3x - 2) Al
- 25x°3 S [5]
ALT -
use of (g—y =j 2%+ (-1) x2x5xx (SXZ)_2 +2x3e* (SXZ)_l oe M1A1A1
X
prOdUCt 2\—2 A3x+1 2\—2 A3x+1
rule =xx(5x°) e (-20+30x) or 10xx (5x°)“e™"(-2+3x) dM1
10 (3x—2) | 2e™*(3x-2)
= 3 = 3 Al
25X 5x 5]
(b) 2xe¥* (3x -2 2 (3x -2
8 oo 2 (B2 5 100 L 2HE=), (100 |
y 5x y 5% y
2xe¥*(3x-2 2e3*(3x-2 3x-2
or(5y=)“—————%———l"XBx or'ﬂ————L;——l"xﬁx oryx( )x§X
5x 5x
6X may also be writtenas 0.02x
2e¥*1(3x -2
(ﬂxloo =j%x0.02x><% oe dM1
y X
5x? Al
3x-2 [3]
oryx( )X0.0ZXX@
X y
(% change iny =)6x—4
Total 8 marks
‘Q\’}/.
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Part | Mark | Notes
(@) M1 | For attempting to use the quotient rule.
The definition of an attempt is as follows:
e The denominator must be correct.

e The terms in the numerator subtracted either way around

The expression must be of the form:
K ><X2 ><e3><+1_ LxXXe3x+1

(5¢)
Note K and L may not be simplified and will often need to be checked.
Al | Following M1 (general principle of marking), at least one fully correct simplified or
unsimplified term on the numerator.
Al Fully correct unsimplified derivative
dM1 | For correctly taking out common factors of x and e*** and attempting to simplify.
A numerical factor does not need to be taken out at this point.
Dependent on the 1% method mark.
Al For the correct derivative in the required form.

K=10or15 andL#10 and K,L>0

3x+1

ALT M1 | For attempting to use the product rule to give an expression of the form

use of Me¥>*xx (5x*)? + Ne*™(5x*) *M <0and #4,10 N>0and #2,3

product A7 | Following M1 (general principle of marking), at least one term is fully correct.
rule Al | Fully correct unsimplified derivative

M1 | For correctly taking out common factors of x and (5x*) and e***and attempting
to simplify. A numerical factor does not need to be taken out at this point.
Dependent on the 1% method mark.

Al For the correct derivative in the required form.

For the final M mark in particular — any work felt to be of credit not fitting the mark scheme — send to

Review.
(b) M1 | For any of the statements shown, using their answer from part (a), which must be of
Ae>*(Bx—C)
the form: —————=
Dx

Note, we’ll allow candidates to use an expression here that is not quite of the form
given in part (a).

This mark may be implied by further correct working.

dM1 | For substituting in the expression for y and a correct attempt to simplify their
expression to the required form.

You must check their working here, do not allow an answer that has come from
incorrect working (general principle anyway, but extra care needed for this
question).

Condone 100 written as 100% if the candidate is correctly multiplying by 100.
Dependent on previous method mark.

Al For the correct expression as shown.

7
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Question Scheme Marks
4 dA_ 507z ar_s
dt dt 12 B1,B1
(A=4ﬂr2:>d—A=j87rr B1
dr
ar_1 dA o 5_ 1 eorer-ts M1dM1A1
dt  dA gt 12 8zxr
dr
4 M1A1l
V = gx 7 x15° = 45007 [cm‘"’}
[8]
Total 8 marks

Mark Notes
Bl For either the correct e =507 or dr = >
dt dt 12
May be seen explicitly or used implicitly in the candidate’s work.
Bl For both correct a =507 and dr _>
dt dt 12
May be seen explicitly or implicitly in the candidate’s working.

B1 | For8zr

May be seen explicitly or implicitly in the candidate’s working.

M1 | For a correct chain rule, relevant to the question. Look for equivalences.

This may be explicitly stated or can be awarded for use of the appropriate values or
expressions implicitly.

dM1 | For correctly substituting their values and rearranging their equation to find a value for
r. Allow errors in rearrangement.

Dependent on the previous method mark, though M1 dM1 can be awarded if the
implicit use of their values in a correct chain rule is correct, without the chain rule
being stated.

Al | Forr=15(cm)

M1 | For using the formula for the volume of a sphere with their r

Note — although this has not been made a dependent mark, this mark can only be
awarded if ‘their I’ has come from some attempt at calculus.

Al | For the correct volume of a sphere given exactly.

7
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9 Area under the curve
A = jo (—2¢% +4)dx,= 27y 0 M1M1
-1 ! 3 .
—2e%° —2e3! 10 2¢°
= +4x%0 |- +4x-1|,=—+

Area under trapezium

Method 1 [uses formula for the area of a trapezium]
y=2 y=-2e°+4

1 T ;
AF=EX1X(2+—263+4)=[3—9 3:| B1
Method 2 [finds equation of the line and integrates] M1
Equation of the line: y= (Ze‘3 —2)x+2 (accept y =-1.9x+2)

0 (26°-2)% k]
A =j1'((2e3—2)x+2)'dx=[ = ] =[3-¢?]
-1
Shaded Area
A _ 94_26_3 _(3_6_3)=1+58_3 MIAL
haded 3 3 3 [8]

Total 8 marks

‘Q\’}/.
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Mark Notes

M1

For a correct statement for the area under the curve with correct limits. This mark can
be implied/embedded by later correct work. Condone missing dx

M1

Attempts to integrate the given curve to a form of Ae® + Bx
Ignore limits for this mark.

M1

For substituting in both of their limits into their integrated expression in the form

Ae* + Bx and subtracts. (A, B are nonzero constants)
-3

Correct exact answer %+ 2¢ implies the correct substitution.

If their answer is not correct and exact, explicit substitution needs to be seen.

Al

For the correct exact area under the curve. If not seen explicitly, this can be implied by
correct exact final answer.

Method 1 - trapezium

Bl

For both correct exact values of y

M1

For the correct method of finding area of the trapezium using their values for y
Look for % X 1 X (sum of their y values)

Method 2 — equation of line

Bl

For the correct equation of the line L, must reachy = ...
y=(2e°-2)x+2 (accept y=-1.9x+2)

M1

For the correct area under the line L using their line. Check for correct integration of
their line and full substitution of — 1 if their area is incorrect. (If the terms are equal to
zero, substitution of 0 does not need to be seen.)

192 2% |
+
2 2 |,

Allow also A, = J'i'(—l.gx +2)'dx = {

Combi

nes the areas

M1 Correct strategy to find the value of shaded area
The integrated area of the curve - the area of trapezium
Al For the correct exact area of the shaded region in the required form

Some candidates are combining the curve — line in one calculation — mark this as follows.

Wherever you see the correct equation of the line, score the 5" Mark [B mark]

Mark the work for the curve (which may be embedded in a combined integral) using the first
4 marks.

Mark the area under the line using the 6th mark [M mark — using their equation in the
formy =mx+ c]

When you see them subtracting the areas — award the penultimate M mark

If they add the areas, this is MO

Final A mark is for the correct answer only

7
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3 4 B
F—F oe — r—T oe M1 Al
2 3
(V =)17f(@J h v =30 oe M1
3 4 16
— = oe
(&)
dh_dv dh M1
dt dt dv
dh 16
— =9 rx—— oe
(dt jﬂ'xgﬂ_(z)z dddM1
h Al
|4
[ t ) [8]
OR
3 4 4r
—=— 08 = h=— oe
roh M1A1
1 4rrd
2
(d_V:J47rr anp dn_4
dr 3 dr 3 M1A1l
dh_dv dr dnh o
at diav dr M1
(d—hzjgﬂx ! > ><ﬂ oe [h=2, r=§:| M1
dt (3) 3 2
4| —
2
3
(), AL
dt [8]
Total 8 marks
INZ)
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Mark Additional Guidance
M1 | For any correct equation using similar triangles to link together r and h
Al For r = % . This may be implied in working.
M1 | For using their expression for r in terms of h to get an expression for V of the form
arzh®
M1 | For a minimally acceptable attempt to differentiate their expression for V to get an
equation of the form bzh?
Al For (d—v :) 9rh’” oe
dh 16
M1 | For a correct, relevant chain rule. This may be implied in working.
dddM1 | Correct substitution into chain rule, dependent on the previous 3 method marks.
Al | Correct value.
ALT
M1 | For any correct equation using similar triangles to link together r and h
Al 4r
For h=—
3
M1 | For using their expression for r in terms of h to get an expression for V of the form
arr®
M1 | For a minimally acceptable attempt to differentiate their expression for V to get an
equation of the form bzr?
AL For (d—v :j 47 pnp 904
dr 3 dr 3
M1 | For a correct, relevant chain rule. This may be implied in working
dddM1 | Correct substitution into chain rule, dep on previous three marks
Al | Correct value

7
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Calculus (8) <QUESTION

Question Scheme Marks
number
9(a . . M1A1A1
@ | dy_ —4e " cos2t — 2e *'sin2t = 2e *'sin2t = _dy_ 4y*
dt dt Cso
[3]
() | Method A
2
c:jtg/ = —4(—4e*"'cos2t — 2e *'sin2t) + 8e *'sin2t — 4e~*' cos 2t M1
2
d Z:—4d—y+8e’4‘sin2t—4y M1
dt dt
4t dy 4t T dy
2e "sin2t =———4e " cos2t = 8e " sin2t =—4—-16y
dt dt M1
2 2
dt dt dt dt dt
d? d d? d Mt
Y_ 8 _20y=-Y.820y-0
dt dt dt dt
2
LY mYiny-0=M=8N=20
dt dt Al
[5]
Method B
2
C(Ijtz = —4(—4e*cos2t — 2e *'sin2t) + 8e *'sin2t — 4e *'cos2t [M1
(=16e*'sin2t +12e *cos2t)
d’y o\ dy
M—+N
a e Y
=16e *sin2t +12e*cos2t + M (—4e *cos2t — 2e “sin2t) + Ne *'cos2t M1
= (16—2M)e “'sin2t + (12— 4M + N)e “cos2t M1
16-2M =0and 12-4M + N =0
M1
M =8 N=20
Al]
Method C
By inspection — please see additional guidance.
Total 8 marks
| Part | Mark | Additional Guidance

RA
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€)] M1 | For an attempt to differentiate the given expression.
e There needs to be an acceptable attempt to differentiate both terms. e ™* cos 2t —

ke ™ sin 2t +le™ cos 2t with k, 10
e There need to be two terms added.

gTy =—4e*'cos2t —2e *'sin2t
Al | One term completely correct.
:Ty =—4e"cos2t +'-2e*sin2t OR 3—{ ='—4e"cos2t'- 2e *'sin2t
Al | Fully correct differentiated expression and rearranged into the required form
((jj_)t/ = —4e *cos2t —2e *'sin2t = 2e *'sin2t = _?i_)t/ —4y
Accept also,
For example:

—(—4e*cos2t'- 2e *'sin2t) - 4(e " sin 2t ) = 2e “sin2t
With any unambiguous indication that a conclusion has been reached, e.g., QED, hash sign,

double underline, RHS = LHS etc.
Method A

(b) | M1 d’y
dt?

For an attempt to find

Minimally acceptable attempt is
ke ™ sin 2t +le™ cos 2t — k(me™ sin 2t + ne™ cos 2t) +1(pe™ cos 2t + ge ™ sin 2t)
k,l as in their first derivative, m,n, p,q =0

2
(jitz = —4(—4e™* cos 2t —2e * sin 2t) +8e * sin 2t —4e * cos 2t
M1 N . . d?
For substituting y and d_y into their dy
dt dt?
2
d—z — 4 gesinat —4y
dt dt
M1 y

For preparing to eliminate cos2t by rearranging their ((ji_t

2e sin2t = —2—); —4e " cos2t =8e *sin2t= —43—¥ —16y
Allow errors in arithmetic but not mathematically incorrect process.

M1 2
For an unsimplified expression only in terms of y,z—){ and ?j 2/
t

d’y dy { dy }
=4-24) 42 16y'-4
dt? dt dt y y

Al | For finding the value of M and the value of N.
[8] M =8 N =20
Method B

7
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M1 . 2
For an attempt to find d”y

Minimally acceptable attempt is
ke " sin 2t +le™ cos 2t — k(me™ sin 2t + ne™ cos 2t) +1( pe ™ cos 2t + e * sin 2t)
k,l as in their first derivative, m,n, p,q =0

2

C:jtzl = —4(—4e™* cos2t —2e * sin 2t) +8e* sin 2t —4e * cos 2t
M1 I 2y . .
For substituting y, d_y and dy into the equation.
dt dt?
d’y o\, dy
+M —+N
dt? at Y

=16e *sin2t +12e *'cos2t + M (—4e*cos2t — 2e “sin2t) + Ne ™ cos 2t

M1 | For collecting terms
2
(cjzltz +M z—{ + Ny =('16'-2M)e *'sin2t + ('12'- 4M + N)e *'cos2t
M1 | For identifying two equations from their working and a method to solve them simultaneously
For example, '16'-2M =0 and 12-4M +N =0
Al | For finding the value of M and the value of N.
M =8 N=20
Method C (By inspection)

M1 2
For an attempt to find dtzl

Minimally acceptable attempt is
ke " sin 2t +le™ cos 2t — k(me ™' sin 2t + ne ™ cos 2t) +I( pe ™ cos 2t + ge * sin 2t)
k, 1 as in their first derivative, m,n, p,q=0

2

(2“2/ = —4(—4e " cos 2t — 2e "' sin 2t) +8e " sin 2t —4e * cos 2t
M1 T sz_ A4 @ i -t [t .

For simplifying - =¢ 165in 2t +e*12cos 2t =[ e (16sin 2t +12cos2t) |
M1 dzy

For comparing w© with 3—¥ [sin2t] and deducing that '16'+(8x-2)=0=M =8

M1 d2y

For comparing with c;_)t/ and y and deducing that '12'—('8'x4)+20=0= N =20

dt?

Al | ForbothM=8and N=20

Total 8 marks

7
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9

Intersections of curve and line:
x?—2=-2x+13 13\

= x*+2x-15=0 yz(yTBj 2

= (x+5)(x-3)=0 or = y*-30y+161=0
=x=(-5), 3 =(y-7)(y-23)=0
whenx=3,y=7 =y=7,(23)

Volume of cone

Using formula: Volume of cone =%x7zx3zx(13—7)=187z

or using integration:

13 2
Volume of cone = ”.[7 (— ——) dy = %{169y -13y* + 3

Volume of solid generated by rotating the curve:

=18r

When x=0,y=-2

7
_.[ _ Y
Volume —n'[_z(y+2) dy_7{?+2yl2

= ”{(4_29“4}_[(—;)2 +(—4)J}—%7r

Total volume = 1872'+8—217Z' =%7Z’ oe

M1
M1

Al

Bl

MiM1
ddM1
Al

Al
[9]

Total 9 marks

‘l\’}/.
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M1

Attempt to solve y+2x =13 with y = x* —2 and obtain a three term quadratic
inxory. (x*+2x-15=0 ory*-30y+161=0) (Condone = 0 missing.)

M1

Attempt to solve (see general principles for marking quadratics).

Al |y=7
B1 | 18z correct volume of cone, in terms of 7.
M1 | Correct integral for volume generated by rotating curve.
Volume = izzj((;)) (y+2) (dy)
Ignore limits and condone dy omitted or with the wrong variable.
M1 | Evidence of completing integration (see general principles for integration).

Ignore limits. 7 may be missing.

If y+ 2 is combined with another expression in an attempt to add or subtract
two volumes, you may accept evidence of integration for the combined
expression.

dd
M1

Dep on previous two M marks. Substitute both correct limitsy=—2 andy =7
into the result of their integration. The full substitution should be shown unless

. 81
the answer is ?72' oe.

Al

81 .
?ﬂ' oe, given in terms of r.

A correct answer from the correct integration implies M1 for a correct
substitution of limits.

Al

%ﬂ' oe, correct total volume, in terms of .

7
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Question Scheme Marks
Number
dv
10 — =40 3 Bl
— =40 (cm?/s)
dA
A=4mr? —=8nr MIAL
dr
V= f711"3 v = 4mr? M1Al
3 dr
dA dA dr dV 80
— = X — X — = X X 4 = — MI1,Alft
dt dr dv dt’ 8rr Amr? 0 ( r)
r=4so 2 =20 (cm?/s) dM1Alcao
9]
Any letters can be used for volume and area, inc SA for area, but their choice must be
used consistently.
B1 State or use % =40 (cm3/s) (units not needed)
M1 Attempt to differentiate 47 r* with respect to r (Formula for area of sphere is given on

formula page)
Al Correct derivative = dA/dt

4
M1 Attempt to differentiate 5” r’ with respect to I (Formula for volume of sphere is given

on formula page)

Al Correct derivative = dA/dt

M1 Show (or use) a useful chain rule. Terms can be in any order as long as it is possible to
obtain dA/dt from it. OR Use chain rule twice to obtain an expression from which dA/dt
could be obtained.

Alft Substitute their expressions for the 3 derivatives in their chain rule. Need not be
simplified.

dM1 Use the resulting expression(s) with r = 4 to obtain a value for dA/dt All previous M
marks needed.

Alcao

+eso Correct value, units may be missing. Solution must be correct.

7
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7 Ml
® v =)x (d—V =)3x’ (atx=2 v 12)
dx dx
d B1 (Al
—=0.1 on ePen)
dt
Ml
A7 AV & w01 oe
de dx dr
1.2 m%/s cao oe Alcao
“)
b
®) (Surface Area =) 6x° (%) =12x atx=6 MI
% =72
dx Al
B1
v =108 da =0.05
dx dt
Ml
d_V — d_Vxﬂx% — "108"X"L"X 0-05
dt dx d4 dr 72
0.075 m*/s Al
&)
ALT
3
. . A4 M1
A =6x> leading to an expressionin 4 for V. V = E
1
ar 1 [AJZ Al
—=—|—| oe
d4 4\ 6
-3 and ¥ 2005 oe Bl
d4 2 dr
Ml
W _dr 443005
dd d4 dr 2
Alcao
1.2 m%/
m’/s cao oe 5]
9
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Calculus (8)

Part | Mark Additional Guidance
(a) Ml Correct expression for Volume, attempt at differentiation to ax?, a is an
integer, a > 1.
Bl dx . . :
@ =0.1, can be explicit or implicitly used in a chain rule.
t
M1 dv
For any correct chain rule, that would lead to a value for d_ and
t
substitution of 0.1 and their value for E . They must show an attempt to
V .
find E , heed not be a correct attempt, this isn’t a dependent mark.
Al Cao oe
(b) M1 | Correct expression for Surface Area, attempt at differentiation to bx, b is an
integer, b > 1.
Al d4
—=72
dx
Bl dv d4 e . .
—=108 & m =0.05 clearly stated, implicitly in chain rule or explicitly
Ml dv
For any correct chain rule, that would lead to a value for d_ and
t
substitution of 0.05 and their values for 5 and a They must show an
V .
attempt to find a , need not be a correct attempt, this isn’t a dependent
mark.
Al cao oe
(b) Ml Correct expression for area, attempt to rearrange, expression for ¥ in terms
ALT of A
Al o€
Bl Both derivatives clearly stated, implicitly in a chain rule or explicitly
M1 dv
For any correct chain rule, that would lead to a value for d_ and
t
o . dr
substitution of 0.05 and their value for a . a doesn’t need to come from
correct working, but there must have been some attempt to find an
dr
expression for ¥ in terms of 4 and — presented somewhere in the
working.
Al cao oe

R
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11 (a) e
— and 8x*-4x+1
32 M1
4x 4x A1A1
Y€ (16x-4)+ (8 —4x+1)
dx 32 8
dy _16xe™ 4e™  8x’e™ 4xe™ +ﬂ dm1
dx 32 32 8 8 8
dy o ax
—=Xe"*
dx Al
Cso
[5]
(b) —_ (0 2x )2
Volume = ”j,2(3xe ) dx ML
2.4 9" 2 ’
V= ;zj ox’e dx:ﬂ[ - (8x _4X+1)L M1
4x0 4x—2
;rj ox%e™ dx = 7| 2% (8x07—4x0+1) |-7 % (8x—2"—4x-2+1) am1
32 32
V =0.87142.....~ 0.87 (2sf) ﬁﬁ
SC - attempts integration by parts.
Volume = njo (?,xezx)2 dx M1
-2
%X %X
Ixz e dx =25 _[2xE_ dx
l4|
4x 24X 4x 4x
IXZ 4XdX_xe B 2xe™ _IZe _xe i2xe ie
I 1 I16| 116I I4l 116I |32| Ml
X2 oyt et 0
72'-[ 9x%e™ dx =9z - +
I4l |16I |32| _2
-2)" e 2(-2)e"™? g
— 9z (o-mij— (-2) ¢ (-2)e” " e dMm1
32 ‘4" '16' '32'
For the correct volume of 0.87142......~ 0.87 rounded correctly to 2sf '[iﬁ
Total 9 marks

‘Q\’}/.
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Part | Mark | Notes
(@) M1 | For using product rule correctly with an attempt to differentiate both
4x
and 8x*—4x+1
Correct application of ﬂ = uy+vd—u is required
dx dx dx
For attempt to differentiate:
8x? —4x+1->16x —4
ex ax 1 1
— > ke** wherek #1or—=or—
32 32 128
Al 4x 4x
For either e2 (16x—-4) OR € (8x* —4x-+1) o.e. in both cases
Al 4x 4x
For BV _¢ (16x—4)+ € (8x* —4x-+1) fully correct
dx 32 8
dy _ e _ 4t o 2
Accept T (16x — 4) + - (Bx*—4x+1)
M1 N . i . .
d For multiplying out both sets of brackets, or factorising, their g—y provided the earlier M
X
mark has been achieved
dy 16xe™ 4e* 8x%™ 4xe™ ¥
eg., —= - + - +
dx 32 32 8 8 8
Some working to collect terms between product rule and final expression.
Al . dy o
cso | For the correct expression only i Xer*
(b) M1 | This is a strategy mark for using the correct expression with the correct limits for the
volume of rotation.
— 0 2X 2
Volume = ﬂj_z(Sxe ) dx
M1 | For using the given result from part (a) to integrate
4x 0
V= nJ'O ox%e™ dx =1 9e—(8x2 —4x+1)
-2 32 ,
Ignore 7 and limits for this mark even if they are missing or incorrect.
dM1 | For applying the correct limits in an attempt to evaluate the integral
4x0 4x—2
7| oxe® dx =z % (8x07—4x0+1) |- x| 2 (8x—22 ~4x—2+1)
-2 32 32
Dependent on previous method mark.
Condone omission of r for this mark.
Al | For the correct volume of 0.87142......~0.87 rounded correctly to 2sf
SC -attempts integration by parts.
M1 | This is a strategy mark for using the correct expression with the correct limits for the
volume of rotation.

7
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Volume = ;r-[_()z(Sxe“)2 dx

M1

For an attempt to integrate by parts.
e They must use the correct formula

. _[ud—v dx = uv—'[vd—u dx TWICE in the correct direction
dx dx

First integration — ignore 7 and 3° for this mark
Ze4x

|4|

2,4x — _ ﬂ
jx e™ dx sz.4. dx

Second integration

J'xze4X dx =

2 4% 4x 4x 24X 4x 4x
xe” 2Xe _J-2e _xe i2xe ie
l4l l16l I16I I4I I16l l32l

dMm1

For applying the correct limits in an attempt to evaluate the integral

0
2 4% 4x 4x
0 X°e 2xe e
;r_[ 29x2e4X dx = 97{ - }
-2

+
'4' ‘16" '32'

oV D 9( 94D a2
:97{(0_%%_{( 26" 2(-2)e"? e H
32 '4' 16" '32'

Dependent on previous method mark.
Condone omission of r for this mark.

