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QUESTIONS

50 questions - 345 marks - 9 sub-topics
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SUB-TOPIC 5.1

TRIGONOMETRIC RATIOS, RADIANS, ARCS AND SECTORS

Sub-topic 5.1 - 6 questions - 42 marks - lowest tariff first
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ANSWER >

N
A
rem
0<_]
rem
B
Figure 1
Figure 1 shows a sector AOB of a circle with centre O and radius »cm.
The angle AOB is 6 radians.
The area of the sector AOB is 11 cm?
Given that the perimeter of the sector is 4 times the length of the arc 4B, find the exact
value of 7.
Q)
J
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ANSWER >

Question 3 continued

(Total for Question 3 is 4 marks)

KA



ANSWER >

’
6.
A
Figure 1
Figure 1 shows a sketch of triangle 4BC.
Given that
ﬁ
- AB=-3i-4j-5k
ﬁ
e BC=i+j+4k
%
(a) find AC
)
9
(b) show that cos4BC = m
3)
.
\,
INZ




ANSWER >

( )

Question 6 continued
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ANSWER >

( )

Question 6 continued
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ANSWER >

Question 6 continued

(Total for Question 6 is 5 marks)

Q\Vﬂ
10



ANSWER >

Figure 1

The shape OABCDEFO shown in Figure 1 is a design for a logo.

In the design

e (OAB is a sector of a circle centre O and radius r

e sector OFE is congruent to sector OAB

e ODC is a sector of a circle centre O and radius 2r
* AOF is a straight line

Given that the size of angle COD is 8 radians,

(a) write down, in terms of 6, the size of angle AOB

1
(b) Show that the area of the logo is
1
5 r* (360 + )
(2)
(c) Find the perimeter of the logo, giving your answer in simplest form in terms of
r, 0 and 7.
(2)
\ J
\ J

INZ)
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ANSWER >

( )

Question 6 continued

Q\Vﬂ
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ANSWER >

( )

Question 6 continued

Q\Vﬂ
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ANSWER >

Question 6 continued

(Total for Question 6 is 5 marks)

Q\Vﬂ
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ANSWER >

11.
VA

Figure 3

Circle C, has equation X +y" =100
Circle C, has equation (x — 15)°+)* =40
The circles meet at points A and B as shown in Figure 3.

(a) Show that angle AOB = 0.635 radians to 3 significant figures, where O is the origin.
C))

The region shown shaded in Figure 3 is bounded by C, and C,

(b) Find the perimeter of the shaded region, giving your answer to one decimal place.

(C))

Q\Vﬂ
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ANSWER >

( )

Question 11 continued

Q\Vﬂ
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Question 11 continued

\\
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ANSWER >

Question 11 continued

(Total for Question 11 is 8 marks)

Q\Vﬂ
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ANSWER >

FRONT OF STAGE
D 276m

BACK OF STAGE

Figure 1

Figure 1 shows the plan view of a stage.

The plan view shows two congruent triangles ABO and GFO joined to a sector OCDEO
of a circle, centre O, where

* angle COE = 2.3 radians

e arc length CDE =27.6m

*  AOQG is a straight line of length 15m
(a) Show that OC = 12m.

(b) Show that the size of angle AOB is 0.421 radians correct to 3 decimal places.

Given that the total length of the front of the stage, BCDEF, is 35m,

(c) find the total area of the stage, giving your answer to the nearest square metre.

Diagram NOT
accurately drawn

)]

0]

)

INZ)
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Question 8 continued

N2
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ANSWER >

4 A%

Question 8 continued

Q\Vﬂ
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(Total for Question 8 is 10 marks)

Question 8 continued

N2
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ANSWER >

F

Figure 5

A company makes toys for children.
Figure 5 shows the design for a solid toy that looks like a piece of cheese.
The toy is modelled so that

* face ABC is a sector of a circle with radius cm and centre A

e angle BAC = 0.8radians

e faces ABC and DEF are congruent

e edges AD, CF and BE are perpendicular to faces ABC and DEF
e edges AD, CF and BE have length #cm

Given that the volume of the toy is 240 cm?

(a) show that the surface area of the toy, Scm?, is given by

1680
S=0.8r2+ —
-
making your method clear.
C)
Using algebraic differentiation,
(b) find the value of » for which S has a stationary point.
C))
(c) Prove, by further differentiation, that this value of » gives the minimum surface area
of the toy.
2)
\ J
\ J

A
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ANSWER >

( )

Question 15 continued

Q\Vﬂ
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ANSWER >

( )

Question 15 continued

Q\Vﬂ
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ANSWER >

Question 15 continued

(Total for Question 15 is 10 marks)

Q\Vﬂ
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SUB-TOPIC 5.2

SMALL ANGLE APPROXIMATIONS

Sub-topic 5.2 - 5 questions - 20 marks - lowest tariff first

&
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ANSWER >

4 N\
1. Given that 6 is small and is measured in radians, use the small angle approximations to find an
approximate value of
1 — cos46
20sin30
3)
\ J
INA
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ANSWER >

Question 1 continued

(Total for Question 1 is 3 marks)

Q\Vﬂ
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ANSWER >

4 N\
4. Given that ¢ is small and measured in radians, use the small angle approximations to show that
.0 5 5
4 sin 5 +3cos’O~a+bl+cH
where a, b and ¢ are integers to be found.
3
. J
\ J

Q\Vﬂ
30



ANSWER >

Question 4 continued

(Total for Question 4 is 3 marks)

Q\Vﬂ
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ANSWER >

4 N\
5. Given that @ is small and in radians, use the small angle approximations to find an
approximate numerical value of
ftan20
1—cos360
3
. J
\ J
INA
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(Total for Question 5 is 3 marks)

Question 5 continued

N2
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ANSWER >

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
The curve C has equation y = f(x) where x € R
Given that
1
o f'(x)=2x+ 5 cosx
» the curve has a stationary point with x coordinate a

e ois small

(a) use the small angle approximation for cosx to estimate the value of a to
3 decimal places.

3
The point P(0, 3) lies on C
(b) Find the equation of the tangent to the curve at P, giving your answer in the
form y = mx + ¢, where m and c are constants to be found.
(2

INZ)
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(Total for Question 4 is S marks)

Question 4 continued

N2
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ANSWER >

6. In this question you must show detailed reasoning.

(a) Given that x is small and in radians, use the small angle approximation for cos 6 to
show that

1 - cos®(2x) = 4x* - 4x*
)
(b) Given that x is small and in radians, use
» the answer to part (a)
» the small angle approximations for siné and tan 6

to show that

where a and b are constants to be found.

O]

(c) Hence, given that x is very small, deduce an approximate value for
1 - cos®(2x)
. (X X
sin| — (tan| —
5)e()

giving a reason for your answer.

