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QUESTIONS

27 questions - 171 marks - 4 sub-topics

A



SUB-TOPIC 1.1

PROOF BY DEDUCTION

Sub-topic 1.1 - 18 questions - 127 marks - lowest tariff first




ANSWER >

4 N\
14. Prove, using algebra, that
n+1y>-n
isodd forall n e N
4)
. J
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(Total for Question 14 is 4 marks)

Question 14 continued

N2



ANSWER >

12.

y =sinx
where x is measured in radians.

Use differentiation from first principles to show that

dy
—— =cos
dx *
You may
» use without proof the formula for sin(4 + B)
sinh cosh —1

e assume thatas 4 — 0, T — 1 and

)
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(Total for Question 12 is 5 marks)

Question 12 continued

N2



ANSWER >

4 N\
9. Given that § is measured in radians, prove, from first principles, that
i(cosH) = —sinf
do
sin/ cosh —1
You may assume the formula for cos(4 + B) and that as 7 — 0, — — land 0
3

\ J
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ANSWER >

Question 9 continued

(Total for Question 9 is 5 marks)

KA



ANSWER >

4 N\
9. The first 3 terms of a geometric sequence are
34k=S 972k 32(k—1)
where £ is a constant.
5
(a) Using algebra and making your reasoning clear, prove that k = 5
3)
(b) Hence find the sum to infinity of the geometric sequence.
3)
. J
\ J

INA
10



x
W
=
%)
P
<

(Total for Question 9 is 6 marks)

Question 9 continued

N2
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ANSWER >

4 N\
6.
fx) =-3° +8? -9 + 10, xeR
(a) (i) Calculate f(2)
(i1) Write f(x) as a product of two algebraic factors.
3
Using the answer to (a)(ii),
(b) prove that there are exactly two real solutions to the equation
=30+ 84 —92+10=0
(2)
(c) deduce the number of real solutions, for 7z < 6 < 10z, to the equation
3tan’@ — 8tan’0 + 9tand — 10 = 0
1
\ J
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ANSWER >

4 R

Question 6 continued

Q\Vﬂ
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ANSWER >

(~ Y

Question 6 continued

Q\Vﬂ
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ANSWER >

Question 6 continued

(Total for Question 6 is 6 marks)

Q\Vﬂ
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ANSWER >

10.

Figure 7
Figure 7 shows a sketch of triangle OA4B.
The point C is such that OC =204.
The point M is the midpoint of 4B.
The straight line through C and M cuts OB at the point V.
Given OA=a and OB =b
(a) Find CM in terms of a and b

3

(c) Hence prove that ON:NB =2:1

(b) Show that ON = (2 - 5/1) a+ %ib , where 1 is a scalar constant.

2

(2

0]
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ANSWER >

( N

Question 10 continued

Q\Vﬂ
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ANSWER >

- N

Question 10 continued

Q\Vﬂ
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ANSWER >

Question 10 continued

(Total for Question 10 is 6 marks)

Q\Vﬂ
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ANSWER >

7
13. The function g is defined by
3In(x) -7
g(x)=m x>0 x=zk
where £ is a constant.
(a) Deduce the value of k.
1
(b) Prove that
g'x>0
for all values of x in the domain of g.
3
(¢) Find the range of values of a for which
gla)>0
2
\
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ANSWER >

( )

Question 13 continued

Q\Vﬂ
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ANSWER >

( )

Question 13 continued

Q\Vﬂ
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ANSWER >

Question 13 continued

(Total for Question 13 is 6 marks)

Q\Vﬂ
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ANSWER >

( )

Question 15 continued
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Question 15 continued

\\
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ANSWER >

Question 15 continued

(Total for Question 15 is 7 marks)

Q\Vﬂ
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ANSWER >

8. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Prove that

1 1
+
cosecd —1 cosecO +1

= 2tanfsecd 0+ (90n)", neZ
3)
(b) Hence solve, for 0 < x < 90°, the equation

1 1

+ = cot2xsec2x
cosec2x —1 cosec2x + 1

Give each answer, in degrees, to one decimal place.

C))

INZ)
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Question 8 continued

N2
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ANSWER >

4 A%

Question 8 continued
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(Total for Question 8 is 7 marks)

Question 8 continued

N2
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ANSWER >

( )
11.
1+11x — 6x2 B C
— =4+ +
(x=3)1-2x) x=3) (1-2x)
(a) Find the values of the constants 4, B and C.
C))
_ 2
FOr) = I1+11x - 6x 3
(x=3)1-2x)
(b) Prove that f(x) is a decreasing function.
3)
\ y
\ J
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ANSWER >

4 R

Question 11 continued

Q\Vﬂ
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ANSWER >

(~ Y

Question 11 continued

Q\Vﬂ
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ANSWER >

Question 11 continued

(Total for Question 11 is 7 marks)

Q\Vﬂ
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ANSWER >

4 N\
12. (a) Prove
cos36 N sin30 2ot 20 0 % (90m)° 7
sind  cos@ 0 (O0n)%, n €
O]
(b) Hence solve, for 90° < 6 < 180°, the equation
cos36 N sin30
sinfd cosd
giving any solutions to one decimal place.
3
\ J

Q\Vﬂ
36



ANSWER >

( N

Question 12 continued

Q\Vﬂ
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ANSWER >

- N

Question 12 continued

Q\Vﬂ
38



ANSWER >

Question 12 continued

(Total for Question 12 is 7 marks)

Q\Vﬂ
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ANSWER >

4 N\
10. In this question you should show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Given that 1+ cos26 + sin20 # 0 prove that
1 — cos26 + sin 20
- = tand
1+ cos260 + sin 20
C))
(b) Hence solve, for 0 < x < 180°
1—cos4x + s%n4x — 3sin 2y
1+ cos4x + sindx
giving your answers to one decimal place where appropriate.
(C))
\ y,
\ J
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( )

Question 10 continued

Q\Vﬂ
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ANSWER >

( )

Question 10 continued

Q\Vﬂ
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ANSWER >

Question 10 continued

(Total for Question 10 is 8 marks)

Q\Vﬂ
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ANSWER >

4 N\
15. In this question you must show all stages of your working. §
Solutions relying entirely on calculator technology are not acceptable. §
A geometric series has common ratio  and first term a. §
X
g
Given r=1 and a#0 §
(a) prove that §
a(l—r"
o ali=r) |
" 1—-r &
)
Given also that S, is four times S §
(b) find the exact value of 7. g
@)
8
:
\ J
INZ)
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ANSWER >

( )

Question 15 continued

Q\Vﬂ
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( )

Question 15 continued

Q\Vﬂ
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ANSWER >

Question 15 continued

(Total for Question 15 is 8 marks)

Q\Vﬂ
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ANSWER >

4 N\
12. (a) Prove that
1 — cos260 =tanfsin20, 0 # @’ neZr
3)
T b .
(b) Hence solve, for 3 <x < 7 the equation
(sec’x — 5)(1 — cos2x) = 3tan’xsin2x
Give any non-exact answer to 3 decimal places where appropriate.

(6)

\ J
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ANSWER >

4 R

Question 12 continued

Q\Vﬂ
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ANSWER >

(~ Y

Question 12 continued

Q\Vﬂ
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ANSWER >

Question 12 continued

(Total for Question 12 is 9 marks)

Q\Vﬂ
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ANSWER >

F

Figure 5

A company makes toys for children.
Figure 5 shows the design for a solid toy that looks like a piece of cheese.
The toy is modelled so that

* face ABC is a sector of a circle with radius cm and centre A

e angle BAC = 0.8radians

e faces ABC and DEF are congruent

e edges AD, CF and BE are perpendicular to faces ABC and DEF
e edges AD, CF and BE have length #cm

Given that the volume of the toy is 240 cm?

(a) show that the surface area of the toy, Scm?, is given by

1680
S=0.8r2+ —
-
making your method clear.
C)
Using algebraic differentiation,
(b) find the value of » for which S has a stationary point.
C))
(c) Prove, by further differentiation, that this value of » gives the minimum surface area
of the toy.
2)
\ J
\ J




ANSWER >

( )

Question 15 continued

Q\Vﬂ
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ANSWER >

( )

Question 15 continued

Q\Vﬂ
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ANSWER >

Question 15 continued

(Total for Question 15 is 10 marks)

Q\Vﬂ
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ANSWER >

7
15. The curve C has equation
(x+y)Y =3x"-3y-2
. . dy .
(a) Find an expression for o in terms of x and y.
3
The point P(1, 0) lies on C.
(b) Show that the normal to C at P has equation
y=-2x+2
(2)
(c) Prove that the normal to C at P does not meet C again.
You should use algebra for your proof and make your reasoning clear.
)
.
\
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Question 15 continued

N2
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ANSWER >

4 A%

Question 15 continued

Q\Vﬂ
58



x
W
=
%)
P
<

Question 15 continued

N2
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ANSWER >

Question 15 continued

(Total for Question 15 is 12 marks)

Q\Vﬂ
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ANSWER >

4. Given that
o f(x)=2x*+3x"-16x + 16
e f(-4)=0
(a) write f(x) in the form
(x+2)Q(x)

where a is a constant and Q(x) is a quadratic expression.

®)

(b) Hence prove that —4 is the only real root of the equation
f(x)=0

(Solutions relying on calculator technology are not acceptable.)

O]
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ANSWER >

Question 4 continued

(Total for Question 4 is 5 marks)

Q\Vﬂ
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ANSWER >

Figure 4

Figure 4 shows the plan view for the design of a stage.

The shape of this design consists of a sector of a circle AOB joined to a
rectangle OBCD.

Given that

e the radius of the sector is r metres and angle AOB is @ radians
. 1 .
« the length and width of the rectangle are r metres and o r metres respectively

« the total area of the stage is 240m’

(a) show that the perimeter of the stage, P metres, is given by

P=2r+ 450
r
You must make your method clear.
4)
Using algebraic differentiation,
(b) find the value of r for which P has a stationary value.
®)
(c) Prove, by further differentiation, that this value of r gives the minimum perimeter of
the stage.
)
\ S
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ANSWER >

Question 15 continued

Q\Vﬂ
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ANSWER >

Question 15 continued

Q\Vﬂ
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ANSWER >

Question 15 continued

(Total for Question 15 is 9 marks)

Q\Vﬂ
66



SUB-TOPIC 1.2

PROOF BY EXHAUSTION

Sub-topic 1.2 - 3 questions - 15 marks - lowest tariff first
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ANSWER >

16. Use algebra to prove that the square of any natural number is either a multiple of 3 or
one more than a multiple of 3

C))

Q\Vﬂ
68



ANSWER >

( )

Question 16 continued

Q\Vﬂ
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ANSWER >

Question 16 continued

OISR

(Total for Question 16 is 4 marks)

Q\Vﬂ
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ANSWER >

4 N\
10. (i) Prove that for all n € N, n? + 2 is not divisible by 4
C))
(ii) “Given x € R, the value of |3x — 28| is greater than or equal to the value of (x — 9).”
State, giving a reason, if the above statement is always true, sometimes true or never true.
2
\ J
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ANSWER >

Question 10 continued

(Total for Question 10 is 6 marks)

Q\Vﬂ
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ANSWER >

4 A
8. Astudent was asked to prove that the square of any number can be expressed in the
form5nor 5n+1 where n e N
The start of the student’s proof is shown in the box below.
Let m = 5k
Consider m? = (5k)* = 25k® = 5 x 5k* = 5n  where n = 5k* v/
Let m=5k +1
Consider m? = (5k + 1)
=25k* + 10k + 1 = 5(5k*+ 2k) + 1 =5n+ 1 where n = 5k* + 2k v/
Let m=5k + 2
Consider m? = (5k + 2)?
=25k’ + 10k + 4 =5(5k*+ 2k + 1) —1=5n-1 wheren=5k’+ 2k +1 v
(a) Identify and correct an algebraic error in the box above.
€
(b) Show the calculations and statements that are required to complete the proof.
(4)
. J

INZ)
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ANSWER >

Question 8 continued

(Total for Question 8 is 5 marks)

Q\Vﬂ
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SUB-TOPIC 1.3

DISPROOF BY COUNTER-EXAMPLE

Sub-topic 1.3 - 1 question - 5 marks - lowest tariff first

&
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ANSWER >

4 N\
3. (a) “If m and n are irrational numbers, where m # n, then mn is also irrational.”
Disprove this statement by means of a counter example.
(2)
(b) (i) Sketch the graph of y = |x| + 3
(i) Explain why [x| + 3 > |x + 3] for all real values of x.
3)
\ y
\ J
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ANSWER >

Question 3 continued

(Total for Question 3 is 5 marks)

Q\Vﬂ
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SUB-TOPIC 1.4

PROOF BY CONTRADICTION

Sub-topic 1.4 - 5 questions - 24 marks - lowest tariff first
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ANSWER >

15. A student attempts to answer the following question:

Given that x is an obtuse angle, use algebra to prove by contradiction that

sinx — cosx > 1

The student starts the proof with:

Assume that sinx —cosx < 1 when x is an obtuse angle
= (sinx — cosx)’ < 1

The start of the student’s proof is reprinted below.

Complete the proof.
3)

Assume that sinx —cosx < 1 when x is an obtuse angle

= (sinx — cosx)’ < 1

INZ)
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Question 15 continued

N2
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ANSWER >

Question 15 continued

(Total for Question 15 is 3 marks)

Q\Vﬂ
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o
=
[%2]
=z
<

C))

=25

2

4p*—q

16. Prove by contradiction that there are no positive integers p and ¢ such that

KA
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( )

Question 16 continued

Q\Vﬂ
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(Total for Question 16 is 4 marks)

Question 16 continued

KA
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ANSWER >

7. (i) Given that p and ¢ are integers such that
pq is even

use algebra to prove by contradiction that at least one of p or ¢ is even.

3)
(i1) Given that x and y are integers such that
e x<0
Cory <oy

show that y > 4x
(2)

INA
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ANSWER >

Question 7 continued

(Total for Question 7 is 5 marks)

Q\Vﬂ
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ANSWER >

4 N\
15. (i) Show that k* — 4k + 5 is positive for all real values of .
(2)
(i1) A student was asked to prove by contradiction that
“There are no positive integers x and y such that (3x + 2y)(2x — 5y) =28~
The start of the student’s proof is shown below.
Assume that positive integers x and y exist such that
(3x + 2y)(2x - Sy) =28
If 3x+2y=14and 2x -5y =2
3x+2y =14 74 22 .
= x = —, y =— Notintegers
2x -5y =2 19
Show the calculations and statements needed to complete the proof.
C))
\ y,
\ J
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Question 15 continued

N2
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ANSWER >

Question 15 continued

(Total for Question 15 is 6 marks)

Q\Vﬂ
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ANSWER >

4 N\
15. (i) Use proof by exhaustion to show that for » € N, n < 4
(n+1)y>3"
2
(i) Given that m* + 5 is odd, use proof by contradiction to show, using algebra, that m
is even.
Q)
. J
\ J

Q\Vﬂ
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( )

Question 15 continued

Q\Vﬂ
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( )

Question 15 continued

Q\Vﬂ
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( )

Question 15 continued

Q\Vﬂ
93



ANSWER >

Question 15 continued

(Total for Question 15 is 6 marks)

Q\Vﬂ
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MARK SCHEME - Paper 1: Pure Mathematics 1 - June2023 - Q14 1.1 Proof by Deduction < QUESTION

Question Scheme Marks AOs

14

When # is even:
Qk+1)* —(2k)* =8k> +12k* + 6k +1-8k> = 6k(Rk +1) +1
—whichisodd | Ml 3.1a
or

When 7 is odd:
Rk +2)° —(2k +1)° =8(k> +3k> + 3k + 1) — (8k> +12k> + 6k +1) = 6k(2k +3)+7 | Al 2.2a
— which is odd

When n is even: (2k +1)° —(2k)® =8k> +12k* + 6k +1—8k> = 6k(2k +1)+1

— which is odd
and dM1 2.1

When 7 is odd:
2k +2) —(2k+1) =8(k”> +3k> + 3k +1)— (8K +12k% + 6k +1) = 6k(2k+3)+7
— which is odd

Hence odd forall n(e N)  * Al* | 24

(4 marks)

Notes

Mi1:

Al:

dM1:

General guidance
It is likely that you will see a mixture of methods and approaches within some solutions.
Mark the approach which scores the highest number of marks.