Al

For the correct volume of 0.87142......~ 0.87 rounded correctly to 2sf

‘l\’}/.
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Question Scheme
number
11 @0 | (a=)-8
@) | e =9=2x=1In9
X= l In9=In3 *
2
ALT e2x:9:>|:(ex)2=32:|:>e><=3
Xx=In3 *
(b)

nf:a(ezx - 9)2 dx

nj:3(e4x —18e* +81)dx

("In3")

(z)Ee“ —9e™* +81x} oe M1 Alft

(0)

[T (]

7(81In3-52)

Total 9 marks

Al*cso | For a fully correct solution.

Part Mark | Notes
(@) B1 For (a =) -8
(@)(ii) - . 1
M1 For substituting y = 0 and rearranging to 2x =In9or x = E In9
For a fully correct solution with no errors — must see
* 1
AL*CS0 |y 29 or 2x=2In3
2
ALT M1 | For substituting y = 0 and manipulating to give e* =3
Al*cso | For a fully correct solution with no errors
(b)

M1 | For njom(e“ —9)2 dx

In3
Al For ﬂjon (e4X —18e? +81)dx oe. If 7 seen for first M1, can be omitted.

For minimally acceptable attempt to integrate two terms of their

M1 expression (at least one term integrated correctly). 7 and limits can be

omitted.

For 1e4X —9e** +81x
Alft 4

Ft their expression of the form e +ce® +d 7 and limits can be omitted

M1 substitution must be fully shown for this mark. 7z can be omitted.
This mark can be implied by a correct final answer.

For correct substitution of 0 and their b into a changed expression. The

Al For obtaining the correct expression

7 must only be present for the final A1 mark and the first M1 mark (can be implied by first or
final Al)

7
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Question Scheme Mark
M1A1Al
@ | a2 _23t430-0=(3t-5)(t-6)=0=t=6, g 3
(b) _dv_
a= prie 6t —23 M1
(6t—23>0):>t>% Al
[2]
c 3 2
© S=J'3t2—23t+30dt=3%—23t +30t+c M1AL
3(8)° 23(8)°
26:—(3) _BE) +30(8)+c=c="10" M1
d=0+0+0+"'10'=d =10 Al
[4]
Total | 9 marks
Part | Mark Notes
5 (@ | M1 | For setting the given expression for v = 0 and attempting to solve the 3TQ
See general guidance for the definition of an attempt
3t* - 23t +30 =0=(3t-5)(t-6)=0=>t=...,..
Al For either t=6 or t =g
Al For both t=6 and t:§
(b) M1 | For differentiating the given expression for v which must be correct for this mark.
a= dv =6t—23
dt
Al (6t—23>0)=t >%
Accept equivalent exact values including t > 3.83
(c) M1 | For attempting to integrate the given expression for v
See General Guidance for the definition of an attempt with no terms differentiated.
+C is not required for the award of this mark.
) 3t 23t
s=[3t° - 23t+30 dt = = - =+ 30t +c
3 2
Al | For the correct integrated expression, which must include a constant term e.g.+ ¢
3 2
S =3%— 23 +30t+c
Simplification is not required for this mark
M1 | For substituting the given values of t = 8 when s = 26 into their integrated expression to
find c
3(8)" 23(8)°
26 =%—%+30(8)+c =c="10"
[d=0+0+0+"10'=d =..]
Al | For the correct value of d = 10

7
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Question Scheme Marks
number
10a (Y‘1)+y2 =115y +y-12=00r X + X +1°=11= x* +3x2~10=0 M1
Y-3y+4=00 . . . . . M1
(y=3y=-4) =x'=2 X'=-5 M1
For stating the x coordinate of A is —/2 and the x coordinate of B is /2 Al
4)
b N 1) [ 0¢+27 - @1-x)dx M1
7] 5 Al=x?) = (¢ +1)? dx or 7], o
zzj‘fz (=x* —=3x* +10) dx" Alft
o (2)
(7) —g—x3+10x} M1
L (-+2)
2" 3 —2") ; M1
(7) —@—("ﬁ") +10"V2" |- —@—("— 2"} —10/2" ||=6398 | Al
®)
ALT
x| fi"(ll— x?) dx — 7z fﬁn(x2 +1)? dx or 7 f @(XZ +1)° dX—er 1= x*) dx {™m1}
ﬂf:;glll(ll— x*) dx —ﬂ_[:f;"(x“ +2x7+1) dx {Alft}
( ){ X3 :|(*/§) ( ){XS 2%3 :|(*/§)
)| 11X —— —(7)]| —+—+Xx {M1}
e LY 3 e
(ﬂ)Hll(“ﬁ ) ——("f")sJ—(ll("— Va2 f)ﬂ
{M1}
()| [N, 20N ) (N2 2002 {AL}
5 3 5 3
=63.98
®)

Total 9 marks

Note: the candidate may also set up the integral as
N7 0
2><7zj0 (11-x*)— (x> +1)% dx or 2><7z.|:ﬁ(11—x2)—(x2 +1)% dx or

the solution.

V2 V2 0 0
2x(ﬂjo 117 -z (¢ +1)7 e j or 2X(7Z'J‘7\/5(11—X2) dx—z[” (X7 +1)7 dx )

If it is clear that the integral(s) being used at any point needs to be multiplied by 2, all marks can be
awarded, follow the same principles in the main or ALT schemes if the multiply by 2 is seen anywhere in

If multiply by 2 is nowhere present or implied by a final answer, the maximum mark is MO A0 M1 M1 AQ

7
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Part | Mark | Additional Guidance
@ M1 . 2 _ 1 _—
For correctly rearranging to get X =Y —L and correctly substituting to get an
2
equation of the form ay" +by+c=0 a,b,c#0 or
L 2 1 2 1 2 o
For correctly substituting ¥ =X +1, an attempt to expand (X + ) and attaining
4 2
an equation of the form " +ex"+f=0 defz0
. 2 4, a2 .

ML Fora complete attempt to solve either 8y~ +by +C or OX" +€X"+ f py any valid
method — see general guidance for definition of minimally acceptable attempt.

M1 | For correctly solving their quadratic equation in y or quartic equation in x and for
obtaining a value(s) for x® or x.

Award this mark if the candidate does not state or dismisses a solution where x? is
negative.

Al | For stating the x coordinate of A is —J/2 and the x coordinate of B is 2
Decimal equivalent allowed.

(b) M1 . W2t )
For [ (1—x%) — (x* +1)? dxOf ;leﬁ"(x +1)° - (11-x")dx
Allow use of their limits from part a.
Alft | For expanding the bracket and simplifying to give ”IJj_(—x4 —3x2 +10) dx
-2
The ft is only for use of their limits from part a.

M1 | For correct integration of their expressions. There must be at least 3 terms overall
and there must be a term in x* or y*. It is not necessary for - or limits to be present
for this mark.

M1 | For correct substitution of their limits seen into their changed expression. Each of
the limits needs to be substituted into the expression correctly at least once.
Allow a fully correct final answer to imply this mark.

Brackets must be correct but can be recovered later.
Al | For awrt 63.98 (Calc: 63.9775...) If a negative value is found and changed at the
end to a positive value, this final A mark cannot be awarded.
ALT | M1 | For ﬁ_[:;f;"(ll—xz) dx—;z_[:rf_;_(xz +1)2 dx Or
2 2 2 "2 2 . g
7Z'J'"_\/§"(X +1) dx—;zj‘”_ﬁ"(ll— X7)dx  Allow use of their limits from part a.
Alft | For expanding the bracket and simplifying
7Z'j.:/j§ @1—x?) dx —ﬁ'[:j/;"(x“ +2x%+1) dx
The ft is only for use of their limits from part a.

M1 | For correct integration of their expressions. There must be at least 3 terms overall
and there must be a term in x* or y*. It is not necessary for - or limits to be present
for this mark.

M1 | For correct substitution of their limits seen into their changed expression. Each of
the limits needs to be substituted into each expression correctly at least once.
Allow a fully correct final answer, with correct integration shown, to imply this
mark. Brackets must be correct but can be recovered later.

Al | For awrt 63.98 (Calc: 63.9775...) If a negative value is found and changed at the
end to a positive value, this final A mark cannot be awarded.

R
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Question Scheme Marks
number
7a dy _ 2e”* cos 2x — 28 sin 2x M1 AL
dx Al
dy _ 2X o Al cso
&_Zy—Ze sin2x * (@)
2
b d—X:Zd—y—4e2X sin 2x — 4e” cos 2x M1 Al
dx dx
d? d d
—2’:2—y+2(—y—2yj—4y dM1ddM1
dx dx dx
d? dy Al cso
—=4—-8y *
dx*  dx y ®)
Total 9 marks
Part Mark Notes
@) For an attempt to use the product rule.
The definition of an attempt is as follows:
M1 e There must be a correct attempt to differentiate both terms.

COS2X = +2sin2x e°* = 2e®* where x %0

e The terms must be added
The correct formula must be used.
Al For one term correct
Al For both terms correct

Al For obtaining the given result with no errors seen.
€SO
(b) | Method 1
. : .. d _d?
For attempting to differentiate —yto obtain d—)zl
X

2
M1 3—32/ = 4e”* cos 2x — 4e** sin 2x — 46 sin 2x — 4e”* cos 2x
X

For this mark accept either:
(4e2X cos2x —4e**sin 2x) OR —4e*sin 2x —4e* cos 2x

d2
Al For the correct d_¥ (This is an M mark in Epen)
X

For simplifvi d’y
dM1 or simplifying o
This mark is dependent on the first M mark

d’y

to obtain pva —8e”*sin2x (A mark in Epen)

7
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For using the substitution
_9a2X i _ ﬂ _ _Qn2X i _ ﬁ_
ddM1 2e7sin2x = 2y = —-8e“*sin2x=4 8y
dx dx
This mark is dependent on BOTH previous M marks.
For obtaining the given result with no errors seen.
Alcso | d’y ,dy
dx dx
Method 2
d2
For attempting to differentiate j—yto obtain —32/
X X
dy _,dy e 2
—==2—=—4e“"sin 2x—4e“* cos 2x
M1 dx> dx
For this mark accept either:
2d_y or —4e* sin2x —4e* cos2x
dx
'y
Al For the correct ol
This is an M mark in Epen
dm1 | For substituting 4% cos2Xx = -2y
This is an A mark in Epen
ddM1 | For using the substitution —4€°*sin2x = 2%—4y
X
For obtaining the given result with no errors seen.
Al ﬂ = 4d_y -8y
dx*  dx
Method 3 — Works form LHS and RHS together.
d2
For attempting to differentiate j—yto obtain —)2/
X X
d’y
M1 pva 4e” cos 2Xx —4e sin 2x —4e” sin 2x — 4e°* cos 2x
X
For this mark accept either:
(4e2X cos2x —4e”*sin 2x) OR —4e*sin 2x —4e* cos 2x
’y
Al For the correct ol
This is an M mark in Epen
For simplifying &Y. to obtain 9 — ~8e?sin2x (A mark in £
dM1 or simplifying v 0 obtain o e”’s (A mark in Epen)
This mark is dependent on the first M mark
Multiplies out the given expression in (b)
2
3—2’ = 4j—y—8y = 4(2e” cos 2x — 2¢”"sin 2x) -8 (e cos 2x
ddmMm1 X X
= 8e”* cos 2x —8e”* sin 2x — 8 cos 2x
= —8e”*sin 2x
t .
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This mark is dependent on BOTH previous M marks.
For a conclusion. A simple # sign, ‘shown’, ‘QED’ or underlining is
sufficient.

Al

N2
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Question Scheme Marks
7(a) S =5x"+(3x— 4)2 M1
Al
=S =5x>+9x* - 24x+16*
€SO
[2]
b M1
(b) d—5:15x2+18x—24:0
dx
X—-4)(x+2)=0=x= 4 -2
= (5x-4)(x+2)=0=x=1, M1A1
d28—30 18=30 4 18 h ini
W— X+ = g + —> +Ve nence minimum M1A1
[5]
(©) 4y (4 4 128
S=5|=-|+4+9|=-| -24| - |+16=— or 5.12
(EJ (sj (EJ 25 MIAL
[2]
Total 9 marks
Part | Mark Notes
@) M1 | For substituting y into the given S
Substituting x will not yield the required expression.
Al For obtaining the given expression with no errors.
€s0 | You must check every line of their working.
(b) M1 | For an attempt to differentiate the given expression for S wrt X,
Accept at least two terms fully correct with no power of x to increase.
M1 | Sets their differentiated expression = 0 and attempts to solve, provided it is a
guadratic. See General Guidance for the definition of an attempt to solve a QE
Al For the correct two values of x.
M1 | Attempts to differentiate again.
- _(d*S
Minimally acceptable attempt is (d_zj =Ax+B
X
Al | Conclusion:
. 4\ .. d’S :
Concludes that the positive value of x 3 will give a positive o hence will
X
be a minimum. For example, positive + positive = positive hence minimum.
OR
Substitutes either value of x, with the appropriate conclusion and correctly
4 . -
concludes that x = E gives a minimum.
d’s . . .
NOTE: If they evaluate o it must be correct [= 42] An incorrect value is AO.
X
(c) M1 | Uses their minimum value of x in the given expression, even if they identify X =—-2
as the value giving a minimum S.
If their minimum is not explicitly identified, then award MO. If they substitute both
values without identifying which is which, award MO.
Al For the correct value of S

7
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Question Scheme Marks
5(a) 3t?
v=|(3t-4)dt=)——4t+c
(v=[(3t-4)dt=) 5 M1
(Whent=0,v=0 =c=0)
2
(vo) 2L _axa =g [mss] M1AL
2 [3]
b 2
(b) 0 3L—4t:>t(§—4j=0:>§=42t=§ M1A1
2 2 2 3
[2]
© 3t2 3t 4t t°
X=|| =—-4t|dt= ——(+¢)=| =—2t*+c
When t =0 P is at the point with coordinates (— 10, 0) M1
=c=-10
3
:(X=)%—2x32—10=—2—; (m) dM1A1
[4]
Total 9 marks
Part | Mark Notes
@ M1 | For a minimally acceptable attempt (see general guidance) to integrate the given
expression. At least one term correctly integrated. Terms do not need to be simplified
to attain this mark. No power of t to decrease.

M1 | For substituting the value of t = 4 into their changed expression (general rule of
marking unless precluded, this method mark may be implied from a correct answer,
unless from incorrect working).

Al |For(v=)8

We do not need to see the calculation of ¢ = 0 Note: substitution of t = 4 into the expression for a also
gives an answer of 8 — please watch out for this and do not mark this correct.

(b) M1 | For setting their changed expression = 0 and a fully correct attempt to solve, leading to
a value for t. Note a correct vale of t can imply this mark. If the quadratic is not the correct
guadratic, method must be shown.

Al For the value of t :g ,ignore t = 0 is given. Accept answers which round to 2.7 or
clear indication of 2.6 recurring.

(© M1 | For a minimally acceptable attempt (see general guidance) to integrate their
expression for v, which must be a minimum 2 term expression. Terms don’t need to be
simplified at this point. ¢ does not need to be present. No power of t to decrease.

M1 | For correct substitution, into their changed expression, of t =0 and P = —10 to find the
value of c. — 10, if seen at any point will usually imply this mark.
The mark is for substitution of the correct values, to find c, if they rearrange incorrectly,
the mark can still be awarded.

dM1 | For substituting the value of t = 3 into their changed expression, with their c.
Dependent on the previous method mark.

Al

For the displacement of —2—29 If distance of 2—29 is given AQ, no isw here.

7
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Calculus (8) <QUESTION

Question Scheme Marks
number
9(@) | f'(x)=4x2x1+x%)° =8x(1+x%)> * M1 A1*
Ccso
[2]
(b) Find the gradient of the tangent to C at A:
dy _ 3cos3x(1+x*)* —8x(1+x*)’sin3x M1ALAL
dx (L+x?)®
1+ x%)°[3(1+ x*) cos 3x — 8xsin 3x]
- 1+ x2)®
_ 3cos3x+ 3x” cos 3x — 8xsin 3x
(L+x%)°
2
3cos(3x 2”j+3(2ﬂ) cos(SxMJ—Bxhsin(hz”j
3 3 3 3 3 M1
2 5
(1+(2”j J
3
2
3(1+(2”j J
3 3
N N 2\* Al
~(5)) (5]
3
Find the negative reciprocal:
2 4
1 2 M1A1*
=313 cs0
[7]
ALT (b) | Find the gradient of the tangent to C at A:
Using product rule from M1
. 2\
y =sin3x(1+x°)
q . » AlAl
Y _sin 3x(—8x(1+ x*) )+3cosSx(1+ X*)
dx
dy (2 2 2 22\ 2 22V
—y(—”j=sin(3x—”j gx L 1+(—”j +3xcos(3x—ﬁj 1+(—”) M1
dx\ 3 3 3 3 3 3
B 3
= —2 ~ oe Al
(1+(”j ]
3
Find the negative reciprocal:
1( (Zﬂ_j2j4 M1A1*
B I il Ccso
3 3 [7]
Total 9 marks

t .
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Part | Mark Additional Guidance

9 (a) M1 For showing an intermediate equation in which are shown multiplication by the original
index, multiplication by the derivative of the bracketed term and a reduction in the index
of the bracketed term. Should be in the form ax(1+ x*)*

Al*cso | For a fully correct solution, minimum steps shown, no omissions or error. Accept

d d
Il_y:ll or. ll_:ll
dx dx
(b) M1 For a minimally acceptable attempt to differentiate using the quotient rule

e sin3x = kcos3x  k #0,1where k is an integer
e (1+ xz)4 as given in (a)

e Allow + /- in the numerator
e Denominator must be correct

Al For both terms in the numerator, in either order
Al For the correct expression shown oe
NB: This mark appears as an M mark in ePen

M1 2
For substitution of X= ? into any changed expression representing the gradient of the

tangent.
NB: This mark appears as an A mark in ePen
Al For the correct expression shown. This may be implied by further correct work.
NB: This mark appears as an M mark in ePen
M1 For attempting to find the negative reciprocal of their expression.
Alcso | For the correct expression shown
ALT M1 For a minimally acceptable attempt to differentiate using the product rule
(b) e sin3x = kcos3x k= 0,1where k is an integer

o (1+ x2)4 as given in (a)

e Allow + /- between the terms

Al For one term correct
Al For the correct expression shown oe
NB: This mark appears as an M mark in ePen

M1 2w
For substitution of X= EY into any changed expression representing the gradient of the

tangent.
NB: This mark appears as an A mark in ePen
Al For the correct expression shown This may be implied by further correct work
NB: This mark appears as an M mark in ePen
M1 For attempting to find the negative reciprocal of their expression.
Alcso | For the correct expression shown

7
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4 1 1
@ f‘(x):3e3x (1+2x)2 +e3xx%x2(1+2x) 2 MIA]
3x 3x 3x
:>f'(x):3e (1+2x)+e :f'(x)ZZe (2+3x)* MIA1
V1+2x V1+2x [4]
(b) When x =0
2¢"(2+0) 1
f'(0)=———==4 Gradient of Normal =—— B1B1
( ) N1+0 4
f(0)=e'v1+2x0=1 Bl
Equation of Normal to curve y =f(x) whenx=0
y_lz_%(x_o) MIAl
=>x+4y-4=0 Al
[6]
Total 10 marks
(a)
Ml Use of the product rule. Sum of two terms (either way round) with x" — x"™'
(Condone ¢** instead of 3e™)
Al Both terms correct
M1 Simplifying their product rule expression to a single expression with
denominator a+/1+ 2x where a is a constant
Al Obtains the given expression
(b)
Bl f'(0)=4
B1
Gradient of Normal = —%
B1 f(()) =1
M1 Substitution of (0, ‘1”) and ‘gradient of normal’ (but not 4) into the formula for a
line
Al
y—1l= —%(x—O) o€
Al x+4y-4=0

ll\’}/‘
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9 (a) a2 180
540—3Xh:>h—? M1
S=2(3x2 +3xh+xh)=6x2 + 8xh Ml
:>S=6x2+8x><@=6x2+1440* depMIAL
x X [4]
(b) S =6x" +1440x™"
§:12x—1440x‘2 M1
dx
At min/max s =0
dx
12x-1440x7 = 0= x* =120 = x =4.93242.... MIAL
x~4.93 (3sf)
d’s 2880 . iy
—=12+——= Always positive for positive values of x, hence MIATft
dx X
minimum
[5]
© S =6x4.93242% + 1440 =437.9185~ 438 B1
4.93242
[1]
Total 10 marks
(a)
Ml Rearrange the equation for volume to make / the subject
M1 Obtains an expression for S in terms of x and 4.
depM1 | Dependent on previous M1. Use the equation to eliminate 4 to give an
expression for S in terms of x only.
Al Obtains the given expression for S.
(b)
M1 Attempts to differentiates S wrt x with x" — x"™'
Ml Equate their derivative to zero and solve for x
Al Correct value of x, min 3 sf (Do not accept /120 )
M1 Obtains a correct second derivative from their first derivative.
(If signs of % on either side of their x are considered, numerical calculations
must be shown.)
Al ft | Establish that the minimum has been obtained and give a conclusion. No need to
calculate the value of the second derivative.
Follow through their x provided x > 0 and the second derivative is algebraically
correct or if signs of a5 on either side of their x were considered these need to
be calculated and correct
(c)
B1 Correct value of S. Must be 3 sf

\\\’;
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Question Scheme Marks
Number
2xy +5y =¢" =
8(a) y+oy y (2X+5)
dy e*(2x+5)—2e*
PV I M1A1lAl
dx (2x+5)
dy ¢ (2x+5-2)  y(2x+3) %
dx (2x15)  (2x15)  (2x+5) MIAL = ©)
dy 5-2 3
b x=0=> —= =— M1Al 2
(b) dx 5° 25 @
dy 3
ALT | x=0=y=2, X222
= dx * 25
Q0 1 M1(Award if
(©) x=0=y= == seen in (b) and
(2x0+5) 5 used in (c))
y-1__B, M1
5 3
125x +15y—3=0 Al 3)
[10]

(a)

X

2xy+5y=¢e* = y=

(2x+5)
M1 For attempting Quotient Rule
e Both terms must be differentiated correctly e* =e* 2x+5=2
e There must be two terms subtracted in the numerator either way around
e The denominator must the denominator squared.
dy e"(2x+5)-2e"
dx  (2x+5)
Al | For e*(2x+5) or 2¢*
Al For a fully correct differentiated expression.

dy e*(2x+5)—2e"
dx  (2x+5)°

‘Q\’}/.
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ML ubsin yo € acommon factor | SUPS in € =Y(2x+5)and factorises
(2x+5)
dy e ><(2)(_,_5_2) ~ y(2x+5-2) ﬂ: y(2x+5)(2x+5)—2y(2x+5)
dx  (2x+5)  (2x+5)  (2x+5) dx (2x+5)°
Al For the correct answer with no errors. Note this is a given answer.
dy y(2x+3)
dx (2x+5)

ALT — uses implicit differentiation on 2xy +5y =¢*
M1
Z(erxd—yj+5d—y=eX

dx dx
Al Takes out g—y as a common factor 3—y(2x +5)=e" -2y
X X

Al For a fully correct differentiated expression as below.

dy e'-2y

dx (2x+5)
M1 For separating the fraction, taking out y as a common factor and attempting to form a single

fraction

dy e 2y y(2x+5) 2y  y(2x+5-2)

dx (2x+5) (2x+5) (2x+5) (2x+5) 2X+5
Al For the correct answer with no errors.

dy _y(2x+3)
dx (2x+5)
(b) M1 e*(2x+5)—2e* e°(2x0+5)—2¢°
For substituting x =0 into @y _ (2x+ )2 = (2x0+ )2 =..
dx (2x+5) (2x0+5)
Al
For the correct value of d_y = i
dx 25
ALT
M1 When x=0:>y=1, d—yzlxgz...
5 dx 5 5
Al For the correct value of d_y = i
dx 25
) M1 e? 1 1 . . .
Xx=0Dy=—"—=="x=0=y==Award if seen in (b) and used in (c)
(2><O+5) 5 5