)

INZ)
36



ANSWER >

Question 6 continued

(Total for Question 6 is 6 marks)

Q\Vﬂ
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SUB-TOPIC 5.3

TRIGONOMETRIC FUNCTIONS, GRAPHS AND EXACT VALUES

Sub-topic 5.3 - 5 questions - 24 marks - lowest tariff first
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ANSWER >

9. Show that

o0
n
E (E) cos(180n)°=i
4 28
n=2

&)

Q\Vﬂ
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ANSWER >

Question 9 continued

(Total for Question 9 is 3 marks)

Q\Vﬂ
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ANSWER >

Figure 1

Figure 1 shows a plot of part of the curve with equation y = cosx where x is measured in radians.
Diagram 1, on the opposite page, is a copy of Figure 1.

(a) Use Diagram 1 to show why the equation

cosx—2x—l=0

has only one real root, giving a reason for your answer.

2
Given that the root of the equation is o, and that a is small,

(b) use the small angle approximation for cosx to estimate the value of a to 3 decimal places.

®))

INZ)
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ANSWER >

Question 2 continued

Diagram 1

(Total for Question 2 is 5 marks)

INA
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ANSWER >

12722 3

(2) (i) Show that u, = 40

(b) (i) write down the value of u,

25
(i) find the value of ) u,
r=1

u

2. Asequence u,, u, u,... is defined by

=35

1

u,, =u + 7cos(n7n)— 5(=1)"

(ii) Find the value of u, and the value of u,

Given that the sequence is periodic with order 4

&)

&)

INA
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(Total for Question 2 is 6 marks)

Question 2 continued

N2
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ANSWER >

=y

Figure 2

Figure 2 shows a sketch of part of the curve with equation y = f(x) where

f(x)=85in(%x)—3x+9 x>0

and x is measured in radians.
The point P, shown in Figure 2, is a local maximum point on the curve.
Using calculus and the sketch in Figure 2,

(a) find the x coordinate of P, giving your answer to 3 significant figures.

C))
The curve crosses the x-axis at x = a, as shown in Figure 2.
Given that, to 3 decimal places, f(4)=4.274 and f(5)=-1.212

(b) explain why a must lie in the interval [4, 5]

ey
(c) Taking x, =5 as a first approximation to a, apply the Newton-Raphson method once
to f(x) to obtain a second approximation to o.

Show your method and give your answer to 3 significant figures.

)

INZ)
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( )

Question 6 continued

Q\Vﬂ
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ANSWER >

( )

Question 6 continued

Q\Vﬂ
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ANSWER >

Question 6 continued

(Total for Question 6 is 7 marks)

Q\Vﬂ
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ANSWER >

13. Given that for all values of k, where 0 < |k| < 1, the equation
sin(nx) =k neN

has exactly 6 solutions in the interval 0 < x < 27

(i) deduce the value of n

M)

(ii) deduce the number of solutions of the equation
sin*(nx) = K?

in the interval 0 < x < 5z, justifying your answer.

)

INA
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ANSWER >

Question 13 continued

(Total for Question 13 is 3 marks)

Q\Vﬂ
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SUB-TOPIC 5.4

SEC, COSEC, COT AND INVERSE TRIG FUNCTIONS

Sub-topic 5.4 - 4 questions - 33 marks - lowest tariff first
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ANSWER >

4 N\
13. The curve C has parametric equations
. T
x=sin20  y=cosec’d 0<6< 3
. . dy .
(a) Find an expression for — in terms of §
dx 3
3)
(b) Hence find the exact value of the gradient of the tangent to C at the point where y = 8
3)
. J
\ J

INA
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Question 13 continued

(Total for Question 13 is 6 marks)

Q\Vﬂ
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( )

Question 15 continued

Q\Vﬂ
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Question 15 continued
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Question 15 continued

(Total for Question 15 is 7 marks)

Q\Vﬂ
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ANSWER >

N
12. In this question you must show all stages of your working. 5
Solutions relying entirely on calculator technology are not acceptable.
(a) Show that ‘
cosecd — sinf = cosfcotd 0+ (180n)° nelXZ
3 §
(b) Hence, or otherwise, solve for 0 < x < 180° g
cosecx — sinx = cosxcot(3x — 50°) E
) 5

J

INZ)
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( )

Question 12 continued

Q\Vﬂ
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Question 12 continued
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Question 12 continued

(Total for Question 12 is 8 marks)

Q\Vﬂ
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ANSWER >

16.

VA

~

=V

Figure 6

Figure 6 shows a sketch of the curve C with parametric equations

x=2tant+ 1 y=2sec’t+3 -

SRS
A
A

Wy

V4
The line / is the normal to C at the point P where ¢ = 7

(a) Using parametric differentiation, show that an equation for / is

o
YT

(b) Show that all points on C satisfy the equation

1
y= 5 G +s

The straight line with equation

yETox +k where £ is a constant

intersects C at two distinct points.

(c) Find the range of possible values for £.

)

2

)

INZ)
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( )

Question 16 continued

Q\Vﬂ
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( )

Question 16 continued

Q\Vﬂ
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( )

Question 16 continued

Q\Vﬂ
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ANSWER >

Question 16 continued

(Total for Question 16 is 12 marks)

Q\Vﬂ
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SUB-TOPIC 5.5

TRIGONOMETRIC IDENTITIES

Sub-topic 5.5 - 5 questions - 37 marks - lowest tariff first
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ANSWER >

4 N
5. Given that
3sinf T 3
y=———" -= <0 <=
2sinf + 2cosf 4 4
show that
d—y = —4 _z <0< 3
dd 1+sin26 4 4
where A is a rational constant to be found.
5)
\_ J

Q\Vﬂ
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Question 5 continued

(Total for Question 5 is 5 marks)

Q\Vﬂ
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ANSWER >

( )
4.
VA
C2
Cl
0 x
S
Figure 2

The curve C, with parametric equations
x = 10cost, y= 4\/§sint, 0<t<2n
meets the circle C, with equation
X+ =66
at four distinct points as shown in Figure 2.

Given that one of these points, S, lies in the 4th quadrant, find the Cartesian coordinates of S.

(6)

INZ)
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Question 4 continued

(Total for Question 4 is 6 marks)

Q\Vﬂ
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ANSWER >

8. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Prove that

1 1
+
cosecd —1 cosecO +1

= 2tanfsecd 0+ (90n)", neZ
3)
(b) Hence solve, for 0 < x < 90°, the equation

1 1

+ = cot2xsec2x
cosec2x —1 cosec2x + 1

Give each answer, in degrees, to one decimal place.

C))

INZ)
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Question 8 continued

N2
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ANSWER >

4 A%

Question 8 continued

Q\Vﬂ
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(Total for Question 8 is 7 marks)

Question 8 continued

N2
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ANSWER >

16.