There should be no errors in the algebra but allow e.g. invisible brackets to be “recovered”.
Withhold the final mark if 7 is used instead of & or reference to n € Rbut n e Z* is acceptable.

Main scheme algebraic method using e.g. 7 =2kand n=2k*1
You will need to look at both cases and mark the one which is fully correct first.
Allow a different variable to £ and may be different letters for odd and even

For the key step attempting to find (n+1)’ =’ when n=2kor n=2k+1 and attempting to
multiply out and simplify to achieve a three term quadratic (allow equivalent representation of odd or
evene.g. n=2k+2 or 2nt5)

Condone arithmetical slips and condone the use of e.g. n=2nand n=2nxt1

Complete argument for 7 =2k or n=2k+1 (ore.g. n=2k—1) showing the result is odd.

Requires:

Correct simplified quadratic expression e.g. 12k* + 6k +1 (when n =2k ), 12k’ +18k +7 (when

n=2k+1), 12k* =6k +1 (when n =2k —1) (may be factorised)

A reason why the expression is odd e.g. 2k(6k +3)+1 or may use a divisibility argument e.g.

12k> + 6k +1
2

Concludes “odd” o.e. (may be within their final conclusion)
There should be no errors in the algebra but allow e.g. invisible brackets if they are “recovered”

Condone the use of e.g. n=2nand n=2n=tl1

=6k2+3k+l
2

Attempts to find (n+1)’ =1’ when n =2k and n =2k +1 and attempts to multiply out and simplify

to achieve a three term quadratic (allow equivalent representation of odd or even e.g. n=2k+2,
2nt5
Condone arithmetical slips and condone the use of e.g. n=2n and n=2n+1

&
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MARK SCHEME - Paper 1: Pure Mathematics 1 - June2023 - Q14

1.1 Proof by Deduction

< QUESTION

Al*: Complete argument for both n =2k and n=2k+1 (ore.g. n=2k—1) showing the result is odd
for all n(eN)

Requires for both cases:
o Correct simplified expressions for both odd and even (which may be factorised)
e A reason why both of the expressions are odd
e Minimal conclusion (may be within their final conclusion)

An overall conclusion is also required. “Hence odd for all » ( eN ) ” Accept “hence proven”,
“statement proved”, “QED”
The conclusion for when # =2k and n =2k +1 may be within the final conclusion rather than

separate which is acceptable e.g. “when n =2k and when n =2k +1 the expression is odd, hence
proven” (following correct simplified expressions and reasons)

(n+1) n (n+1y -n’
n=2k-1 8k 8k —12k* + 6k —1 12k —6k +1
n=2k 8k +12k% + 6k +1 8k’ 12k + 6k +1
n=2k+1 8k> +24k* + 24k +8 8k +12k* + 6k +1 12k* +18k+7

Alternative methods:

Algebraic with logic example

MI1: Attempts to multiply out the brackets and simplifies to achieve a three term quadratic. Condone
arithmetical slips.

Al:  Correct quadratic expression 3n° +3n+1

dM1: Attempts to factorise their quadratic such that n*> +n — n(n + 1) within their expression
e.g. 3n(n+1)+1

Al*: Explains that e.g. n(n+1) is always even as it is the product of two consecutive numbers so

3n(n+1) is odd x even =even so 3n(n+1)+1 is odd hence odd for all n(e N)

Proof by contradiction example
M1: Attempts to multiply out the brackets and simplifies to achieve a three term quadratic.

Al:  Correct quadratic expression 3n° +3n+1

dM1: Sets 3n° +3n+1=_2k (for some integer k) = 3n(n+1) =2k -1

that there exists a value for n for which (n+1)’ =7’ is even”

Al*: Explains that n(n+1) is always even as it is the product of two consecutive numbers so 3n(n +1) is
odd x even =even but 2k —1is odd hence we have a contradiction so (n+1)’ —n’is odd (for all

n (e N ) There must have been a correct opening statement setting up the contradiction e.g. “assume

RA
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< QUESTION

Solutions via just logic (no algebraic manipulation)
e.g.
If nis odd, then (n+1)’ =1’ is even® —o0dd’® = even — odd = odd

If n is even, then (n+1)’ =1’ is 0dd® —even® = odd —even = odd
Both cases must be considered to score any marks and scores SC 1010 if fully correct

Further Maths method (proof by induction
M1:  Assumes true for n="k, substitutes n=k +1 into (n+1)’ =1’ multiplies out the brackets and

attempts to simplify to a three term quadratic e.g. 3k* +9k +7 Condone arithmetical slips

Al (F(k+1) =3k +3k+1+6(k+1) =) (k+1)’ =k +6(k+1)=f(k)+6(k +1)

which is odd + even = odd

dMI1: Attempts to substitute n=1= (1+1)’ =1’ =7 (which is true) (Condone arithmetical slips
evaluating)

Al*: Explains that
e itistrue when n=1
e ifitis true for n =k then it is true for n=k +1

e therefore it is true for all » (e N )




MARK SCHEME - Paper 1: Pure Mathematics 1 - June2023 - Q12 1.1 Proof by Deduction < QUESTION

Question Scheme Marks | AOs
12 i h) —si

sin(x+Ah)—sinx Bl 51

h
sin xcos s +cosxsin/ —sin x Ml 1.1b
h Al 1.1b

) cosh—1 sinh
(As h—0), smx( P )+cosx(7)—>0xsinx+lxcosx dM1 | 2.1
SO d—y:cosx * Al* 2.5
dx

(5 marks)

Notes
Throughout the question allow the use of /= 0x if used consistently
There is no requirement to see "gradient of chord" written down.
sin(x + A)—sin x op SIX— sin(x + A) or sin(x + &) —sin(x — A) or
xX+h—x —h 2h
P . Condone invisible brackets. May be implied by sinxcosh + cohs xsinh = sin x
xX—h—-x
M1: Uses the compound angle formula for sin(x + /) to give sinxcos/ =+ cosxsin A

B1: Gives the correct fraction such as

sin(x—h)—sin x

Al:  Achieves 2008 ht cc;ls xsinh —sin x or equivalent (may be implied by further work).

Allow invisible brackets to be recovered.

dM1: Itis dependent on both the B and the M marks being awarded.
Complete attempt to apply the given limits to the gradient of their chord. They must isolate

( cosh = lj and replace with 0 and isolate (Slz U

j and replace with 1.

. cosh—1 sin /1 .
e.g. sinx P +cosx % =sinxx0+cosxxl1

cosh—1

. sinh
Accept as a minimum SIn x( J+ cos x(TJ =cosx (implying the application of the limits)

If they do not fully show (COS}}: _1j and (%) being isolated but proceed from

sinx(cosh—1)+cosxsinh

e.g. P to Oxsinx+cosx (ore.g. 0+cosx) then this can be implied and
score dM1
sinx(cosh—1)+cosxsinh .

P =cosx is dMO

Condone if limit notation remains within their expression after the limits have been applied.
e.g.lim(sinxx 0+ cosxx1)
h—0

Alternatively, condone use of the small angle approximations such that
2

. . . ——sinx+hcosx
sin x cos /1 + cos xsin 4 —sin x 2

h h

: h .
= —Esm x+cosx and replaces 5 with 0

RA
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. o d .
Al*: Uses correct mathematical language of limiting arguments to show that Ey = cos x with no
errors seen. (cso)

d
We need to see 7 — 0 at some point in their solution and linking < with cosx e.g.

dy . . (cosh—lj (sinhj
e —=_.=lim|sinx +cosx =COoSX
dx h—0 h h

dy . h . . . L
. az...z%lng —Es1nx+cosx =0xsinx+cosx =cosx (using small angle approximations)
sinx(cos/h—1)+cosxsin
J %;..: ( h) =sinxx0+1xcosx=cosx as h —>0

Condone f'(x) or y’ in place of %
Give final A0 for no evidence of limiting arguments:

. h—-1 inh) .
e.g. when h=0 %z...zsmx(cosh j+cosx[%)=smx><0+cosx><1=cosxisAO

cosh—1

Do not allow the final A1 for just stating % =1 and =0 and attempting to apply

these (without seeing e.g. £ — 0 at some point in their solution)

If they work in another variable (e.g. @) then withhold the final mark. If they have mixed variables
within some of their statements, then allow recovery but withhold the final mark.

Withhold this mark if there has been incorrect bracketing or invisible brackets when isolating

. sinxcosh—1+cosxsinhk . . cosh—1
sin x(cos h— 1) e.g. , but accept terms written as e.g. sin x

do not require brackets. Condone a missing trailing bracket if the intention is clear.

which
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Question Scheme Marks | AOs
%(0059) =-sin@; as h—0, SINN 1 ang SSN=1 40
cos(6 + E) —cosd B1 21
_ cos@cosh —sin@sinh—cosd M1 1.1b
- h Al 1.1b
—_ SN gine + [COSh _1jc059
Ash—0, _sinhg., +(C0$h_1)cos¢9 — —1sin@+0cos @ dMm1 2.1
h
S0 i(cos&) =-sing * Al* 25
dé
©)
(5 marks)
Notes for Question 9
B1: Gives the correct fraction such as cos(0+ E) —coso or cos(0+ gg) —cosé
Allow C08(0+h) —C0s€ o Note: cos(+h) or cos(d+56) may be expanded
(@+h)-6
M1: Uses the compound angle formula for C0S(6+h) to give cos@cosh +sin&sinh
. h —singsinh— .
Al: Achieves coscos s': Osinh - cosd or equivalent
dM1: | dependent on both the B and M marks being awarded
Complete attempt to apply the given limits to the gradient of their chord
Note: | They must isolate % and (COS: _1J, and replace % with 1 and replace (COS: _1j with 0
Al*: cso. Uses correct mathematical language of limiting arguments to prove dig(cose) =-sin@
Note: | Acceptable responses for the final A mark include:
lim i _
. i(cosH) = - ﬂsine + cosh -1 cos® | =—-1sin@+0cos@ = —sind
de h—0 h
e Gradient of chord = — %sin 0 + (COSh _1jcose. As h — 0, gradient of chord tends to
the gradient of the curve, so derivative is —sin@
e Gradient of chord = — %sin@ + (%h_ljcosa As h — 0, gradient of curve is —sin@
Note: | Give final AO for the following example which shows no limiting arguments:
whenh =0, i(cosé’) = — Ms.ims? + (COSh _1)c050 =—1sin@+0cos@ = —sin@
de h h
. . . sinh _ cosh-1 .
Note: | Do not allow the final Al for stating T =1 or =0 and attempting to apply these
Note: | In this question 56 may be used in place of h
' d . d
Note: | Condone f'(#) where f(6)=c0s8 or é where Y =C0S6 used in place of E(cos&)

t.
RA
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Notes for Question 9 Continued
Note: | Condone x used in place of @ if this is done consistently
Note: | Give final AO for

li i _
. i(cosx): im —ﬂsin0+ cosh-1 cosé | =-1sin@+0cos@ = —sin@
do h—0 h
d

h
[ ] E =...
e Defining f(X)=C0s€ and applying f'(X)=...
d
e —(cosd
5 (€059)

Note: | Give final Al for a correct limiting argument in x, followed by ;—e(cose) =-sinéd

d lim [ sinh cosh-1 : ,
e.g. —(cosx) = - ——sinx + cosx | =—1sinx+0cosx = —sinx
déo h—0 h h

= i(cosé?) =-sind
dé

Note: | Applying h—0, sinh—h, cosh—1 to give e.g.

lim (cosecosh —sinasinh—cosaj 3 (cosa(l) —sine(h)—cosej _ —sin@(h) — —sing
h—0 h B h ~  h
is final MO AO for incorrect application of limits
Note: lim (cos@cosh —sin@sinh—coséd lim sinh . cosh-1
= ———sinf + cosd
h—0 h h—0 h
lim . . . m
= (- @sin@ + 0cos®) =—sine. So for not removing
h—0 h
when the limit was taken is final A0
Note: | Alternative Method: Considers cos(0+h) —cos(@—h) \pich simplifies to —2singsinh
(0+h)—(0—h) 2h

.},5‘
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Question Scheme Marks AOs
9(a) g7 g2k ga-2k) g2k
395 = 97k = 39k5 = 320-26) M1 3.1a
2
(32(7—2k) ) _ k-5 g2k 32(7-2k)~(4k-5) _ 32(k-1)-2(7-2k)
dM1 1.1b
—28-8k=6k—-7=k=... =19-8k=6k-16 =k =...
k= g* Al* 2.1
@)
(b) 7-2(25)
a=3"*"""and r =24(2T:>one ofa=243or r =% M1 2.2a
g - & _ "243"
Oc_:I._r_l_nln Ml 1.1b
3
S, :229(364.5) cao Al 1.1b
(©)
(6 marks)

Notes

@ Special cases:

1 .
r= 3 (or equivalent reason). All statements must be correct.

-2k g2k

SC 2: Be aware that e.g. W= 97 =

correct answer and may score maximum SC 010.
M1: Uses the 3 terms to set up an equation in k and
the power law of indices correctly
expanding brackets.

dM1: Correct processing leading to a value for k.
Al*: Correct value following correct working. Allow k = 2.5 in place of k :g

Condone missing/invisible brackets provided they are recovered correctly.

Alt 1 Using Base 9:
g7-2 32(k—1) Q7-2k gkt
g7 0.e. scores M1

35 = 972k = Q25 =

= 9% =09%® = 95-4k=3k-8 = 7k=175 = k=25
Score dM1 when a value of k is achieved using a correct process and AL* if fully correct.

SC 1: For those that verify rather than prove a SC 100 is awarded for substituting k :g into all
three terms to correctly obtain 243, 81 and 27 with a statement that this is geometric with

2 =813 =9%7 s an incorrect process (without

some indication that they have intentionally squared both sides) that fortuitously leads to the

e either reaches a common base by replacing 9 with 32 or by replacing 3 with 9°° and uses
e or uses the laws of indices correctly to reach 9*~* =3%" condoning slips in e.g.

Writing down e.g. 2(7 —2k)—(4k —5) = 2(k —1) — 2(7 — 2k) is sufficient to imply the M1.
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Alt 2 Finding r in terms of k and using e.g. us = ar?:
g7-2k  g2(7-2k)

32(k-)  g2k-2
= qs W{

— 319—8k} orr= — {: 36k—16}

r g7k 372K

= 3O (300K )T 232 or = 3% (3%)" =372 scores M1

= 3HE 38 2 — 3312k =2k-2 = 14k =35= k=25
Score dM1 when a value of k is achieved using a correct process and A1* if fully correct.

Alt 3 Using Logs Way 1:
97—2k 32(k—1)

2
FFE= g (97’2") =387 — gM-4k = 3T 5cores M1

= (14— 4k)log, 9 =6k —7
= 2(14-4Kk)=6k—7

= k=25
Score dM1 when a value of k is achieved using a correct process and A1* if fully correct.

Alt 4 Using Logs Way 2:
97—2k 32(k—1)

%5 = 97
= (7-2k)log,9—(4k —5)log,3=(2k —2)log,3—(7—2k)log,9 scores M1
= 2(7-2k)—(4k-5)=2k-2-2(7-2k)
= 19-8k =6k —16
= k=25
Score dM1 when a value of k is achieved using a correct process and A1* if fully correct.

Alt 5 Recognising that taking log, forms an Arithmetic Sequence:
{log,}u, =4k -5, {log,}u, = 2(7-2k), {log,}u, =2(k -1)
= 2(7—-2k)—(4k -5)=2(k-1)—-2(7—-2k) scores M1
= 19-8k =6k —16
= k=25

Score dM1 when a value of k is achieved using a correct process and A1* if fully correct.
There is no need to see any mention of log in this approach.

(b)

. . . . 5.
M1: Deduces expressions for the first term and the common ratio using k = > in the correct

formulae and finds at least one of a=243 or r = % Allow if seen in (a). May be implied by

2515 7-2(2.5) 32(2.5—1)
correct values for a and r. For reference, a=3 295 and r= W or r= m

M1: Recalls the sum to infinity formula and substitutes their values for a and r provided |r| <1

Dependent on a correct attempt to find both a and r using k = 2.5 but allow if neither value is
4(2.5)-5

correct or if they are unprocessed e.g. scores this mark.