This is a B mark in Epen.
M1 Inverts the gradient found in (b) and forms equation of the normal. ft their value of y

N
5 3

Al Equation of line is given in the required form.
125x+15y-3=0

7
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8 () 907r=7zr2h:>h:?—?
90 Bl
S=2xr’+2zrh=S =2xr? +27zr><—2
r M1
S :27rr2+2xg0”:2ﬂr2+@* Alcso
r r [3]
® |ds_,_ 180z
5—472"’—7 Ml
3—?:0 => 4nr—1i¥=o:>4;zr=18r2”:>r3=45:>r=... M1
F =3.55689... = I ~ 3.56 Al
2
g5 _ 4y, 3007 M1
dr r
d’s _,  360m _(dS .
a2z T dr2 T~ 77T
37.699 > 0 = hence minimum A[\é{t
© | g prx3556.242%907 _ '\A"ll
3.556..
S = 238.4769.. = S =238 (cm?) [2]
Total 10 marks

€)] Bl For finding an expression for h in terms of r
90

907 = 7r*h= h:F
Award for finding an expression for hr in terms of r

901 = mr2h = hr =970

M1 For substituting their expression for h into a correct formula for the closed
surface area of a cylinder

S=2nr2+2nrh=>5=27rr2+2nrx2—(2y

Or for substitution of their expression for hr into a correct formula for the
closed surface area of a cylinder

S =2mr? + 2mrh = S = 2mr? + 2m X =
Al cso | For the correct expression for the area as shown

‘l\’}/.
258



MARK SCHEME - Paper 1 - January 2022 - Q8 Calculus (8) <QUESTION

S =272 4+ 20 _ o2 1807
r r
Must have the S = for this mark.
(b) M1 For attempting to differentiate the given expression for S at least one power to

decrease and neither power to increase.
dsS 180~
— =4rr————
dr r

M1 .
Sets their 3—? =0 and attempts to solve for r
4;zr—182” — 0= 4xr :182” Sri=45r=.

r r

Al For the correct value of r =3.55689...= r ~ 3.56
Accept awrt 3.56

M1 For attempting to differentiate their expression for % at least one power to
decrease and neither power to increase.
d’s 3607
- = 472' + 3
dr r

Alft 2 2
For correct work throughout d—? =4 +@ = (d—f = 37.699...]

dr r dr
37.699 > 0 = hence minimum
2
Evaluation not required as both terms positive so 3—? >0 hence minimum
r
Indication of positive or >0 required.
2
If g evaluated incorrectly then do not award. If evaluated then accept awrt
38
(©) M1 For substituting their value of r into the given expression for S
S = 2m x '3.556' 2+2X90n—
BRI

Their value of r >0

Al S =238.4769..= S =238 (cm’)
Accept awrt 238

7
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6(a) dy (x2 +1) 2xe Y _ 2xel* M1ALAL
dx (x* +1)2
dy oxel” " (x*+1-1) 2yl
-—= = M1A1 cso
dx (X2 +1)2 (X2 +1)2 [5]
(b) dy —e’ e?
Whenx=-1 —=—, y=—
dx 5 y 5 B1ft, B1
2 2 2
y_e_:_e_(x_p]_),:;y:_ﬂ oe M1A1ft,
2 2 2 Al
[5]
Total 10 marks

6(a) o
s
Using Quotient Rule
dy (% +1)2xe(xz+1) _oxel M1

dx (x* +1)
e For an attempt to differentiate both e(xz+l) and x> +1

Award for either e = 2xe**™* or x?+1= 2x but both must
be changed expressions.
e Numerator is to have two terms in either order subtracted.

. 2
e Denominator must be (x2 +1)

At least one term fully correct in the numerator Al
Fully correct unsimplified. Al

For an attempt to take out a common factor of either 2x or e(xz+1)
dy 2xelY (x2 +1—1) M1
dx (x? +1)2

OR
Multiplies out the first term in the numerator

(x2+1) + 2xe(x2+1) _ 2xe(x2+1) [Ml]
(x* +1)2

2x%e

ll\’}/‘
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Calculus (8)

Using Product Rule

% = (x2 +1)_l x 2xe" ™ +(-2x) e (x2 +1)_2

« For an attempt to differentiate both e ) and (x® +1)7l
Award for either
e’ = 2xe’* or (x2 +1)_1 = (—2x)(x2 +1)_2 but both must

be changed expressions.
e Numerator is to have two terms added

M1

At least one term correct

Al

Fully correct unsimplified or simplified

Al

For an attempt to take out a common factor of either 2x or e(X )
and set a common denominator of (x2 +1)2

M1

For the fully correct expression for the derivative,
dy _ 25

dx (x2+1)°

NB: Any further simplification [e.g., cancelling (x* +1)] following
a correct answer seen, is AO.

Al

[5]

(b)

2
When x = -1, % = ift their K in their d_y

X 2 dx
Allow awrt d_y =-37
dx
2
Even allow dy _—Ke
dx

B1ft

Whenx=-1, y=

N R

Allow awrt y=3.7

Bl

For a correctly used method for the equation of the tangent using

their values for dy andy
dx

e’ e’

et (x4l
y 2 2 (X+ )
Alsoallow:  y—3.7=-3.7(x+1)

If they use y = mx+ cthey must obtain a value for ¢ for the award
of this mark.

M1

For the correct equation in any form

Alft

For a correct simplified equation in any form but this must be in

exact form.

e?x

y=-—-or 2y +e°x=0

Al
[5]

Total 10 marks

7

261

< QUESTION



< QUESTION

11 S=zxr?+2zxrh B1
_y2
7rr2+27zrh:6257r:>2rh:625—r2:>h=6252rr * M1AL
[cso]
[3]
(b)
2 3
V = 12 625—r or V:6257[r—£ Vit
2r 2 2
dr 2 2
2
?_3;” =0=625=3r> = r =14.4337..= r ~14.4 M1A1
For differentiating their ?j_\r/
dv
. div . . .
For concluding that as —- is negative then the volume is a
dr Al
maximum. (Explicit substitution of r is not required). [6]
c _ 2
© h= 625-14.43375 =14.4337...~14.4
2x14.43375 B1ft
[1]
Total 10 marks

11 For a correct expression for the surface area of the cup.
S =nxr>+2zxrh Bl
For equating their expression for the surface area to 6257z
and attempting to make h the subject.
_r? M1
2r? +27rh = 6257 = 2rh=625—12 = h = 6252 r
r
Allow errors in arithmetic but not mathematically incorrect
process.
For the correct expression for h as shown with no errors.
h_625-r", Al
2r Ccso
[3]

‘l\’}/.
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(b) For the correct volume of the container in terms of r only.
2 3
V = 112 625—r or V=6257[r—ﬂ M1
2r 2 2
Minimally acceptable attempt at differentiation, see general
guidance, no power to increase. M1
dv 6257 3zr?
dr 2 2
Places their derivative = 0 and attempts to rearrange to find r.
Minimally acceptable derivative is of the form a + brr?
2
62%—3’" —0=625=3r’=>r=.. M1
For the correct value of r
r=14.4337...=r =14.4 (cm) Al
Must reject negative value if found, award AO if not rejected.
May be implied from subsequent working.
For differentiating their ?j—v
r
For minimally acceptable attempt to differentiate their first
derivative, see general guidance, no power to increase. M1
Or testing gradients or a sketch.
2
d \g =-37xr
dr
2
For concluding that as —- is negative then the volume is a Al
r
maximum. (Explicit substitution of r is not required). [6]
() For the value of h using their value of r
2
_ 02571443375 _ 1) 4337, ~14.4

2x14.43375 B1ft

Allow for 14.5 if substituting r = 14.4 [1]
Total 10 marks

7
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4(a) _dv _ _ T
a= _ =4-16 [t=5] a=4x5-16=4 MLAL
[2]
(b) | v=0=2t"-16t+30=0=(t-5)(2t-6)=0 M1
=4=3 ,=5 Al1A1
5 20 16t7 ’
Displacement = I (2t2—16t+30) dt=| ——-——+30t M1A1l
3 3 2 \
3 3
=) 2X5 gy 25130x5 |—| 23 _gx9+30x3|=10 _35-_8
3 3 3 3 | M1A1
. _ 8
Distance = 3 (m) Alft
[8]

Total 10 marks

N
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Part | Mark | Notes

@ For an attempt to differentiate the given expression and substitute t = 5

M1 | See General Guidance for the definition of an attempt.

Do not accept an expression with any terms integrated.

Al | Obtains the value 4

(b) Sets v = 0 and attempts to solve the equation using a correct method. Please check
their work carefully. See General Guidance for acceptable ways to solve a

M1 | quadratic.

If they use a calculator and only t = 3, 5 are seen with no working — award
M1A1A1l

Al | Foreither t, =3 or t,=5

Al |Forboth t=3 and t,=5
No working seen to find the distance.

SC: If a final answer of % is seen with no evidence of algebraic integration, award the

final A mark only.

For an attempt to integrate the given expression for v with or without limits. Ignore
poor or absent notation. [ie. No integral sign]

M1 | See General Guidance for the definition of an attempt.

Note: Do not accept an integrated expression with any algebraic terms
differentiated.

For the correct integrated expression unsimplified or simplified. isw incorrect
simplification following a correctly integrated expression.

Accept for this mark the inclusion of + ¢

Ignore limits for this mark.

Substitutes their values of t, =3 0r t, =5 into their integrated expression and

attempts to evaluate. Allow the subtraction either way around.
M1 | Theirintegral must be a changed expression. Accept even if they have
differentiated it.

Al

If the final answer is not i%and there is no explicit substitution seen, award MO.

AL For the correct value of —g You must see the negative value for this mark.

Accept awrt — 2.67 for this mark.

For the correct distance of g (m) or exact equivalent.

Alft | Do not accept 2.67 (m) but accept 2.6

Note: This is a ft mark. We will only award this mark if their value for the
displacement is negative and the final distance is positive.

7
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Question Scheme Marks
7(a) X ) 1
= =e7(2x-3) 2
Y=\"3 ( ) B1
2(2X—3)% ezx—2x1xezx(2x—3)_g
__ & Wy 2 M1A1A1L
J2x-3 7 dx 1P
(2x-3)2
2X 1 2X
2(2x—3)e —2x=xe
2 1 M1
1 2X 2x
d_y_ (2X_3)§ _2(2X—3)e —2><§><e
dx 2X—-3 (2X—3)§ Al
¥ (4x-7)
=3
(2x2— 3)2 Alcso
Loy~ XD g 7]
(2x—3)2
(b) When x = 2.5, 5X=£x2.5=0.005 Bl
100 M1
225 (4% 257
sy =S 4<2577) 6 005
(2x25-3)2 Al
= 5y ~0.79 [3]
Total 10 marks

Part | Mark | Notes
(a) [ If any candidate attempts part (a) using Chain Rule — please send to Review.
Simplifies the equation into a form which can be differentiated. For example,
Award this mark for correct subsequent use in differentiation.
1
e4>< 2
or &)

1
Bl 4x 1 2x 64X 2
Y= |— =e”(2x-3) 2 or e—l or even (=) -
2x-3 (2x-3)z (2x-3)2  +(2x=3)
Uses Quotient rule. — NB — This is a ‘show’ question. Check every line of working.
e The denominator must be correct and squared.
e There must be an attempt to differentiate both terms

e The two terms in the numerator must be subtracted either way around.
Minimally acceptable differentiation is as follows:

1
e —2e”, (2x-3)2 >k(2x-3)

M1

1 1

,% A”OW (e4x )E N 4e4x X%X(eAx )75

7
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One term must be fully correct

1 1
Al | Either 2(2x-3)2e* or —ZX%erX(ZX—:%)Z
:_y fully correct. Ignore poor notation and erroneous subsequent simplification.
X
: 2x 1 2X 2
'd_yI:2(2x—3)2e _ZXEXE (2x-3) 2
Al dx 2X—3
OR
2x -3 x e x B () 7~ 20 L (e™)7 (2x-3)
d_y:( x—3)z x de XEX(e )2 - xEx(e )2 (2x-3)
dx 2x—3

Uses Product Rule  NB — This is a ‘show’ question. Check every line of working.

The correct formula must be used.

o %:uv#vu'
dx
ML | ® There must be an attempt to differentiate both terms
1 3
e” —»2e”, (2x-3)2—>k(2x-3)2
X z X 1 X -
Allow (84 )2 — 4¢* XEX(Q4 ) 2
One term must be fully correct
Al - = 2% 1 3 2X
Either (2x—3) 2x2e” or —§x2x(2x—3) 2 |e
:_y fully correct. Ignore poor notation and erroneous subsequent simplification.
X
1 3
'd—y':(ZX—B)_5x282X+ —lx 2x(2x-3) 2 e
Al dx 2
OR
ldyl 2 4x 1 4x - 1 3 4x =
i =(2X—3) 2 x4e xix(e ) 2+ —Ex2x(2x—3) 2 (e )2

Simplification — Check their work carefully here.

Quotient Rule

1
A correct attempt to simplify the numerator by forming a fraction over (2X—3)2

M1
Product Rule
3
A correct attempt to simplify by forming a fraction over (2x-3)2
For +d¥._€7(4x-7)
Al dx 3
(2x—3)2
2x
Al | For the expression exactly as given Sy = LX_Z)&(
SO (2x—3)2
(b) B1 | For finding the change in x
M1 | For using the given expression to substitute the values and evaluate the expression.

7
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Do not accept a substitution of 0.2 or 0.2% for oOX
For '6y'~0.79 acceptawrt 0.79

Do not penalise poor notation here. Allow dy =0.79

Al

ALT 2 Uses Chain Rule

1
B1 | This mark is scored when they divide through later by e** and (2x—3)2
The correct form must be used.

1
—u% u,_4(2x—3)e“x—2e“x_ e™(8x—14) 1 e™ )2
Y= - - -2\ 2x-3

(2x-3)° (2x-3)°

1
4% -5 . 4x 94X
L dy_1f e 2 4(2x-3)e 22e
dx 2{(2x-3 (2x—3)

Both terms must be differentiated correctly e* —4e®, (2x-3)—>k

M1

For the correct derivative in unsimplified form.

We must see this in full to determine if they simplify further correctly as it is a
show question.

Please award both A marks for the correct derivative seen.

This mark is awarded at this point.

A2

Bl

e4x 2 1
Simplifies(zx :J to e* and (2x—3)z accept inverted or not.

1 3
Simplifies e and (2x—3)2 to obtain a denominator of (2x—3)2

1
M1 | dy 1] (2x-3)2 ><[4(2x—3)e“*—2e‘“}_l 4(2x—3)e™ -2

dx 2| e (2x-3)’ 2 (2x-3)2

Al For the correct expression with no errors.

7
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Question Scheme Marks

3(a 2 M1

O 6752><2 =1350
2 r r

P=2r+r9:>P:2r+r(l3§0j:>P:2r+@ M1A1l

r r €S0

[3]

() | dP_, 1350
dar  ° 2 M1

2—1?;EO=0:>r:15J§ or /675

M1A1
P = 2x15(3 + 220 — 6043 MIAL
153 [5]
() d’P 2700 d?p .
=— >0=—>0=minimum M1A1ft
r dr [2]

Total 10 marks

Part

Mark |

Notes

(@) | Note: Accept any variable for P in this part of the question for the first two M
marks only , even no variable as long as it is clear it is the perimeter.

M1

Applies the correct formula for the area of a sector with 675 cm? and

attempts to rearrange to find an expression for 8, r or ré
Minimally acceptable expression: 6= LZ r= 491 or 0r = K
r r r

M1

Applies the correct formula for the perimeter of a sector and substitutes

their expression for @ provided it is as a minimum of the form 6 = hz

Minimally acceptable expression: P =2r +E where k is an integer
r

Al

For a fully correct expression for P with no errors seen.
YoumustseeP=.......

ALT — uses the formula A= % rS where S is the arc length. S is very popular!

M1

Applies the correct formula for the area of a sector and rearranges to
find an expression for S.

675:% =S = 1350 minimally acceptable S :E
r r

M1

Applies the correct formula for the perimeter of a sector.
P=2r+S=P=2r +@ minimally acceptable P =2r +E
r r

Al

For a fully correct expression for P with no errors seen.
YoumustseeP=.......

7
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ALT 2 —works in degrees

M1

Applies a correct formula for the area of a sector in degrees and

attempts to find an expression for 4

675x360 243000 - K
= > Min: 0 =—

2

675= -0 war? = 0=
360 zr zr r

M1

Applies a correct formula for the perimeter of a sector and substitutes
their expression for &
1% 243000) 1350 . K

P:2r+—><27zr( — |=P=2r+——  Min: P=2r+—
360 r r r

Do not accept solution with a mix of degrees and radians.

Al

For a fully correct expression for P with no errors seen.
YoumustseeP=.......

(b)

M1

NB: Allow poor notation here, even g—y or nothing at all.
X

For attempting to differentiate the given expression for P

The minimally acceptable expression for the derivate is

aPe_, Q

r — where Q is a positive integer.
r r

M1

For setting their differentiated expression = 0 finding a value

forr

This is a simple equation to solve. Go through their working checking
that it is correct. Do not award this mark for incorrect processing.

Al

For r =153 oe [An approximate value is r =25.98....]

NB: Award the next 2 marks if they appear in part (b) only

M1

For substituting their value for r into the given expression for P
Only allow this mark if:
e They use the correct r and obtain the correct perimeter.
e They use an incorrect r provided it is a positive value and show
explicit substitution

Al

For the correct final answer in exact form.
There is no follow through here.

(©)

NB: Award the next two marks if they appear in part (c) only.

M1 | Finds the second derivative.
The minimally acceptable expression for the second derivative is
d*P X o d’P .
P where x is an integer.  (The value for ar is awrt 0.15)
If they test (;—P around the minimum point — send to Review.
r
If they test P either side — score MOAOQ
Alft | For a correct conclusion.

2
FT their 2nd derivative provided it is of the form 2; =%

2
r must be positive and if they find a value for %then substitution

must be seen unless they use 15+/3 and obtain awrt 0.15

7
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Question Scheme Marks
6(a) 1 1 1
22X =—=x="=x==
4x 8 2 MIAL
2
yoox[ ) 2111 B1
2 2 2 2 [3]
(b) 1 -2 1 ?
=2X2:>X2_X, ot =Y _or| =] oe
y 2 y 4x 16 4y BLBL
o ay? M1
=7 O.S(Ej V-7 O.S(Ej dy
27’ 7 M1A1
4 05 -16 05
2
voZ 42_(3] +£(£_L _ 2457 M1AL
4 2 164 05) 64 [7]
[The decimal equivalent of the area is 12.0264....]
Total 10 marks
Part | Mark Notes
@ M1 | For setting the two equations together and attempting to find a value
for x
A minimally acceptable attempt is reaching at least. x* :%
Al For x = 1
2
Bl For the correct y coordinate vy :%
(b) Bl For rearranging the equation for Sto x° =% seen explicitly or
embedded
Bl y—2 1 2
For rearranging the equation for Cto x°=2— or ~or | —
16 16y 4y
Seen explicitly or embedded
M1 | For a correct expression for the volume with the correct limits [ft their
y coord of %] and 7 Accept the [correct only] expressions either way
around.
You may see xadded in at the end. That is fine and please award this
mark if that is the case.
Ignore poor notation as long as the intention is clear. For example,
ignore missing dy
M1 | For an attempt to integrate at least one of their two only expressions.
Ignore limits and 7 for this mark. See General Guidance.
Al | For a fully correct integrated expression for the volume.

7
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Ignore limits and =
M1 | For substituting their limits the correct way around into their integrated
expression. You must see this if their integrated expression is incorrect,
or their limits are incorrect.
If the integration and limits are all correct, the correct volume seen
(either in exact or in decimal form i.e. 12.0....) scores this mark.
V4 1 7(1 1
Accept partly processed, for example —|16-= |+ —| =——
Ppartyp P 4( 4) 16(4 0.5) *
long as you can see four calculations/terms as above.
Ignore 7 for this mark.
Al 2457
For
SC rotates around the x axis. Maximum score is BOBOM1M1A0OM1AOQ
BOBO | Not available
M1 | For a correct expression for the volume with the correct calculated
limits for x [\E and %) and 7 Accept the [correct only]
expressions either way around.
You may see added in at the end. That is fine and please award this
mark if that is the case.
2
I'e 2 2
V=r|, (—j dx—z|, (2x*) dx
5] oeaf (e)
M1 | For an attempt to integrate one of their two only expressions.
-1 5 \/5
X 4x L .
V=r|-—-— Ignore 7 and limits for this mark
16 5 |1
16
AO | Not available
M1 | For substituting their values into the integrated expression correctly the
correct way around.
1Y)" 1y
-1 5 - 4 =
) o)) | () )
V=rx||l- - - - —
16 5 16 5
A0 | Not available
t .
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Calculus (8) <QUESTION

8(a) Finds the length DE
2
X X
XZ:(DE)2+(DE)2:>DE:EorDEZ:? B1
Volume of prism
2
X 1 72 M1
3.6=| — = =—
(ﬁj szy:{y SXZ}
Surface area of prism
2 2
S:2><X—+2><ix7—22+xx7—22: X—+\/§x7—2 2 M1
4 V2 5x 5x% | 2 5x  5x
2 72(\2+1
5= X_+(—) * Al
2 5x Cso
[4]
(b) 72(v2 +1
as _ _L ~0 M1
dx 5x?
72(v2+1) M1
= ——==X
5x?
Al
7212 +1
= X=7 # =3.26371...~3.26 (cm)
ds :l+144(ﬁ+1) B1ft
dr? 5x° [4]
— positive + positive = positive
= is always greater than 0, hence minimum
(c) 2 72(J2+1
S (min) = 326371 | ( ) =15.97779...~16 (cm?) M1A1
2 5x%3.26371 2]
Total 10 marks
| Part | Mark | Notes
t‘
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< QUESTION

(@)

Bl

For using Pythagoras theorem or any appropriate trigonometry to find the
length DE (or any equivalent side)

M1

For using the correct formula to find the volume of a prism and rearranging to
find an expression for y minimally of the form y = B_A2
X

This need not be simplified.

M1

For forming an expression for S using their y
The basic expression for the surface area must be correct, with correct
substitution of their values.

2
S:2><'DE'+2><'DE'><y+xy:>S:2><'X7'+2><' X (Ej+x><(£j

Al
Cso

— X
J2 U 5x2 5x?
2 72(2+1 ]
For s :X?+g as written

5x

(b)

M1

For differentiating the given expression for S
Minimally acceptable differentiated expression is as follows:

as _ x + Kx2 oe. where K is a constant

dx

M1

For setting their 95 — g and attempting to solve to obtain a value for x

dx

Al

For the correct value of x
Accept awrt 3.26 (cm)

B1ft

. . : - _d*S .
For differentiating their Cdl_S to minimally obtain a =1+Lx? and coming
r r
to an appropriate conclusion.
The justification has to be correct and complete.
If they refer/use a substitution it must be seen and it must be correct..