=V

Figure 6

Figure 6 shows a sketch of the curve C with parametric equations

x = 8sin*¢ y=2sin2¢+ 3sint 0<t

VAN
|

The region R, shown shaded in Figure 6, is bounded by C, the x-axis and the line with
equation x =4

(a) Show that the area of R is given by

f (8 — 8cos 4t + 48sin® fcos1)ds

0

where a is a constant to be found.

)

(b) Hence, using algebraic integration, find the exact area of R.

C))

INA
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( )

Question 16 continued

Q\Vﬂ
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Question 16 continued

(Total for Question 16 is 9 marks)

Q\Vﬂ
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ANSWER >

4 N\
14. A curve C has parametric equations
x=3+2sint, y=4+2co0s2t, 0<t<2m
(a) Show that all points on C satisfy y = 6 — (x — 3)?
(2)
(b) (i) Sketch the curve C.
(ii) Explain briefly why C does not include all points of y =6 — (x — 3)%, xeR
3)
The line with equation x + y = k, where k is a constant, intersects C at two distinct points.
(c) State the range of values of &, writing your answer in set notation.
3
\ 7
\ J

INZ)
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4 R

Question 14 continued

Q\Vﬂ
80



ANSWER >

Question 14 continued

(Total for Question 14 is 10 marks)

Q\Vﬂ
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SUB-TOPIC 5.6

DOUBLE ANGLE, COMPOUND ANGLE AND R FORMULAE

Sub-topic 5.6 - 9 questions - 72 marks - lowest tariff first
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ANSWER >

4 N\
8. (a) Express 2cosf + 8siné in the form Rcos(f — a), where R and a are constants,
T
R>0and 0 <a< 3
Give the exact value of R and give the value of a in radians to 3 decimal places.
3)
The first three terms of an arithmetic sequence are
COSX cosx + sinx cosx + 2sinx X # nrw
Given that S, represents the sum of the first 9 terms of this sequence as x varies,
(b) (i) find the exact maximum value of S,
(i) deduce the smallest positive value of x at which this maximum value
of S, occurs.
3)
\ y,
\ J

INZ)
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Question 8 continued

N2
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4 A%

Question 8 continued
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(Total for Question 8 is 6 marks)

Question 8 continued

N2
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ANSWER >

4 N\
12. (a) Prove
cos36 N sin 36 — 5c0t20 0 % (90m)° 7
sind  cos@ 0 (O0n)%, n €
O]
(b) Hence solve, for 90° < 6 < 180°, the equation
cos36 N sin30
sinfd cosd
giving any solutions to one decimal place.
3
\ J

INA
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( N

Question 12 continued

Q\Vﬂ
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é N

Question 12 continued

Q\Vﬂ
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Question 12 continued

(Total for Question 12 is 7 marks)

Q\Vﬂ
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ANSWER >

4 N\
10. In this question you should show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Given that 1+ cos26 + sin20 # 0 prove that
1 — cos26 + sin 20
- = tand
1+ cos260 + sin 20
C))
(b) Hence solve, for 0 < x < 180°
1—cos4x + s%n4x — 3sin 2y
1+ cos4x + sindx
giving your answers to one decimal place where appropriate.
(C))
\ y,
\ J

INZ)
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( )

Question 10 continued

Q\Vﬂ
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( )

Question 10 continued

Q\Vﬂ
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Question 10 continued

(Total for Question 10 is 8 marks)

Q\Vﬂ
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4 N\
13. (a) Given that a is a positive constant, use the substitution x = asin’# to show that
‘1 L[
j x2Na-x dx = Eazj sin®26 d¢
0 0
)
(b) Hence use algebraic integration to show that
a 1
J x2a — x dx = kna®
0
where k is a constant to be found.
C)
. J
\ J
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Question 13 continued

N2
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4 A%

Question 13 continued
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(Total for Question 13 is 8 marks)

Question 13 continued

N2
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ANSWER >

4 N\
14. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Given that
2sin(x — 60°) = cos (x — 30°)
show that
tanx =33
C)
(b) Hence or otherwise solve, for 0 < 0 < 180°
2sin26 = cos (20 + 30°)
giving your answers to one decimal place.
Q)
\ y,
\ J

INZ)
99



ANSWER >

( )
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Question 14 continued
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Question 14 continued

(Total for Question 14 is 8 marks)
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4 N\
10. In this question you must show all stages of your working. §
Solutions relying entirely on calculator technology are not acceptable. §
(a) Show that %
g
cos3A4=4cos’4—3cos4 §
“ 2
(b) Hence solve, for —90° < x < 180°, the equation g
1 — cos3x = sin’x
“
%
é
%
g
%
%
\ J
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Question 10 continued

(Total for Question 10 is 8 marks)
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4 N\
12. (a) Prove that
1 — cos260 =tanfsin20, 0 # @’ neZr
3)
T b .
(b) Hence solve, for 3 <x < 7 the equation
(sec’x — 5)(1 — cos2x) = 3tan’xsin2x
Give any non-exact answer to 3 decimal places where appropriate.

(6)

\ J
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Question 12 continued

(Total for Question 12 is 9 marks)
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12.

Figure 3

The curve shown in Figure 3 has parametric equations

T
x=6sint y=>5sin2¢ Oétga
The region R, shown shaded in Figure 3, is bounded by the curve and the x-axis.

2
(a) (i) Show that the area of R is given by J. 60sinzcos? ¢ dt

(©))

(i1) Hence show, by algebraic integration, that the area of R is exactly 20

3
VA

Figure 4

Part of the curve is used to model the profile of a small dam, shown shaded in Figure 4.
Using the model and given that

e x and y are in metres
e the vertical wall of the dam is 4.2 metres high
e there is a horizontal walkway of width MN along the top of the dam

(b) calculate the width of the walkway.
6))
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Question 12 continued

(Total for Question 12 is 11 marks)
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4 A
14. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.
(&) Show that
sin(x + 30°) + \/§cos(x +30°) = 2cosx
3
(b) Hence solve, for 0 < 0 < 180°
sin(6 + 30°) + V3 cos(f + 30°) = 3sin20
giving your answers to one decimal place, where appropriate.
4)
. J
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Question 14 continued
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Question 14 continued

(Total for Question 14 is 7 marks)
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TRIGONOMETRIC EQUATIONS
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4 N\
6.
fx) =-3° +8? -9 + 10, xeR
(a) (i) Calculate f(2)
(i1) Write f(x) as a product of two algebraic factors.
3
Using the answer to (a)(ii),
(b) prove that there are exactly two real solutions to the equation
=30+ 84 —92+10=0
(2)
(c) deduce the number of real solutions, for 7z < 6 < 10z, to the equation
3tan’@ — 8tan’0 + 9tand — 10 = 0
1
\ J
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 6 marks)
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4 N\
14. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Show that the equation
2tan 6 (8 cos @ + 23 sin” 6) = 8sin26(1 + tan’ 0)
may be written as
sin260 (A4 cos’ 6+ Bcosh + C) =0
where A, B and C are constants to be found.
3
(b) Hence, solve for 360° < x < 540°
2tanx (8 cosx + 23sin’ x) = 8sin2x (1 + tan’ x) xeR x#450°
“)
\ y,
\ J
R\%
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Question 14 continued
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(Total for Question 14 is 7 marks)