97229

1- 34(25)5

Al: cao. Correct sum to infinity. Answer only (with no working) scores full marks. Apply isw.
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Question Scheme Marks | AOs
6 (@) f(x)=-3x*+8x*-9x+10, xeR
(@) (i) {f(2)=-24+32-18+10=} f(2)=0 Bl 1.1b
.. B v a2 B B 2 M1 2.2a
(i) {f(x) =3} (x—2)(-3x"+2x-5) or (2—x)(3x*—2x+5) Al 11b
@)
(b) -3y° +8y* -9y’ +10 =0 = (y* —2)(-3y* +2y*-5)=0
Gives a partial explanation by
e explaining that —3y* +2y* —5=0 has no {real} solutions with a
reason, e.g. b>—4ac=(2)* —4(-3)(-5) = -56<0 M1 2.4
e or stating that y* =2 has 2 {real} solutions or y=++/2 {only}
Complete proof that the given equation has exactly two {real} solutions Al 2.1
)
(©) 3tan’9-8tan’ 9+9tan#-10=0; 77 <0<10x
{Deduces that} there are 3 solutions Bl 2.2a
1)
(6 marks)
Notes for Question 6
(@)()
B1: f(2) =0 or 0 stated by itself in part (a)(i)
(2)(ii)
M1: Deduces that (X—2) or (2—X) is a factor and attempts to find the other quadratic factor by
e using long division to obtain either +3x* + kx+ ..., k =value =0 or
+3x% + ax+ f, f=value=0, o can be 0
o factorising to obtain their quadratic factor in the form (+3x* +kx +c), k =value =0,
c can be 0, or in the form (£3x? + ax + ), B=value =0, &z can be 0
Al: (x—=2)(-3x* +2x-5), (2—x)(3x* —2x+5) or —(x—2)(3x* —2x +5) stated together as a product
(b)
M1. See scheme
Al: See scheme. Proof must be correct with no errors, e.g. giving an incorrect discriminant value

Note: | Correct calculation e.g. (2)* —4(-3)(-5), 4—60 or —56 must be given for the first explanation
Note: | Note that M1 can be allowed for
e a correct follow through calculation for the discriminant of their «-3y* +2y* -5~

which would lead to a value <0 together with an explanation that —3y* +2y* ~5=0 has
no {real} solutions

e or for the omission of <0

Note: < 0 must also been stated in a discriminant method for A1

Note: | Do not allow A1 for incorrect working, e.g. (2)* —4(-3)(-5) = 54 <0
Note: y? =2 = y=+2, 50 2 solutions is not allowed for A1, but can be condoned for M1

Note: | Using the formula on —3y* +2y® —5=0 or —3x*+2x-5=0
-2+,-56 -1+./-14
or
-6 -3

gives y?or X =

t s
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Notes for Question 6 Continued
Note: | Completing the square on —3x° +2x—-5=0

2 5 1" 1 5 1 [“14
ives X’ —=X+-=0=|X-=| - =+-=0=>Xx==+ [—
gives 73t s [ 3) 93 3 \/9

Note: | Do not recover work for part (b) in part (c)

(©)

Bl: See scheme
Note: | Give BO for stating & =awrt 23.1, awrt 26.2, awrt 29.4 without reference to 3 solutions

INA
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Question Scheme Marks | AOs
10
C
A
O N B
OA=a,OB=b
@) {cﬂzﬁ+m:a+%ﬁ :}Wz—a+%(b—a)
) ) M1 3.1a
{CM'=CB+BM'=CB'+§BA' :} CM'=(—2a+b)+§(a—b)
:W:—ga+%b (needs to be simplified and seen in (a) only) Al 1.1b
)
(b) ON =0C +CN = ON =0C + ACM M1 1.1b
W=2a+z(—§a+3bj:> ON = (2—§A)a+lzb * Al* 2.1
2 2 2 2
(2
(c) 39 _
Way 1 2——1|=0=> 1= M1 2.2a
4 - 2 1
/1=§ :>ON=§ {:>NB=§b}:>ON:NB=2:1* Al* 2.1
(2)
©) ON=ub = [2-22]a+=1b=ub
Way 2
a (2—5/1):0 = A= {b 1/1:;1 &A:f:yi} M1 2.2a
2 2 3 3
a=2 o y:g :W:Eb{ @:Eb}:ON:NB:ZZI* Al* 2.1
3 3 3 3
2
(6 marks)

t s
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< QUESTION

Question Scheme Marks | AOs
10 (c) OB=ON +NB =b = Z—El a+1/1b+Kb
Way 3 2 2
1 4 1
——/1 =0=>4=. b: 1=-1+K & 1==— =K== M1 2.2a
2 3 3
1 —— 2 — 1
A=—or K= ON==b or NB==b = ON:NB=2:1%* Al 2.1
3 3 3 3
2
10 (c) ~vil N LA . AR AT AT
Way 4 ON=ub & CN=kCM = CO+ON =kCM
—2a+ub = k(—§a+1bJ
2 2
a:—2:—§k:>k=ﬂ, b: yzlk :yzl(ﬁjz... M1 2.2a
2 3 2 23
2 — 2 — 1
H=3 :>ON=§ {:NBzéb}:ON:NBzzl* Al 2.1
2
Notes for Question 10
@) -
M1: Valid attempt to find CM using a combination of known vectors a and b
Al: A simplified correct answer for CM
Note: | Give M1 for W:—aJr%(b—a) or W:(—2a+b)+%(a—b)
or for {W:W-cf:} W=%(a+b)—2a only o.e.
(b) -
M1: Uses ON =0OC + ACM
Al*: Correct proof
Note: Special Case
Give SC M1 A0 for the solution ON =OA+ AM +MN = ON =OA+ AM + ACM
ON=a+> (b a)+/1[—§a bj = [l—ﬁl)a+[1+llJb
2 2 2 2 2 2
Note: Alternative 1:
Give M1 Al for the following alternative solution:
ON =OA+AM +MN = ON =OA+ AM + uCM
3 1 3 11
ON=a+=(b-a)+ ——a+b a+|=+=ulb
; )”(2 j (22) (22”)
f=i-1= ON= 6_5(4 1)Ja+(;+1(/1 1)Jb — ON= (2—§Aja+%ﬂb
(c) Way 1, Way 2 and Way 3
M1: Deduces that (2—%1) =0 and attempts to find the value of 1
Al*: Correct proof
() Way 4
M1: Complete attempt to find the value of u
Al*: Correct proof
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Notes for Question 10 Continued
Note: Part (b) and part (c) can be marked together.

(a) Special Case where the point C is believed to be below the origin O
Special A
Case
M
0 p’\ B
C

Give Special Case M1 A0 in part (a) for {C—M =CA+AM :>} CM = 3a+%(b—a)

{which leads to CM = ga+%b}

A
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Question Scheme Marks AOs
13(a) k=e? or x#e° B1 2.2a
1)
INZ)
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b
() (Inx—2)><§—(3lnx—7)><1 1
g'(x) = X X -
(Inx—2)2 x(lnx—2)2
or
d -1 2 1 1 M1 1.1b
g’(x)=—(3— In(x)-2 )z Inx-2) "x==
or
g'(x)=(In x—2)’1x§—(3ln x=7)(In x—2)’2x£:;2
X X x(Inx-2)
As x>0 (or 1/x >0) AND Inx -2 is squared so g'(x) >0 Alcso 2.4
®)
(c) Attempts to solve either 3Inx -7 ... 0orIinx-2... 0
or3lna-7...0orIlna-2... 0 where ... is “=" or “>” to reach
. . M1 3.1a
a value for x or a but may be seen as an inequality
e.g.x>...ora> ...
7
O<a<e?, a>ed Al 2.2a
)
(6 marks)
Notes:
(@)
B1: Deduces k=e* or x#e? Condonek =awrt7.39 or x # awrt 7.39
(b)
M1: Attempts to differentiate via the quotient rule and with Inx — 1 so allow for:
X
(In x—2)><g—(3ln X—7)x£
d X X
—(g(X)) = 2 ) ﬁ >0
dx (Inx—2)

!

- . vu'—uv
But a correct rule may be implied by their u, v, u’, v’ followed by applying ————etc.
Vv

) ) 3In (X) -7 1 .
Alternatively attempts to write g(X) = W = 3—(In (X) - 2) and attempts the chain rule so allow for:

-1 2 a
3—(In(x)-2) —(In(x)-2) x—
Alternatively writes g(x) = (3In (x)— 7)(In (x)— 2)71 and attempts the product rule so allow for:
g'0) = (Inx-2) '« ~(3Inx~7)(Inx~2) xé

In general condone missing brackets for the M mark. E.g. if they quote u = 3Inx - 7and v =Inx - 2 and
don’t make the differentiation easier, they can be awarded this mark for applying the correct rule.
Also allow this mark if they quote the correct quotient rule but only have v rather than v? in the

denominator.
1

L > Allow X
x(Inx-2) (Inx-2)
Note that some candidates establish the correct numerator and correct denominator independently and provided
they obtain the correct expressions, this mark can be awarded.
But allow a correctly expanded denominator.
Alcso: States thatas x >0 AND In x — 2 is squared so g'(x) > 0

> 1.e. we need to see the numerator simplified to 1/x
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1.1 Proof by Deduction < QUESTION

Question Scheme Marks AOs
15 (a) 5 B 22 dy M1 3.1a
X“tany =9 = 2xtan y+ x“sec y&—o Al 11b
Full method to get ay in terms of x using
dx M1 1.1b
sec’y=1+tan’ y=1+f(x)
dy e asx X
dx 2( 81] X' +81 Al 21
X 1+—
X
(4)
(b) dy  -18x
dx x*+81
d2y —18x(x'+81)—(-18x)(4x®) 54(x"-27)
e t . g1) T e Y ML | 11b
(x*+81) (x*+81) Al 1.1b
2
States that when x < 4/27 :%<0
yz7 =Y
when x=3/27 = —-=0
dx? Al 2.4
: d’y
AND when x > 4/27 :F>O
X
giving a point of inflection when x = 4/27
@)
(7 marks)
Notes:
(@)
dy dy

M1: Attempts to differentiate tan y implicitly. Eg. tan y — sec® yd_x

d
You may well see an attempt tany =?: sec’ y%:

or coty — —cosec’ y —
dx

1 3

l — —
When a candidate writes x®tany =9= x =3tan 2y the mark is scored for tan 2y —...tan 2 ysec’y

Al: Correct differentiation 2xtany + x* sec’ yj—y =0
X
Allow also sec’ yd—y = —g or 2x=-9cosec? yﬂ amongst others
dx X dx
M1: Full method to get g—y in terms of X using sec’ y =1+tan’ y =1+f(x)
X
Al1*: Proceeds correctly to the given answer of y = _418)(
dx x"+81
Q7
RA
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M1: Attempts to differentiate the given expression using the product or quotient rule.

Al:

Al:

vu .
For example look for a correct attempt at with u=-18x,v=x*+8Lu'=+18,v'= ...x3

2
Vv

ir18x(x4 +81)118x(ax3)

If no method is seen or implied award for 5
(x4 +81)

-1 -2
Using the product rule award for ilS(x4 +81) ile(x4 +81) xcxX

2y 54(x*-27 2 4
Correct simplified d—Z:(—) 0.e. such as dy _54x ~14%8

A (x* +81)° dx* (x*+81)°
2

dy 0= x* =27 = x =427

Alternatively score for showing that when a correct (unsimplified) o =
X

2
Or for substituting x =¥/27 into an unsimplified but correct %and showing that it is O
X

Correct explanation with a minimal conclusion and correct second derivative.
See scheme.
It can be also be argued from x' <27, x*=27and x*>27 provided the conclusion states that the
point of inflection is at x = /27

. . . . d’y ..
Alternatively substitutes values of x either side of ¥/27 and at /27, into d—y finds all three values and
X

2 ’
makes a minimal conclusion.
: . o dy : d’y d’y .
A different method involves finding p) and showing that o =0 and o =0when x =427
X X X

3 3
Fyr 9 _ 28328X° 4519 when x= 427

0 (x*+81)
Alternative part (a) using arctan

M1: Sets y:arctan%—>—=—><... where ... could be 1

A2 y= arctan%—>d—:
X

Al*: g—i = %x —g = ﬁ showing correct intermediate step and no errors.
1497 X XA
X

&
RA
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Question Scheme Marks AOs
8(a) ( 1 N 1 =j cosecd +1+cosecd -1 B1 L1b
Way 1 cosecd—1 cosecOd+1 (cosecd—1)(cosecd +1) '
2sin@  2sin@
_ 2cosecéd EZcosece q. = 7 - . M1 1.1b
cosec’6d—1  cot?d 1-sin“d cos @
=2
ZCOSSCQ _ _2 » 5|n26’ — 2tan @sec O*
cot°@ sin@ cos” 6@
or Al* 2.1
2sin
> 20 =2tandsecd™*
0s° @
(3)
(@ “Meets in the middle”
Way 2 1 1 cosecd +1+cosecd —1
(LHS: + Ej Bl 1.1b
cosecd—1 cosecd+1 J(cosecd—1)(cosectd+1)
2cosecd 2cosecé
" cosec’9—1  cot?0 M1 1.1b
: fa2
RHS:Ztané’secezZS'?zz _sz 62’9
, e , cos sin @ cos AL* 21
=— ><sm2 = COSZEC =LHS ore.g. QED or e.g. Proven
sin@ cos” 6@ cot* @
(3)

Part (a) Notes
@ Condone a complete proof entirely in x (or another variable) instead of &

Condone “=” for “=”
Note that we are marking this as BAM1A1 not M1IM1Al
B1l:  Adds the fractions to obtain a correct single fraction (not fractions over fractions) in any
form. Condone missing brackets when they combine their fractions as long as they are
recovered to give a correct fraction.
This can be done in a variety of ways but when combined, the fraction must be correct e.g.
cosecd +1+cosecd —1 or 2cosecd or 2cosecd

(cosecO—1)(cosecd+1)  (cosecd—1)(cosecd+1)  cosec’d—1

ore.g. 1 N 1 _ sin@ N sin@ _ 2sin0  gte.
_1 1 _1 41 1-sin@ 1+sin@ | 1-sin’0
siné sin@
M1: Uses a correct Pythagorean identity anywhere in their attempt e.g.
cosec’d —1=cot* @, sin” @ + cos’d =1 etc. or equivalent
Al*: Correct work with all necessary steps shown leading to the given answer. See scheme for
the necessary steps. They need to proceed via sine and cosine to the given answer. There
should be no notational or bracketing errors and no mixed or missing variables. E.g.
we would consider cos® @ written as cos#” a notational error.
Condone reaching 2secé@tan9*

Way 2 (Meet in the middle)
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< QUESTION

Bl: SeeWayl

M1: SeeWay 1

Al*: Correct work on the RHS with all necessary steps shown leading to showing the
equivalence with the LHS. See scheme for the necessary steps. There should be no
notational or bracketing errors and no mixed or missing variables.
For this approach there must be a (minimal) conclusion e.g. “= LHS”, “QED”, “Hence
proven” etc.

It is possible to start with the rhs e.g.:

2tandsecl = Zﬂxi
cosd cosd
_2sin@ 2cosecd
cos’d  cot?d
_ 2cosecd 2cosect
~ cosec’d—1  (cosecd—1)(cosecd +1)

cosecd +1+cosecd -1
(cosecd—1)(cosecd +1)

1 1
= +
cosecd—-1 cosecd+1

2cosecd
(cosecd—1)(cosecd +1)

M1:  Uses a correct Pythagorean identity anywhere in their attempt e.g.
cosec’d —1=cot? @, sin® @ + cos’d =1 etc. or equivalent

Al*: Correct work with all necessary steps shown leading to the Ihs. See scheme for the
necessary steps. There should be no notational or bracketing errors and no mixed or
missing variables.