97S 144(ﬁ +1)

Thatis, — =1+ ————=—%=3.00... 3> 0 so positive, hence
dr 5x3.26

minimum
Alternatively:
X IS positive so;

. ositive .
positive + P —— = POSItIVE hence minimum

positive

(©)

M1

For substituting their value of x (provided it is positive) and attempting to find
a value of S

Al

For awrt S =16

7
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Calculus (8) <QUESTION

Question Scheme Marks
number
5@) | 3t?-16t+5=0—>3t-1)(t-5) >t= M1
1
3 [3]
(b) (a=)6t-16>0 M1
8 |
t> 3 oe Al
[2]
(©) @ a2
j(l) (3t2 —16t +5) dt
[t -8t? +5t] " MLAL
@
(4 -8(4)* +5(4)) - (-8 +50)) M1
—42 Al
(distance) = 42 Al
[5]
Total 10 marks
Part | Mark Additional Guidance
@) M1 | For setting v = 0 and attempting to solve, see general guidance for definition of a minimum
attempt to solve leading to t =
M1 | For a correct value of t.
Any correct value will imply M2.
Al For both correct values of t
Both correct values will imply M2 Al
(b) M1 | For an attempt to differentiate and setting their expression > 0 (allow placing =0 as a
concession)
See general guidance for definition of a valid attempt. Additionally for this mark, no power
of t to increase, at least one term differentiated correctly.
Al 8
For t > 3 oe
Accept rounding to 1 dp or better eg 2.7, 2.67, 2.667 etc
Or indication of recurring e.g. 2.6 0r 2.6" or 2.6... minimum 3 dots
() M1 | For an attempt to integrate the given expression for v, see general guidance for the
definition of a valid attempt. Additionally, no power of t to decrease.
Limits do not need to be present.
Al For a correct integration. Limits do not need to be present.
M1 | For correct substitution of limits into their changed expression. Can be any changed
expression with a minimum of 2 terms.
This mark may be implied by sight of —42 or 42 or —44 — — 2 or 44 - 2.
If the final answer is incorrect, must see substitution of both limits correctly at least once.
For this mark, students may assume an arbitrary constant (typically C = 0) or leave an
arbitrary constant in their working and have the equivalent
(4°-8(4)° +5(4)+C)-(1° -8(1)° +5(1) + C)
Candidates cannot attain this mark for just — 44 and — 2 without a subtraction.
Al For —42 or 42.
Al | Correct positive distance given.
Any candidate not showing the step of integration — 0 marks for this part of the question.

7
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9 _
(x=y2+1 x=4—2y ( =%)
4-2y=y*+1 or Jx— 47 M1
0=y*+2y-3 0=x"-12x+20
Al
0=(y+3)(y-1 0=(x-2)(x-10) M1
(y=1)x=2 X=2 Al
XZ
= 2—— —4-2x+ 2
Y- ; 4]
(0=x-1)=x=1 (2(0)+x-4=0)=>x=4 B1B1
2
"2 "4 X " 1 a2 WA A2
ﬂ'J‘"l" (x—1)dx + 71'.[‘2"(2—5) dx or ﬁI’T_ (x—1)dx 37 1% ("4"-"2") ddMm1
2
|:7Z'.[2(X—1) dx + nj4[4—2x+x—j dx or l7z><12><2}
1 2 4 3
) 3@
X2 2x° X
e 4x -4+
5] el 5) =
6)
"2 "2 2("4")2 "4 2("2") "2"3
—non —n 4ramy - T g2
(ﬂ)“ J (2 ﬂ+(ﬁ)[[( ) 2 + 1 ("2") - > 12 M1
(Eﬂﬁﬁj
2 3
7
=—7x oe
Al
[10]
Total 10 marks
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Part | Mark Additional Guidance
M1 | For correctly placing the 2 equations equal to each other and any attempt to form a
guadratic=0inxory
This attempt doesn't need to be correct, but they must reach an unsimplified quadratic
Al For the correct 3TQ =0
M1 | For any method to solve their quadratic — see general guidance for minimally acceptable
attempt.
X = 2 will imply this mark.

Al Forx=2

Bl Forx=1orx=4

Bl Forx=1andx=4
ddM1

non nwpn 2 non
For njlz (x—1)dx + ﬂI:(Z—gj dx or ﬂ'J‘"j (x—1)dx +%7;%'1"&("4"—"2")2

Dependent on both previous method marks.

Also dependent on having attempted to find the intersection of the curve and the line with
the x-axis.

Allow their “1” and their “4” limits as long as it’s clear the candidate has attempted to find
the intersections of the line and curve with the x axis

M1 | For integrating (minimum attempt — see general guidance and also, no power of x to
decrease) their terms in their volume of revolution. There must be a minimum of 2 terms.
This is not a dependent mark, the mark is given for integration, 7z and limits do not need
to be present for this mark to be awarded.

If students have written an incorrect formula for the volume of the cone, this mark may
still be awarded for integrating.

If expressions have been combined incorrectly, this mark for integration of a minimum of
2 terms may be given.

M1 | For correct substitution of limits into any changed expression.

Also not dependent, any substitution of what candidates consider to be their limits into
their changed expression for the volume of revolution may be awarded this mark.

If students have written an incorrect formula for the volume of the cone, this mark may
still be awarded for integrating.

If expressions have been combined incorrectly, this mark is for substitution of limits into
any changed expression(s), minimum 2 terms, with each limit substituted correctly at least
once and may be given.

Al

For Z;z oe
6

R
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Question Scheme Marks
number
3 (a) (v:2t2—19t+35)
(d—"=j4t—19 M1
dt
4-19=0 M1
19
tzq Al
[3]
(b) (v=0=2t>-19t +35)
0=(2t—5)(t-7) M1
T1=§’T2=7 Al, Al
[3]
(c) 2 2.5 19,
(j(Zt —19t+35)dt)=§t -t 38(:C) oe M1 AL
OR
= I7I
j7 (2t2—19t+35) dt=| 2t B¢, 35
2.5 3 2 s
2, 19, . 2(5) 19(5Y 5 243
7Y =27 +35(7) |- [ 2| -2 2| 43512 || =22
(2 -2y astr)-( 4[] -2(2) voe(3) -2 "
4224 Al
8 [4]

Total 10 marks

Part | Mark Additional Guidance

3(@) | M1 | Foraminimally acceptable attempt to differentiate, see general guidance.

M1 | For placing their changed expression for a = 0 and an attempt to solve, allow 1
processing error.

Al
For tzg
4

(b) M1 | For setting v = 0 and attempting to solve, see general guidance for definition of a
valid attempt to solve.
Al | For one correct value of either T or T
Al | For both correct values
(c) | Note:
The question states ‘Show your working clearly’ No integration seen — award
MOAOMOAO

M1 | For an attempt to integrate, see general guidance.

Al | For a fully correct integration (constant of integration need not be shown).

M1 | For correct substitution of their Ty and T2 into a changed expression AND
subtracts their values correctly.
If these are not the correct values, then must see each limit correctly substituted
into their expression at least once,
If the correct values are used, but their final answer is not correct, explicit
substitution must be seen for the award of this mark.
Note: Mark may be implied by a correct answer given following correct
integration
Al | Correct answer which must be a positive value.

7
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6 (a) 7007 =27r? +27rh Bl
_ 2
h=350 r or rh=350—r2 M1
r
_ 2
V = zr’h = zr? (350 r J - {ﬂr(350— rz)} = r (350— rz)* M1A1*
r CSO
[4]
(b) V =3507r — 7r®
N 35073712 =0 M1
dr
= 3507 =371’ =r= /? =10.8 (3sf) M1A1
ﬂ =—-67xr
dl‘2 Ml
dv Al
—— < 0..max
ar? - [5]
(© 350
ho 3201 _ 3 _216 (3sf)
r \/350 [1]
3
Total 10 marks

INZ)
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Calculus (8)

Part | Mark Additional Guidance
@ B1 | For a correct equation for the surface area in terms of the radius and
height
M1 | For rearranging to find h in terms of r which must be as a minimum
2
h= k=Ir where k, | and m are integers
mr
OR
rh =k —Ir? where k and | are integers
M1 | For a correct expression for volume using their h in terms of r
Al1* | For rearranging and obtaining the given result with no errors or
cso | omissions and must include V = ...
[Allow Volume =....or Vol =.....]
(b) M1 | For an attempt to differentiate the given expression for V which must
be of the form (;—V =350z — Kzr? where K is a constant
r
Using Product Rule:
CA ar(-2r)+z(350-r") = v =[3507 - Kzr? |
dr dr
M1 | For setting their 3—‘; = 0 and attempting to find a value for r.
Al 350
r= 3 [=10.801...] acceptawrt 10.8
M1 For finding v
dr?
d?v -
Accept only P +kzr Where k is a constant
r
See general guidance for what constitutes an attempt to differentiate.
Al | For the correct conclusion derived from the correct working
throughout.
(c) B1 For obtaining the value of h correct to 3 s.f.
Accept awrt 21.6

7
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<QUESTION

B1

6 (a) 2y+27x =90
S=2yx+7zx’,=(90-27x)x+7x’ =90x—7x> k=90 Ml,ﬁdﬂlAI
(b) ds
—="90"-27x
dx Ml
dS n90n
—=0 > x=—-=1432
dx 27 Ml1Al
2
d—§=—2ﬂ', <0 .. max MIA1
[S]
ALT
Use graph of S =90x— zx* to justify max or values of ds/dx either side of
their x
©) 90 (90
S =90x———7| = | =644.57....= 645 (Allow 644) MIAL
27 27 1

INZ)
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Additional Guidance
(a) B1 | For the correct expression for the perimeter 2y +27zx =90

M1 | For the correct expression for the area. S =2yx + x>
(That is all that is required for this mark)
MI | For substituting their rearranged expression (2y =90-27x) into their expression for the

area (S = 2yx+7rx2)

Al | For simplifying their expression to achieve S =90x— 7zx’
AND the value of £ must be stated; £=90

(b) | M1 | For an attempt to differentiate their expression for S.
Minimally acceptable attempt

ds .
§="'90"x—7x" = o ='90"'- pzx where p is a constant

Ml 1 !
For setting their % =0 and attempting to find a value forx = x= o0 and obtaining a

pr
numerical value for x.
Al | x=14.32 cao
Verifying the value of x is a maximum.
Using 2nd derivative
2 2
M1 | For finding (cllx_f of their % . Minimally acceptable attempt (;x—f =+q where g is a

constant
Al d’s : .
For the correct o =—27 with a correct conclusion.
ALT
M1 | (1) Uses a graph (must be evidence of this) to draw the conclusion.

Eg General graph of Sis so value is a maximum

(1)  Uses value of x around their value for the maximum. For example, tests x = 14

and x = 15 1n their d—S

A1l | For the correct conclusion derived from correct working throughout.

For example is x = 14 and x = 15 then % =2.035 and % =—4.25 respectively so the

gradient moves from positive to negative and therefore the turning point is a maximum.
(c) | M1 | For substituting their values of k and x into the given expression for S and obtaining a value.

S =90x'x'-7z'x"=..
Al | S =645 or 644

7
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Question Scheme Marks
number
5 (a) 25—x>=13—x Ml
x2—x—-12=0
x—4)x+3)=0 M1
A= (-3, 16) Al
B=(4,9) Al
“4)
(b) f_55(25—x2)dx—[f_43(25 —x%)dx —2(16+9) X 7] M1 Al
x31° x3%
250 - X~ {[2s5x - %] - 975] M1 Al
315 31-3 Bl
250 250 64
(E2+22) - [(100 - %) - (=75 +9) — 87.5] M1
22 = (109.5) Al
z (7)
: [11]
Alternative (b)
f_55(25 — x2)dx — f_43(12 —x% +x)dx M1 Al
%31° 23 k214
[25’“_?]_5_ [12x_?+7]_3 M1 Al
Al
250 250 104 45
(Z+5)-(5+%) Ml
22 = (109.5) Al
)
y
USEFUL SKETCH
6
RH Area = E
52 . / 3
LH Area= —
3
Trapezium
] 87.5
/ |-
-5 —3 a 4 5\ X
s
RA

283

< QUESTION



MARK SCHEME - Paper 1 - January 2020 - Q5 Calculus (8)

< QUESTION

Part | Mark Additional Guidance
(a) M1 | For setting the given equation of the curve = given equation of the line
25-x*=13-X and attempting to form a 3TQ x> —x-k=0 (k is an integer)
Ignore the absence of = 0 if further work shows that they are attempting to solve a
3TQ=0
M1 For attempting to solve their 3TQ
See general guidance for the definition of an attempt.
Al | For either (—3, 16) or (4, 9)
Al | Forboth (-3, 16) and (4, 9)
(b) | There are two ways to calculate this area.

In each case;

The first M mark is for a correct strategy (allow ft from (a) in their limits)

The first A mark (M mark in Epen) is a fully correct strategy with correct limits

The second M mark is for an attempt to integrate

The second A mark is for a fully correct integration — ignore limits for this mark.

The B mark (and A mark in Epen) is for the area of the trapezium of 87.5 seen anywhere.
The third M mark is for substituting in their limits

The final A mark is the correct answer only.

Method 1 — Trapezium + two sides

Ml

For an attempt at the correct strategy to find the area.
Allow for this mark a correct statement with using their limits correctly.
This may well be seen at the end when they combine individual areas.
1 ' 1, 1Q! 17 B 2 -3 2
(A_)E( 16+'9")x' 7'+ [ (25-x7) dx+[ _(25-x) dx
OR

(A:)_[:(IB—X) dx+Jj(25—x2) dx +J.'j(25—x2) dx

Al

Fully correct expression with correct limits.
(A=)%(16+9)x7+J‘:(25—x2) dx+_|.:53(25—x2) dx
OR

(A:)_[:(IB—X) dx+Jj(25—x2) dx+J.'j(25—x2) dx

M1

For an attempt to integrate their expression for area.
(Follow General Guidance for the definition of an attempt)
Ignore limits for this mark

Al

For a fully correct integrated expression for the Area with a correct expression for the
trapezium (Ignore limits for this mark.)

2 3 3
13x—2 |, [25x=2 |, |25x—%
2 3 3

OR

3 3
L voyxr, [asx—X |, [25x-%
2 3 3

B1

For the correct area of the trapezium of 87.5.
Award wherever seen.

343

T seen implies B1

If not seen explicitly, this can be implied from a correct final answer.
This is an A mark in Epen

7
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< QUESTION

MI

For an attempt to substitute their limits into their integrated expression.

Al

219

For the correct final area of A= T oe

Method 2 — Using the area under the whole curve between —5 and 5; minus the area of
the curve between —4 and 3; plus the area of the trapezium

M1

For an attempt at the correct strategy to find the area
Allow for this mark, the correct strategy with their limits
This may well be seen at the end when they combine individual areas.

(A=)[(25-%) dx-[ (25-) dx+%('16'+'9')><'7'
OR

(A:).E(zs—xZ) dx—.[:(zs—XZ) dx+ﬁlv(13—x) dx
OR

(A:)st(zs—xz) dx—J‘:y(12+x—x2) dx

Al

For the correct expression with correct limits
(A=)[(25-%) dx[ (25-) dx+%('16'+'9')><'7'
OR

(A:).E(zs—xZ) dx—.[:(zs—XZ) dx+ﬁlv(13—x) dx
OR

(A:)st(zs—xz) dx—J‘:y(12+x—x2) dx

M1

For an attempt to integrate their expression for area.
(Follow General Guidance for the definition of an attempt)
Ignore limits for this mark

Al

For a fully correct integrated expression for the Area with a correct expression for the
trapezium. Accept this seen as individual parts
Ignore limits for this mark.

3] 3 2
25x— 2| |asx=2 | [13x-X
I 3 | 3 2

OR

B 37] 3 3 2 3
25X | |2sx-% |, Laewo)x7 or |25x-2|, |12axa XX
3 3] 2 3 2 3

Bl

For the correct area of the trapezium of 87.5

343

T seen implies B1

Award wherever seen.
If not seen explicitly, this can be implied from a correct final answer.
This is an A mark in Epen

M1

For an attempt to substitute their limits into their integrated expression or
individual parts..

Al

219
For the correct final area of A= T oe

7
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Question Scheme Marks
number
11 (a) at P b=+a—2=Db*=a-2% M1Alcso
[2]
(b) At P y=b=y' =b’=y’=a-2 BI

V=rf'(Vx=2) ax-xf"(a-2) dx=x["(x-2) &-z["(a-2) & | w1

= af (x-a)d or xf (Vx-2) dx-z(a-2)(16-a)

M2 16 ) 16

507 =7 X?—ax} or 507[27{%—2% -rz(a-2)(16-a) depMI1AI
i 2

507 =7 (@—waj—[a——azj
[\ 2 2 depM1

2
or 507 = ﬂ[(96—a?+2a]—(18a—a2 —32)}

=a’-32a+156=0

M1
= (a—-6)(a-26)=0=>a<l6soa=6
b’=a-2=b’=4=b=2 MI1Al
Al
[9]
Total 11 marks
(a)
M1 b= Ja—-2
Al cso | Obtains the given answer with no errors in the working
(b)
B1 y’=a-2
2
Use of V = EJ.IG(\/X—Z) dX—ﬂjl6(a—2) dx orV = ﬁflé(x—a) dx or
Ml a a a

7Z'J.;6(\/X —2)2 dx—7(a—2)(16—a)Ignore limits

depM1 | Attempts to integrate. Ignore limits (Dependent on previous M1)
Al Correct integration. Ignore limits
depM1 | Correct substitution of limits (Dependent on previous M1)
M1 Obtaining the 3TQ
M1 Solving the 3TQ
Al a=6
Al b=2

7
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Question Scheme Marks
number
7(a) dy _ (x*+4)-x(2x)
(e a) M
A-xE Al
(x2 +4)2
M1
W _g =4-x*=0
dx
1 1 Al Al
So (Z,Zj and (—2,—2) (5)
(b) A’y —2x(x* +4)? —4x(4—x2)(x* + 4) e
dx? (x* +4)*
d’y  —2x°—8x—16x+4x’ ML
dx? (x> +4)°
d’y  2x°—24x VL
x> (x*+4)°
d’y  2x(x*-12)
= 3 Al cso
o dx (x“+4) )
¢ d? 1 d’y 1
When x = 2 _2/:__ When x = -2 —2/:—
dx 16 dx® 16
2 2
%<Oso maximum %>Oso minimum M1 A1ft
(2)
Total 11 marks
Part | Mark | Notes
(@) For an attempt at Quotient rule.
The definition of an attempt is that there must be a minimal attempt to
2
differentiate both terms and the denominator must be (X2 + 4) .
Allow the terms in the numerator to be the wrong way around, but the terms must
M1 | be subtracted.
[See General Guidance for an attempt at differentiation].
dy _ (x*+4)-x(2x)
dx (x*+ 4)2
dy . ... e dy
Al For the correct i simplified or unsimplified. Award the mark for a correct ax
X
seen even if there are later errors in simplification.
ML For setting their 3—y =0 which must be a quadratic equation solving to find x:
X
4-x°=0=x=12

7
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Al

For the correct coordinates of either [2%) or [—2,—%)

Al

For both correct coordinates (2%) and (—2,—%)

(b)

M1

2 J—
For an attempt at Quotient rule on their d_y = (x”+4) —x(2x)

dx (x2 + 4)2

which must be as

. ax’ +bx+c
aminimum: ———— where a, b and ¢ are constants and a,c # 0

(x*+4)
The definition of an attempt is that there must be a minimal attempt to
differentiate the numerator and denominator and the correct formula applied.

(x2 n 4)2 must differentiate to ax(x? + 4), the denominator must be (x2 ¥ 4)4

Allow the terms in the numerator to be the wrong way around, but the terms must
be subtracted.

Apply General Guidance for an attempt at differentiation on ax* +bx+c .

d’y  —2x(x* +4)? —4x(4 - x*)(X* +4)
dx’ (x* +4)*

M1

For cancelling through by (x* + 4)
d’y  —2x(x* +4)—4x(4-x%)
dx® (x* +4)°

M1

For simplifying the numerator to achieve as a minimum
d’y  ax®+bx

= 3 where a and b are constants
dx®  (x“+4)

Al
Cso

For obtaining the answer as given with no errors.
d’y  2x(x*-12)
x> (X’ +4)°

(©)

M1

2
Substitutes either their 2 or their — 2 into their d_y

Alft

dy

2

Note: When x =2 B—g = —%} and when x = { }
X

> < 0 so maximum _y

For the conclusion > 050 minimum

ALT — tests gradient or sight of a sketch

Tests gradient on either side of one the turning points (their 2 or their — 2) using

their d_y
dx
M1
or a correct sketch >
Alft | For the correct conclusion

7
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2

4@ | f(x)=2(x-3)’-5
(x)=2(x-3) MIML
= f(x)=2(x* -6x+9)-5=2x"~12x+13
NPT S M1A1l
p=-12,* q=13 £SO
ALT 14]
g—y:4x+p=0 at (3,-5) M1
X
=4x3+p=0=> p=-12* M1
, M1A1
5=2x3"-12x3+q=(q=13 S0

[4]

(b) Minimum since coefficient of x2is positive Bl
[1]

© ﬂ=4x—12:>whenx:1 ﬂ=_3 B1

dx dx
So gradient of normal = % B1ft
Whenx=1 y=3 M1

I |
y—'3 =@(x—1) M1
1
Eg. y-3==(x-1) , x-8y+23=0 oe Al Al
9. y-3=2(x-1) y 51

Total 11 marks

‘Q\’}/.
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Part | Mark | Notes
(@) For using the coordinate of the stationary point and forming the expression:
M1 | f(x)=2(x-3)" -5
This must be correct for this mark
M1 | Expands their 2(x—3)2 —5 toforma3TQ
M1 | For equating coefficients with the given equation to find the value of p and q
Al For p=-12,* q=13
NB: The value of p is given in the question.
ALT — Uses differentiation

M1 For a correct differentiation of the expression for y
This must be correct for this mark

M1 | For equating their 3_y =0, substituting in x = 3 and attempting to find a value for p
X

For substituting the given value of p into y=2x"+ px+q using the coordinates (3,-5)

to find the value of q.

M1 | Explicit substitution of the value of p into the equation must be seen if p has not
been found using differentiation.

[MOMOMZ1AO can be scored]

For p=-12,* q=13

NB: The value of p is given in the question.

(b) B1 | For the correct statement: Minimum since coefficient of x?is positive

ALT

Al

2

Bl | For d7 =4 = positive, hence minimum. A correct conclusion is required.
(c) B1 | For the value of the gradient when x=1 [m=-8]

For the gradient of the normal which must have come from differentiation.

Ft their —8

M1 | For the value of y when x = 1 using their value of g

For a complete equation of the line in any form using their normal and their value
ofy

Allow this mark for an equation of the line with x =1 and y = ‘3’ with their normal,
provided there is evidence that the normal comes from the negative reciprocal of
their value of the tangent.

For this mark the gradient of the tangent need not have come from differentiation.
Al | For the correct equation in any form.

Al | For the correct equation in the required form or any multiples of the coefficients.