Question 14 continued
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4 N\
6. (a) Solve, for —180° < 6 < 180°, the equation
S5sin26 = 9tand
giving your answers, where necessary, to one decimal place.
[Solutions based entirely on graphical or numerical methods are not acceptable.]
(6)
(b) Deduce the smallest positive solution to the equation
5sin(2x — 50°) = 9tan (x — 25°)
(2)
\ )
\ J
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Question 6 continued

(Total for Question 6 is 8 marks)
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4 N\
7. (1) Solve, for 0 < x < %, the equation
4sinx = secx
C)
(i1) Solve, for 0 < 0 < 360°, the equation
S5sin@ — Scosf =2
giving your answers to one decimal place.
(Solutions based entirely on graphical or numerical methods are not acceptable.)
)
\ J
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Question 7 continued

(Total for Question 7 is 9 marks)
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12. f(x) = 10e > sinx, x>0

(a) Show that the x coordinates of the turning points of the curve with equation y = f(x)
satisfy the equation tanx = 4

C))
y A
0 x
Figure 3
Figure 3 shows a sketch of part of the curve with equation y = f(x).
(b) Sketch the graph of H against ¢ where
H(r)= |10e > sint| ¢>0
showing the long-term behaviour of this curve.
(2)

The function H(?) is used to model the height, in metres, of a ball above the ground
t seconds after it has been kicked.

Using this model, find

(c) the maximum height of the ball above the ground between the first and second bounce.

&)

(d) Explain why this model should not be used to predict the time of each bounce.
ey
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Question 12 continued

(Total for Question 12 is 10 marks)
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15. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

Given that the first three terms of a geometric series are
12cos @ 5+2siné and 6tan6
(a) show that

4sin’0 — 52sinf+25=0
3)
Given that 6 is an obtuse angle measured in radians,

(b) solve the equation in part (a) to find the exact value of 8

0]

(c) show that the sum to infinity of the series can be expressed in the form

k(1-+3)

where k is a constant to be found.

)
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TRIGONOMETRIC PROOFS

Sub-topic 5.8 - 3 questions - 13 marks - lowest tariff first
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15. A student attempts to answer the following question:

Given that x is an obtuse angle, use algebra to prove by contradiction that

sinx — cosx > 1

The student starts the proof with:

Assume that sinx —cosx < 1 when x is an obtuse angle
= (sinx — cosx)’ < 1

The start of the student’s proof is reprinted below.

Complete the proof.
3)

Assume that sinx —cosx < 1 when x is an obtuse angle

= (sinx — cosx)’ < 1

INZ)
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Question 15 continued

(Total for Question 15 is 3 marks)
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12.

y =sinx
where x is measured in radians.

Use differentiation from first principles to show that

dy
—— =cos
dx *
You may
» use without proof the formula for sin(4 + B)
sinh cosh —1

e assume thatas 4 — 0, T — 1 and

)
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(Total for Question 12 is 5 marks)
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4 N\
9. Given that § is measured in radians, prove, from first principles, that
i(cosH) = —sinf
do
sin/ cosh —1
You may assume the formula for cos(4 + B) and that as 7 — 0, — — land 0
3

\ J
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TRIGONOMETRY IN CONTEXT
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8. The depth of water, D metres, in a harbour on a particular day is modelled by the formula
D=5+2sin(300)° 0<t<24
where ¢ is the number of hours after midnight.

A boat enters the harbour at 6:30am and it takes 2 hours to load its cargo.
The boat requires the depth of water to be at least 3.8 metres before it can leave the harbour.

(a) Find the depth of the water in the harbour when the boat enters the harbour.
@

(b) Find, to the nearest minute, the earliest time the boat can leave the harbour.
(Solutions based entirely on graphical or numerical methods are not acceptable.)

C))
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Question 8 continued

(Total for Question 8 is 5 marks)
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Figure 4 Figure 5

Figure 4 shows a sketch of a Ferris wheel.

The height above the ground, A m, of a passenger on the Ferris wheel, ¢ seconds after
the wheel starts turning, is modelled by the equation

H= |A sin(bt + a)°|

where A4, b and o are constants.
Figure 5 shows a sketch of the graph of H against #, for one revolution of the wheel.
Given that

* the maximum height of the passenger above the ground is 50m
* the passenger is 1 m above the ground when the wheel starts turning
* the wheel takes 720 seconds to complete one revolution

(a) find a complete equation for the model, giving the exact value of 4, the exact value
of b and the value of a to 3 significant figures.

Q)
(b) Explain why an equation of the form
H= |A sin(bt + (1)°| +d
where d is a positive constant, would be a more appropriate model.
ey
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Question 9 continued

(Total for Question 9 is 5 marks)
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6. (a) Express sinx +2cosx in the form Rsin(x + ) where R and a are constants, R > 0

T
and O<a<5

Give the exact value of R and give the value of « in radians to 3 decimal places.

3
The temperature, °C, inside a room on a given day is modelled by the equation

0=5+sin| = -3 | +2cos| = -3 0<r<24
= sin 12 cos 12 St<

where ¢ is the number of hours after midnight.
Using the equation of the model and your answer to part (a),

(b) deduce the maximum temperature of the room during this day,

0]

(c) find the time of day when the maximum temperature occurs, giving your answer to
the nearest minute.

(©))
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Question 6 continued
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13. On a roller coaster ride, passengers travel in carriages around a track.

On the ride, carriages complete multiple circuits of the track such that

* the maximum vertical height of a carriage above the ground is 60 m
e acarriage starts a circuit at a vertical height of 2m above the ground
» the ground is horizontal

The vertical height, Hm, of a carriage above the ground, ¢ seconds after the carriage
starts the first circuit, is modelled by the equation

H=a-b(t—20)

where a and b are positive constants.

(a) Find a complete equation for the model.