B1l:  Correctly reaches 2tan@secd =

.},5‘
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8(b) 2tan 2xsec2x = cot 2xXsec2x Bl 2.2a

2tan2xsec2x—cot2xsec2x=0
=> sec2x(2tan 2x—cot 2x) =0

2tan2x—cot2x =0 = 2tan 2x=cot2x:>tan22x=%

or

2tan 2X—cot2x =0 = 22 2x _ c0s2x = 2sin?2x = cos? 2x

cos2Xx sin2x

= 2sin’ 2x =1—-sin?2x = sin’ 2x =%

or
2(1-cos’ 2x) = cos” 2x = cos’ 2X =§ ML | 21
or

4tanx  1-tan®x
1-tan’x  2tanx
= tan* x—10tan’ x+1=0

or
sin2x _ cos2x

2tan2x—cot2x=0=2 == = 2sin? 2x = cos? 2x
cos2x sin2x

2tan2x =cot2x =

2sin? 2x = c0s? 2x = 1—cos 4x = %(cos4x +1)= cos4x = L

K

=K:>x=3 or 2x=sin'—=K = x=

3
2x =tan™ K
2

T Ey
V2 V3
or
2x=cos‘1\/§= K :x:5
3 2
or M1 1.1b
tan? x =5+ 26 = x=tan‘1( 5i2\/5)
or

cos4x=l:>4x=cos‘1[1]=K:>x=1K
3 3 4

x =17.6°, 72.4° Al | 11b
(4)

(7 marks)

(b) Notes

A
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(b) Note that attempts solve an equation of the form:
2tan xsec X = cot 2xsec2x or e.g. 2tandsecd = cot 20sec 26 or e.g. 2tan#secd = cot 2xsec 2x
Will generally score no marks in part (b)

Condone the use of @ instead of x here.
B1l: Deduces the correct equation using the result from part (a)
M1: Factors out or cancels the sec2x to obtain ...tan2x+...cot2x =0 oe e.g.
..tan2x =+...cot 2x leading to an equation of the form:

tan?2x = oe e.g. cot® 2x = 1 where a >0

sin 2x « COS 2X
COS 2X sin 2x
cos® 2x = +1+sin? 2x to obtain an equation of the form sin*2x = £ or cos*2x =y oe

Or uses tan2x = and then sin? 2x = +1+cos? 2x or

e.g. cosec22x=% or sec? 2x = = where O<pB<lorO<y<l
e

2

1-tan® x . . .
Or uses tan2x = Zanx and cot2x ==———— to obtain a 3TQ in tan®x (or possibly
1-tan® x 2tan x
in sec’x)
Or uses tan2x = sin 2x and cot2x = C_OS 2x and then 2sin? 2x =+1+cos4x and
C0S 2X sin2x

2c0s” 2x =+1+cos4x to obtain an equation of the form cos4x=k, 0<k <1
M1: Correct order of operations from tan?2x =¢ or sin®2x = or cos’2x =y or cos4x =k

or equivalents e.g. COSECZZXZ% where ¢ >0 or O<fB<lor O<y<lorO<k<1l

leading to at least one value for x e.g. square roots, finds inverse tan/sin/cos/cosec and
divides by 2 or inverse cos and divides by 4

or from tan® x =k, k >0 which follows their equation (may need to check) and then
finds x =tan* vk
You may need to check their value(s) (in degrees or radians) to see if the correct order of
operations has been used. May be implied by e.g. 17.6° or 17.7° provided no incorrect
work is seen.

Al: Correct values. Allow awrt 17.6° and awrt 72.4°. The degrees symbol is not required.
Ignore any values outside the range (correct or incorrect) but if there are extra angles in
range score AO. Answers in radians score AO.

Note that some candidates may convert to sin x or cos x and then solve:

E.g.

SN2 a2 2
tan2ZX:E:M=E:M—>12COS4x—12c032x+1:0
2 COS” 2X 2 (Zcoszx_l)

4sin? xcos? x
or ————
(1—25in2x)

+ / +
= cos® x/sin® x = 3_6\/6 =cosx/sinx==+ 3_6\/6 = x=17.6°, 72.4°

These can be marked in a similar way.

—12sin* x—12sin’ x+1=0

RA
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Alternative not using part (a):

1 1
+
cosec2x—1 cosec2x+1

=cot 2xsec2x

2c0sec2x

—————— =C0t 2xsec 2x
cosec”2x-1

2cosec2x cos2x 1

. =— X = COSEeC2X
cot“2x sin2X CoS2X

= 2tan’2x=1= tanzzxzé

Score as:

M1: For correct work leading to one of the forms in the main scheme e.g.

tan?2x = oe e.g. cot’ 2x = L where ¢ >0
o

or

sin®2x = /3 or cos’2x =y oe e.g. cose022x=% or sec22x=l
e
where 0<pB<lor0<y<1

B1:  Any correct equation e.g. tan® 2x = % cot? 2x =2, sin®2x =% etc.

Then M1AL1 as main scheme

A
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MARK SCHEME - Paper 2: Pure Mathematics 2 - June2018 - Q11 1.1 Proof by Deduction
Question Scheme Marks | AOs
1+11x - 6x? B C
11 — = A+ +
(x=3)(1-2x) (x=3) (@-2x)
(@ 1+11x—6x% = A(l-2x)(x—3) + B1-2x) +C(x-3) = B=..,C=... M1 2.1
Way 1 A=3 Bl | 1ib
Uses substitution or compares terms to find either B=... or C =... M1 1.1b
B =4 and C =-2 which have been found using a correct identity Al 1.1b
Q)
@) ton division i 1+1ix-6x" _ . -10x+10
ong division gives} ——————— = —
Way 2 {long gves} X3)1-2x) (x=3)(1—2x)
-10x+10= B(1-2x)+C(x-3) = B=..,C=... M1 2.1
A=3 Bl 1.1b
Uses substitution or compares terms to find either B=... or C =... M1 1.1b
B =4 and C =-2 which have been found using
Al 1.1b
-10x+10= B(1-2x)+C(x-3)
@)
4 2 ] e
(b) f(x) =3+ -3 a-29 {=3+4(x-3)"-2(1-2x)"}; x>3
M1 2.1
f'(x) = —4(x—3) 2 —4(1-2x) {: __4 > = 4 2}
(x=3)" (1-2x) Alft | 1.1b
Correct f'(X) and as (x—3)> >0 and (1-2x)* >0,
' . . . Al 2.4
then f'(X) = —(+ ve) — (+ ve) < 0, so f(X) is a decreasing function
(©)
(7 marks)
Notes for Question 11
(@)
M1: Way 1: Uses a correct identity 1+11x—6x° = A(l-2x)(x—3) +B(1-2x)+C(x—-3) ina
complete method to find values for B and C. Note: Allow one slip in copying 1+11x —6x°
Way 2: Uses a correct identity —10X+10= B(1-2x)+C(x—3) (which has been found from
long division) in a complete method to find values for B and C
B1: A=3
M1: Attempts to find the value of either B or C from their identity
This can be achieved by either substituting values into their identity or by comparing coefficients
and solving the resulting equations simultaneously
Al: See scheme
| Way 1: Comparing terms:
Note: | 2. 6—_2A; x: 11=7A-2B+C; constant: 1=—3A+B—3C
Way 1: Substituting: x=3: —-20=-5B=B=4; x:%: 5:—20 =C=-2
Note: | Way 2: Comparing terms: X: —10=-2B+C; constant: 10=B-3C
Way 2: Substituting: x=3: —20=-5B = B=4; x:%: 5:—20 =C=-2

€.
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Note: | A=3,B=4,C=-2 from no working scores M1B1IM1A1
Note: | The final Al mark is effectively dependent upon both M marks

Notes for Question 11 Continued

(a) ctd
Note: | Writing 1+11x—6x* = B(1-2x) +C(x—3) = B =4, C =—2 will get 1 M0, 2" M1, 1%t A0
Note: | Way 1: You can imply a correct identity 1+11x —6x° = A(L—2x)(X—3) + B(1—2x) +C(x - 3)
1+11x-6x*  A(l-2x)(x-3)+B(L-2x)+C(x-3)

(x-3)1-2x) (x—3)(1—2x)

Note: | Way 2: You can imply a correct identity —10x+10= B(1-2x)+C(x-3)

—-10x+10 B(1—2x)+C(x-3)

from seeing =
(x=3)(1—2x) (x=3)(1—2x)

from seeing

(b)
M1: Differentiates to give {f'(X) =} + A(x-3)" + u(1-2X)? A, u#0

Alft: | f'(x) = —4(x—3)? —4(1—2x), which can be simplified or un-simplified
Note: | Allow Alft for f'(x) = —(their B)(x —3) + (2)(their C)(1—2x)?; (their B), (their C) # 0

' _ _9)2 _ — = ! = — 4 - 1
Al f'(x) = —4(x=3)" —4(1-2x)" or f'(x) = (x—37  (1-2x)7

e.g. F'(x)= —(+ve) — (+ ve) <0, so T(X) is a decreasing {function}
Note: | The final A mark can be scored in part (b) from an incorrect A=... or from A =0 or no value of
A found in part (a)

and a correct explanation

.},5‘
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< QUESTION

Notes for Question 11 Continued - Alternatives

@
Note: | Be aware of the following alternative solutions, by initially dividing by “(X—3)"or "(1-2X)"
Lell-6¢ _ 6x=7 20  _, 10 20
"(x-3)"1-2x)  (1-2x) (x-3)1-2x)  (1-2x) (x-3)1-2x)
20 __D | _E o 0-DA-2X)+E(x-3) = D=-4, E=-8
(x=3)1-2x) (x-3) (@-2x)
g0 (=4 8 ), 4 2 . A_3B=4C=-2
1-2x) \((x=3) (@1-2x) x=-3) (1-2x)
1+11x - 6x° 3x-4 5 5 5
o = + =3+ +
(x=3)"@-2x)"  (x-3) (x-3)(1-2x) (x-3)  (x-3)(1-2x)
S = D + E = 5=D(1-2X)+E(x-3) => D=-1,E=-2
(x=3)(1-2x) (x-3) (@1-2x)
3+ oty =2 gy % 2 A3 B=4,C=-2
x=-3) ((x=-3) (1-2x) x=3) (1-2%)
(b)
Alternative Method 1:
_ 2 _ 2 _ 2 _ 2
£(x) = 1+11x-6x x>3 = f(x) = 1+121x 6x ; U=1+11x-6x*> v=-2x>+7x-3
(x=3)(1-2x) -2X°+7x-3" |u'=11-12x V =—4x+7
Uses quotient rule
2 2
F/(x) = (-2x +7x—3)(1l—122x)—(1+112x—6x )(=4x+7) to find f'(X) M1
(=2x"+7x=3) Correct differentiation | Al
/ -20((x-1)° +1) .
f'(x) = C2ei7x 37 and a correct explanation,
Al
eg. f'(x) = — (+Vv&) _y, so f(X) is a decreasing {function}
(+ ve)

Alternative Method 2:

Allow M1A1AL1 for the following solution:
4 2 4 2
- =3+ +
(x-=3) (1-2x) (x=3) (2x-1

4 decreases when x >3 and 2
(x—3) (2x-1)

then f(X) is a decreasing {function}

Given f(x) =3+

as decreases when x >3

RA
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1.1 Proof by Deduction

< QUESTION

Question Scheme Marks | AOs
12 c0s30 _ SIN30 _ 5 cot26
singd  cosé
(@) cos36cosd +sin30sin
LHS= M1 3.1a
Way 1 { } singdcosé
_ cgs(SH—H) {: .00329 } Al 91
sin@dcosd sin@cosf
_ co_sZH _ 2c0t20 * dM1 1.1b
1sin26 Al* 2.1
O]
W(a) , {LHS=} cosZHcosH_—sm 20sin@ . sin26cos @ + cos 26sin @
ay sind cosf
_ €0s26c0s’ & —sin 20sin Hcos & +sin 20¢os Gsin  +cos 20sin °0 ML 31a
sin@cosd '
2 H
_ cosze(f:os @+sin® 0) _ _00520 Al 21
sin@dcosé sin@dcosé
_ co.sze _ 2cot20 * dM1 1.1b
1sin26 Al* 21
)
(@) {RHS=} 2c0s260  2cos(30—-6)  2(cos30cosd +sin30sin 6) M1 3.1a
Way 3 sin26 sin 26 sin20 Al 2.1
_ 2(cos39co_s€+sm 30sin0) dM1 11b
2sindcosd
:cc?s39+sm3¢9 - AL * 21
sind _ cosé
O]
(b) c0s30  SIN30 _ 4 | 2cot20=4 —2[ = _|=a M1 | Lib
Way 1 sind  cosé tan 20
Rearranges to give tan26=Kk; k =0 and applies arctank dm1 1.1b
{90o < 6<180°, tan 26 =% :}
Only one solution of 8=103.3° (1 dp) or awrt 103.3° Al 2.2a
(©)
(b) c0s30  SN30 _ 4 | 2cot20-4 = —2_—4 ML | Llb
Way 2 sind  coséd tan 26
2y = 2(1-tan’9) = 8tand
( 2tanéd j
1-tan®@
dmi 1.1b
—4+ J(4)? - 4(1)(-1
= tan’f+4tanh-1=0= tanf = (4" - 40D
2(2)
{:>tan9:—2iJ§}:>tan6:k; k #0 = applies arctank
{90° < 9<180°, tand=—2-+/5 =}
Only one solution of 8=103.3° (1 dp) or awrt 103.3° Al 2.2a
(©)
(7 marks)

RA
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Notes for Question 12

(@) Way 1 and Way 2
M1: Correct valid method forming a common denominator of sindcos@
i.e. correct process of (..)cosO+ _("')Sm 4
cosdsin @
Al: Proceeds to show that the numerator of their resulting fraction simplifies to cos(3¢—#6) or cos26

dM1: dependent on the previous M mark

Applies a correct sin 268 = 2sinfcosé to the common denominator sin & cosé
Al* Correct proof

cos36 N sin39 _ cos3dcosd | sin36sind
sind  cos®  sinfcosd sindcosfd
of forming a common denominator of sin@cosé for the 1t M1 mark
cos36 N sin30 _ cos46+sin40

Note: Writing is considered a correct valid method

Note: Give 1 MO e.g. for

sin@  cos®  sindcosd
but allow 1% M1 for co_s3¢9+sm36 _ cos39co_s¢9+sm3asm0 _ cos_4¢9+sm40
sin@ cosé sin@cosé sin@cosé
) in 2 in’
Note: Give 1% M0 e.g. for C9539+S| 30 _ cos _39+SI 30
sind  cosé singdcosd
. . . ) .,
but allow 15 M1 for cc?s3e+sm30 _ cos300930+sm305m0 _ cos _39+S|n 30
sind cos@ sin@cosd singcosd

Note: Allow 2" M1 for stating a correct sin 26 = 2sin&cos@ and for attempting to apply it to the
common denominator sin &cosé

(a) Way 3
M1: Starts from RHS and proceeds to expand cos 26 in the form cos36cosé + sin30sin @
Al: Shows, as part of their proof, that cos26 = cos36cosd +sin30sin 4

dM1: dependent on the previous M mark
Applies sin26 =2sinfcos to their denominator
Al*: Correct proof

2 Fa2
Note: Allow 1% M1 1%t A1 (together) for any of LHS » ———— c0s20 or LHS —» cos 20(_005 g+sin_6)
singcos@ sin@cosd
2
or LHS — cos26(cotd+tand) or LHS — cos 29[%]
an

(i.e. where cos26 has been factorised out)
Note: Allow 1%t M1 1t A1 for progressing as far as LHS =... = cot x —tan x

Note: The following is a correct alternative solution
cos 364 . sin3¢ _ cos30cosH+sin30sin@ 1 (cos4d +cos26) — 5 (cos46 —cos 20)

sing  cos® sin@cosd sin@cosd
cos20 _ c0s20 _ 2ot 20 *

" sindcosd 1sin20

€0s 26 cos? @ —sin 20sin #cos O + sin 20.cos Asin 6 + cos 20sin %0 to c0s 26

Note: E.g. going from - -
sin@cosd sin@cosd

with no intermediate working is 1% AQ
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Notes for Question 12 Continued

(b) Way 1

M1: Evidence of applying cot26 = 1
tan 26
dMm1: dependent on the previous M mark
Rearranges to give tan20 =k, k =0, and applies arctank