B1ft

M1

7
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7 (a) (Surface area = )12x2 + 4xy + 3xy +5xy =144 0€ M1
12x? +12xy — 144 0e leading to —1441_212)(2 oe Al
X
V=%><3x><4x><y(=6x2y) M1
144 -12x°
= 6X° x ————— =6x(12-X*) M1
=72x—-6Xx° * Al cso
[5]
b
(b) (d—v) =72-18x? M1
dx
(d—v =)"72—18x2"=0 M1 (A1
dx on ePen)
=X=
x=2 Al (M1
on ePen)
v _36x B1 (Al
dx® | on ePen)
X =2 — <0 Therefore maximum
dXz [4]
(© V =72x2-6x2° =96 M1 Al
[2]
Total 11 marks
INZ)
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Part Mark Notes
(@ M1 For surface area as an equation in x and y (correct and unsimplified)
For 12x? +12xy =144 0oe and correctly making y the subject
Al 144 -12x° (o)
12X
M1 V=%x3Xx4Xxy(=6X2y)
For correct substitution of their expression for y, which must be in terms
M1 . .
of x only, into their formula for V.
Al*cso | Obtains the given expression
(b) For attempting to differentiate V wrt x
M1 At least one term must be fully correct, the other — follow general
guidance
M1 (Al | For setting their derivative (which must involve a changed expression) = 0
on ePen) | and a complete solution to find the value of x
Al (M1 | Forx=2only
on ePen)
For a correct second derivative and correct justification that this is a
maximum, with some form of conclusion. All work to be correct for this
B1 (AL on mark. i.e it is acceptable, as this is a simple substitution to state if x = 2,
ePen) . o .
W <0, but if a substitution of x = 2 is made, the value for the second
derivative must be given as — 72.
ALT Testing and substituting into the correct second derivative with
final | B1(Alon | appropriate values either side of x = 2. For correct justification that this is
B1 ePen) a maximum, with some form of conclusion. All work to be correct for this
mark
(© M1 For correct substitution of their x into V
Al 96

R
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" 3= M1
dx  /x
When X=9 ﬂ:% AL
dx 3
y—12:§(x—9) M1
When y =0 _1222()(_9) M1
®)
(®) Gradient of Normal: —g M1
y—12=—g(x—9) M1
When y=0 _12=_§(X_9) M1
x=17 So (17,0) Al
(4)
© 1><12>< 26 =156 M1 Al
2 )
Total 11 marks

N2
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Part | Mark | Notes
For an attempt to differentiate y wrt x. Accept — =2x 2
dx
- dy | = .
Allow as a minimum i =kx 2 where k is a constant #0
X
Al For d_2
dx 3
M1 | For a complete method to find the equation of a straight line.
If they use y =mx+c then they must reach a value for ¢ for this mark.
Accept the equation of the line with their value of (;_y using the given
X
coordinates.
M1 | For substitution of y = 0 to find a value for x
Al | For (-9,0)
(b) M1 For gradient of Normal: —g
Which is the negative reciprocal of their gradient obtained in (a)
M1 | For a complete method to find the equation of a straight line with a gradient
of —g (ft their gradient of normal)
If they use y =mx+c then they must reach a value for c for this mark.
M1 | For substitution of y = 0 to find a value for x
Al | For (17,0)
(c) M1 | For any correct method for finding the area of a triangle.
e.g.,
l 1 1 1 1
A:Ex12x( 17'-'-9") =156
OR
9 -9 17 9
- :1[(0+0+2o4)—(0+0—108)]=156
212 0 0 12| 2
Al | For 156

7
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Question Scheme Marks
number

10(@) | sin(A+B)+sin(A-B)=sin AcosB+sinBcos A+sin Acos B —sin Bcos A
M1
= 2sin AcosB
[sin(A+ B)-+sin(A—B)=sin5x+sin 3x]
AXx+ Bx =5x
AX —Bx = 3x M1
= A=4x, B=xX
= sin(4x+ x)+sin(4x—x) =sin5x +sin 3x = 2sin 4xcos x Al cso
[3]
ALT
sin(A+ B)—sin(A— B) =sin Acos B +sin B cos A—(sin Acos B —sin Bcos A)
=2sinBcos A [M1
[sin(A+ B)+sin(A-B)=sin(A+ B)—sin[—(A— B)] =sin5x +sin 3x]
= A=X, B=4x
M1
:>sin(x+4x)—sin(x—4x):sin5x—sin(—3x):sin5x+sin3x: 2sin 4xcos X
[—sin(—Sx) = +sin 3x]
Alcso]
(b) Intersections on x-axis M1
6sinxcosx=0=sin4x=0, cosx=0
fromsin 4x=0=4x=0, =, 2x, 3, 4ﬂ—>x:0,£,£,3—”, 2
4 2 2 M1
and
T 37
fromcosx=0=x=0,—, —
2 2 Al
= x=0, Z, z
4 2
Integration
M1 Al
(B)J.(sin 5x+sin3x) dx = (3)(— COZSX - CO?XJ ft
Limits
L;‘(sin 5x +5in 3x) dXiIZZ (sin5x+sin3x) dx M1
Substitution of values

7
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< QUESTION

cos5 z cos3 T
4 4 cos5(0) cos3(0)
5 3 5 3
3 ddM1
cosS(”j cosB(”j cosS(Zj cosB(”j
s 3 || 5 3
= 2.73137...+|—1.313170...| =3.8267...~3.86 Al cao
[8]
Total 11 marks

Part | Mark Additional Guidance
@) M1 | Use of both correct trig identities [either adding or subtracting], allow any two
distinct letters or symbols and simplify to reach either 2sin AcosB or
2sinBcos A
Allow use of 4x and x in place of A and B
M1 Finds or deduces that A=4x, B =X
Or if they use the ALT scheme then A=x, B=4x
This may be implied by the next step or just written down.
Alcso | For a final correct statement with no errors seen.
(b) M1 | (Placing the equation = 0) and arriving at one of
sindx =0 or cosx =0
M1 | At least any one correct value for x from sindx =0
and
at least any one correct value for x from cosx =0
Al Correctly identifies the required intersections of the curve with the x-axis either
explicitly here or used in limits in following work, 0 need not be explicitly stated.
Note: Award for these values seen without working, and allow working here in degrees.
M1 | Integration
An attempt at integration of both terms from their part (2) to an expression of the
form 4+ 08 SX + C0S 3X
3
Ignore:
o the presence or absence of the multiplier of 3 for this mark
e any limits
e _incorrect notation
Al | Fully correct integration. Again, ignore the presence/absence of the multiplier of 3.
(3)(_ COS5X cossxj
5 3
M1 Limits

Candidate clearly shows the integration of the curve needs to be done in two parts,
where their limits are explicitly shown and come from the limits identified from
solving the equation 6sinxcosx=0.

7
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< QUESTION

As a minimum we need to see two integrals of the function (this can either be written
in the original form or the changed form). Their limits must be clearly shown for this
mark (following through their solutions) and the upper limit on the first integral must
be equal to the lower limit on the second.

The candidate does not need to show that the modulus of the second integral must be
taken for this mark.

Ignore the presence/absence of the multiplier of 3.

ddM1

Substitution of all limits —dependent on the previous two method marks, allow slips
in simplification. The substitution must be correct.

If you see any of the decimal answers shown in the working column or any of

8+4/2 42 +82
5 5

(1% integral) or (2" integral) or ST (sum of integrals)

award this mark.

NOTE: They must consider the modulus of the second integral, and the
multiplier of 3 must also be taken into account for this mark.

Alcao

For awrt 3.86

7
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Question Scheme Marks
number
8(a)(i) |e*-1=9-9e* M1
(eSX)Z _ e3x =0e 33X _ 9 M1
(e>) ~10e™ +9=0* Aleso*
(ii) (e¥*—1)(e¥*-9)[=0] leadingto e* = M1
1 Alcso*
3X — —
Note: subscripts on marks in (b) indicate which mark is being awarded on epen (1=1% etc)
(b) Zin9 _3 _ 39 3x _ =>
(5@ -9y ax =) (e -1 i ML
=«
9x + 3e73% 3 Al,Al;
e* 9x2In9 + 3¢"¥5°
n =3xn _n_ 4 e 3
9x +3e7 3 I ML ( ’ —(9x0+3e°)) dM1s
and
e3><3ln9 1 60
3 - §ln 9 |- <? - 0)
( 1 9 —3><lln9
10 x §ln9 - _—3e 3
opamo\ | dAM1s | "3|n 9_§"_ ("g_}m 9“} M1,
-3 3 3 3
- <10 x 0 —%e‘““ —?)
10 16
—Ih9-—
3 3 Als
ALT
(9 —9e™3*) — (e3* — 1)dx M1,
9 2 eSX
(f(10 — 9e73% — e3*) dx =) 10X——e™ —— M1,
-3 3 Al; Als
1 9 slmo 3¢ Ing 9 20
10x=In9——¢ 2 -8 ~|10x0- 2L g0 8
3 -3 3 -3 3
dM1s
1 1
10 In 9——6 oe
3 3
Als
[6]
Total 11 marks

7
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Part | Mark | Additional Guidance

Mark parts (i) and (ii) together.

@)() M1 For equating the two equations.

M1 For multiplying through by e*, minimum of 2 out of 4 correct terms.
(presence of +10e® indicates 2 correct terms).

Al*cso | Correct solution only, no errors or omissions.

. M1 Minimally acceptable attempt at solving the equation leading to e* =
(i) See general guidance, if the formula is quoted allow up to two slips in
substitution, otherwise the substitution must be correct.

Al*cso | Correct solution only, no errors or omissions.
If 0 also included then this should be rejected.

(b) M1: | For attempt to integrate one of:

9—9e73* or e3* — 1 or +[(9 — 9e™3¥) — (e3* — 1)]
Limits may not be present.

At least one term correct. Ignore +c if included.

Al, For correct integration of one of the exponential terms
+9e73* - ?ge‘:“x or +e¥* - i§e3x

Limits need not be present. Ignore +c if included.

Al; | For correct integration of both curves
3x

B e
 and Z——x
3

9x +3e
or for a fully correct integration where the difference between two
expressions is found

_ 9 -3 _ e _ 9 -3 _ &
i(le —e 3) or i—(9x —e 3 +x)
Note: this isan M mark in epen

M1, | For the difference between the two expressions either before or after
integration.

Allow subtraction either way around.

Note: this is an A mark in epen

dM1s | Substitution of correct limits into their integrated expressions (limits
subtracted the correct way around).

Dependent on first M scored.

If substituting before difference found then must substitute into both
integrated expressions.

May be implied by awrt 1.99

If integration is not correct then substitution must be shown.

Alg For the correct answer oe.
Must be exact value.

7
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7(2) v=1*-10x1+28=19 [m/s] B1
[1]
(b) t° 10t
s=[(t*—10t+28) dt = =5 -+ 28(+c) M1
3 2 3 2
03 _10%3 +28x3+c:c=—24:{s=%—1(;t +28t—24} M1AL
3 2
t=5 s= 5 _10x5 +28x5—24=% [m] M1A1
3 2 3
[5]
(©) dv M1
P 2t-10 Al
when t = 9, acceleration = 8 [m/s %] [2]
) | G) v=(t-5)7+3 M1
Irrespective of the value of t v > 3 so the particle never comes to Al
rest.
ALT
b? —4ac <0=(-10)" —4x1x28 =12 [M1
No real solutions so the particle never comes to rest. Al]
(i) Least value of v is 3 [m/s] Bl
[3]
Total 11 marks

7(a) v=t*-10t+28
=1 -10x1+28=19 [m/s] Bl
[1]
(b) For an attempt to integrate the given expression for v
[See general guidance for the definition of an attempt]
3
s=[(t*—10t+ 28 dt—%—%+28t(+c) M1
For finding the value of c. They cannot score this mark without
+C
3 2
24=%—10><3 +28x3+C=>C=.. ML
For the correct expression for s. This need not be explicitly
stated.
3 2 Al
r_1o +28t—24

.:\’{.
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Award for the correct value of ¢ seen — 24 [m]
For using their integrated expression for s to find a value of the
displacement whent =5
3 2 Ml
s =%—1OX5 +28x5-24=...
_ 98 _ Al
For the correct value of s = 3 [m] Accept s =32.7 [or better] [5]
(©) For an attempt to differentiate the given v and substituting t = 9
into their differentiated expression. M1
dv = 2t—10:y =2x9-10=...
dt dt
For acceleration = 8 [m/s ?] Al
[2]
(d)(@i) | Method A
Completes the square to give v =(t—5)"+3
M1
Concludes that at the minimum velocity [3 m/s] t =15 so P never Al
comes to rest
Method B
Finds the value of the discriminant M1
b? —4ac <0=>(~10)" —4x1x 28 =12
Concludes that as there are no real solutions, so P does not come Al
to rest.
Method C
Solves the 3TQ to give the following two [non-real] values of t: M1
5+3i and 5-V3i or (t-[5++3i|)(t-[5++i])=0
Concludes that as there are no real solutions, so P does not come Al
to rest.
Method D
Uses their result from (c) %=2t—10=0:>t:5 M1
Concludes that at the minimum velocity [3 m/s] t =5 so P never Al
comes to rest
(i) For the correct value of v =3 [m/s} Bl
[3]
Total 11 marks

7
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Calculus (8)

< QUESTION

Question Scheme Marks
°(@) V:x><4x><h:4x2h:75:h:% 51
X
S:2(4x2+xh+4xh):[8x2+2xh+8xh]:>S:8x2+10xh M1
:>S=8x2+10xX7—52:>S=8x2+3E * M1A1
4x 2X cso
[4]
(b)(@ | dS 375
—=16x—-—=0
dx 2% M1
S 16x=272 =3¢ =3 222714, ~ 2.27 (cm) M1AL
2X 32
ii 2 M1
) d—§:16+375x‘3 ~ 48
X
2
Conclusion: (As x is always positive) O > 0= minimum A[‘é{t
(c) o 2 375 N 2
[2]
Total 11 marks
Part | Mark | Notes
(@) For finding the correct expression for h in terms of x
Accept this mark seen anywhere in part (a)
B1 Accept also for example, xh = ? or any equivalent that can be substituted into an
X
expression for S.
For finding an expression for S is terms of x and h. Accept as a minimum
M1 | Ax?+Bxh where A and B are constants.
Accept other letters for S at this stage. E.g SA etc. or even no letter at all.
M1 | For substituting their h into their S
For the correct expression for S as shown in the question.
Al You must see S =8x? +% including S although S seen at the top of a column of
X
working is also fine.
(b) M1 | For an attempt to differentiate the given S which as a minimum must be of the form

7
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d_S :16x—£2 where k is a constant.

dx X

: . dSs : . :
For setting their - 0 and attempting to solve the equation and reaching a value
X

M1 | of x.

It must be a clearly differentiated expression even if they do not score the first M
mark in (b). That is, they must reduce the power of at least one term by 1.

Al | Forawrtx =2.27

2

dS
For an attempt to differentiate their 3—8 to find d7 which must be as a minimum
X

d’s 3 :

v =16+IX" where I is a constant
M1
Other methods

Please send to Review any examples of candidates who test the gradient on either
side of the minimum, or who draw a sketch.

2
Concludes thatas x > 0 so W >0 and therefore S is a minimum when x = 2.27

Dependent on correct method seen.
Follow through their value of x provided it is positive.

Alft NB:

2

They do not need to evaluate Wto score this mark. [See above]

However, if they use the correct [2.27] or an incorrect positive value of x, provided
substitution is seen award the mark even if the final evaluation is incorrect. If no
substitution is seen and either the value of x is incorrect or they do not obtain
approximately 48, withhold this mark.

(©) Substitutes their x = 2.27 into the given S

Follow through their value of x provided it is a positive value. Use of a negative
M1 | value of x is MO.

If the final value of S is incorrect following an incorrect value of x award this mark
only for explicit substitution seen.

Al | ForawrtS =124 (cm?)

7
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5@ tan30°=£:r=L B1
h 3
2
V=£7rr2h:>V=17r n h:>V=£7rh3* M1A1l
3 37 ({3 9 €S0
[3]
(b) av
dt B1
2 2
A=ﬁr23A=,{Lj =ﬂ Bl
J3 3
Sl v il —”—hz M1M1A1
dh 3 dh 9 3
dA_dA dv 1 M1
dt dh dt dv
dh
dA 2zh 3 8 dA 8 1 ) dM1Al
=G ) | T
dt 3 zh h dt 24 3
ALT —working in terms of r rather than h
v _ _ Bl
dat 4 [
V==:nrlh = V=l7rr2(\/§r)=£7rr3 B1
3 3 3
— 2 dA_ _\/§ 3 dV_ 2
A=nr? s>—=2mr V==omr =>;—\/§1tr M1M1AL
a4 _da 1, dv M1
dt  dr 4V 7 qe
dr
da _ Lt w4 =_8 a_ __8 _ _1
E_anxﬁnﬂx 4 = N ladirie ﬁx%_ - dM1A1]
Total 11 marks

‘Q\’}/.
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Part | Mark Notes
@ For r=—L or r2=21p2
J3 3
Bl r= % may be implied by substitution into the correct formula for
3
volume of a cone.
For using the correct volume of a cone and substituting in their
M1 : > e . :
expression for r or r= to find an expression for the volume in terms of h
For the correct expression with no errors seen.
Al
Must have V =
(b) . dv
For stating — = —4 (allow +
B1 g~ =4 )
May be embedded in working.
For finding the correct expression for the area of a circle in terms of h
Note: if differentiation is attempted before writing in terms of h then
award
BL | 1tM1for 2 = 2 & & with attempts at 2, & found and substituted in
dh dr . dh . dr " dh
and attempt to substitute for r in terms of h.
B1 once 3—2 found completely in terms of h
For attempting to differentiate their expression for A in terms of h
M1 | See general guidance for what constitutes an attempt to differentiate.
A must have the form A = kh? (dimensionally correct for area).
M1 For attempting to differentiate the given V
See general guidance for what constitutes an attempt to differentiate.
Al | Both derivatives correct. e and v
d dh
: . . dA
M1 | For a correct expression of chain rule to find 5t
For substituting their derivatives into a correct chain rule.
dM1 :
Dep on previous three M marks.
For the correct 22— 2 (cm?/s)
dt 3
Al :
Allow —0. 3 but not —0.3.
ISW once exact answer found.
ALT
. dv
For stating — = —4 (allow +
a1 g~ =—4(allow+)
May be embedded in working.
For finding the correct expression for the volume in terms of r
Bl . . : Y
Must be working with correct volume expression as given in (a).
For attempting to differentiate expression for A in terms of r
M1 | See general guidance for what constitutes an attempt to differentiate.
A must have the form A = kr? (dimensionally correct for area).
M1 For attempting to differentiate expression for V in terms of r

See general guidance for what constitutes an attempt to differentiate.

7
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Al

. dA dv
Both derivatives correct. = and =

M1

For a correct expression of chain rule to find (i—'?

dM1

For substituting their derivatives into a correct chain rule.
Dep on previous three M marks.

Al

For the correct 38— _1 (cm2 /s)
dt 3

Allow —0. 3 but not —0.3.
ISW once exact answer found.

N2
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7(a
@ L2 4 2xr =100 (100—17zr2=2xrj:x=@—17rr
4 4 r 8
o M1
T
100-= 400 2r?
oe for example
2r 8r
1 1
(Pz)Z(an)+4x+2r oe forexample (P:)Eyrr+2x+2x+2r M1
(P=)17zr+4(@—17rrj +2r (=1 r+@—17zr+2rj oe M1
2 r 8 2 r 2
p_ 200 L or « Al*cso
[4]
(b) dP ) 200
d_= _r_ M1
0= 20 oo M1
(r =) Al
_P= 400 M1
dr? r’
Al
r=10, ¢ Ij>0 therefore minimum or d—f: 400 or g>0 therefore minimum [5]
dr dr’  10° 5
(c) 200 S
[2]
Total 11 marks
INZ)
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Part | Mark Additional Guidance

(@) M1 | Writes the correct (unsimplified) equation for the area and rearranges to give x =
The rearrangement may contain up to 2 errors and does not have to be simplified.
M1 | Writes the correct formula or expression for the perimeter.

It is not necessary to see P = at this point and the expression does not need to be
simplified.
M1 Correctly substitutes their expression for x into their formula for the perimeter
Not a dependent mark but

X must be of the form i+ bzr a,b=0
r

P must be of the form dzr+ex+ fr d,e, f 20

Not necessary to see P = for this mark.

Al*cso | For the given result, minimum steps as shown, with no errors seen.

It is not necessary to see the steps in brackets. They are present to help examiners check
intermediate work as there shouldn’t be incorrect work for this mark.

It is necessary to see P = at some point for this mark to be awarded.

(b) M1 For attempting to differentiate P wrt r

At least one term must be fully correct, the other — follow general guidance.

M1 For setting their derivative (must involve a changed expression and have 2 terms) = 0 and
a completely correct rearrangement to find the value of r

Al For (r =) 10, ignore r = - 10

M1 . — . .
For an attempt to find the second derivative to give an expression of the form J_r%

r
Al For a correct second derivative and correct justification that this is a minimum, with some
form of conclusion. All work to be correct for this mark. i.e it is acceptable, as this is a

2
simple substitution to state (if r = 10) ((jjrlj >0, but if a substitution of r = 10 is made, the
value for the second derivative must be given as 0.4
Work with r = — 10 to find a maximum may be ignored.
ALT Al Testing and substituting into the correct first derivative with appropriate values either side
final of r = 10. For correct justification that this is a minimum, with some form of conclusion.
Al All work to be correct for this mark.
(c) M1 For correct substitution of their r into the given formula for P.
Al 40
R
A
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7(a) 2X2y M1
72=2xy = yzg oe or xy:E oe M1
X X
(A=)2x2xy +2x Xy +2x 2X* (= 6xy + 4"
_6x(36J+4x or = 6(§j+4x2 dMm1
X
216
A=_+4X - Al*cso
[4]
(b) 216
8x M1
0= —£+8x—>x— or x*= dm1
X=3 Al
(A=)%+4><32 dM1
=108 Al
d°A_)432
o) M1
432 +8(=24)>0 therefore minimum Al

[7]
Total 11 marks

N2
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< QUESTION

Part | Mark Additional Guidance
(@) M1 | Correct expression for volume.

M1 | Equates their expression of the form ax?y to 72 and rearranges correctly for y or xy
Simplification is not required to be awarded this mark.

dM1 | Substitutes their expression for y or xy into a correct (unsimplified) formula or
expression for area..
Dep on previous M mark

Al* | Correct solution only, minimum steps as shown.
A = must be present at least once.

(b) M1 | Differentiates to get an expression of the form J_rx% +8x a=0

Places their expression of the correct form = 0 and rearranges to give x or x* =

dM1 Allow errors in rearrangement.
Dependent on previous method mark.
So long as differentiation shown, this mark can be implied by correct value.

Al X=3
dependent on having gained 1% method mark — the question directs the candidates to
use calculus.

dM1 | Substitutes their value for x into the correct expression for A.
Dependent on 1st method mark.
So long as differentiation shown, this mark can be implied by a correct value.

Al For 108
dependent on having gained 1% method mark — the question directs the candidates to
use calculus.

M1 . . . . dA . .
Differentiates their expression for X to give an expression of the form

b

J_rF +8b=0

Al | Correctly substitutes x = 3 into the correct second derivative or argues the correct

second derivative is > 0 and draws a conclusion.

It is not necessary to see an evaluation, but the evaluation must be correct if carried
out.

Second derivative must be stated to be > 0 or positive.

As always with A1, must have gained all previous marks.

Note: it is highly unusual to have a final Al, when any of the preceding marks
have been 0. The structure of this question means, this is possible, if they either

don’t find the minimum area or calculate it incorrectly.