3)
(b) Use the model to determine the height of the carriage above the ground when ¢ =40
@)
In an alternative model, the vertical height, Hm, of a carriage above the ground,
t seconds after the carriage starts the first circuit, is given by
H=29cos(9t+a)°+p 0 <a<360°
where a and £ are constants.
(c) Find a complete equation for the alternative model.
(2)
Given that the carriage moves continuously for 2 minutes,
(d) give a reason why the alternative model would be more appropriate.
ey
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Question 13 continued
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4 N\
10. The height above ground, Hmetres, of a passenger on a roller coaster can be modelled by
the differential equation
dH _ H cos(0.25¢)
dt 40
where ¢ is the time, in seconds, from the start of the ride.
Given that the passenger is 5m above the ground at the start of the ride,
(a) show that H = 5¢%15in(0:25)
3
(b) State the maximum height of the passenger above the ground.
@
The passenger reaches the maximum height, for the second time, 7 seconds after the start
of the ride.
(¢) Find the value of T.
(2)
\ J

INZ)
165



ANSWER >

4 R

Question 10 continued

Q\Vﬂ
166



ANSWER >

(~ Y

Question 10 continued

Q\Vﬂ
167



ANSWER >

Question 10 continued

(Total for Question 10 is 8 marks)
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12. (a) Express 140cos @ —480sinf in the form Kcos(6 + a)
where K > 0 and 0 < a < 90°

State the value of K and give the value of a, in degrees, to 2 decimal places.

&)

A scientist studies the number of rabbits and the number of foxes in a wood for
one year.

The number of rabbits, R, is modelled by the equation
R=A4+140co0s(30¢)° — 480sin(30¢)°

where ¢ months is the time after the start of the year and A4 is a constant.
Given that, during the year, the maximum number of rabbits in the wood is 1500
(b) (i) find a complete equation for this model.

(i1) Hence write down the minimum number of rabbits in the wood during the year
according to the model.

(2)
The actual number of rabbits in the wood is at its minimum value in the middle of April.

(c) Use this information to comment on the model for the number of rabbits.

(2)
The number of foxes, F, in the wood during the same year is modelled by the equation

F =100 + 70sin(30¢ + 70)°

The number of foxes is at its minimum value after 7" months.

(d) Find, according to the models, the number of rabbits in the wood at time 7" months.

C))
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Question 12 continued
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( )
15. (a) Express 2cosf —sinf in the form Rcos(6 + a), where R >0 and 0 < o < %
Give the exact value of R and the value of & in radians to 3 decimal places.
3)
H metres
————————————————— Water level
Figure 6
Figure 6 shows the cross-section of a water wheel.
The wheel is free to rotate about a fixed axis through the point C.
The point P is at the end of one of the paddles of the wheel, as shown in Figure 6.
The water level is assumed to be horizontal and of constant height.
The vertical height, H metres, of P above the water level is modelled by the equation
H=3+4co0s(0.5¢) — 2sin(0.5¢)
where ¢ is the time in seconds after the wheel starts rotating.
Using the model, find
(b) (i) the maximum height of P above the water level,
(i1) the value of ¢ when this maximum height first occurs, giving your answer to one
decimal place.
3
In a single revolution of the wheel, P is below the water level for a total of 7' seconds.
According to the model,
(c) find the value of 7 giving your answer to 3 significant figures.
(Solutions based entirely on calculator technology are not acceptable.)
Q)
In reality, the water level may not be of constant height.
(d) Explain how the equation of the model should be refined to take this into account.
@
\. y,
. .
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Question 15 continued
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< QUESTION

Question Scheme Marks | AOs
3 1,
States or uses > r<g=11 Bl 1.1b
States or uses 2r +r@ =4r0 B1 1.1b
Attempts to solve, full method I =... M1 3.1a
r= /33 Al 1.1b
[4]
(4 marks)
Notes:

B1: States or uses %rze =11  This may be implied with an embedded found value for &

B1: States or uses 2r-+rd=4r@ or equivalent

MZ1: Full method to find r =... This involves combining the equations to eliminate & or find 8
The initial equations must be of the same "form" (see **) but condone slips when attempting to solve.

. . . 2 .
It cannot be scored from impossible values for & Hence only score if 0 <8 <27z FYI 6 = — radians

Allow this to be scored from equations such as ...r20 =11 and ones that simplify to ...r =...re **

Allow their 2r +r@ = 4r@ = @ =.. then substitute this into their %rzﬁ =11

Allow their 2r +r@ = 4r@ = r@ =..then substitute this into their % r’g=11

Allow their %rze =11=0= —2 then substitute into their 2r+r@=4r0=r =..
r

Al: r =+/33 only but isw after a correct answer.

The whole question can be attempted using @ in degrees.
0 2
: —=xxr<=11
B1: States or uses 360 X T

o 0
B1: States or uses 2r + 360 x27wr =4x %x 2rr

.},5‘
179



MARK SCHEME - Paper 1: Pure Mathematics 1 - November2021 - Q6 5.1 Trigonometric Ratios, Radians, Arcs an... < QUESTION

Question Scheme Marks AOs
6(a) AC = AB+BC = —3i—4j—5k +i+j+dk =... M1 | 1.1b
= 2i-3j-k Al 1.1b

(2

(b) At least 2 of
(AC2)="22+32+12",(ABZ)=32+42+52,(BCZ)=12+12+42 Ml 11b
2 4B 12 =B 44245 412 41 442 2\3P 4 42 45212 +12 4 4 o3 ABC M1 | 3.la
14 =50 +18 — 2+/50+/18 cos ABC

—_ *

:>cosABC=50+18 149, Al 2.1
250418 10
3)
(b) Alternative
AB? =3’ +4%+5% BC?=12+1%+ 42 M1 1.1b
BABC = (3i+4j+5K )u(i+ j+4k) = 27 = /3 + 42 + 5212 +1* + 47 cos ABC M1 | 3.la
27 9
27 =/50+/18 cos ABC = cOSABC = ——=—— = —* Al* | 21
J504/18 10
(5 marks)
Notes

(a)
M1: Attempts AC = AB + BC
There must be attempt to add not subtract.
If no method shown it may be implied by two correct components

-2 —2i
Al: Correct vector. Allow —2i—3j—kand | =3 | but not | —3]
-1 -1k

(b)
M1: Attempts to "square and add" for at least 2 of the 3 sides. Follow through on their AC

Look for an attempt at either a° +b® +¢* or v/a’ +b’ +¢?
M1: A correct attempt to apply a correct cosine rule to the given problem; Condone slips on the lengths
of the sides but the sides must be in the correct position to find angle ABC
Al*: Correct completion with sufficient intermediate work to establish the printed result.
Condone different labelling, e.g. ABC «»> @ as long as it is clear what is meant

It is OK to move from a correct cosine rule 14 =50 +18 — 2+/50~/18 cos ABC

2 2 2
) 54 (5\/5) +(3\/§) —(\/ﬂ) 9
via cos ABC =——— o0.e. such ascos ABC = to cos ABC =—
2./504/18 2x542 %32 10
Alternative:

M1: Correct application of Pythagoras for sides AB and BC or their squares
M1: Recognises the requirement for and applies the scalar product
Al*: Correct completion with sufficient intermediate work to establish the printed result

&
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MARK SCHEME -

Paper 2: Pure Mathematics 2 - November2021 - Q6 5.1 Trigonometric Ratios, Radians, Arcs an... < QUESTION

Question Scheme Marks AOs
6@ Angle AOB = ”T_'g Bl | 22a
1)
(b) Area= 5, 1 2(”*‘9j Loy
2><2r 5 +2(2r) 2] M1 2.1
:%rzﬁ—%rzéw2r2¢9:gr20+%r2ﬁ:%r2(3¢9+7r)* Al* | 1.1b
(2
© Perimeter = 4r+2r(”*"’j+zre ML | 3.1a
5 .
=4r+rz+10 oreg. r(4+z+0) Al | 11b
(2
(5 marks)
Notes
(a) _
B1: Deduces the correct expression for angle AOB
Note that 289=9 scores BO
(b)

M1: Fully correct strategy for the area using their angle from (a) appropriately.
Need to see ZX%rza or just r’« where o is their angle in terms of 8 from

part (a) + %( 2r)2 o with or without the brackets.