Al: Uses 90° < @ <180° to deduce the only solution & =awrt 103.3°

Note: Give MOMOAO for writing, for example, tan 26 =2 with no evidence of applying cot 26 = ﬁ
an

Note: 1%t M1 can be implied by seeing tan 26 =

M N

Note: Condone 2™ M1 for applying %arctan [% {=13.28..}
(b) Way 2
M1: Evidence of applying cot26 = 1
tan 26
dMm1: dependent on the previous M mark

Applies tan20 = % , forms and uses a correct method for solving a 3TQ to give
n

tand =k, k=0, and applies arctank

Al: Uses 90° < # <180° to deduce the only solution & =awrt 103.3°

Note: Give M1 dM1 Al for no working leading to € =awrt 103.3° and no other solutions

Note: Give M1 dM1 A0 for no working leading to € =awrt 103.3° and other solutions which can be
either outside or inside the range 90° < € <180°

RA
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Question Scheme Marks AOs
10(2) 1-cos26+sin20 1—(1-2sin*@)+2sin@coso
1+c0s20+sin20 1+€0s 20 +sin 20
or M1 2.1
1-c0s20+sin20 1-c0s 26 +sin 20
1+0s 26 +sin 20 1+(2c0520—1)+25in90059
1-cos20+sin20 1—(1—2sin®6)+2sinOcoso o
1+cosZ¢9+sin26’_1+(2c0520—1)+25inecos49 Al 11
_ 2sin®#+2sinfcosd  2sind(sind+cosd) amL | 21
2cos? @+2sinfcosd  2cosO(cosd+sin o) '
_sin¢ =tan9* Al* 1.1b
coséd
4)
(b) 1—cos4x+s!n4x =3sin2x = tan2x =3sin2x 0.e M1 3.1a
1+cosdx+sin4dx
=sin2x—-3sin2xcos2x=0
= sin2x(1-3c0s2x) =0 AL L1b
= (sin2x=0,) cost:%
X =90°, awrt 35.3°, awrt 144.7° Al 1.1b
Al 2.1
4)
(8 marks)
Notes
.},5‘
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(@)

M1: Attempts to use a correct double angle formulae for both sin 28 and cos26 (seen once).
The application of the formula for cos26 must be the one that cancels out the "1"
So look for cos26 =1 — 2sin?@ in the numerator or cos26 = 2¢os?d — 1 in the denominator
Note that cos26 =cos?d — sin’6 may be used as well as using cos?d + sin’f =1

AL 1-(1-2sin®0)+2sin@cos®  2sin? 9+ 2sin Hcosd

: 0 -

1+(2cos* 0-1)+2sinfcos® ~ 2cos’ 0 +2sinGcosd

dM1: Factorises numerator and denominator in order to demonstrate cancelling of (siné + cos6)

Al*: Fully correct proof with no errors.
25in‘9£5i/n‘9”’"‘305/‘9) sind 2sin @

or

You must see an intermediate line of or even
Zcosaw cos@ 2cos @

Withhold this mark if you see, within the body of the proof,
e notational errors. E.g. cos26 =1 - 2sin? or cosé” for cos?d
e mixed variables. E.g. cos260 = 2cos®x — 1

(b)

M1: Makes the connection with part (a) and writes the lhs as tan2x . Condone x <> & tan 26 =3sin 26

Al: Obtains cos2x = % 0.6. With X <> @ . You may see sin® x = % or cos® x =§ after use of double

angle formulae.
Al: Two "correct" values. Condone accuracy of awrt 90°, 35°, 145°
Also condone radian values here. Look for 2 of awrt 0.62, 1.57, 2.53
Al: All correct (allow awrt) and no other values in range. Condone x <> @ if used consistently
Answers without working in (b): Just answers and no working score 0 marks.
If the first line is written out, i.e. tan 2x = 3sin 2x followed by all three correct answers score 1100 .

&
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Question Scheme Marks AOs
15(a)
S, =a-+ar+ar’+..... +ar™ B1 1.2
rS, =ar+ar’+ar’+...... +ar" =S, -rS, =... M1 2.1
S,—rS,=a—ar" Al 1.1b
INZ)
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S,(1-r)=a(1-r")=s, =%* AL* 2.1

4

(b) a(1-r? a(l-r° a(l-r) a(1-r°
ﬁ—r )=4X g—r) or 4 &—r )= g—r | M1 3la
Equation in r*® and r® (and possibly 1 —r)
1-r'%=4(1-r°) Al 1.1b
M —4r°+3=0=(r -1)(r°*-3)=0=r°=..
ore.g. dM1 2.1
1-r° =4(1-r°) = (1-r®)(1+ %) =4(1-r*) = r° = ..

r=%3 oeonly Al 1.1b

4

(8 marks)
Notes:

(@)

B1: Writes out the sum or lists terms. Condone the omission of S.

The sum must include the first and last terms and (at least) two other correct terms and no incorrect terms e.g. ar”
Note that the sum may be seen embedded within their working.

M1: For the key step in attempting to multiply the first series by r and subtracting.

Al: S —rS, =a—ar" either way around but condone one side being prematurely factorised (but not both)

following correct work but this could follow BO if insufficient terms were shown.
Al*: Depends on all previous marks. Proceeds to given result showing all steps including seeing both sides

unfactorised at some point in their working.
Note: If terms are listed rather than added then allow the first 3 marks if otherwise correct but withhold

the final mark.

(b)

M1: For the correct strategy of producing an equation in just r'® and r° (and possibly (1 — r)) with the “4” on either
side using the result from part (a) and makes progress to at least cancel through by a
Some candidates retain the “1 — r” and start multiplying out e.g. (1 - r)(1 — r'°) and this mark is still available as

long as there is progress in cancelling the “a”.
Al: Correct equation with the a and the 1 — r cancelled. Allow any correct equation in just r® and r'°

dM1: Depends on the first M. Solves as far as r® = ... by solving a 3 term quadratic in r° by a valid method — see
general guidance or by difference of 2 squares — see above
Al: r=43 oe only. The solution r = 1 if found must be rejected here.

(b) Note: For candidates who use Ss = 4S;, expect to see:

_ 0 /5
4><a(1 ' ):a(l ' ):>4(1—r1°)=(1—r5)|v|1A0
1-r 1-r

Exampfor@)—3=0=>(4r°+3)(r* ~1)=0=r* =... or 4(1-r*)(1+1°) = (1-r*) = r® =...dM1AQ

&
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Question Scheme Marks | AOs
12 1—coszestanesin29,6¢w,neZ
@ in2 _(sin@j osi
Way 1 tan@sin 20 = 050 (2sin@cos ) M1 1.1b
sind . . M1 1.1b
=| =—— |(2sinfcesB) = 2sin’§ =1-cos26 *
[ cos?h ]( £250) Al* 2.1
3
(@) _ 1 1_9¢in2 O\ — 9cin?
Way 2 1-c0s26 =1-(1-2sin“ d) =2sin“ 6 M1 1.1b
= [;ZZJ(ZSin Ocosf) =tangsin20 * ’IA\\/:IL]; 12'.11b
(©)
2 2 - 72- 72.
(sec” x —5)(L—cos2x) = 3tan” xsin 2X, _§<X<§
(b) (sec® x—5) tan xsin 2x = 3tan® xsin 2x
Way 1 or (sec? x —5)(1—cos2x) = 3tan x(1—cos 2x)
Deduces x=0 Bl 2.2a
Uses Sec” X =1+tan” X and cancels/factorises out tanx or (1—C0S2X)
2 —_ —_ =
e.g. (1+tan“x—3tanx—-5)tanx=0 M1 91
or (1+tan® x—3tan x —5)(1—cos2x) =0
or 1+tan*x-5=3tanx
tan® x—3tanx—4=0 Al 1.1b
(tanx—4)(tanx+)=0=tanx=... M1 1.1b
V4 Al 1.1b
X=— 7 1.326 AL 11b
(6)
(9 marks)
Notes for Question 12
(@) Way 1
M1: Applies tan0=% and sin26 =2sin@cosé to tanPsin 20
M1: Cancels as scheme (may be implied) and attempts to use €0$20=1— 2sin’ 0
Al*: For a correct proof showing all steps of the argument
(@)
Way 2

M1: For using 0520 =1-2sin’ @
Note: | |f the form €0526 =C0s* @ —sin’ @ or c0526 =2¢0s° -1 is used, the mark cannot be awarded
until C0s’  has been replaced by 1-sin’ @

. P . . sing
M1: Attempts to write their 2sin® @ in terms of tano and sin 260 using tanH:—g and
cos

sin26 =2sin&cos & within the given expression
Al*: For a correct proof showing all steps of the argument

Note: | If a proof meets in the middle; e.g. they show LHS = 2sin’@ and RHS = 2sin” @ ; then some
indication must be given that the proof is complete. E.g. 1—C0526=tandsin26, QED, box

t s
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< QUESTION

Notes for Question 12 Continued

(b)

B1:

Deduces that the given equation yields a solution

x=0

M1:

For using the key step of Sec” X =1+ tan” Xand cancels/factorises out tanx or (1—C0S2X)

or sin2x to produce a quadratic factor or quadratic equation in just tanx

Note:

Allow the use of +sec’ x = +1+ tan® x for M1

Al:

Correct 3TQin tanx. E.g. tan’x—3tanx—-4=0

Note:

E.g. tan®x—4=3tanx or tan’x—3tanx =4 are acceptable for Al

M1:

For a correct method of solving their 3TQ in tanx

Al:

Any one of —%, awrt —0.785, awrt 1.326, —45°, awrt 75.964°

Al:

Only x= —%,1.326 cao stated in the range —%<x<%

Note:

Alternative Method (Alt 1)

(sec® x—5) tan xsin 2x = 3tan’

Xsin 2x

or (sec” x —5)(1—cos2x) = 3tan x(1—cos2x)

Deduces x=0 Bl 2.2a
1 sin x Complete process
sec’x—5=3tanx = ——— ~5= 3(cosxj (as shown) of using the
) . identities for sin2x and
1-5c0s" x=3sinXcos X cos2x to proceed as far as M1 2.1
1_5(1+c082><j:§sm2x +A+Bcos2x = +Csin2x
2 2
3 5 3. 3 5 3
————=C0S2X = —=Sin2x _2_° Y
2 o 5 COS2X = 2sm 2X Al 1.1b
{3sin2x+5c0s2x =-3} 0.e.
Expresses their answer in the
J34sin(2x+1.03) = -3 form RSIN2x+ &) =k; k20 M1 1.1b
with values for R and «
. 3
sin(2x+1.03) = ——
( )=~
Vid Al 1.1b
x——z,1.326 Al 11b

131



< QUESTION

Question Scheme Marks | AOs
15 (a) Sets up an allowable equation using volume =240
E.g. 57" ><O.8h:240:h=—2 o0.e. Al 1.1b
r
Attempts to substitute their 4 = 6—020 into
d dM1 34
(S =)%r2 x 0.8+%r2 x0.8+2rh+0.8r%
5':0.8#+7_.8rh=o.8r2+2.8x@=0.8r2 +@ * Al* 2.1
©))
(b) dS) _ 6, 1680 M1 3.1a
)T Al 1.1b
ds
Sets d—=():>r3 =1050 dM1 2.1
r
r=awrt10.2 Al 1.1b
“@
© d’s 3360
. . .\ . 4964
Attempts to substitute their positive 7 into a7 o Ml L1b
and considers its value or sign
d’s 3360 .. d°S .
E.g. Correct PR 1.6+ r—3w1th pr 5> Oproving a Al L1b
minimum value of S
2
(10 marks)
Notes:
Volume = 0.4r°h
Area =0.47"
Area =0.8rh

Area =rh 7

Total surface area = 2rh+0.8> + 0.87h

(a)

£%A
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M1: Attempts to use the fact that the volume of the toy is 240 cm?

Sight of %rz x0.8x h =240 leading to & =... or rh=... scores this mark

But condone an equation of the correct form so allow for kr'h=240=h=..orrh=..
. 600 . N
Al: A correct expression for 4=—— or rh= 600 which may be left unsimplified.
r
r
. N . 600
This may be implied when you see an expression for S or part of S E.g 2rh=2r X—r
r
dM1: Attempts to substitute their s = iz o.e. such as hr = % into a correct expression for S
r

Sight of %rz x 0.8+ % > x 0.8+ rh+rh+0.8rh with an appropriate substitution

Simplified versions such as 0.87" +2rh+0.87h used with an appropriate substitution is fine.
Al*: Correct work leading to the given result.

S'=, S84 = or surface area = must be seen at least once in the correct place

The method must be made clear so expect to see evidence. For example

S=0.8r +2rh+0.8h= S =0.8" +2rxﬁ20+o.8rx6—020 = S5=08" +@ would be fine.

r r

: : ds . dy
(b)  There is no requirement to see d_ in part (b). It may even be called a
r

M1: Achieves a derivative of the form pr i% where p and ¢ are non- zero constants
r

Al: Achieves (d—SJ =1.6r— 1680

2
r r

d
dM1: Sets or implies that their d—S =0 and proceeds to mr* =n, mxn>0. It is dependent upon a
r

correct attempt at differentiation. This mark may be implied by a correct answer to their pr —% =0
r

Al: r=awrt10.2 or 3/1050
(c)

M1: Attempts to substitute their positive » (found in (b)) into [j >
,

2

:j et _J; where e and f'are non zero
r
and finds its value or sign.

2
Alternatively considers the sign of [j—s =je + = (at their positive 7 found in (b))

2
r

L

2 2

to be d'y

2 de

Condone the or being absent, but only for this mark.

r

2
Al: States that d—f orS"=1.6+ 33360
dr -

=awrt 5 > 0 proving a minimum value of S

.. . . d’s 3360
This is dependent upon having achieved r = awrt 10 and a correct ey =1.6+—;
r r

2 2
It can be argued without finding the value of 3—5 E.g. j—f =1.6+ 33360
r r r

minimum value of S. For consistency it is also dependent upon having achieved r = awrt 10

>0asr>0,so

&
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Question Scheme Marks AOs
15(a) ML | 3.1a
3(x+y) (1+%j:6x—33—y Al | 11b
X X Al | 1.1b
dy 2 dy
3(x+y) +3)]L=6x-3(x+y) = -—2=.. M1 | 21
( (x+y) )dx (x+y) dx
dy 6x-3(x+y)’ 2x—(x+y)’
—yz# oe e.g. M Al 1.1b
dx  3(x+y) +3 (x+y) +1
(5)
Alternative — expands (x+ y)3 before differentiating
(x+ y)3 =x>+3x°y +3xy? + y°
M1 3.1a
:3x2+3x2d—+6xy+6xyd—y+3y2 +3y2ﬂ:6x—3d—y Al 1.1b
dx dx dx dx Al 1.1b
(3x* +6xy +3y’ +3)ﬂ=6x—3x2—6xy—3y2 Y M1 2.1
dx dx
(3x* +6xy +3y’ +3)% = 6X—3x> —6xy —3y?
3@_6X—3X2—6xy—3y2 o0 e 2X—x* = 2xy —y° Al | 11b
dx  3x*+6xy+3y°+3 T+ 2xy+yP 41

(a) Notes

dy

(d_y :j3(x+ y)2 [l+ﬂj = 6x—3d—y
dx dx dx
This can be condoned for the first 3 marks in both versions.

Allow equivalent notation for the :_y eg.y
X

M1: Award this mark for one of:

dy

3(x+y) 1+

( y) dx

. 3x2—3y—2—>...x+...% but condone 3x2—3y—2—>...x+...%—2
X X

Al:  Either 3(x+ y)2 (1+ﬂj or 6x—3ﬂ oe
dx dx

May be implied if e.g. they collect terms to one side initially.

Al:  3(x+ y)2 (1+ :—yj and 6x—33—y (seen separately or equated)
X X
If they collect terms to one side initially then the signs must be correct.

Do not condone missing brackets unless they are implied by subsequent work.