So for the final 4 marks dM1 A0 M1 Al and dMO0 A0 M1 Al

R
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MARK SCHEME - Paper 2R - January 2020 - Q10 Calculus (8)
Question | Scheme Marks
number
10 (a) ) 3x* 4x? 3 a2

j(3x —4x-p) dX:T_ S pxec [=x" —2x* = px+c] MIAI
y=X —2X> - px+C
At (2,0) 0=8-8-2p+Cc=>C=2p M1
At (-1,9) 9=—-1-2+p+c=c=12-p Ml
=p=4c=8=y=x —2x> —4x+8* AlAlcso
[6]
(b) X —2x* —4x+8=8-4x= X' -2x’ =0=x*(x-2)=0 M1
X=0,Xx=2 Al
_q2 2/ 4 )
Area = [ '(8-4x) dx— [ (X’ —2x* —4x+8) dx Ml
(2 203 2 (2 3 2
Area = IO (8—4x) dx—J-0 (x -2X —4x+8) dx = IO (—x +2X ) dx
x 2| 16 4
Area =| ——+—"—| =| ~4+— |-(0)=—
43 | 3 3 MIMIALI
[6]
Total 12 marks
(2)
M1 Attempts to integrate
Al Correct integration including + ¢
M1 Substitution of (2, 0) (Does not have to be simplified)
M1 Substitution of (-1, 9 (Does not have to be simplified)
Al p=4,c=8
Al cso Obtains the given answer with no errors in the working
(b)
M1 Equating C and |
Al X=0and x=2
NB If correct limits are seen then M1A1 is awarded
b b b b
1
M1 Use of j (f(x)—g(x))dx or j f£(X)dx — j g(X)dX or j f()dx——x2x8
Ignore limits (These can be either way round)
M1 Attempt the integration. Limits not needed.
M1 Substitute the correct limits. (May be implied by + %J
4
Al -
3
NB If no integration is seen then MOMOAO is awarded for the last 3 marks for an
answer of §

7
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10(a) | sinx+l=cosx+1l=tanx=1 M1
x=7 5% Al A1
4" 4 @)
(b) | AreaR, :
st 4
L“ (sinx+1)—(cosx+1)dx = I,;‘ (sinx —cos x)dx M1
7 7
57
[-cosx—sinx]? M1
2
V2 N2} (V2 V2
A e Ly BN/ M1 AL
Lz 2 N G
Area R, :
5z £l
I 4 (cosx+1)dx+j5§ (sinx+1)dx M1
o
57 3z
[sinx+x]+ +[-cosx+x]2 Al
T
J2 57 3r (V2 5z 1
—t— ||| ——| —F+— | |=N2+= M1 Al
H 2 4 "2 2 2"
area of R1: area of R2 = 2: ﬂ—1 oe Al
4 9)
Total 12 marks

INZ)
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Part | Mark | Notes
(@) M1 | For tanx=1
Al | For x =% [Allow 45°]

< QUESTION

Al |For x= 57” [Allow 225°]
(b) _ =
M1 | For stating A:'[,;‘[ (sinx+1)—(cosx+1)dx
4
For attempting to integrate their expression for the area.
M1 | This must be correct for this mark.
j(sin X—C0s x) dx =—cosXx—sinx
M1 | For substitution of correct limits
Al | For 24/2
For attempting J' f(x)dx+j g(x)dx with the correct limits.
M1 5z 3
I 4 (cosx+1)dx+j5§ (sin x+1)dx
N
M1 | For attempting to integrate, which must be correct for this mark.
M1 | For substitution of their limits correctly.
Al | For —/2 + %ﬂ
e . 2
Al | For the simplified ratio 2: [% —1]

7
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8a Height of the waste paper basket = ,/(5x)2 —(3x)2 =4x (cm) M1
V=%(2x+8x)><4x><h:20x2h=2250:>h:2352J oe M1
X
S = 2x20x? + 2xh + 2(5xh) M1
2250
S = 40x° +12x oe M1
(ZOXZ )
1350 Al cso
S =40x% + —= *
T (5)
b | B _gox-130 0e M1
dx X
d—S:SOX—@=0 S0 x3:13—5:>x:... M1
dx X 8
X =2.56 awrt Al
d’s 2700 N . M1 ALft
v 80+ 2z >0 for all positive values of x.. minimum )
c When x =256 S =40(2.56)* + 1350 _ 789 awrt M1 Al
2.56 2
Total 12 marks

INZ)
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Part | Mark Notes
@) For finding the height of the waste-paper basket using Pythagoras theorem.

M1 (5x)2 —(3x)2 =4x (cm)
For finding the volume which must come from;

V = correct area of trapezium (using their height) x h
Vv :%(2x+8x)x'4x'xh = 2250 = ("20'x*h = 2250)

M1
and for obtaining an expression for the heighth: h = 2250 or xh = 2250
'20'x? '20'x
Please check their algebra carefully, as some may even substitute hx® =...
NB: This is an A mark in Epen.
For writing the surface area in terms of 2 unknowns [x and h] which need not be
simplified. This must be correct using their expression in terms of x for the height of
M1 | the prism.

eg. s _ZX(8x+2x)><'4x'

+2xh +2(5xh) =[ 40x* +12xh |

For eliminating h from their expression for S
: C
M1 | S must be in the form Ax’+Bxh and h must be of the form — where A, B and C are
X

constants.

éé For the given result exactly as written. S = 40x* + 1350
X

(b) M1 For an acceptable attempt to differentiate the given expression for S.
See General Guidance.
For setting their a5 =0 and attempting to find a value for x
M1 dx s 0
The minimum acceptable expression is ™ =Px+— where P and Q are constants.
X X
Al | Forawrt X =2.56
: - . dS . . ds Q. .
For differentiating their d_ , which must be as a minimum ™ =Px+—= to find the
X X X
M1
- _ . d’s N
second derivative to achieve as a minimum W =tM i?

2
Concludes that as d7 will always be positive, [either by substitution, or by inference]

so the value of x obtained will be a minimum.

2
Alft {d S — 80+ ;75%2 = 240_9_,} with a conclusion.

ax?

2
NOTE: The ft only applies to their value of x . Do not ft an incorrect d—z
X

(©) M1 Substitutes their value of x, obtained using a correct method) into the given expression
for S [provided it is a positive value, do NOT allow negative values of x]

Al For awrt 789

7
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11 (@) | (600 =)2nr?+2nrh o0e eg (300 =)nr? + mrh M1
300712 nrh = 300 — r? oe Al cao
h="— " oe
zr
2
=)oz 307 e | v ="(300 — mr?)"r oe M1
wr
V =300r —nr3 * Al* cso
[4]
b) (i M1
by ® d—v=300—37rr2
dr
M1

0 = 300—3xr? - r=

r= 100 g AL* cso
T

N dv
i —=—6xr M1
(i) o
- ﬂ =—6r1 @ or ﬂ =—67x5.6418958.........
r zr dr
When r is positive, —67zr is negative (-106.347231.....) and
therefore this value of r gives a maximum Al
[5]

© U =)300"\/1—§ " (\/%7" ")3 (= 1128.(379167)) M1
, 300" J@"—n(" \/En")s dM1

p® = 1 (=269(.3806...))

577,'

=6.5cm
P Al

[3]
Total 12 marks

INZ)
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Calculus (8)

Part | Mark Additional Guidance
@ M1 | Correct expression for the surface area of the cylinder and an attempt to

rearrange to h = or mrh =
Allow errors in arithmetic but not mathematically incorrect process.
wrh may be embedded, e.g. 300 = nr? + nrh becoming 300 = wr? + V
would score M1A1M1 and may score full marks if correct final result
obtained.

Al cao

M1 | Substitutes their expression for height or their expression for rh into a
correct expression for the volume.

Al €S0 NO errors or omissions, must state V =

Mark parts (i) and (ii) together.

(b) M1 Minimally acceptable attempt at differentiation, see general guidance, no
(i) power to increase.
M1 | Places their derivative = 0 and attempts to rearrange to find r.
Minimally acceptable derivative is of the form a + brr?
Al Correct value for r, exact value only.
(i) Must reject negative value if found, award AQ if not rejected.

M1 | Minimally acceptable attempt to differentiate their first derivative, see
general guidance, no power to increase.
Or testing gradients or a sketch.

Al Correct evaluation of second derivative or explanation of why second
derivative is negative. Conclusion this value of r gives a maximum. No
incorrect work.

© M1 | Correct substitution of their r into the expression for V.
dM1 | Attempts rearrangement using the formula for volume of a sphere to make
p* the subject
Correct order of operations applied to right hand side. Accept arithmetic
slips.

Al p=6.>5

Accept awrt 6.5

7
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11 (a) 2 B1
(p=)3e® oe [1]
(b) dy )2 2
(&=]e3 e oe M1 A1l
2
(Moo =) —— =(—e 3) oe M1
Ileg
2 1 2 2 2
y—"3e3"= P (x=2) oe (y=—e 35X+ 2e 3+3e3j M1
lle3l
2 2 dMmi
0-3e3=-e 3(x-2) oe
4
x=2+3e3 Al
1(,., 2 : 9
(Avrea of triangle =) E("3e3"J["2+3e3"— ZJ( =Ee2j ddM1
2
.[23e§dx= £ B1 M1
0 1
3 b
2 2
3 0 2
3) 3
9, 2
=—e“+9°%-9 Alcso
ALT for vpigesn 2 2 2 22 22 2
ddm1 L (—e *x+2e *+3e?)dx=—e P+ 2e Sx+3eX
2 2 2 4 2 4
2 "2+363"2 2 4 2 4
_ _ 3 3 mn 3ll 3 n 3II
=|—e — +2e ( 2+3e J+3e [ 2+3e ] ddM1
2 (ng2 2 2
—| —e 3[7)4‘26 3(2)+363 (2)
[11]
Total 12 marks

INZ)
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Part | Mark Additional Guidance
@) Bl For the correct value of p.
(b) | M1 X
Differentiates to get an expression of the form ae® a#3
Al 2
For e®

This must be an exact value, but isw any following decimals.

M1 | Finds the negative reciprocal of their gradient.

This is not a completely dependent mark but must come from any attempt at
differentiation.

ML | Fora complete unsimplified attempt (if using Y —Y; = m(x - Xi)to find the equation of I,
using their value of p and their gradient, which can be any changed gradient after finding

an expression and value for g—y

X

If y = mx + c is used, a complete attempt must involve correctly rearranging (using their
values for p and their gradient) to find c.
Different to question 2, if the candidate is not working with correct values and the
rearrangement to find ¢ with exact values is not shown, this mark cannot be awarded
dM1 | Sets their equation = 0 and attempts to find a value for x.
Allow errors in rearrangement.
Dependent on previous method mark.
This must be an exact value, but isw any following decimals.

Al Finds the correct value of x
ddM1 | For correct substitution into the formula for the area of a triangle,
using (their x-intercept — 2) and their answer for p
Does not need to be simplified.
Dependent on previous 2 method marks.
Or for stating the integral, with their p and their x intercept as limits and correct integration
of at least 2 terms. We don’t need to see substitution of limits for this mark.
Their integral must be of the minimum form

d

L"ngau[aeSXﬂLbequ a,b,c,d, f,g,h=0

See notes for next B mark, can be awarded if limits are correct, within a combined integral.

Bl o X
For stating JO 3e3

Note: some candidates are listing this integral by adding or subtracting it from the equation
2 2 2 X

of the line. ie L:b"[—e3x +2e 3 +3e? J_r3e3J dx - mark B1 if limits are correct and BO if

not and potentially next M1 dM1 for anything that is obviously their line +3e?
M1 X
Integrates to get an expression of the form ae® a=3

dM1 | Substitution of correct limits into any changed expression, must see substitution of x = 2
and 0 (unless the 0 limit gives an evaluation of 0)

2
Allow a correct final answer or a correct evaluation of this integral 9e® —9 to imply this
mark, if no errors in working.
Examiners are not expected to evaluate to check incorrect expressions integrated.
Dependent on previous method mark.
Alcso | For a full and correct worked solution with no errors.

7
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Question Scheme Marks
number
11 (a) Let x = the length of the side of the triangle and h = the
length of the prism
2 M1
2x2sin60h = 72 orl< (xz - (lx) ))xh =72
2 2 2
2 M1
Btk _ 77
_ 288 Al
V3x?2
S=2x%xzsin60+3xh Ml
)
or 2 x%( (xz - (%x) )>x+ 3xh
_ V3x2 288
§ =25 +3x () M1
V3x? | 288V3
= 2 T Al cso
(6)
(b) E _ \/§ 288\/— ( 0) Ml
dx
x3 = 288 M1
Al
x = /288 = 6.604
45 =3+ 88 ddM1
9% > 0 (when x =6.6) - val Py
o (when x ) = value is a minimum (5)
2
(©) Substitutes their x into § = Y22 4 288V M1
S=113 : i Al
()
[13]
Part | Mark Additional Guidance
(a) M1 | For the correct expression for the volume of the prism in terms of X and h (or other letter for
the length, e.g. I)
Simplification not required for this mark
1 : 1 [, % 3
72 =] =xXxXxsin60° |xh or 72 =| —=xxx,[X*—— |xhor 72= £X2 xh
2 2 4 4
M1 | For an attempt to find an expression for h in terms of X
k
Accept as a minimum h = —- where K is a positive integer
X
Al 288 96+/3
For h=——+— or h= —2\/_
(V3)x *

7
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For an expression for S in terms of X and h (ft their area of the triangle)

2
S:2(l><x><x><sin60°]+3xh or S=2 l><X>< 2 — X 14 3xh S:—3X+3Xh
M1 2 2 \ 4 2

M1 | For substituting their h into their S

1 . 288 1 x? 288
S =2| =xXxXx8in60° |+| 3Xx———— | or S =2 =xXx,|X’—— |+| 3xx

2 (\/5 ) X 2 4 2
Al | For the correct expression for S as given.
The expression must be set equal to S.

Bx2 2883

+
2 X

This is a given result so full working must be seen.
or an attempt to differentiate the given expression for
(b) MI | F diffe iate the gi p for S

ds 288+/3 dsS
= = 3x- ;/— or — =~/3x—2883x
dx X dx
(See General Guidance for the definition of an attempt)
dM1 | For setting their differentiated expression = 0 and attempting to solve for X
28843
N e—
X

This mark is dependent on the first M mark in (b)
Al | For x=6.604 rounded correctly
dM1 | For attempting the second derivative (usual definition of an attempt)
d’s 576+/3

2 = V3+ 3\/7
dx X
This mark is dependent on first M mark in (b)

Alft 2
Concludes either that F> 0 for all poesitive values of X or substitutes in their value of X to
X

S:

exactly as seen here. *

=0=>Xx =288=Xx= (6.604) (rounded correctly)

2
show that

hence positive so must be a minimum.

2
Only ft if the final conclusion is a minimum provided their o is algebraically correct
X

ALT — for justifying the minimum using their derivative

dM1
Chooses a value either side of their value of X and substituting them into their d_
X
e.g. X=6and7
S 2883 ds 288+/3
d—=\/§><6— 2\/—:—3.46... and—:\/§x7— ;/—=1.944...
dx 6 dx 7
Alft | Concludes that the gradient function moves from negative to positive hence must be a
minimum.
(©) M1 | Substitutes their value of X into the given expression for S
s_ 3'6.604" . 2883
2 '6.604'

Al | For S=113 rounded correctly

R
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8a

(Area) = 2xy + % x? (%)(: 2Xy + % X* = 50)

1.,

< _50‘_4X(_§_1)
y= = X
2X X 8

1.5
P=2x+4y+—-Xx=—x+4
y 5X=5 y

2

(4 ot
dx X

(d_= :;)2—@=0:>x2 =50= x =52 0e
dx X

d2

P 200 d’P 2
22 When x=5v2 &5 2 /2(=0565...) >0
ax?  x® dx* 5 ( )
therefore minimum

P=2(5\/§)+%=20\/§

M1

dMm1

M1

M1 Al
Ccso

©)
M1 AL

M1 Al

M1 Al
(6)

M1 AL
()

Total 13 marks

N2
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Part
(@)

Mark

Additional Guidance

M1

For writing an expression (may not be simplified) for the area in terms of x and y.
Allow any expression of the form Xy + Xy + ax’ oe where a>0

This mark can be implied by an equation for A with the required

Xy + Xy +ax’ oe where a >0

dMm1

For placing their expression for area = 50 and correctly rearranging to make y the
subject. The expression for y does not need to be simplified.

M1

For correctly writing an equation for perimeter in terms of x and y (may not be
simplified).

There must be a P =, though this may be seen later in their work. As long as P =
appears by the end of the work, this mark can be awarded.

Perimeter = instead of P = is acceptable for this mark

M1

For correct substitution of their expression for y into their expression for P or the
Perimeter to reach an expression for P which must be in terms of x only.
Simplification not required.

Al*cso

Obtains the given result with no errors.
Perimeter = instead of P = is NOT acceptable for this mark

For this question, if we are confident any second solution provided is a re-start and the work
the candidate wishes us to consider, this is the work can be marked.

(b) M1 For an attempt to differentiate the given expression for P wrt x
. dP
It is not necessary to see — =
dx
. ) b
Award this mark for any expression of the form 2+—-, b#0oe
X
100
Al | For 2——;-oe
X
- - - dP - - 2
For placing their expression for — = 0 which must have a term in x*, a correct
M1 dx
rearrangement to solve the equation formed and an attempt to find a value for x
Al | For x=5v2 oeignore X=-52
2
P
M1 | For d_2 = i% c=0
dx X
Al For substituting in a correct value for x, evaluating correctly, stating > 0 and
drawing a conclusion. This can be as simple as # or shown.
Students may also argue that the second derivative has to be positive as x is positive.
This must be a convincing argument that since x is positive the derivative is positive
and then a valid minimal conclusion.
Do not award this mark if a negative value of x is used and it is not discounted at
some point.
ALT | Final 2 marks
M1 For substitution of valid values for x either side of their value of x found for the
- .. dpP b
minimum value into —=2+—, b=0
dx X
Al For fully correct substitution of their values for x into a correct expression for a first
derivative, correctly evaluating or arguing the sign of the derivative and a
conclusion drawn. Do not award this mark if a negative value of x is used and it is
not discounted at some point.
(©) M1 For substitution of their value for X = 5x/§ oe into the given expression for P
AL | For 202

7
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324

7(a 2
@ (a=)47—3\/2+8=6 B1
cso
[1]
(b) dy )2x 1 2
—=|—-3x=xX? oe
[dx 4 M1
=4 d_y=j2><4_3xlx4‘§=§ dM1A1
dx 4 2
1 M1
M,=-—- (now
"Z" matches
4 ePen)
y—-6="-="(x-4)=5y+4x-46=0 * M1AL cso
5 [6]
(© Area under C
af x?
[”b:L (7—3\/;+8j dxj
- 4
3
RS 3o
~|3x4 3 M1
L 2 i
[ 3 s
3 2 3 2
_ 4 _3X4 —|—8X4 _ 1 _3)(1 —|—8><1 Ml
3x4 3 3x4 3
L 2 2
61
ZT Al
Area under the line
1 . N 45
5x0+4x—-46=0= x(=11.5) A=Zx("11.5 —4)x6=?
11.5
ALT J.lls(—ﬂx @)d =[— 4 x2+ﬁx} MIAL
5 5x2 5
:(_ 4 ><11.52+4—6><11.5j—(— 4 x42+4—6x4j
5x 5 5x 5
Required area = (ﬂJrE =jE(:37.75 ) oe Al
4 2 4
[6]
‘Q\’}/.
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ALT | Line - curve
sf (4 46 X2 af X2 4 6
——=X+— |-| —-3vx+8||dx or ——+3/X—=Xx+—= |dx
({2 (5 -oieao o[t
— 4 - 4
3 3
4 , 46 X} 3xx2 X2 3xXx2 4 M1
- X"+ —X— —8x or | — + - X“+—=X
5x2 5 4x3 § 4x3 E 5x2 5
L 2 1 L 2 i
3
3 2
. VY R A e S
5x2 5 4x3 E
2 M1
3
3 2
__4 ><12+4—6><1— ! +3X—1—8><1 or
5x2 5 X §
2
3 3
3 2 3 2
_ 4 +3><4 __4 ><42+§>< i +3X1 _ L ><42+§><1
4x3 3 5x2 5 4x3 3 5x2 5
2 2
20
Area under the line
5><0+4x—46:0:>x(:11.5) 5xy+4x1-46=0= x(:%j
A:1><("11.5"—1)><"4—2"=E A:1><("11.5"—1)><"4—2"=ﬂ1
2 5 2 2 5 10 M1
. . "11.5"
ALT [° (—ﬂx+4—6jdx:[— 4 x2+4—6x} Al
1 5 5 5x 5 |
:(— 4 ><"11.5"2+ﬁx"ll.S"j—(— 4 x12+@xlj:ﬂ'
5x2 5 5x 5 10
441_lor 151 Al
10 20 4
\\\”\
| \\\\ ,///
\\ - // \\\\
_ \\
s
N
Useful diagram S
Total 13 marks
R
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Part | Mark Notes
(@) B1 | Correct substitution, no errors and shows a =6
(b) M1 For an attempt to differentiate the given function. Simplification not required.

See General Guidance for the definition of an attempt. No power of x to increase.

dM1 For substituting the value of x = 4 into their derivative. Can be implied by sight of %

Dependent upon the previous method mark.

Al | For the correct gradient of %

M1 | For finding the negative reciprocal of their gradient.

For forming the equation of the normal, using the given value for a and their changed
gradient (ie not the gradient of the tangent). This is not a dependent mark, but the
candidate may not use the gradient of the tangent and the gradient used must come from
some differentiation work. If the candidate uses y = mx + c, a fully correct
rearrangement to find ¢ must be shown (this can be implied by a correct ¢ for their
equation) and concluded with the equation of the line written.

Al | For the correct equation of the line, minimum steps shown, no errors or omissions.

€S0
(© For an attempt to integrate the given function.

M1 See General Guidance for the definition of an attempt. In this question at least one term
correctly integrated and no power of t to decrease. Terms do not need to be simplified.
Limits don’t need to be present or correct.

For substituting the correct coordinates into their changed expression, the correct way
M1 | around and subtracting. At least one correct substitution in one term of each limit fully
shown. Their limits must be correct.

For the correct area under the curve.

A correct answer here will imply M1 M1 Al if the integration step has been shown and

M1

Al first M1 awarded.
Solutions where the integration step has not been shown will score MO MO AO.
For a correct method to find the area of the triangle using their value for the intersection
of line Lwith the x-axis .

M1 | O

Fully correct integration for line and substitution of limits of their 11.5 (following any
attempt to find where L crosses the x-axis) and 4. May be implied by correct area.
Terms do not need to be simplified.

Al | For the correct area of the triangle

Al For the correct area of %

7
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ALT For an attempt to integrate either of the functions as given — there must be a subtraction
sign if listed separately. Also award this mark for integrating

af X 4 . ;
M1 I ——+3\&—gx+ E |dx E =0 (Combines the constant terms incorrectly)

1\ 4
See General Guidance for the definition of an attempt. In this question at least one term
correctly integrated and no power of t to decrease. Terms do not need to be simplified.
Limits don’t need to be present or correct.
For substituting the correct coordinates into their changed expression, the correct way
M1 | around and subtracting. At least one correct substitution in one term of each limit fully
shown. Their limits must be correct.

Al For —
20

For a correct method to find the area of the large triangle using their value for the
intersection of line Lwith the x-axis .
or

M1 Fully correct integration for line and substitution of limits of their 11.5 (following any
attempt to find where L crosses the x-axis) and 4. May be implied by correct area.
Terms do not need to be simplified.
Al | For 441
10

Al For the correct area of %

Where students have combined expression incorrectly as follows:

2
J-14[(XZ_3\/§+8};[—% x+4?6]] dx If the constant term is unsimplified, the highest mark will be up
to M1 M1 A1 MO A0 AO if the work is seen for the first 3 marks as described above.

If they have simplified the constant term to give eg

X2 86), 4 x? 86 ), 86
| ——-3X+—|x=x or | —-3X+— |£—X
[4 Vx 5) 5 (4 Vx SJ 5

The highest mark will be M1 M0 A0 M0 AO AO if the first two terms in the curve and any constant term
are integrated as per conditions above.