Al*: Correct proof. For this mark you can condone the omission of the brackets in %(Zr)z as

long as they are recovered in subsequent work e.g. when this term becomes 2r2@
The first term must be seen expanded as e.g. %rzﬂ_%rza or equivalent

(©

M1: Fully correct strategy for the perimeter using their angle from (a) appropriately
Need to see 4r +2ra +2rf where « is their angle from part (a) in terms of 6

Al: Correct simplified expression

Note that some candidates may change the angle to degrees at the start and all marks are available
e.g.

1501800
(a)—”

2
(b) 1802 1 6 180 ;1 1 1

2] ——F— |x—xar’+——x=——xx(2r) ==ar’ —-=r’0+2r’0==r*(30+ )
2 360 360 2 2 2
1806

180 —

() 4r 42 L |x——x2 1800><i><2;r(2r):4r+zrr+r¢9
T 360
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< QUESTION

Question Scheme Marks AOs
11(® | solves x*+y*=100 and (x—15)° + y? = 40 simultaneously to
M1 3.1a
find x ory E.g. (x—15)z+100—x2=40:>x=...
Either = -30x+325=40=x=95
Al 1.1b
Or y=§= awrt +3.12
Attempts to find the angle AOB in circle C;
"g 5" . M1 3.1a
Eg Attempts coso = T to find a then x2
9.5
Angle AOB = 2xarcos 0 0.635rads (3sf) * Al* 2.1
(4)
®) | Attempts 10x (27 —0.635) = 56.48 M1 11b
Attempts to find angle AXB or AXO in circle C, (see diagram)
15-"9.5" M1 3.1a
E.g. cos B = = B=.. (Note AXB =1.03 rads)
B N B
Attempts 10x (27 —0.635) ++/40 x (27 - 23) dm1 21
= 89.7 Al 1.1b
(4)
(8 marks)
Notes:
Cl
Angle 4OB =0.635%
Angle 4XYB =1.03
@

M1: For the key step in an attempt to find either coordinate for where the two circles meet.
Look for an attempt to set up an equation in a single variable leading to a value for x or y.

Al: x=95 (or \I—_‘39: anrt +2192)

.},5‘
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< QUESTION

M1: Uses the radius of the circle and correct trigonometry in an attempt to find angle AOB in circle C,

E.g. Attempts cosa:% to find o then x2

Alternatives include tana BTy T (0.3286..) to find o then x2
2
102 +10% —(~/39
And cos AOB = ( ) _161
2x10x10 200

Al*: Correct and careful work in proceeding to the given answer. Condone an answer with greater accuracy.
Condone a solution where the intermediate value has been truncated, provided the trig equation is correct

V39

E.g. sina= 50 = a=0.317= AOB =20.=0.635

Condone a solution written down from awrt 36.4° (without the need to shown any calculation.)
E

(b)
M1: Attempts to use the formula s =ré with r=10 and 8 =27-0.635

The formula may be embedded. You may see 2710+27/40-10x 0.635... which is fine for this M1
M1: Attempts to use a correct method in order to find angle AXB or AXO in circle C,

2
310" 40+40-(39) 41
Amongst many other methods are tan g = 15' 55 and cos AXB = 2% Ja0x 730 = 0
X X

Note that many candidates believe this to be 0.635. This scores MO dMO AQ

dM1: A full and complete attempt to find the perimeter of the region.
It is dependent upon having scored both M's.
Al: awrt 89.7

(@)
M1 For the key step in attempting to find all lengths in triangle OAX, condoning slips
Al: All three lengths correct

M1: Attempts cosine rule to find o then x2

Al*: Correct and careful work in proceeding to the given answer

A
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Question Scheme Marks AOs
8(a) 0Cx23=27.6 Ml 1.1b
e.g.OCzﬁzlzm * Al* 2.1
2.3
(2)
(b) e.g (240B=) 723 M1 1.1b
7723 _ 0421 rad * Al* | 21
(2)
(© 1 .,
Area OCDE=E><12 x2.3 Ml 1.1b
=165.6 (m?) (accept awrt 166) Al 1.1b
(OB:)%Hz:lSﬂm Bl 2.1
Area of OAB (orOFG)=%><"15.7">< 7.5xsin0.421 (=24.0..m") Ml | LIb
Total area = "165.6"+2x"24.1" dM1 3.1a
=awrt 214(m?) Al 1.1b
(6)
(10 marks)
Notes
(a)
MI1: Uses [=rf with [ =27.6 and 6 =2.3 correctly substituted in (may be labelled differently in their

. . . . . 27.
equation). Values just need to be embedded in an equation or accept an expression for OC e.g. % .

May work in degrees which is acceptable.
Condone an alternative letter being used to denote OC such as r

Alternatively, they use / =70 with ¥ =12 and 6 =2.3 and verify that / =27.6m

Al*:  Achieves an expression for OC before proceeding to OC =12 (m) with no errors seen (condone lack
of units)

They must show at least % = OC =12 (m) which can score M1A1*

r= 227—36 =12 is M1A1* (condone alternative letters for OC)

BUT e.g. 22L36 =12(m) on its own is M1A0*
e.g. 0Cx2.3=27.6= 0C =12(m) is M1AO*
In the alternative method they verify / =27.6 and conclude that OC =12m

We must see the calculation 12x2.3=27.6 and conclude that OC =12 (m)
e.g. arc=12x23=27.6 so OC =12(m) is M1A1* whereas 12x2.3=27.6 is M1AQ*

Also allow e.g. if OC =12(m) then 12x2.3=27.6v" is M1A1*
If they work in degrees and use rounded values this scores A0* (If they work with e.g. 414 to keep
4

the angle exact then A1* can still be scored)
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(b)
M1: Attempts to subtract 2.3 from 7 (which may be implied by an expression for AOB which is not the
given answer)

e.g. %(7[—2.3) or %—1.15 score M1

May work in degrees e.g. 180 —awrtl32 is M1
Condone invisible brackets e.g. 7—2.3+2 can still score M1.