€)] Some candidates have a spurious "d— =" appearing as their intention to differentiate e.g.
X

o (x+y) >k(x+y) [}Hj—i] where 4 is 1, x or 0 but condone missing brackets e.g.
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Al:

M1

Al:

Al:

M1:

M1:

A valid attempt to make % the subject with exactly 2 different terms in g_y’ one coming
X X

from the differentiation of (x+ y)3 and the other coming from the differentiation of
‘G_3y”

Note that here, 2 different terms means terms such as 3% and 3(x+ y)2 % and not
X X

e.g. 3ﬂ and —8d—y
dx dx
dy dy . Lo . .
Look for (...i...)& =D = which may be implied by their working.
Condone slips provided the intention is clear.

For those candidates who had a spurious % =...at the start, they may incorporate this in
X

their rearrangement in which case they will have 3 terms in g—yand so score MO.
X
If they ignore it, then this mark is available for the condition as described above.

Note that from 3(x+ y)2 (1+ :—ij = 6x—33—i , candidates may expand the brackets before

rearranging, in which case they would need 4 different j—y terms coming from the
X
appropriate places.
Note that the different g_y terms do not have to be correct as long as the above conditions
X

are satisfied.
Fully correct expression for % Allow any equivalent correct forms.
X

Apply isw as soon as a correct expression is seen.

(a) alternative by expanding:

Award this mark for one of:

3x? -3y-2 —>...x+...% but condone 3x* -3y -2 —>...x+...ﬂ—2

X dx
Expanding (x+ y)3 to obtain either an x*y term or an xy? term and then uses the product

rule to obtain ...xzy—>...x2g+...xy or ..xy’ —>...xyﬂ+...y2
dx dx

Either 3x2+3x"'ﬂ+6xy+6xyﬂ+3y2 +3y2ﬂ or 6x—3d—y.
dx dx dx dx

May be implied if e.g. they collect terms to one side initially.

3x% +3x° dy +6XY + 6xyd—y +3y? +3y? dy and 6x—3ﬂ oe. (seen separately or
dx dx dx dx

equated) If they collect terms to one side initially then the signs must be correct.

A valid attempt to make % the subject with exactly 4 different terms in % 3 coming
X X

from the differentiation of (x+y)® and the other coming from the differentiation of
G6_3y’7
dy

Note that here, 4 different terms means terms such as x° g— and 6xy — and not e.g.
X X
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SQ and — dy
dx
dy dy . L . .
Look for (...J_r...J_r...i...)d— =D = which may be implied by their working.
X X
Condone slips provided the intention is clear.

Al:

M1:

Al:

Al:
M1:

Al:

For those candidates who had a spurious % =...at the start, they may incorporate this in
X

their rearrangement in which case they will have 5 terms in g—yand so score MO.
X

If they ignore it, then this mark is available for the condition as described above.
Note that the different g_y terms do not have to be correct as long as the above conditions
X
are satisfied. E.qg. if they have an incorrect term such as 6x3—y , this mark is still available.
X

Fully correct expression for %_ Allow any equivalent correct forms.
X

Condone e.g. 3x2y for 6xy.
Apply isw as soon as a correct expression is seen.

Alternative making vy the subject in (a):
(x+ y)3 =3x*-3y-2

x+y=(3x2—3y—2)% = y=(3x2—3y—2)%—x

2
dy =3(3x2 ~3y-2) ¢ [ex—?ﬂj—l
dx 3 dx

dy

&(1+(3x2 —-3y— 2)’5 j =2x(3x* -3y - 2)’2 -1

dy 2x(3x2—3y—2)_§—1
o

1+(3x* —3y—2)’§

Score as follows:

Cube roots both sides and makes x + y or y the subject then award for
1 2
(3x*-3y—2)F —>...(3x*~3y-2) 3 or
3x* -3y -2 —>...x+...ﬂ but condone 3x* -3y -2 —>...x+...g—2
dx dx
2
For the l(3x2 —3y—2)_5 or 6x—3Q
3 dx
Fully correct

A valid attempt to make % the subject with exactly 2 different terms in 3_3’
X X

Correct expression

Using partial derivatives in (a):
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M1:

Al:

Al:

M1:

Al:

(x+ y)3 3 -3y—-2->f(xy)=(x+ y)3—3x2+3y+2

=3(x+y)2—6x %=3(x+y)2+3

B

dy __of of _Bx-3(x+y)’
dx ox oy 3(x+y) +3
or
(x+y)3=x3+3x2y+3xy2+y3:3x2—3y—2

f(xy)=x"+3x%y+3xy” +y* =3x* +3y + 2
of of
— =3x*+6xy+3y’—6x  —=3x"+6xy+3y*+3
x Xy +oYy o y+oy

dy  of of _-3x*—6xy—3y’+6x

dx ox oy 3x*+6xy+3y*+3

Score as follows:

Correct structure for either partial derivative:
Doesn’t expand: q=...(X+ y)2+...x or qz...(x+ y)2+...
x oy
or
of of
Expands: —=.. X2 +..Xy+..y2+..X OF —=.X"+.Xy+...y" +...
p o Xy+...y o y+..y
Where “...” are non-zero constants

Correct a or correct a
OX oy

Correct ﬂ and correct q
ox oy

Attempts ﬂ:_ﬁ+ﬂ
dx  ox oy

Correct expression

Q‘yfﬂ‘
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(b) dy 6(1)-3(0+1)° 1

dx  3(0+1)°+3 2

oregq & _6)-3(1 -6(1)(0)-3(0) _1
dx  3(1)°+6(1)(0)+3(0)"+3 2 ML | 21

=y-0=-2(x-1)
or
=>y=-2X+c=>0=-2+c=cCc=...

y=-2Xx+2%* Al* 1.1b
(2

(b) Notes

(b) Note that the gradient of % could have been deduced from the given equation so you

will need to check their solution carefully.

M1: Substitutes x =1 and y = 0 into their % to obtain the tangent gradient and then uses the
negative reciprocal and x =1 and y =0 in a correct straight line method to obtain the
normal equation with x =1 and y = 0 correctly placed.

Note that when finding the normal gradient, they may find the negative reciprocal of their
expression from part (a) and then substitute x = 1 and y = 0 which is fine.
If using y = mx + ¢ they must proceed as far as finding a value for c.

If no substitution of x=1andy =0 into their % is seen you will need to check their
X

value. If they just state a value for :_y then it must follow their j_y withx=1landy =0
X X

Al*: Correct equation with no errors following a correct g_y from part (a) (unless they start
X

again which is unlikely)
Be aware that some incorrect expressions for % from part (a) may fortuitously give
X

dy :% and would generally score A0

dx
In general A1* must follow the final Al in (a) or correct differentiation in (a)
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< QUESTION

(©

y=-2x+2=(x-2x+2)’ =3x* ~3(-2x+2)-2
or

. . M1 | 11b
cigto(tgte] A5 -
2 2 2
x®—3x?+18x—-16=0
or Al 1.1b

y’+60y =0

= (x—1)(x* —2x+16)=0
(x =1 is known)
or dM1 2.1
= y(y*+60)=0
(y = 0is known)

For x> —2x+16=0, b*—4ac=4-4x1x16
or ddM1 2.1
For y*+60=0, y*=—60

As b* —4ac <0oras y? = —60 there are no other real roots and so

dM1:

. Al 2.4
the normal does not meet C again.
®)
(c) Notes
(c)
. . +2+y .

M1:  Uses the equation from part (a) and substitutes y =+2x+2 or x = to obtain an
equation in one variable (usually x) (not necessarily a cubic equation). Allow slips in
rearranging to obtain x in terms of y (or y in terms of x) as long as the intention is clear.

Al: Correct cubic equation with terms collected and “= 0 seen or implied.

Note that both —x* +3x? —18x+16 =0 and —y* —60y = 0 are correct equations.

To access any of the following marks, candidates must attempt to use either the factor of
(x — 1) with their cubic in x or the factor of y in their cubic in y to obtain a quadratic

expression in x ory.
Attempts that just use a calculator to solve the cubic equation
score no more marks in this part.

Uses the fact that (x — 1) or y is a factor in an attempt to establish the quadratic factor.
For the cubic in x, it must be of the form ax®* +bx? +cx+d =0 a,b,c,d =0

For the cubic iny, it must be of the form ay®+by=0 a,b=0

For the cubic in x, the attempt at the quadratic factor using (x — 1) may be via inspection
or e.g. long division to obtain a 3 term quadratic expression. There may or may not be a
remainder but they must obtain 3 terms.

For the cubic in y, they would need to take out a factor of y (or divide through by y) to

obtain a factor of the form k(y’ +a)
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ddMZ1: This mark requires:
e acorrect cubic equation in x or y

« the correct quadratic factor or a multiple of it e.g. k(x* —2x+16) or k(y*+60)
e an attempt to show that the quadratic factor has no real roots

For the quadratic in x this could be:

Attempts discriminant: e.g. b> —4ac =4—-4x1x16 (may be embedded in the quadratic formula)
Attempts to complete the square: e.g. x* —2x+16=(x-1)" ~1+16

d(x2 - 2X +16)

Uses calculus to find the turning point: e.g. =2x-2=0=x=1=>y=..

dx
+4— :
Attempts to solve: e.g. x?—2x+16=0= X = w or from a calculator x =1++/15i

For the quadratic in vy this is likely to be:
Attempts to solve: e.g. y*+60=0=y*=—60=...

Al:  Fully correct argument that requires:
o fully correct work
e ajustification depending on their strategy
e aconclusion depending on their strategy

Via discriminant: 4—4x1x16 <0 so no real roots so they do not meet again

Via completing the square: — (x—1)” +15 which has a minimum value of 15 so no real

roots so they do not meet again.
Via calculus: x=1= y =15 is the minimum so no real roots so they do not meet again.

Via solving: x =1++/15i or e.g. x=1+3.87ior e.g. x=1++/-15 so math error so they

do not meet again.
Fory it is likely to be more straightforward e.g. y? =« —60 which cannot be solved so

they do not meet again.
Allow equivalent statements for “they do not meet again” e.g. so they only meet once.

(But do not condone incorrect statements such as “therefore P does not meet C again”)

A minimum justification could be:

X2 —2x+16=0—b? —4ac=(-2)" —4x1x16 ddM1
4—-4x1x16 <0 so no more roots so no more intersections Al

Do not allow e.g.
“x? —2x+16 =0 gives a math error so they do not meet again”

as there has been no attempt to show why the “math error” occurs — this scores MOAO
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Alternative to (c) by showing the cubic is strictly increasing (or decreasing):

M1A1: As in the main scheme then

f(x)=x>-3x*+18x-16 = f'(x) =3x" —6x+18
3x* —6x+18=3(x*—2x+6)=3(x—1)’ +15

3(x—1)2 +15 >0 so f(x) is an increasing function
Hence there can only be one intersection (at x = 1) so the normal and curve do not intersect again.

dM1: Differentiates their cubic of the form ax® +bx?+cx+d =0 a,b,c,d =0 to obtaina 3
term quadratic expression with only coefficient errors on the non-constant terms.

ddM1: This mark requires:
e acorrect cubic equation in x
o the correct derivative or a multiple of it
e an attempt to show that the quadratic expression is always positive (or negative)
Al:  Fully correct concluding argument e.g. that as the derivative is always positive (or
always negative) the function is strictly increasing (or decreasing) and therefore there can
only be one intersection (at x = 1) so the normal and curve do not meet again.

(12 marks)
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4 (a) States or uses a =4 Bl 1.1a
Valid method to find Q(x) M1 2.1
(x+4)(2x* -5x+4) Al 1.1b
®3)
(b) Attempts to show that their 2x* —5x+4 does not have any M1 314
(real) roots '
Correct calculations, reason and conclusion Al 2.1
)
(5 marks)

Notes:

@)
B1:

M1:

Al:

(b)
M1:

States or uses a =4 e.g. may be seen in their attempt at dividing algebraically by x+4

Attempts to divide f (x) by (x+4) to find a three-term quadratic Q(x) . There are various
methods or ways to present their solution so typically methods
e by inspection look for 2x* +3x* 16X +16 = (X + 4)(2X* +..X+ 4)

« by division look for a quadratic quotient of 2x° —5x ...

(x+4)(2x* =5x+4) condone the missing trailing bracket i.e. (X+4)(2x* —=5x+4 isw if
they attempt to factorise their quadratic factor.

Allow to be scored if seen in (b).

Attempts to show that their three-term quadratic “ 2x> —5x +4” does not have any roots:
e Attempts the discriminant
e.g. b’~dac=25-4x2x4 (: —7) (may be embedded in the quadratic formula)
e Attempts to use the quadratic formula
5+ (—5)2 —4x2x4

. 5+ /7i
e.g. (x :) 2 but do not allow directly from a calculator i/—

e Attempts to complete the square

2 2
e.g. 2x2—5x+4=2(x2—gx]+4=2£x—%J +.. =2[x—%} —%+4

e Uses calculus to find the turning point
d(2x* —5x+4)
eg ——~

:4x—5=0:x=§:>y=...
dx 4

Note that any attempts using the discriminant or quadratic formula must have the values
embedded in the correct places (may be partially evaluated) to score M1
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Al:  Dependent on a correct Q(x) = 2x* —5x+4

Fully correct argument that requires:

o Fully correct work
e A justification depending on strategy and no incorrect reasoning seen
e Aconclusion

Examples below — Note we must see working before they proceed to a correct root or
minimum value — see M1 for guidance

Correct work Justification .
Strategy Conclusion examples
examples examples
-7<0
—7 so no (real) roots
Via discriminant b’—4ac=-7
but NOT -7 #0 so no
roots
Siﬁi -7 <_O / which is not
Via using the AT oo camot
quadratic formula X = ot \/__7 square root a negative
4 / no (real) roots
5 2 7 which has a minimum
2l X—=| += [P so “—4 is the only
( 4} 8 value of 3 / minimum (real) root” / “only one
(of the positive (real) root”
quadratic) is above the
X-axis
Via completing the or
square
2
5 7
Z{X Z] tg=0= —%<0 / cannot
5 2 7 square root a negative
Z[X _Zj =3 / no (real) roots
which has a minimum
7, ..
5 7 value of 3 / minimum
Via calculus X=—=y=— .
4 8 (of the positive

quadratic) is above the
X-axis

Note that it is possible to justify and conclude in one step by using phrases e.g. “no more (real)
roots” or “no other (real) roots”

e.g. 2x°-5x+4= b’—4ac = 25—32=—7 so no more roots which scores M1A1

Condone 25-32 <0 as a justification that the quadratic has no real roots

Condone the conclusion —4 is the only (real) solution (instead of (real) root).

Note if (x+4) is described as a root or —4 is described as a factor this scores AQ
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15 (a) 1. 15
240——r 240——r
1oy 1 2 7100 _Tt M1 3.4
2r 9+1Or =240=>r0= lr or = lrz Al 11b
2 2
Substitutes into the expression for P
1,
240——~r
_-7T 100 _ 1 dMm1 3.4
ro=—7 into (P =) r6+2r+zr
5r
240- 1 2
10 o1 480 1 15, 380, .
P= T +2r+5r_ . 5r+2r+5r_2r+ - Al 2.1
2
(4)
b dP 480
(®) (—=j 2——— M1 1.1b
dr r
Sets 3—P=0:> r’ =240 dm1 2.1
r
r=awrt15.5 Al 11b
®)
© d’P _) 960
2 ) r® M1 1.1b
d’P . -
ar? = [awrt 0.26 > 0 proving a minimum value of P Al 1.1b
)
(9 marks)
Notes:
@ Note that just finding a correct equation for the area and/or a correct equation for
the perimeter (before any substitution) is insufficient to score any marks.
M1: Uses area formulae to form an equation of the form ar’6 +pr’ =240 o.e. (o,p#0) and
rearranges to make ro, 6 or re+%r the subject. Look for:
2 2
rezw (:MTi Nrj 0.e. or sz (:MZJ_r Nj o.e. where M,N =0
r r
1 L .
or r6+gr =— L#0 o.e. May work in degrees.
r
Al: A correct rearrangement for 6 or ro or re+%r which may be unsimplified (may be in

degrees)

1.
240747 2400 - r? 480-0.2r
——= _oeeg rd=——-—orrf=———
1 Br
ir

1 480
or ro+—r=—— 0.e.
5 r

re =

&
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1

240-—r* 2 )
or0=—-10  op e.g. e:M or azﬂ—l or =480r  —0.2
1, 5r2 r2 5
=r
2
+ Nr? + Nr?
dM1: Substitutes their ré)zu 0.e. or quo.e. or re+%r :L into an
r r

expression of the form (P =) r@+Qr, Q=0 (typically P = r€+l—51r) which may be
unsimplified or in degrees. It is dependent on the previous method mark. It is acceptable
for their valid expression for 0, ro or r9+%r to be substituted into the perimeter
expression directly (without first seeing them in the perimeter expression).