7
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Question Scheme Marks
number
9(a) f'(x)=2(x-2)(3x+1) M1

3x® 5x?
f(x):j/l(x—Z)(3x+1)dx:U/1(3x2—5x—2)} dx:i(?—7—2x+kj M1Al
At (2,-9)
—9=2(23)—5(22)—4(2)+C:>C=3 M1
a=-5b=-4,c=3={f(x)=2x"-5x" - 4x+3} *
________________________________________ | Al*cso
[5]
ALT
f(x)=2x*+ax* +bx+c
£'(x) = 6% + 2ax + b [M1
0=6(2")+2(2)a+b
Both 2
O:6x(—1j +2><(—lj><a+b M1A1l
3 3
72+12a+3b=0 and 12-12a+18b=0=a=..,b=... "
At (2,9) -9=2(2°)-5(2")-4(2)+c=>c=..
a=-5b=-4,c=3= {f(x) = 2x° —5x* — 4x+ 3} * Al*cso]
(b)() f(-1) =2(-1)° —5(-1)> —4(-1)+3=0 oe [51
(b)(ii) 2% —7X+3 M1
x+1)2x3—5x2—4x+3
2x* = 7x+3=(2x-1)(x—3) = (x+1)(x—3)(2x-1) M1AL
[3]
(C) z 3 2 8 3 2
A=12(2x* —5x* —4x+3) dx +|[,|(2x* —5x* — 4x + 3) dx M1
2
= 3
A=Fx“—§x3—2x2+3x}2 +[1x4—§x3—2x2+3x} M1
27 3 L2t s 1
2
A=t (1]4 > (1]3 -2 (ljz +3(1j —F (-1 3 (-1)° -2.(-1)" +3 (—1)}
]l212) 312 12 2 2’ 3 ' ' M1
. [l (3 =2 (37 2,37 +3(3)}— 1 [Ej 5 (lj P (lj +3(lj
2 3 ' 212 312 12 2
A= £+‘_1375 _863
] 32 9 || 48 Al
[4]
Total 13 marks

7
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Part Mark Additional Guidance
@) M1 For forming an expression for f'(x) using the two turning points given.
Students may be working with 1 =1at this stage and recognise the need to multiply through
later.

M1 | Attempts to integrate, see General Guidance for the definition of an attempt

Students may be working with A4 =1 at this stage and recognise the need to multiply through
later.

Al Correct integration including +c,

Students may be working with 1 =1at this stage and recognise the need to multiply through
later.

M1 A =2is stated or implied, Ak =c

Substitution of (2,-9) to their f (x) (Does not have to be simplified)

or substitution of (—%%) (Does not have to be simplified)

Al*cso | Obtains the given answer with no errors in the working
ALT - starts with f(x)=2x*>+ax*+bx+c

M1 | Attempts to differentiate, see General Guidance for the definition of an attempt
M1 Equates differentiated expression to 0 and substitutes x =2 and

equates differentiated expression to 0 and substitutes x = —%

Al Two correct equations, simplified or unsimplified

M1 | Attempts to solve two correct equations simultaneously (including using calculators) to find
a, b and

substitution of their a,b, (2,-9)to f(x) to find c

or substitution of their a,b,(—%,%) to f(x) tofind c

Al*cso | Obtains the given answer with no errors in the working

(b)(D) Bl Demonstrating that x +1is a factor

f(-1) =2(-1)* -5(-1)* —4(-1) +3=0 (factor theorem)

If shown via polynomial division, the division must be fully correct and obtains 0 as the
remainder.

(b)(ii) M1 | Dividing by (x+1) to obtain a three-term quadratic quotient: 2x* —7X +...

M1 | Attempt to factorise their 3TQ, see General Guidance.
Or attempt to solve their 3TQ using the quadratic formula

Al | Correct three linear factors written in one line : e.g. (x+1)(x—3)(2x 1)
ALT | — equates coefficients

M1 | Forstating 2x* —5x* —4x+3=(x+1)(Ax’ + Bx+C) =
2x3 —5x° —4x+3=A*+(A+B)X* +(B+C)x+C =
A=2,B=-7,C=...

M1 | Attempt to factorise their 3TQ, see General Guidance.
Or attempt to solve their 3TQ using the quadratic formula

Al | Correct three linear factors written in one line: e.g. (x+1)(x—3)(2x-1)
ALT 11 - inspection
M1 For finding the quadratic factor.
Minimum required is (x +1)(2x* —7x+C)
M1 | Attempt to factorise their 3TQ, see General Guidance.
Or attempt to solve their 3TQ using the quadratic formula
Al | Correct three linear factors written in one line: e.g. (x+1)(x—3)(2x-1)

7
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(c) M1 For identifying the correct limits, uses a correct strategy
to find the area above the x-axis and below the x-axis:

1
[2,(2x® —5x* —4x+3) dx +

[} (2x® —5x? — 4x +3) dx
2

or
1
[2,(2x* —5x% —4x +3) dx — ]2 (2x* —5x* — 4x + 3) dx
2

or implied by their working

M1 | For an attempt to integrate 2x* —5x* —4x+3

See General Guidance for the definition of an attempt.

M1 For clear substitution of correct limits into any one of their integrated expressions (must be a
changed expression).

Can be implied by one of the correct exact areas found from a correctly integrated
expression

Al -
For correctly obtaining % or 17ﬂ

48

‘Q\’}/.
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Guestion Scheme Marks
Number
9(a) f(x)=%x4—§x3—2x2 +4x (+c) MIl1Al
x=-2 y=—? =c=0 Ml
(f(x) = %x“ —%x3 —2x* + 4x] .. C passes through O Alcso  (4)
(b)) | x=2 f'(x)=8-4-8+4=0 M1
2
icf —3x’ —2x—4 M1
d’y
x=2 —=12-4-4>0 .. min at x=2 Alcso
dx
x=1 f'(x)=1-1-4+4=0 M1
d2
x=1 =Z-3-2-4<0 . maxatx=I Al cso
dx
ALT f'(x)=(x-2)(x-1)(x+2) (=0) factorise M1
x=2,1,(-2) solve (solutions to be 2,1 (and another)) | M1
OR: f'(x) (=0) solved by calculator.
All 3 solutions needed (and correct) =0 not needed M2
2
I S N differentiate MI
dx
d’y
x=2 —=12-4-4>0 .. min at x=2 Alcso
d’y
x=1 —5=3-2-4<0 .. max atx=1 Alcso
dx
. 11 1
(ii) x=l=>y=1— x=2=>y=1= B1Bl1 (7)
12 3
(c) y'=(x-1)(x-2)(x+2) M1
28 28
i x=-2, y=—— or |-2,— Al
@) y=-3 ( 3 j
dZ
(i) x=-2 K45:12+4—4>0 . min point Alcso  (3)
[14]

ll\’}/‘
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Question

Number Scheme Marks

(aM1 Attempt to integrate f’(x). The power of at least one x term must increase and none
should decrease. ¢ not needed

Al Correct integration, ¢ not needed

Ml Substitute the given coordinates to show ¢ = 0. If ¢ is not included (or assumed to be 0),
then showing that substitution of x = -2 gives y = -28/3 is acceptable. Substitutions must
be shown.

Alcso | Correct conclusion from fully correct work. Accept eg £(0)=0 .. shown

(b) Ignore labels (i) and (i1) when marking (b)
(1M1 Substitute x = 2 in the expression for f’(x) to show f’(x) = 0. Substitution must be shown

Ml Differentiate the expression for f*(x). At least one power must decrease and none
increase.
Alcso Show second derivative is > 0 at x = 2 and give the conclusion. No errors or omissions in
the working.

Ml Substitute x = 1 in the expression for f’(x) to show f’(x) = 0. Substitution must be shown
Alcso Show second derivative is < 0 at x = 1 and give the conclusion. No errors or omissions in
the working.

(i1)B1 For either y coordinate correct (and x coordinate correctly indicated; substitution shown
indicates this)
B1 For the second y coordinate correct
(©) (May have been seen in (b))
M1 Factorise f’(x) completely — any valid method OR use the factor theorem to find x = -2

(1Al Extract the x coordinate of the third turning point and obtain the corresponding y
coordinate. May quote y coordinate from the question

(i)Alcso | Test the sign of the second derivative at this point and make the conclusion. All work in
2

(c) and :ilx); (from (b)) must be completely correct for this mark to be awarded.

Alternative ways to determine the nature of the turning points:

I. If the change of sign of £’(x) is used then values of f’(x) either side of 1 and 2 must be
calculated to provide evidence.
2. The continuity of a cubic function can be used to establish the nature of the turning

points. If in doubt send to review.

7
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100 | f(1)=32(°)-33() +1=0 * BH;SO
®) | (x-1)(32x* +32x-1)=0 M1
A correct method shown to solve a quadratic
eq —32++/322 +4x32 M1
e 64
(x=1) or 4432 or ~4-3y2 Al Al
8 8 (4)
Accept decimals correct to 3 sfe.g. = 0.0303... or=-1.03 ...
(©) Jx = 1 M1
8x
1 Al
P=7 (2)
Notes
(@)
B1cso | For substitution of 1 into f(x) to obtain the given result
(b)

M1 For (x—=1)(32x* +32x-1)=0
A correct method shown to solve a quadratic. If an algebraic method is

M1 not shown then MOAOQOAO is awarded.
Al For # Allow 0.0303 or better
Al For # Allow -1.03 or better
(©

M1 For equating the two equations

1
Al For p=—
P 4

N2
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2 a
(d) |, X dX—7Z'|:—:|
2 1 M1
LEL Al
2 32
a 1 2
”Ii 6ax” ¢ _”[_@}1 M1
4
_ (i_ij Al
16 64a
a8 1 _,[(1_%_27_” .
2 32 16 64a 64
3
Soa=1 Al
(7
Alternative Method
a 1 27w
”ji(x_mxz)dxzﬁ M1
ja 64x— = |dx = 27
! 2 Al
32x2+1} =27
L Xt M1 Al
4
32a2+l —(2+4)=27
a dM1
3
Soa=1 Al
(7
[14]

N2
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Notes

(d)
M1

Al

M1

Al

M1

Al
Al

M1

Al

M1

Al

M1

Al
Al

a
For an attempt to integrate ﬂ_[l X dx Ignore limits
2

2
For 7 a_ 1
2 32

. 1 -
For an attempt to integrate ﬂjf e dx Ignore limits
7 64x
4

1 1
For =7| ————

16 64a
Dependant on at least one previous M mark being awarded - for
subtraction of the two integrals.

For 32a®-33a+1=0 oe

Fora=1

Alternative

For njf[x— ! 2) dx=27—” Ignore limits
2 64X 64

For If(64x —izj dx = 27 Ignore limits
" X
4

. 1 -
For an attempt to integrate If(64x——2jdx Ignore limits
2 X
4

{32X2+1} =27
X |1

Dependant on at least one previous M mark being awarded - for correct
substitution of the limits

For 32a®>-33a+1=0 oe

Fora=1

‘l\’}/.
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11a | When x=0 y=3 B1
When y=0 0=4-e*=In4=2x=x=1In2 M(lg')“d
b %=—292X M1
When x=1n2 ﬂ=—8 M1
dx
M1 Al
:—x——ln2
y- ( n2)= @
¢ Im [ } (4In2 1 2'”) (O—Eeo) M1IM1M1
0 2 2
E(Inz)(glnzjzﬁ(lnz) ML
1 pinz 1]x? " |n2)° (2| (n2)’
= |x—|n2|dx=—‘——xln2 [M1M1]
8I0 8|2 . 16 8 |
3 1 2 M1 Al
4In2—-=+—(In2) =13
2 16( ) )
Total 14 marks
USEFUL SKETCH Required area

N2
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@)(i) Bl |Fory=3
I ..
(1) M1 | For Ina=2x or J4 = seen explicitly
Al |For x=1In2
(b) M1 | For differentiating the given expression.
d
This must be correct for this mark. d_y =—2e*
X

M1 i . _d

For substituting In2 into their d—y =-2e?"? =[-8]
X

M1 | For a correct method for finding the equation of a straight line using their
numerical perpendicular gradientandy=0and x =1In 2
Award when they substitute into a correct formula, or if they use
y = mx + ¢ award when c is obtained. (accept a decimal value for c for
this mark awrt ¢ =-0.087)

Al 1 1 X In2 .
For y==x—=In2 or y=————"inexact form only.

8 8 8 8
© Area under curve

M1 | For a correct statement for the area under the curve with correct limits.
Accept the limits either way around. Ignore poor notation. This mark can
be implied by later correct work.

In2 4 2% d
IO (4-e>)dx
M1 | For a minimally acceptable attempt to integrate as follows.
2x
In2 e
Jm (4—e2x) dx :{4xi—}
0 2
M1 | For substitution of both limits into their integral of the curve.

A:(4InZ—Eez'”zj—(O—leoJ:[4In2—§}:[1.27258....]
2 2 2

Area of the triangle

M1

Method 1
For a statement of the area.

A=%(In 2)('%In 2')

Method 2
For a statement of the area, with limits either way around.

A= 1J‘mz(x— In2) dx ft their equation of the line.
g8Jo

M1

For a correct method to evaluate the area of the triangle.
Method 1

A= %(In 2)(%In 2') = %(In 2)" =[0.03002.....]

Method 2
The integration and substitution must be correct for this mark

2 _|(n2y _(In2)2|: (In2)’
16 8 \ 16

2
A:lj'ln2|x—ln 2| dx:l‘x——xlnz
8o 8|2

0

7
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< QUESTION

Combined area

M1 1
For the total final area using their values 41n 2 —%+E(In 2)2

This is an A mark in Epen.

Al

3 1
For awrt 1.3 Also accept the exact Area= 4In2 - + B(In 2)2

INZ)
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< QUESTION

8(a)

(b)

ALT

(©)

S5e ¥ +4=e> be?+4-e"=0 OR
(5e‘X —ex)(e"‘ + e") =0

Se*=¢* e*=5 x:%InS (oeeg In\/g)

Alis (iln5,5]
2

(e =—e* not possible)

y=5e+4= % =—-10e*
X

At A ﬂ =-10e® =-10x 1 =-2
dx 5

Eqgn tgt: y—5:—2(x—%ln 5)

y=0=>x= %(5+ In5) (= x coordinate of B)*

For last 3 marks:

Hence i=2:> NB=E
NB 2

ON = Lin5 \
2 O

1 5 1
OB==In54+—=—==5+In5
2 2 2 *

y=>44=y?_4y_5-0
y

(y-5)(y+1)=0

A

0 N

C,: g—y=2e2" —gradtgtat Ais 2x5=10
X
Eqgn tgt: y—5:10(x—%ln5)
1
AtD: X=E(—1+In5)

Area AABD = %[%(5+ In 5)—%(—1+ In 5)jx5

:% or 7% (unitsz)

See notes for area by “determinant” method

ll\’}/‘
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MARK SCHEME - Paper 2 - November 2020 - Q8 Calculus (8) <QUESTION

ALT For second and third marks:
i =10= ND = 1 M1
ND 2
oD :lInS—1 Al [15]
2 2

(a)
M1 Equate the 2 curve equations. No need to simplify

M1 Factorise their equation

Al Obtain the one possible value for x (other root need not be seen; if seen it must be rejected)
Must be exact

Al Obtain the corresponding value for y. Must be exact. Need not be shown in coordinate
brackets. Use of e =5 leads to y = 5 without use of a value of x, so MIM1AOAL1 can be

scored. There must only be one correct y shown. Accept y =¢e'™
(b)
M1 Differentiate the equation of C1 5e>* — ke where k =45 or +10 and no integration seen
Alft | Grad at A = -2 follow through their x coordinate
dM1 | Obtain the equation of the tangent at A using their gradient and their coordinates of A.
Can be in any form but if y=mx+c is used a value for ¢ must be found.
Gradient of the tangent must be numerical.
Al Correct equation in any form
Alcso | Correct x coordinate of B obtained from correct working.

—2X

ALT | For last 3 marks
dM1 | Use theiry coordinate of A and their (numerical) gradient of the tangent to find the length
NB (where N is the foot of the perpendicular from A to the x-axis)
Al Correct length of NB
Alcso | Add the x coordinate of A to obtain the x coordinate of B
(c)
B1ft | Correct gradient of tangent to C; at A follow through their x coordinate
M1 Obtain an equation for the tangent using their gradient and their coordinates of A
Gradient of the tangent must be numerical.
Al Correct x coordinate of D (exact or minimum 3 sf)
M1 Use a correct formula for the area of a triangle with their y coordinate of A, their x coordinate
of D and the given x coordinate of B
Al Correct, unsimplified area Allow use of correct but non-exact coordinates
15

Al Correct area Accept only 7%, > or7.5
Heron’s formula: Nos which may be seen:
AB=%5 AD= BD=3s=1(a+h+c)=638
ALT | For second and third marks:

M1 Use their y coordinate of A and their gradient of the tangent to find the length ND
Al Use the x coordinate of A to obtain the x coordinate of D

7
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ALT

M1

Al

Al

Area by “determinant” method:

1 1 1 1
Eg Area =%§In5 E(5+In5) E(In5—1) EInS y coordinates of B and D must be 0

5 0 0 5

Must include the %2 and have 4 sets of coordinates with first and last the same.
= %(%(In 5-1)x 5—%(In 5 +1)J Allow use of correct but non-exact coordinates

Correct area Accept only 7%, % or 7.5 Must be positive

N2
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<QUESTION

6(a) X* —5x+4 = (x—4)(x-1) M1
A(L, 0) B(4, 0) Al AL
3)
Notes

(a)

M1 For solving the quadratic
Al For A(1, 0)

Al For B(4, 0)

(b) dy
& =2x-5 M1
_, dy
Whenx—la——B AL
Tangents meet on the axis of symmetry of curve C so
xo1t4_5 M1 Al
2 2
When x=E y=—3(§— jz—g M1
2 2 2
-3
22 Al
2 2
(6)
Notes
(b)
M1 For j—y = 2x -5 (Allow if seen in part(c))
X
Al dy =-3whenx=1
dx
M1 ForuseofM or_—b ord—y=0
2 2a dx
5
Al X=—
2

M1 For substitution of x =g into y—y, =m(x—x,) oe

5 9
Al For| —,——
(2 2)

INZ)
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<QUESTION

Alternative Method

Whenx =1 d—=—3 So y=-3x+3 M1 Al

g Oy -
Whenx—4&_3 So y=3x-12 M1 Al

Meet when —3X+3=3x-12 M1

(2-3)
2.2 Al
2" 2 ©)

Notes

Alternative
M1 For an attempt to find the equation of the tangent of C at A

Al For y=-3x+3

M1 For an attempt to find the equation of the tangent of C at B
Al For y=3x-12

M1 For equating the two equations

5 9
Al For | —,——
>3

A
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< QUESTION

(©)

Gradient of normal at (0, 1) = %

When x =— y=l(§_1j=£
3\ 2 2
z3)
2'2
Alternative Method
y—lx—1 and y——lx+i
3 3 373
MeetwhenEX—lz_lx+ﬂ
3 3 3 3

&

M1

M1

Al
©)

M1

M1

Al
©)

Notes

(©
M1

M1

Al

M1
M1

Al

For Gradient of normal at (0, 1) = %ft the gradient found in part (b)

For substitution of X =g into y—y, =m(x—x,) oe

For [ﬁlj
2 2

Alternative

1 1 1 4
For y=—Xx—— and y=——X+—

3 3 3 3
For equating the two equations

For (EEJ
2 2

YA
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< QUESTION

d M1 M1
@) Area = —(4 1) x (; 2} % Al
3)
Alternative Method 1
M1 M1
Area = %x3x;+% 3x %:125 Al
3)

Alternative Method 2

AN:W:@ AT:mszzfo .

Area 23 Lo £ 3J_ 30 _15 M13A1
27 2 2 4 2 ®3)
Alternative Method 3

5 5
1 -4 -1 M1 M1
Area=1 2 i :>1(—g+2+18—1J=E Al
2, 9 41 4 202 2)° 2 | (@

2 2
[15]

Notes

(d)
M1 For %x AB x NT

1 1 9
For —(4-1) x
M1 2( ) (2 2)

Al For E
2

Alternative 1
M1 For area of triangle ANB + area of triangle ATB

M1 F0r1><3><1+1><3><g
2 2 2 2
Al E
2

Alternative 2
M1 For finding AN and AT

M1 ForZX%xANxAT

15
2

Al

‘l\’}/.
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< QUESTION

Alternative 3

Useofarea—:Ll a 4c
M1 20 b 0 d

coordinates of T and N
1/ 9 1

M1 —|-—=+2+18——
2( 2 2)

E

2

1
0 oe where (a, b) and (c, d) are the

Al

N2
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< QUESTION

0@ 1+sin3x:O:>sin3x:—1:>3x:—£,—,—: X=—,—
2 6'6 6 18" 18 M1
Coordinates of M are G—g Oj* Al
Coordinates of N are E, 0 Al
18 [3]
ALT
1 . 7T\ __
E+sm(3><1—8)—0 [M1
Coordinates of M are (7—", 0) *
18 Al
Coordinates of N are (11—” 0)
18
Al]
(b) dy B T oz
&—3C033X—0:>3X—E:>X—€ M1A1
y=%+sin3('%')=1.5 dM1A1
[4]
[Coordinates of point A are (% 1.5]}
ALT
. . 1 3 3
Max of sine curve is 1 so that §+1: 3 =Yy= 3 [M1A1
sin30=1 =30=2= 6== dM1A1]
. . T 3
{Coordlnates of point A are (E’ EH
(©) Uses the given x coordinate for point M
At point M d—y:3cos 3x7—” :—ﬂ B1
dx 18 2
33( T« M1A1A1
—0=———| X—— |12y +18V3x-74/37=0 0.e.
y 2 ( 18) y+18V3x-7\3% [4]
(d) 18 /1 T8 1
Azf (—+sin3x) dx + f (—+sin3x) dx M1
2 7n 2
0 18
71T ,1171',
4= 1 cos3x]ﬁ+|[1 cosSx] 18 M1
RT3, T2 T3 |l
) . 18
Aol 7" 0053(ﬁ) (0 COS3XO>
I\27 18 3 3
M1

.}’;/.
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MARK SCHEME - Paper 1 - November 2021 - Q10 Calculus (8)
11rn! 7T
N 1><117T COS3(—18 ) 1X77T cos3(18)
2 18 3 2 18 3
= [(1.23287) + (0.22828)] = 1.46115...~ 1.46 Al
[4]
Total 15 marks
Part | Mark | Notes
@ M1 | Sets the equation equal to 0, solves using inverse sin and obtains a correct
angle
%+sin3x =0 = sin3x = —% = 3x = _%
Condone working in degrees for M mark.
Al For correctly obtaining (Z—Z 0) * with no errors.
Cso
Award for finding Z—’; and 1117: but not shown as coordinates.
Al For correct coordinates of N: (11” O)
Alternative method
M1 | For correct substitution of Z—Z into % + sin 3x
AL | Eor correctly showing that Z + sin (3 X 7—”) = 0 and stating (7—”, O) *
CcSoO o 2 S 18 18
Award for showing P and finding — but not shown as coordinates
Al For correct coordinates of N: (11” O)
(b) M1 | For attempt to differentiate y = 5 + sin 3x, set equal to 0 and solve for x.
ﬂ=3cos3x=0 >3x=2 = x==
dx 2 6
Condone finding x in degrees for this mark.
Attempt at differentiation of two terms:
l - 0
2
sin(3x) — k cos(3x)
Al | For correctly obtaining x = %
Note: Do not award this mark if % is incorrect.
dM1 | Substitutes x = = to find a value for y.
1 . XA
y=5+51n3( g)—l.S
Condone working with x in degrees for this mark.
Al For correct coordinates of A.
&3
6’2
Allow values equivalent to %
Alternative method
M1 | For stating that the maximum of a sine curve is 1 and adding %
Al | For correctly obtaining y = 3
dM1 | For setting sin 3x equal to 1 and attempt to solve for x
sin3x =1 = 3x——z x—6
Condone working with x in degrees for this mark.