Al1*: Achieves 0.421 (rad) with no errors seen (ignore any side working which is not part of their main
solution). Look for a correct expression which is awrt 0.421 before proceeding to the answer.
Alternatively, they may write

e.g 240B=7-2.3(=0.8415..)= AOB =0.421

Condone if they do not round their answer at the end to 0.421.
Condone lack of units. Condone poor labelling of other angles and it does not require AOB = to
score this mark, but do not accept e.g. ABO =
If they work in degrees then withhold this mark if they do not show the conversion back to
radians.

T—2.3

e.g. =0.421(rad) is M1A1*

e.g. W+@ =0.421 (rad) is M1A1* (conversion from degrees to radians seen)
V4
e.g. m—2.3+2=0.421(rad) is M1AO0* (invisible/lack of brackets)

0.842...
eg T—23= T =0.421 M1AO* (incorrect joined statement)

(©)
Ml1: Attemptstouse 4= %rza with =12 and #=2.3 The values embedded in the formula is

sufficient for this mark. May be implied by a correct answer or further work. Look out for alternative
more complex ways to find the area of the sector. e.g. area of semicircle — area of two sectors with
r=12 and 6=0.421

Al: awrt 166 (may be implied by later work)

Bl: A correct expression or value for the length OB or OF which may be a part of a calculation (may see
15.7 in the equation to find the area of AOB). May be implied by a correct value for the area of a
congruent triangle (or both)

M1: Attempts to find the area of at least one of the two congruent triangles using their OB found from
w+12 (=15.7), 04=1.5 and 0=0.421 in %x 0OAxOBxsinC (may work in degrees)

Be aware that omitting sine in the formula may give a value close to the area of the triangle which
would be MO. Condone use of 8 =0.4 or & =0.42if they have rounded angle AOB.

The values embedded in the expression is sufficient to score the mark or may be implied by the
value.

Look out for more complex methods to find the area of one or both of the two congruent
triangles

e.g. they may split the congruent triangle into two right angled triangles and add the separate
areas.

&
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Other alternatives
e.g. finding the area of the trapezium ABFG:
BF =2x15.7c0s0.421

1((15+2x15.70050.421

Area ofAOB=E 5 jx15.7sin0.421—%x15.72xsin2.3j o.e.

e.g. finding the length AB and either angle OAB or angle ABO:
AB* =15.7*+7.5> =2x15.7x7.5xc0s0.421= AB=9.37...
sin ABO _sin 0.421 — ABO =0333.. or sin OAB _sin 0.421

7.5 9.37... 15.7 9.37...
Area of ABO %x15.7x9.37...xsin 0.333... or %x7.5x9.37...xsin 2.4

= 04B=24

Approximate values are shown below for some of the lengths you may see in calculations:

15m
dM1: Solves the problem by combining appropriate areas together which result in the total area of the
concert stage (usually the sum of the areas of the two congruent triangles and the area of the
sector).
It is dependent on the previous method marks and the B mark.

Al:  awrt 214 (m?) (condone lack of units). Must follow from a correct method. Isw if they round
incorrectly.
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Question Scheme Marks | AOs
15 (a) Sets up an allowable equation using volume =240
E.g. 57" ><0.8h:240:h=—2 o0.e. Al 1.1b
r
Attempts to substitute their 4 = g into
d dM1 34
(S =)%r2 x0.8+%r2 x0.8+2rh+0.8r%
5:0.8#+2.8rh=o.8r2+2.8x@=0.8r2 +@ * Al* 2.1
O]
(b) dS) _ 6, 1680 M1 3.1a
)T Al 1.1b
ds
Sets d—=():>r3 =1050 dM1 2.1
r
r=awrt10.2 Al 1.1b
“@
© d’s 3360
. . .\ . 4964
Attempts to substitute their positive 7 into a7 o Ml L1b
and considers its value or sign
d’s 3360 .. d°S .
E.g. Correct PR 1.6+ r—3w1th pr 5> Oproving a Al L1b
minimum value of S
2
(10 marks)
Notes:
Volume = 0.4r°h
Area =0.47"
Area =0.8rh

Area =rh 7

Total surface area = 2rh+0.8> + 0.87h

(a)

INA
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M1: Attempts to use the fact that the volume of the toy is 240 cm?

Sight of %rz x0.8x h =240 leading to & =... or rh=... scores this mark

But condone an equation of the correct form so allow for kr'h=240=h=..orrh=..
. 600 . N
Al: A correct expression for 4=—— or rh= 600 which may be left unsimplified.
r
r
. N . 600
This may be implied when you see an expression for S or part of S E.g 2rh=2r X—r
r
dM1: Attempts to substitute their s = iz o.e. such as hr = % into a correct expression for S
r

Sight of %rz x 0.8+ % > x 0.8+ rh+rh+0.8rh with an appropriate substitution

Simplified versions such as 0.87" +2rh+0.87h used with an appropriate substitution is fine.
Al*: Correct work leading to the given result.

S'=, S84 = or surface area = must be seen at least once in the correct place

The method must be made clear so expect to see evidence. For example

S=0.8r +2rh+0.8h= S =0.8" +2rxﬁ20+o.8rx6—020 = S5=08" +@ would be fine.

r r

: : ds . dy
(b)  There is no requirement to see d_ in part (b). It may even be called a
r

M1: Achieves a derivative of the form pr i% where p and ¢ are non- zero constants
r

Al: Achieves (d—SJ =1.6r— 1680

2
r r

d
dM1: Sets or implies that their d—S =0 and proceeds to mr* =n, mxn>0. It is dependent upon a
r

correct attempt at differentiation. This mark may be implied by a correct answer to their pr —% =0
r

Al: r=awrt10.2 or 3/1050
(c)

M1: Attempts to substitute their positive » (found in (b)) into [j >
,

2

:j et _J; where e and f'are non zero
r
and finds its value or sign.

2
Alternatively considers the sign of [j—s =je + = (at their positive 7 found in (b))

2
r

L

2 2

to be d'y

2 de

Condone the or being absent, but only for this mark.

r

2
Al: States that d—f orS"=1.6+ 33360
dr -

=awrt 5 > 0 proving a minimum value of S

.. . . d’s 3360
This is dependent upon having achieved r = awrt 10 and a correct ey =1.6+—;
r r

2 2
It can be argued without finding the value of 3—5 E.g. j—f =1.6+ 33360
r r r

minimum value of S. For consistency it is also dependent upon having achieved r = awrt 10

>0asr>0,so

&
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Question Scheme Marks AOs
1 2
40 -
Attempts either sin30 ~ 36 or cos40 ~1— ( 2) in 1292?;5 M1 1.1b
40)°
)

46) 2
Attempts both sin30 ~ 36 and cos46 ~1— ( - M1 2.1

P 2 20x30

and attempts to simplify

:% oe Al 1.1b

©)

(3 marks)

2
. 40)" . . .
M1: Attempts either sin36 =36 or cos4¢9z1—( 2) in the given expression.