Al*. P=2r +@ following a correct method (condone slips to be recovered) and all previous

marks scored. Condone invisible brackets to be recovered.
P =, Perimeter = must be seen at least once in their solution in the correct place.

(b) Mark (b) and (c) together. There is no requirement to see the notation Z—I: in part

(b). It may even be called % Allow use of e.g. P" ore.g. y'
X

M1: [2—'3 :j p J_r% where p and g are non-zero constants
r r

dM1: Sets or implies that their Z—P =0 and proceeds to mr?> =n, mxn>0. It is dependent on
r
the previous method mark. Do not be concerned by the mechanics of the rearrangement.
This mark may be implied by a correct answer to their p —% =0. You may need to
r

check this on your calculator.
Al:  r=awrt15.5 or /240 (: 4\/175) Do not accept + (ignore any units if given)

2
(©) Condone other letters used instead of P and r for (; E e.g. d
r

’y
for M1 only.
dx? y

Just using ?j—Pand considering a sign change is MOAO
r

2
M1: Differentiates and finds [Z: =) J_r% (do not be concerned about the sign)
Al: Note if they score A0 in (b) then this mark cannot be scored.
Requires

2
e acorrect a correct expression for

dr?
d’P ) 960 : .
e acorrect value for Pl awrt0.26 using awrt 15.5 (but allow 0.23(43..) if

using 16)
e acorrect comparison with 0 and a conclusion e.g. minimum

The expression for the second derivative does not need to be labelled but if it is then
2 2

d7y

it must be 0.e.or accepte.g. P BUT o used in their conclusion is A0
X

r2

7
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1.2 Proof by Exhaustion < QUESTION

Question Scheme Marks |  AOs
16 NB any natural number can be expressed in the form:
3k, 3k + 1, 3k + 2 or equivalente.g. 3k — 1, 3k, 3k + 1
Attempts to square any two distinct cases of the above M1 3.1a
Achieves accurate results and makes a valid comment for any two
of the possible three cases: E.g. Al
M1 on 1.1b
(3k +1)2 =9k®+6k+1= 3><(3k2 + 2k)+1
is one more than a multiple of 3
(3k +2)2 =9k*+12k +4 :3><(3k2 +4k +1)+1
(or (3k—1)" =9Kk* —6k +1=3x(3k" ~2k) +1)
is one more than a multiple of 3
Attempts to square in all 3 distinct cases. A,\l/lin 51
E.g. attempts to square 3k, 3k + 1, 3k + 2 ore.g. 3k — 1, 3k, 3k + 1 EPEN '
Achieves accurate results for all three cases and gives a minimal Al 54
conclusion (allow tick, QED etc.) '
(4)
(4 marks)

Notes:

M1: Makes the key step of attempting to write the natural numbers in any 2 of the 3 distinct forms or equivalent
expressions, as shown in the mark scheme, and attempts to square these expressions.
A1(M1 on EPEN): Successfully shows for 2 cases that the squares are either a multiple of 3 or 1 more than a multiple

of 3 using algebra. This must be made explicit e.g. reaches 3><(3k2 + 2k) +1 and makes a statement that this is

one more than a multiple of 3 but also allow other rigorous arguments that reason why 9k? + 6k + 1 is one more
than a multiple of 3 e.g. “9k? is a multiple of 3 and 6k is a multiple of 3 so 9k? + 6k + 1 is one more than a multiple

of 3”

M1(Al on EPEN): Recognises that all natural numbers can be written in one of the 3 distinct forms or equivalent
expressions, as shown in the mark scheme, and attempts to square in all 3 cases.
Al: Successfully shows for all 3 cases that the squares are either a multiple of 3 or 1 more than a multiple of 3 using
algebra and makes a conclusion

Pearson Education Limited. Registered company number 872828
with its registered office at 80 Strand, London, WC2R ORL, United Kingdom
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< QUESTION

Question 10 (i) Scheme Marks AOs

Notes: Note that MO A0 M1 Al and MO A0 M1 AO are not possible due to the way the scheme is set up
(i)

M1: Awarded for setting up the proof for either the even or odd numbers.

Al: Concludes correctly with a reason why n? + 2 cannot be divisible by 4 for either n odd or even.

dM1: Awarded for setting up the proof for both even and odd numbers

Al: Fully correct proof with valid explanation and conclusion for all n

Example of an algebraic proof

For n=2m, n’+2=4m’+2 M1 2.1
Concludes that this number is not divisible by 4 (as the explanation is trivial) Al 1.1b
For n=2m+1, n?+2=(2m+1)’+2=.. FYI(4m* +4m+3) | dm1 2.1
Correct working and concludes that this is a number in the 4 times table add 3 so

cannot be divisible by 4 or writes4(m2 + m) +3 AND states ......hence AL* 24
true for all

(4)
£
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Example of a very similar algebraic proof

2
am+2 _ o 1 M1 21

For n=2m, 7] >

Concludes that this is not divisible by 4 due to the % Al 1.1b

(A suitable reason is required)

2 2
For n=2m+1, n"+2_4m +4m+3=m2+m+§ dm1 21
4 4 4

Concludes that this is not divisible by 4 due to the
% ...AND states ...... hence for all n, n?+2 is not Al* 2.4
divisible by 4

(4)

Example of a proof via logic

When n is odd, "odd Xodd" = odd M1 2.1
so n?+2 isodd, so (when nis odd) n? + 2 cannot be divisible by 4 Al 1.1b
When n is even, it is a multiple of 2, so "even Xeven" is a multiple of 4 dM1 2.1
Concludes that when n is even n? + 2 cannot be divisible by 4 because n%is Al* 2.4
divisible by 4.....AND STATES ........ trues for all n.

4)

Example of proof via contradiction

Sets up the contradiction

M1 2.1
‘Assume that n? + 2 is divisibleby 4 =n*+2=4k’
=n’ =4k —2=2(2k —1) and concludes even
Al 1.1b
Note that the M mark (for setting up the contradiction must have been awarded)
States that n’ is even, then n is even and hence n”is a multiple of 4 dM1 21

Explains that if n?is a multiple of 4
then n? + 2 cannot be a multiple of 4 and hence divisible by 4 Al* 24

Hence there is a contradiction and concludes
Hence true for all n.

(4)

A similar proof exists via contradiction where
Al n? =22k —1) =>n=+2x2k -1

dM1: States that 2k —1 is odd, so does not have a factor of 2, meaning that n is irrational

R D
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Question 10 (ii) Scheme Marks AOs

(i)

M1: States or implies ‘sometimes true’ or ‘not always true’ and gives an example where it is not true.
Al: and gives an example where it is true,

Proof using numerical values

SOMETIMES TRUE and chooses any number x:9.25< x <9.5and shows
M1 2.3
false Eg x=94 [3x-28=02 and x-9=04 «x
Then chooses a number where it is true Eg x=12 [3x—28/=8 x-9=3 v Al 2.4
)
Graphical Proof
> States or implies ‘‘sometimes true’’
Sketches both graphs on the same axes.
Expect shapes and relative positions to be
. correct. M1 23
V shape on +ve x -axis
Linear graph with +ve gradient intersecting
twice
Graphs accurate and explains that as there are points where |3x— 28| <x-9
and points where |3X— 28| > X—9 oe in words like ‘above’ and ‘below’ or Al 24
‘dips below at one point’
)
Proof via algebra
States sometimes true and attempts to solve
. M1 2.3
both 3x—28<x-9 and —3x+28 <x—9 or one of these with the bound 9.3
States that it is false when 9.25<x<9.5 or 9.25<x<9.3 or 9.3<x<9.5 Al 2.4
)
Alt: It is possible to find where it is always true
States sometimes true and attempts to solve where it is just true
M1 2.3
Solves both  3x—28>x-9 and —-3x+28>x-9
States that it is false when 9.25<x<9.5 or 9.25<x<9.3 or 9.3<x<9.5 Al 2.4
)
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8 (a) e.g. The last line should start 25k + 20k + 4 B1 2.3
1)
(b) Considers one of the missing calculations
2 2
m=>5k +3 and attempts m" = (5k +3) =..
M1 2.1
or
2 2
m=5k +4 and attempts m :(Sk +4) =...
Achieves one correct statement
2 2 2 2
m’ = (5k +3) =25k +30k+9 :5(5k +6k+2j—1
Al 1.1b
or
m’ =(k +4) = 25k" + 40k +16 = 5(518 8k +3)+1
Considers both of the missing calculations dM1 1.1b
Achieves both correct statements with final concluding remark
Al 2.1
(see notes)
(4)
(5 marks)
Notes:
(@)

B1:  Corrects the error for the case when m =5k + 2. The correction may be on the proof in
the box or may be described in the main body of the text. May just see the 10k crossed
out and replaced with 20k in the box or described in the main body of the work.

Sight of the quadratic (25k2j+ 20k (+4) scores B1 and isw e.g. if they make other

errors in the expansion.
If B1 is not scored in (a) then allow to score if seen correct in (b) e.g. they may attempt

the case m =5k + 2 as part of their proof in (b).

(b) Main scheme method uses m=5k +3 and m=5k +4
You will need to look at both cases and mark the one which is fully correct first.
Allow a different variable to k and may be different letters for the two cases.
If a candidate attempts repeated cases e.g. m=5k +4 and m =5k —1 then mark both and award
the higher mark of the two.
Condone use of m as a variable for the first three marks.
There should be no errors in the algebra for the A marks including invisible brackets but
do not be concerned with any re-attempt at doing the case m=>5k +2
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Note that there are other allowable valid pairs of combinations covering the final two
distinct cases e.g. m=5k -2 and m=5k+4, or m=5k -1 and m=5k +3
but NOT e.g. m=5k +3 and m=5k -2
Note that we are not expecting candidates to state what set of numbers k belongs to but we
will condone pairs such as m=-5k —1and m=-5k —2
Typically candidates will show the algebraic steps as in the main scheme but for this particular
pair they may justify equivalence using the results in the box for m =5k +1and m =5k + 2
without requiring calculations which is acceptable.

M1: Considers one valid case e.g. m =5k +3 and attempts m” = (Sk +3)2 or m=5k+4 and

attempts m? = (5k +4)2

Look for expanding out the brackets and simplifying to a 3TQ. Condone slips.
Al:  Achieves one correct statement which includes the case, the quadratic multiplied out
and written in the required form

2
e.g. m2=(5k+3) :25k2+3Ok+9:5(5k2+6k+2j—1 or

2
e.g. m2=(5k+4) :25k2+4Ok+16:5(5k2+8k+3j+1

dM1: Considers both cases for a valid pair (see first M1 for guidance). It is dependent on the
previous method mark. Condone slips.

Al:  Full proof with correct statements for both cases for a valid pair. Each must include
the case, the quadratic multiplied out and written in the form which is not in terms of m
(we do not need the “where n=..." at the end of the statements - you can ignore these)

Requires a minimal overall conclusion eg. Proven, QED, tick

Condone recovery of interchanging of variables.

m m? 5n+l
5k +3 o5k’ + 30k 4.9 5(5k2+6k+2j—1
Bk +4 25k’ + 40k +16 5[5k2+8k+3j+1
5k -1 25k” 10k +1 5(5k2—2kj+1
5k —2 25k _ 20k 4.4 5(5k2—4k+1j—1

Ignore any additional cases that are not required to complete the proof

(and ignore replications of the ones given in the box in the question)
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Question Scheme Marks | AOs
3 Statement: “If m and n are irrational numbers, where m=n,
then mn is also irrational.”
(a) Eg. m=+3,n=12 M1 1.1b
mn = 3)(\/12) =6
{ j (\/_)( _ ) o Al 24
=> statement untrue or 6 is not irrational or 6 is rational
_ @
(b)),
(i) Way 1 3 ya V shaped graph {reasonably}
=l + symmetrical about the y-axis
with vertical interpret B1 1.1b
(0, 3) or 3 stated or marked
on the positive y-axis
y= |x + 3|
3 Superimposes the
graphof y=|x+3 ontop | 1 31a
3/ 0 > of the graph of y=|x| + 3
the graph of y =|x| + 3is either the same or above the graph of
y =|x+3| {for corresponding values of x} Al 24
or when x>0, both graphs are equal (or the same) '
when x <0, the graph of y=|x| + 3is above the graph of y=|x+3
(©)
(b)(ii) Reason 1
Way 2 | When x>0, |x/+3=|x+3| Any one of Reason 1 or Reason2 | M1 3.1a
Reason 2
When x<0, [x|+3>[x+3] Both Reason 1 and Reason 2 Al 2.4
(5 marks)
Notes for Question 3
(@)
M1: States or uses any pair of different numbers that will disprove the statement.
Eg. B, VIZ: V2, VB B, B 1,21 e,
T
Al: Uses correct reasoning to disprove the given statement, with a correct conclusion
Note: | Writing (Se)(sij = % = untrue is sufficient for M1A1
e
(b)(i)
B1: See scheme
(b) (i)
M1: For constructing a method of comparing || +3 with [x+3. See scheme.
Al: Explains fully why |x|+3>|x+3. See scheme.
Note: | Do not allow either x>0, |x|+3>|x+3| or x>0, |x|+3>|x+3| asa valid reason
Note x=0 (or where necessary x = —3)need to be considered in their solutions for Al
Note: | Do not allow an incorrect statement such as x<0, |x|+3>|x+3| for Al

€.
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< QUESTION

Notes for Question 3 Continued

(b)(ii)
Note: | Allow M1A1 for x>0, |x|+3=|x+3| and forx<0, |X|+3>|x+3|>

Note: | Allow M1 for any of
e xispositive, |x|+3=|x+3|

e xisnegative, |X+3>|x+3]

e x>0, [x+3=[x+3|

e x<0, [x+3>|x+3]|

e x>0, [x|+3and |x+3| are equal

e x20, [x|+3and |x+3| are equal

e when x>0, both graphs are equal

e for positive values |x|+3and |x+3| are the same

Condone for M1
e x<0, [x+3>[x+3|

e x<0, [x+32=|x+3]|

(b)(ii) e For x>0, |x|+3=|x+3]
Way3 | o For -3<x<0, as |x|+3>3 and {0 <}|x+3 <3, M1 | 31a
then |X|+3>|x+3

e For x<-3, as[{+3= —x+3and [x+3 =-x-3, Al 24
then |x|+3>|x+3
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Question Scheme Marks AOs

IS (sinx—cosx)2<1:>sin2x—25inxcosx+coszx (<1)oe. M1 1.1b
Examples:

xamp Al | 22a

1-2sinxcosx< 1, I-sin2x <1, —2sinxcosx <0, —sin2x<0

As x is obtuse then —2sinxcosx is positive because sinx >0 and cosx <0
so we have a contradiction. Al* 2.4
Therefore sinx—cosx > 1 *

(3 marks)

Notes
Condone poor notation e.g. sinx’ or e.g. —2sin@cosx < 1 for the first two marks only.

M1: Expands (sin X—cos x)2 to obtain sin’ x * ksin xcosx+cos’ x where k=1o0r2 o.e. May be implied.