7
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MARK SCHEME - Paper 1 -

November 2021 - Q10 Calculus (8)

Al | For correctly obtaining x = %
(c) Bl For correct gradient at point M
(d_y) __33
dx) 2
M1 | For a fully correct method of finding the equation of the tangent to C at M
—0="— 3V3, ( _ 7_”)
Y - 2 \* T3
Allow use of their — 32—\/5 obtained from substitution of x = Z—: into their g—z.
Al For a correct equation of the tangent in any form:
—0= 2B ()
Y BN GAET)
Al For correct equation of the tangent in the required form:
12y + 18V3x — 731 = 0
Accept integer multiples of this equation.
(d) M1 | For identifying the correct limits to find the area above the curve and the area
below the curve:
Ay ur o ™ ur
Joe (E + sin 3x) + Z_,;rg (5 + sin Sx) or [ (5 + sin 3x) - Z_T;Zg (5 + sin 3x)
Allow use of their 111—: Needs to correctly indicate dealing with areas above
and below axis.
M1 | For an attempt to integrate % + sin 3x obtaining:
%x —kcos3x wherek + -3
For this mark ignore incorrect / absent limits.
M1 | For substituting limits correctly into their integrated expression (must be a
changed expression).
[ 7T
1 7nm C053(ﬁ) cos3x0
A=l = X————FF% —(0——)
2 18 3 3
[ 11n’ VA
1 11w cos3 (1—) 1 7m¢; cos3 (1_8)
+ 11| =% — —|=x—=—-—==
2 18 3 2 18 3
Allow use of their 111—8” Must show substitution or MO.
Al For correctly obtaining awrt 1.46

7

349

< QUESTION



< QUESTION

MARK SCHEME - Paper 1 - June 2022 - Q7 Calculus (8)
Question Scheme Marks
number

7a() | fx= f(4x3 —12x* —19x +12) dx:%x4 L2 —%xz +12x +D oe M1 A1l
For the point 4,-104 it follows that
~104= ()" — 44 2 @) 112(4) + D M1 AL

2 Cso
—104 =256 —-256—-152+48+D < D=0* 4)

a (i) x=0.5 f'(x)=4(0.5)°—-12(0.5)> -19(0.5) +12=0 M1
f7(x) =12x°* —24x—19 M1
x=05 f"(x)=12(0.5)*> —24(0.5) —19(= —28) <0 Therefore Al cso
maximum * (3)

bG) | f'(X)=(2x-1)(2x* -5x-12) M1
F'(X)=2x-D)(2x+3)(x—4) > x= M1
x:—E orx:4,[le} Al

2 2
3 333 Al Al
Al ——,—— B(4,-104
( 2" 16 j ( ) (5)

b (ii) f”(x) =12(—1.5)> — 24(—1.5) —19(= 44) > 0 Therefore minimum ddM1 Al
x=4 £"(x)=12(4)*> —24(4) —19(=77) > 0 Therefore minimum Al
(Read notes carefully for allocation of these marks) 3
Alternative
As we have a maximum at x = 0.5 and C is a continuous curve {ddM1}
x:—g is a minimum and X=4is a minimum {Al(}3{)A1}

Total 15 marks
Part Marks | Notes
@) (i) M1 Attempt to integrate — see general guidance for minimally acceptable attempt — at
least one term must be fully correct in this integration (unsimplified).
Al Fully correct integration — does not need to include a constant of integration,
need not be simplified.
M1 Substitution of x = 4 and y = —104 into their expression, which must include a
constant of integration.
Al cso | Obtains the given result, making it clear the constant of integration is 0 or listing

fully the function at the end after fully correct working. There must be no
incorrect working for this final mark to be awarded.

Note: candidates ma

assume D = 0 & show, by substituting, (4, -104) lies on the curve final M1 Al

(a) (i)

M1 Substitution of x = 0.5 into f '(x) and shows f’(x) = 0.
A candidate may also solve f°(x) = 0 and solve to get x = 0.5.
M1 For finding f”(x) - see general guidance for minimally acceptable attempt at
differentiation. At least one term must be fully correct for this differentiation.
Al cso* | Substitutes x = 0.5 into a fully correct second derivative, shows that the result is

negative and draws a conclusion. This can be as simple as “shown” or #.
It is not necessary to work out the actual value of f "(0.5) if clear substitution is

shown, but if calculated, it must be correct. No incorrect work for this mark to be
awarded. Note: as always, this A mark must follow 2 M1 marks.

&
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MARK SCHEME - Paper 1 - June 2022 - Q7 Calculus (8) < QUESTION

(b) Part (i) and (ii) may be marked together
() M1 | Aclear attempt to divide by (2x-1) or compare coefficients. The student must arrive

at a quadratic factor of the form (2x* + Ax —12) if dividing
It is also possible to divide by (x—%) and arrive at a quadratic factor of the form

Ax* + Bx—24
M1 Uses a complete method to solve their 3TQ, see general guidance for a minimally
acceptable attempt. Must progress to x =

Al x:—g or x=4

Award M1 M1 Al if both correct values are given without working.
Al A(_g’_i_?) or B(4,-104) Allow x = and y = (clearly paired) for both final A marks.

Al A(_g’_i_?) and B(4,-104) accept 20.8 or better — answer is 20.8125

Factorising in (a)(ii) and then using in this part can be awarded the marks above.
(b) (i) | ddM1

Correctly substitutes x = —g or X=4into theirf”(x) . Their values

Dependent on both previous M marks in part (b). A fully correct evaluation of the
second derivative can imply this mark ie sight of 77 and 44. Part (i) and (ii) may be
marked together

Al Substitutes x = - 1.5 or x = 4 into a fully correct second derivative, shows that the
result is positive and draws the conclusion this is a minimum. It is not necessary to
work out the actual value of f "(x) if clear substitution is shown, but if calculated, it
must be correct.

Al Substitutes x = - 1.5 and x = 4 into a fully correct second derivative, shows that the
result is positive and draws the conclusion that both values of x give a minimum. It is
not necessary to work out the actual value of f "(x) if clear substitution is shown, but
if calculated, it must be correct.

ALT ddM1 | For stating the curve is continuous and there is a maximum at x = 0.5 Dep both
previous M

Al For stating “as we have a maximum at X = 0.5” and progressing to state either A or B
must be a minimum.

Al Fully correct conclusion, stating A and B must both be minimum points.

There MUST be an appropriate justification for these marks to be awarded, such as that given in M1

7
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8(a 2 3
@ j17+2x—3x2 dx:17x+2%—3%+k M1AL
2x(-1)" 3x(-1)’
0=(17x(—1)+ X(z ) x(3 )]+k:>k=15 M1
Al
y=15+17x+x* - x° 4]
(b) (15+17x+x2—x3) 2 oy
(X+1) =—X"+<ZX+ M21A1
—X* +2x+15=(x+3)(5-x) M1AL
a=-3 [-1] andb =5 Al
Whenx=0 y=15s0c=15 B1
[6]
(c) 5 ) s 1
[ (15+17x+x° -x°) x> x5x15 M1
OR
5 2 3 5
[ (15+17x+x* =x°) dx [ '(15-3x) dx
2 3 4
I5(15+17x+x2—x3) dx={15x+17x +X——X—} M1
0 3 4
2 3 4
(15X5+17><5 +5__5_j_(0)=(2075j M1
2 3 4 12
Area of triangle
1
Area == =
2><5><15 375 B1
OR
_— 3x2 [
Area = IO (15-3x) dx:[15x— > }0237.5 [B1]
For the correct area of R = 2075 _371 _1625 _ 1353
12 2 12 12 Al
[5]
Total 15 marks
‘Q\’}/.
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MARK SCHEME - Paper 1R - January 2023 - Q8 Calculus (8)
Question Notes | Marks
8(a) f'(x) =17+ 2x-3x*
For an attempt to integrate f’(x)
2x* 3%
=17x+——-—+(k M1
Y > k)
For the correct integral including a constant of integration
y—17x+2X2—3X3+k Al
2 3
For substituting (-1 , 0) into their integrated expression, which
must include a constant of integration.
2x(-1)  3x(-1)’
0=]17x(-1)+ (Y _3x(=Y) +k = (k =15) M1
For writing the equation in the required form
y=15+17x+ X - X3+ gé
This is a given equation. Every step above must be seen for the [4]
award of full marks.
(0) | Divides (15+17x+x* -x*) by (x+1)
Q+2x+X°
x+1>15+17x+ X2 —x°
M1
OR
Equates coefficients
(15+17x+x* =x*) = (x+1)( A + Bx+¢) = (x+1)(-x* +2x+Q)
Where Q is a constant
Minimal working here is sight of the quadratic factor.
For obtaining the correct 3TQ
—x2 +2x+15 Al
For factorising their 3TQ [or otherwise solving]
—x*+2x+15=(x+3)(5-x) M1AL
For a=-3, [-1] and b =5 identified clearly. Al
SC No working seen [use of a root finder on a calculator]
For (x+1)(x—5)(x+3) seen leading to a=-3 and b = 5with no working
award: MOAOMA1Al
For a=-3 and b =5 seen with no other working seen award:
MOAOMOAOA1L
For the value of c = 15 Bl
() For writing a correct expression for the area of R with the correct
limits
5 2 3 1
J'O(15+17x+x —X ) dx—§><5><15 M1
OR

7
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MARK SCHEME - Paper 1R - January 2023 - Q8 Calculus (8) < QUESTION

_[05(15+17x +X2 - x3) dx —_[05(15—3x) dx

For an attempt to integrate the expression for the curve.

[Ignore limits for this mark] M1
2 3 470
Area = _[5(15+17x+ x*—x%) dx =|15x+ 17X, x_x
0 3 4
For evaluating their integral using their limits.
17x5* 5 5 2075
Area= | 15x5+ +2 2 |(0)=| =2
( 2 '3 4 j (0) ( 12 ] M1
For the area of the triangle
Area :%x5x15:37.5 51
ALT
Integrates the line
Area= [’ d 3 |
|(15-3x) dx = 15x—=- 0 =375 [B1]
For the correct area of R
2075 ,,1_1625_ .. 5 Al
12 2 12 12 [5]
ALT
For writing an expression for the area of R with the correct limits.
M1

j05(15+17x+ X2 — x3) dx —j05(15—3x) dx = UOS(ZOX+ X% — x3) dx]

Award the B mark for a correct expression for the combined area. Bl
For an attempt to integrate the expression for the combined area or
just the curve.

[Ignore limits for this mark] M1

Area:IOS(ZOXJrXZ—X?’) dxz[ZOX2 X3 X4T
0

2 3 4
For evaluating their integral using their limits, but the lower limit
must be 0.
2 3 4 Ml
Area = 20x5° 5° 5"| (1625
3 4 12
For the correct final area. Al

[5]

Total 15 marks

t .
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5(a) y=Q(x—6)(x+2) where Q is a constant "
Using the coordinates (4, —6)
-6 1
-6=0Q(4-6)(4+2)=>Q=— == M1
Q(4-6)(4+2)=Q="3=7
1 x? Al cso
y=5(x—6)(x+2):>y=?—2x—6 * 3]
O | dy_2x_
dx 2 M1
x=4, Y_4_2-2 M1
X
] ) 1 B1ft
Gradient of normal is —=
2 . M1
Equation of | : y—(—6):—§(x—4)
X Al
=>y=-7-4=2y+x+8=0 * Cso
2
[5]
C 2 2
© Xy e X 4 X 3, 5 g M1
2 2 2 2 M1
= (x—4)(x+1)=0=>x=-1,4 Al
2
Area :j4(x——2x—6J dx—j4(—5—4j dx M1
-1 2 -0 2
¢ a 4 M1
I AV
6 4 .
- . M1
? -1
= 4——§x42—2x4 - —)—Ex(—l)z—Zx(—l)
6 6 4
3 _13
= 4——§><42—2><4 - —)—Ex(—l)z—Zx(—l)
6 6 4 Al
[7]
_ 125 area= 12 (units?) oe
12
Total 15 marks
Part | Mark Notes
@ M1 | Uses the intersections with the x-axes to form a quadratic equation of the form
y=Q(x%6)(x+£2)
.\\\\’{.
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MARK SCHEME - Paper 2 - November 2023 - Q5 Calculus (8) <QUESTION

M1 | Uses their Quadratic with the coordinates (4, — 6) to find the value of Q
Allow just one processing error here.

Al For the correct equation in the required form.

€SO Note this equation is given to candidates.

Both above steps must be complete and correct for the award of this mark.

ALT — Uses simultaneous equations

M1 | Sets up all three equations with the given coordinates. These must be correct.
Y= pX>+OX+r
0=4p-2q+r 1
0=36p+6g+r 2
—-6=16p+4q+r 3
M1 | Attempts to solve their three simultaneous equations to find the values of p, gand r
At least one correct value is evidence of correct method.
2-1 0=32p+8q 4
3-2 6=20p+2q 5
5x4 24=80p+8q 6
1
6-4 24=48p= p=§,
24=40+80=>q=-2
0=2+4+r=>r=-6
Al For the correct equation in the required form.
cso | Note this equation is given to candidates.
All of the above steps must be complete and correct for the award of this mark.
(b) M1 | For differentiating the given expression.
This must be correct, simplified or unsimplified for this mark.
M1 - . _d . .
For substituting x = 4 into their d_y to find the gradient of the tangent.
X
B1ft | For finding the gradient of the normal.
Ft their gradient.
M1 | For forming an equation for | using the equation of the normal which must have come
from use of calculus.
If they use y = mx + ¢ then they must find ¢ and form an equation for the award of this
mark.
X
Forexample;c=—4=y= —5—4
Al For the correct equation in the required form.
cso | Accept the terms in any order.
For example: even 0=-8-x-2y
(c) M1 | For equating the equation of S to their | and forming a 3TQ
M1 | For attempting to solve the 3TQ [see General Guidance for the definition of an
attempt] to find two points of intersection.
Al For both correct values of x
M1 | For a correct statement for the area using their two points of intersection correctly.
Do not accept limitsof x=— 2and 4 or 6
They may complete these two areas separately and combine at the end. Check to the
end of their work before you score this mark.
. '4' ‘4 4 ‘4! .
Accept either j Curve —J- Line or j Llne—J‘ Curve for this mark.
-1 -1 =N -1
M1 | For an attempt to integrate either the expression for the line or the curve.

7
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See General guidance — but no power of X is to decrease.

M1

For substituting in their values correctly AND subtract the two integrals.
Explicit substitution must be seen if the final area is incorrect, or the limits are
incorrect. A final correct area which follows correct integration is adequate evidence.

Al

For the correct area

N2
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8 (a) d
(d_i =)4x—4 M1
Gradient of 1=8 B1
Gradient of normal = —% B1
1 31
4x—4_—§:>x_§ M[%:]Al
0 A) | (@+p)=a®+3a’B+3ap’+ =+ [ +3af(a+p) Bl*cso
[1]
ii 4 4 2 2\? 2 n2 2 2 2 B1*
W1 grs gt (a2 4 ) - 202 =((a+BY ~208) -2(ap) [ﬁso
O vz ap=2 oo o
(a3—ﬂ+ﬂ3—a=a3+ﬂ3—(a+ﬂ))
=(a+ ) -3ap(a+p)-(a+p) M1
(sum of roots =)2° —3(%)(2) -2(=-21) Al
[(oﬁ - B)(#° —a)=]a3ﬁ3 —a* - B+ ap M1
=(05,3)3 —(a4 +ﬂ4)+a,8
P ;. 9Y 9y ( 31
Now, (a* + 3 )=((2) —2x5j —2X(EJ =(_?) At
9) ( 31) 9( 889
(product of roots =) —(E) _(_?)JFE(_ ?J Al
X2 —"— 21"x+"%" M1
8X* +168x +889 =0 Al
[8]
Total 15 marks
A
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Part | Mark Additional Guidance
8 (a) M1 For a correct differentiation.
Bl For 8, identified as the gradient or used to calculate gradient of normal
Bl
For L stated as gradient of normal or used in subsequent work
M1 . .
For correctly solving their ax+b = —%
Al
For E
32
(b) (i) | B1*cso | Complete and full algebra to show the given identity
(ii) | B1*cso | Complete and full algebra to show the given identity
(c) Bl Correct values for o+ £ and af . Award if values not seen explicitly but embedded in
the sum/product calculations for the new equation.
M1 Sum: Using the result from part (b) and correctly manipulating to prepare for
substitution of o+ g and of
Al For —21
M1 Product: For the correct algebraic expansion shown.
Alft | Correct substitution of their values into «* + g* within the product of roots
Al 889
For —
8
M1 | Use x*—(theirsum of their roots)x +their product of roots “=0” may be missing.
Al Correct equation oe with integer coefficients.

7
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Question Scheme Marks
number

9a |(ax'=3x')=a=3 B1
(4c=64)=c=16 B1
(bx3 —4ax’ =4x3) =b-4a=4or (4ax2 —4bx® +cx? =—36x2)
M1
= 4a—4b+c=-36 or(4bx—64x=0x)=4b-64=0
b=16 Al
4
4 3 2 Bl (M1
b jz(x3+x2 —6x)dx:{x—+x——§x2} on ePen)
0 4 3 2 0 M1
AL M1 (Al
O ()
(4 3 ()J ©) on ePen)
16 AL (M1
3 on ePen)
x X " 16 x X 16
SRANPILA el (T N 1) T IR, W) P M1
H 43 } 3 ]( ) [ 43 J 3"
3x* +4x> —36x* +64=0 Al
(x—2)7 (3% +16x+16) =0* Al(*Y)CSO
ALT 5 X3 2 Bl (M1
L (x* + x* —6x)dx = {'— +——3x2'} on ePen)
4 3 » M1
2t 28 xt X M1 (Al
O )l I L EARRANE TOR L
{4 3 ()J(4 3 ()J on ePen)
4 3
+ _E_X__X_+3X2 =0 Al(Ml
3 4 3 on ePen)
3x* +4x* —36x° +64=0 M1 Al
(x-2)" (3x* +16x+16) = 0* Al
c (When (x—2)=0 x=2 and when 3x* +16x+16=0)
(3x+4)(x+4)=0 SO x:—% and x=-4 MLAL
(x#—4 as itis to the left of the pointat x =-3) x = —% M1
3 2
4 . 4., . 4. . 4. 200
" :__ll — —_— + [R— —6 —_—— = — dMl
When "x 3 y ( 3 j ( 3 j ( 3 ) 7
4 200 Al
So A=|-Z ==
( 3 27 j (5)
Total 16 marks

7
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Part Mark | Notes
@ Bl a=3
Bl c=16
For a clear process to equate coefficients to find either of the equations
b—4a=4or 4a—4b+c=-360r 4b — 64 = 0. Allow one error.
M1 For algebraic division: there must be a complete attempt to divide by x* + px +q and
reach an expression of the form 3x*+rx+16, p,q,r #0
Al b=16

Full marks may be awarded for all of a, b and ¢ appearing correctly with no method shown. Embedded
a, b and c should be awarded full marks.

(b) Ble%“gi)on Correct limits of x =0 and x = 2 — or used later in working.
For a minimally acceptable attempt to integrate any 3 term cubic of the form
M1 x® + fx® + gx . Limits do not need to be present.
See general guidance for the definition of a minimally acceptable attempt.
M1 (A1 | Substitution of their limits into any changed expression, the correct way round minimum 3
on ePen) | terms. Sub of 0 not needed. Allow this mark to be implied by a fully correct value.
ALML | Either for a fully correct substitution, or foriE
on ePen) 3
n X4 X3 2u 16 - . .
For (0)— T +€ -3x""|= ir? oe. Allow use of their integrated expression and their
M1 16
J_rg which can be in any equivalent form, including an unevaluated expression. Allow use
of n rather than x. The limit of 0 need not be seen.
Al For 3x* +4x® —36x* +64=0 Allow use of n rather than x. % must have been evaluated.
AL*cso | For (x—2)° (3x* +16x+16) = 0.No errors in working. Candidates can use n throughout.
ALT B1 (M1 | Correct limits of x = x and x = 2 — seen on the integral or used later in working. These can
on ePen) | be either way round.
For a minimally acceptable attempt to integrate any 3 term cubic of the form
M1 x® + x? + gx . Limits do not need to be present.
See general guidance for the definition of a minimally acceptable attempt.
M1 (Al | For substitution of both of their limits into any changed expression. Minimum 3 terms
on ePen)
ALMMIL | por 4 —Q—X—A‘—X—Sjﬂx2 =0
on ePen) I 3 4 3
M1 For a valid attempt to multiply their equation throughout to arrive at integer coefficients.
Al Al | As main scheme. Candidates can use n throughout.
(c) For a complete and minimally acceptable attempt to solve 3x* +16x+16=0 to give x =
M1 See general guidance for definition of minimally acceptable.
Some candidates may have factorised in part b), if used in part c), marks can be awarded
Al For x:—% and x=-4
M1 Chooses "x :—% ", can be stated explicitly or used later implicitly.
Allow choice of their x coordinate for -3<x<0
_ L4 B
dM1 For substituting x = 3 into y =x(x+3)(x—2)
Allow substitution of their x, dependent on previous method mark
4 200 .
Al A=| ——,—— |students may list x:—iy:ﬂ
3 27 3 27

R
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I11(d) | x=4=>y=6 B1
d 2
Grad tgt =§ Al
e =§(x—4> MIA1
3y=8x—-14 Al
[6]
(b) 3
y—6:—§(x—4) M1
8y =—3x+60 Al
[2]
(©) 7 73
Base = 2O_Z =T B1
Area=l><ﬁ><6,=54i or 54.75 MI1,Al
2 4 4 [3]
ALT
7
4 — 20 4
Vertices (%,Ojand(zo,o), Area = % 4 =54% B1,M1Al
6 0 0 6 (3]
(d) 41 ) 2
Vol = 7Z'I0 E(x +2) dx + cone, base 6 and ht 16 M1
41222dx—144424dx—1x54x344
(P, (5" +2) | dv=(m) 5 [, (" 4427 4 4)dv = (7) 5| - - dx 0 MIAI
Cone = %x 6°x16  (=1927)  (or equation of normal squared and
B1
integrated correctly)
(4 4
VOl 23(?4‘?4‘4 J+192ﬂ':710 MI1A1
[6]
Total 17 marks

A
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Additional Guidance
(a) B1 | Finds the value of y when x = 6.
x=4=y=6
M1
Differentiates the given expression to give % = %x
This must be correct.
Al For the gradient of the tangent = g
M1 | For the equation of the line .
y='6'= 'g'(x —4) Follow through their y and their gradient.
Al | For the correct equation in any form.
Al | For the correct equation in the required form.
3y=8x-14
(b) | M1 | For the equation of the normal to the curve. Allow their y and the negative inverse of their
gradient of the tangent.
y_v6v=v_§v(x_4)
The gradient of the normal must be the negative inverse of their numerical value
A1l | For the correct equation in the required form.
8y =-3x+60
c B1
© For the length of the base (773)
Ml
For the area of the triangle Area = %x '773'>< '6'
Al . 3
For the correct area of the triangle 54Z or 54.75
ALT
B1 | For the correct coordinates of the vertices
Vertices (%, OJ and(20,0)
Ml 7
. . . 1 " 1 20 1 4
For the correct method to find the area using their vertices — 4 =...
2 [yl Iyl
6' 0 0 '6
Al . 3
For the correct area of the triangle 54Z or 54.75
(d) | M1 | For a correct statement of the volume of the solid.
2
7r.|.04 (%(xz + 2)} dx + cone, with a radius of the base of their value of y (6) and the height
derived from their equation of line / (normal)
: w0 3,60
Alternatively, they can use Volume of cone = 7[_[4 '—g'x + '?' dx
The limits must be correct for this mark.

7
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M1 | For squaring the equation of the curve only and attempting to integrate. (See general
guidance for the definition of an attempt)
Ignore the limits and 7 for this mark.
Al | For a fully correct integrated expression for the cone.
Ignore the limits and 7 for this mark.
B1 | For finding the volume of the cone.
Volume of cone = = %x 6°x16  (=1927)
ALT
2
Volume of cone = 7r.|. S BEEINI T R Ll A e
4 8 2 4 64 8 4
0"
=7 ix3—£x2+£x =192x
64 16 4 1,
If candidates chose to use the ALT method — it must be fully correct.
MI | Evaluating their integrated expression which must have as a minimum a term in x*, a term
in x’, and a term in x, AND adding their volume of the cone.
Al |For710 (cm®)

‘Q\’}/.
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