Al: Uses a correct identity sin® x+cos’ x=1 or e.g. —sin’ x—cos’ x =1 to obtain a correct inequality in
any form that does not include the sin® x and cos’ x terms. Condone e.g. —2sin cosx <0
A1*: Fully correct work which includes
e aconvincing argument that explains why their inequality is not true
e astatement that indicates there is a contradiction
e aconclusion that sinx—cosx > 1 (there is no need to repeat “when x is obtuse”)
¢ no contradictory statements
e 1o mixed/missed variables, e.g., —2sinfcosx< 1 or 1-sin2<1

Examples:
From —2sinxcosx <0:

In the second quadrant—2sin xcos xis —x+x—=+
“(this is a) contradiction” or equivalent (therefore) sinx—cosx > 1

or
As x is obtuse, sin x > 0, cos x <0 so —2sinxcosx >0
“(this is a) contradiction” or equivalent (therefore) sinx—cosx > 1

From —sin2x<0:

As x is obtuse, 2x is reflex o.e. (i.e. T <2x <27) so —sin2x >0
“(this is) wrong” or equivalent (therefore) sinx—cosx > 1

From 1-sin2x<1:

As x is obtuse, 2x is reflex o.e. (i.e. 180 <2x <360) so sin2x <0 so 1—sin2x >1
“(this is a) contradiction” or equivalent (therefore) sinx—cosx > 1

From sin2x>0:

As x is obtuse, 2x is reflex o.e. (i.e. 180 <2x < 360) so sin2x <0
“(this is) incorrect” or equivalent (therefore) sinx—cosx > 1

Note that you may condone the absence of a statement referring to the fact that (sin X —cos x)2 <1 is only

valid since sin x —cos x > 0 when x is obtuse.
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Question Scheme Marks AOs
16 Sets up the contradiction and factorises:
There are positive integers p and g such that M1 21
(2p+q)(2p-q)=25
2p+Qq=25 2p+q=>5
If true then or
2p-q=1 2p-q=>5 M1 2.2a

Award for deducing either of the above statements

Solutions are p=6.5,q=12 oOr p=25,q=0

Al 1.1b
Award for one of these
This is a contradiction as there are no integer solutions hence
there are no positive integers p and g such that 4p® —q? =25 Al 2
(4)
(4 marks)

Notes:

M1: For the key step in setting up the contradiction and factorising

2p+q=25 2p+q=5

2p-q=1 or 2p_q=5must be true.

M1: For deducing that for p and g to be integers then either

Award for deducing either of the above statements.

2p+q=1

You can ignore any reference to
g y 2p-q=25

as this could not occur for positive p and g.

Al: For correctly solving one of the given statements,

2p+q=25
For 22 3 1 candidates only really need to proceed as far as p = 6.5 to show the contradiction.
2p+q=>5 . o -
For 20-q=5 candidates only really need to find either p or g to show the contradiction.
2p+Qq=>5 _ L
Alt for 2p-q=5 candidates could state that 2p+q=2p—q if p,q are positive integers.

Al: For a complete and rigorous argument with both possibilities and a correct conclusion.
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1.4 Proof by Contradiction

< QUESTION

Question Scheme Marks AOs
16 Alt 1 | Sets up the contradiction, attempts to make ¢* or 4p* the subject
and states that either 4p”is even(*) , or that g° (or q) is odd (**)
Either There are positive integers p and g such that M1 21
4p? —g® =25= q? = 4p? — 25 with * or **
Or There are positive integers p and g such that
4p?—q? =25= 4p? = g% + 25 with * or **
Sets g =2n+1and expands (2n il)2 =4p°-25 M1 2.2a
Proceeds to an expression such as
4p® = 4n’ +4n+26=4(n2 +n+6)+2
Al 1.1b
4p% = 4n? +4n +26 :4(n2 +n)+%
2 2 13
pr=n"+n+=
States
This is a contradiction as 4 p2 must be a multiple of 4
2 . Al 2.1
Or P must be an integer
And concludes
there are no positive integers p and g such that 4p* —q? =25
(4)
Alt 2
An approach using odd and even numbers is unlikely to score marks.
To make this consistent with the Alt method, score
M1: Set up the contradiction and start to consider one of the cases below where q is odd, m = n.
Solutions using the same variable will score no marks.
M1: Set up the contradiction and start to consider BOTH cases below where q is odd, m = n.
No requirement for evens
Al: Correct work and deduction for one of the two scenarios where q is odd
Al: Correct work and deductions for both scenarios where g is odd with a final conclusion
Options Example of Calculation Deduction

p (even) g (odd)

4p? —q? = 4x(2m)* —(2n+1)° =16m* —4n> —4n -1

One less than a multiple of 4
so cannot equal 25

p (odd) g (odd)

4p’ - =4x(2m+1)°—(2n +1)2 =16m* +16m—4n”*—4n+3

Three more than a multiple
of 4 so cannot equal 25
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157

Question Scheme Marks | AOs
7 (i) For setting up the contradiction:
There exists integers p and g such that pq is even and both p and Bl 2.5
q are odd
For example, sets p=2m+1 and g =2n+1 and then attempts
pq=(2m+1)(2n+1)=... M1 1.1b
Obtains pg = (2m + 1)(2n + 1) =4dmn+2m+2n+1
= 2(2mn+m+n)+1
Al* 2.1
States that this is odd, giving a contradiction so
"if pq is even, then at least one of p and ¢ is even" *
(©))
(i)
(x+y) <% +)" = 2xp <8x° M1 2.2a
States that as
x<0=>2y>8x Al* 2.1
=y>4x *
2)
(5 marks)
Notes:
.\v‘
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(i)
B1: For using the "correct"/ allowable language in setting up the contradiction.
Expect to see a minimum of
e "assume" or "let" or "there is " or other similar words
e "pqiseven" and "p and g are (both) odd"
M1: Uses a correct algebraic form for p and ¢ and attempting to multiply.
Allow any correct form so p =2n+1 and ¢ =2m + 3 would be fine to use

Different variables must be used for p and ¢, so p =2n+1 and g =2n—1would be M0

Al*: Full argument .
This requires (1) a correct calculation for their pg
(2) a correct reason and conclusion that it is odd

E.g. (2m+1)(2n+1)=4mn+2m+2n+1=2(2mn+m+n)+1=0dd
E.g. Cm-1)2n+1)=4mn+2m—-2n—1=even +even — even —1 = odd

and (3) a minimal statement implying that they have proven what was required
which could be QED, proven etc

Note that BO M1 Al is possible

(i)
M1: For multiplying out and cancelling terms before proceeding to a correct intermediate line such as
2xy <8x” o.e. such as 2x(4x—y)>0

AT*: Full and rigorous proof with reason shown as to why inequality reverses. The point at which it
reverses must be correct and a correct reason given

See scheme
Alt: 2xy <8x’ = )cy—4x2 < O:>x(y—4x)< 0

as x<0, (y—4x)>0:>y>4x scores M1 Al

So, the following should be scored M1 A0 as line 3 is incorrect
2xy—8x” <0

:>2xy<8)c2
= y<4x
= y>4xasx<0

There should be no incorrect lines in their proof
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Question Scheme Marks AOs
15() K =4k +5=(k—2)"+ ... M1 2.1
k?—4k+5=(k-2)"+1 50 k? —4k+5...1
Al* 2.4
so k? -4k +5 is always positive*
)
Notes
Q) Note: Using e.g. x throughout is acceptable for both marks.
M1: Starts the process of showing the given expression is positive.
Completing the square requires (k —2)2 T..
Differentiation requires them to differentiate to a linear expression in k, set = 0 (which may be
implied), solve for k and substitute their k into k® —4k +5 to reach a value. Ignore e.g. j—y
X
Discriminant requires a calculation of b® —4ac = (J_r4)2 —4x1x5{=—-4} and might be seen
embedded in the quadratic formula.
Sketches on their own are insufficient without working to find the minimum point algebraically.
Stating the minimum is (2, 1) without any evidence is MO.

Al*: Completes the proof with no errors and correct reasoning.

Accept e.g. “hence proved” in place of “so k* —4k +5 is always positive” as long as there is

sufficient justification for it being “proved”.

As a minimum expect to see e.g.:

o k*-4k+5=(k —2)2 +1 which is always positive as (k —2)2 ...0 (or as squares are always
positive or zero). Must be a correct statement. Do not condone e.g. (k = 2)2 >0

o Kk*-4k+5=(k —2)2 +1 50 (2, 1) is the minimum (point) so k® —4k +5 is always positive.

o k? —4k+5=(k—2)2 +1 50 k =2++/~1 hence k* -4k +5 has no real roots and as k? has a
positive coefficient (condone e.g. positive k? or positive quadratic or a > 0), hence proved.

o 2k-4=0=>k=2=k*—-4k+5=1 is the minimum value so k* -4k +5 is always
positive.

e Db’-4ac=16-20<0 so k* -4k +5=0 has no real roots and as k? has a positive
coefficient (condone e.g. positive k? or positive quadratic or a > 0), hence proved.

Note that stating k? —4k +5=(k—2)° +1> 0 alone is not sufficient for the AL*

Similarly, stating k* -4k +5=(k - 2)2 +1>0 because (k —2)2 >0 (or (k- 2)2 is positive) is

incorrect and scores AO.

SC:  Attempts at completing the square for k =2n and/or k =2n+1 (or k =2n-1) can score M1
provided at least one is attempted as far as (...)" +... e.g.to (2n—2)° +... ore.g. 4(n-1)"+..
Candidates are unlikely to complete the argument to score Al (it is not sufficient to just
consider odd/even) but if you think they might deserve the Al then send to Review.
k=2n—>k?—4k+5=4n>—8n+5 leading to (2n-2)" +1 or 4(n-1)" +1

2
k=2n+1—k® -4k +5=4n*—-4n+2 leading to (2n—1)2 +1 or 4(n—%) +1
. 2 3 ?
k=2n-1->k*-4k+5=4n>-12n+10 leading to (2n—3)" +1 or 4£n _Ej +1
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Question Scheme Marks AOs
15(ii) Attempts to solve any 1 pair of the relevant 11 sim. equations.
e.g. one of
3X+2y=28 M1 21

2x-5y =1 }:”(:---,(y:...)

or ... (see notes for all 11)

Attempts to solve any 2 pairs of the relevant 11 sim. equations
with at least one correct and correctly rejected.

e.g. both
3x+2y=28 )
y }2)(:%, [y=5_3) Not integers dM1
2x-5y=1 19 19 (Alon 2.2a
and EPEN)
3X+2y=7
=>x=.,(y=..)
2x—-5y=4
or ... (see notes for all 11 options)
Attempts to solve all 5 pairs of the relevant sim. equations with
positive RHS
ore.g.
3x+2y=28
y :>x=%, y=E Not integers
2x-5y=1 19 19
and ddm1 2.1
3x+2y=7
=>Xx=.,(y=..)
2x-5y=4
and
all other cases are not possible as 3x + 2y > 5
Requires:
e All cases considered, with correct values and rejected Al 24
e Correct reasons given in each case e.g. “not integers” '
¢ Concluding statement e.g. “hence proven”
(4)
(6 marks)

Notes

15(ii)
General Note:

Throughout this question we are condoning if candidates do not reference the following two

points which are deemed fairly trivial and acceptable to be omitted at A-level:

e Asxandy are integers then both 3x + 2y and 2x — 5y are integers.

e Asxandy are positive then 3x + 2y > 0

As such, we only require candidates to prove that there are no positive integer solutions x and y

to simultaneous equations that have a positive RHS.

Note: Any attempt to solve the given simultaneous equations does not score any marks on its own.
Any attempts that use substitutions such as x = 2n etc. are unlikely to score any marks.
There are other methods to eliminate some pairs of simultaneous equations e.g. by showing that
the only solution to 3x + 2y = 7 is (1, 2) which is not on 2x — 5y = 4. Use Review in such cases.
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M1:

Al:

dM1:

Attempt to solve any one of the other 11 possible cases (labelled A-K) below to find a value for
x or a value for y. The attempt may be implied by a value for x or y which need not be correct.
Attempts to solve any two of the other 11 possible cases below to find a value for x or a value
for y with at least one correct and correctly rejected. It is not necessary to find both values of x
and y unless the correct value found does not cause a contradiction (see cases D and G).

ddM1: Attempts to solve all 5 pairs (A-E) of the relevant simultaneous equations with positive RHS

or attempts to solve cases A and B and justifies that these are the only cases that need checking
using either:
e 3x+2y > 5(because x andy are positive) or
e 3x+2y>2x-5y (because x and y are positive) [cases F, G and H do not need checking
using this approach because of the general note]

Their values for x and y do not need to be correct for this mark as long as the dM1 is scored.
cso Shows that all necessary cases are impossible with correct values, correct reasons, and a
minimal conclusion e.g. “hence proved”. There is no need to say “contradiction” or restate the
objective (you can also ignore any inaccurate attempt to restate the objective).
All 5 pairs of simultaneous may be rejected in one go if the rejection is sufficiently clear.
The mechanics of solving the simultaneous equations does not need to be shown.

3x+2y= 28}:> L 142 [ 53

=—,|y= —j Not integers
2x-5y=1 19 19

3x+2y=7
B: Ty :>x=4—3,(y=£j Not integers
2x-5y=4 19 19

3x+2y=4
C: y :>x=%,(y=—gj Not integers/not positive
2X-5y="7 19

3X+2y=2
2x-5y=14

3x+2y=1
E: y :x:g,(yz—gj Not integers/not positive
2x-5y =28 19 19

}:> (x=2), y=—2 Not positive

3x+2y=-1
F: y = X= —6—1, (y = gj Not integers/not positive
2x—-5y=-28 19 19
3X+2y=-2 .
G: = x=-2,(y=2) Not positive
2x-by=-14
3X+2y=-4
H: y =>X= —%, [y = Ej Not integers/not positive
2X-5y=-7 19 19
X+2y=-7
l: y =X= —E, [y = —Ej Not integers/not positive
2x—-5y=-4 19 19
3x+2y=-14
J: y = X= —ﬁ, = _2 Not integers/not positive
2x-5y=-2 19 19
3x+2y=-28
y = X= —%, (y = —Ej Not integers/not positive
2x-5y=-1 19 19
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Question Scheme Marks AOs
15(i) n=1 2°=8, 3'=3 (8>3)
n=2, 3*=27, 3 =9, (27>9)
. . M1 2.1
n=3, 4°=64, 3’ =27, (64>27)
n=4, 5°=125, 3' =81, (125 >81)
Soif n<4,neN then (n+1)4>3" Al 2.4
)
(ii) Begins the proof by negating the statement. M1 54
"Let m be odd " or "Assume m is not even" '
Set m=(2p+1) and attempt m*+5=(2p+1)3+5=... M1 2.1
=8p° + 12p? + 6p + 6 AND deduces even Al 2.2a
Completes proof which requires reason and conclusion
o reason for 8p® + 12p? + 6p + 6 being even
i - Al 2.4
e acceptable statement such as "this is a contradiction
so if m®+5is odd then m must be even"
(4)
(6 marks)
Notes

(i)
M1: A full and rigorous argument that uses all of n = 1, 2, 3 and 4 in an attempt to prove the given
result. Award for attempts at both (n + 1)>and 3" for ALL values with at least 5 of the 8 values correct.
There is no requirement to compare their sizes, for example state that 27 >9
Extra values, say n = 0, may be ignored
Al: Completes the proof with no errors and an appropriate/allowable conclusion.
This requires
o all the values for n =1, 2, 3 and 4 correct. Ignore other values
o all pairs compared correctly
e aminimal conclusion. Accept v* or hence proven for example
(i)
M1: Begins the proof by negating the statement. See scheme
This cannot be scored if the candidate attempts m both odd and even
M1: For the key step in setting m =2p+1 and attempting to expand (2p = 1)*+ 5
Award for a 4 term cubic expression.
Al: Correctly reaches (2p + 1)® + 5 = 8p® + 12p? + 6p + 6 and states even.
Alternatively reaches (2p — 1)° + 5 = 8p® — 12p? + 6p + 4 and states even.
Al: A full and complete argument that completes the contradiction proof. See scheme.
(1) A reason why the expression 8p® + 12p? + 6p + 6 or 8p® — 12p% + 6p + 4 is even
Acceptable reasons are
e all terms are even
e sight of a factorised expression E.g. 8p® — 12p? + 6p + 4 = 2( 4p® — 6p2 + 3p + 2)
(2) Acceptable concluding statement
Acceptable concluding statements are
e '"this is a contradiction, so if m® + 5 is odd then m is even"
e "this is contradiction, so proven."
e "Soif m®+5isoddthem mis even"
S.C If the candidate misinterprets the demand and does not use proof by contradiction but states a

counter example to the statement “if m® + 5 is odd then m must be even” such as when M= 2 then they
can score special case mark B1

7
RA
162