See below for description of marking of cos46

2
. 40
M1: Attempts to substitute both sin36 ~ 36 and cos46 ~ 1—u

2
o[-

T 20%30

and attempts to simplify.

2
Condone missing bracket on the 46 so cos46 zl—%would score the method

Expect to see it simplified to a single term which could be in terms of &
Look for an answer of k but condone k& following a slip

Al: Uses both identities and simplifies to - or exact equivalent with no incorrect lines BUT allow

3
- 46°
recovery on missing bracket forcos46 ~1— -
40)°
@)
2
Eg. _80 4 is M1 M1 A0

20x30 60 3
Condone awrt 1.33.

1-cos49 1-(1-2sin°20) 2sin’20 2x(26)° 4

" 20sin30  20sin39  260sin30  20x30 3
M1 For an attempt at sin36 ~ 3@ or the identity cos46 =1-2sin’ 26 with sin20 ~20
M1 For both of the above and attempts to simplify to a single term.

Al ioe
3

Alt

€.
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Question Scheme Marks AOs
4 Examples:
2 2
4sing ~ 4(gj 3cos?0~3 1—9—
2 2 2
3cos’ @ =3(1-sin’0) ~3(1-0°) M1 11a

cos26 +1 2
3c0329=3—( a )zg(l—%+1J

2 2
Examples:
2 2
4Sing+300526’z4[gj+3 -9
2 2 2
4sin§+3cosz0:4(§]+3(1—sin2B)z2¢9+3(1—492) aMm1 | L.1b

20 +1 2
4sing+300526:4sin§+3uz4 01,3[1-40"
2 2 2 2 2 2

= 29+3(1—92 +...) =3+20-307

Al | 21
®)

(3 marks)

Notes

M1: Attempts to use at least one correct approximation within the given expression.
2

Either sinE == or cosé zl—? ore.g. sin@ ~ @ if they write cos* @ as 1—sin” @ or e.g.

20’
cos 20 zl—% (condone missing brackets) if they write cos” & as 1+cos20 .

Allow sign slips only with any identities used but the appropriate approximations must be
applied.

dM1: Attempts to use correct approximations with the given expression to obtain an expression
in terms of & only. Depends on the first method mark.

Al: Correct terms following correct work. Allow the terms in any order and ignore any extra
terms if given correct or incorrect.
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5.2 Small Angle Approximations
Question Scheme Marks AOs
One of ftan26 =60x20 or 1-cos36 =1—(1— (3? ) or equivalents. | Bl 1.1a
ftan20  Ox20
1-cos36 1_(1_@) ML | 21
:g or exact equivalent. Al 1.1b
3
(3 marks)
Notes

Al:

B1:

M1:

39)°
Award this mark for ftan 260 =% 26 or 1-cos360 :1—{1—%] or equivalents.

May be seen when working on numerator or denominator separately or within the
fraction.

2
This is a B mark so if awarding for cos36 do not condone missing brackets e.g. 1—%
unless they are recovered or are implied by subsequent work.
Attempts to use both correct small angle approximations in the given expression.

39)°
For this mark they must have attempted to use tan26 =26 and cos36 :1—% in the

. . ) Ox20 6x260
given expression but condone poor bracketing e.g. e.g. T
- T

—1 (1_3%2) or
ftan 260

Do not allow e.g. 020 as this suggests they are approximating

_ @ cos 360

Correct value. Do not allow rounded decimals e.g. 0.444 but allow if recurring decimals

are clearly indicated e.g. 0.4 Do not allow e.g. % Ignore any units if given.

Isw once a correct answer is seen.

Examples:
0x20 _g[or _gj
1-(1-%) 3 3 (Missing brackets not recovered)
6x260

g scores BIMOAO
1-60 (Missing “1 — in the denominator so MO0)

Liz scores BIMOAO
1+(1—%) (Has “1 +* in the denominator so M0)

Ox0 scores BOMOAO

scores BIM1AO

1,(1,£) = (The B mark could be recovered but MO
’ because of the incorrect numerator)
020 ::—zzzg scores BIM1A0
1-(t-7) > (Missing brackets recovered)
6x20 Scores BLMOAO

(The denominator suggests an incorrect
expansion — unless it was recovered.)

1-{1-(%)')

€.
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B1IM1AO0

‘gxzf -2 (The B1 is awarded for the numerator but

96* 18 A :

Ty can be implied by the denominator.
The M1 is implied)

0x20 4 B1IM1A1l

1-(1-%) ) (The correct value implies correct recovery

of missing brackets.)

Note that other approaches are possible using identities.
In such cases we will allow correct work leading to an expression that if terms in 6 and

higher can be ignored will lead to g

But to score the M mark they must be using correct identities and correct approximations
but condone bracketing errors as in the main scheme.

Examples:
gy 20 2
sin 20 1 (20)°
otan20  ““cos20 . 2 200 2 48
1-c0s30 1-—cos30 . [1 30) ] 1-26° 9% 967 186"
_40° _4
20> 9
Scores BIM1A1l
. Qtan20 0xsin 20 0x20 20> 2
Similarly: = tc

1-cos36 - cos26(1-cos36 - 2
S

(36)° N “1-20° 967
2

400 404
960 -180* 96> 9
Scores BIM1A1l

ftan20  Oxsin20 0x20 _ 200 2
1-c0s30 0s260(1-cos30) (  (2p) 2\ 1-26* 96
)

4 4 4
9% -186"

T 9-189° 9

Scores BIM1AO
(They cannot just assume the term in 62 is 0 unless they provide a convincing limiting

argument e.g. I|m = 4 or equivalent)

4
-09-186° 9

< QUESTION
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Scores BIM1AO

2tan@ 20

otan20  ““1"w@n’e O ¢
1-c0s30 1—(4cos*@-3cosd) AN 2
( )[40 o1
2 2
Scores BIM1AO

Note that attempts to use expansions in higher powers of #should be sent to review.
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4 210 2 o N ,
Al: Exz —?xz +c¢ and including the constant or simplified exact equivalent such as

9

must be in their lowest terms and indices processed.
5 3 5 3

Do not accept e.g. 0.267x2 —1.11x2 +¢ but allow 0.26x2 —1.1x2 +¢

Isw once a correct answer is seen but withhold this mark if there is spurious notation around
3

5
their final answer e.g. J%xz —?xz +c¢ dx is M1A1dM1AO

3
4 = 10 15 4 .5 10 4 1 2 2 x2 .
—VX ——A/x  +cor —x7 ——x"4+c or —|12x* =50x2 |+¢ or —(12x—50)+c. Fractions
15 9 15 45 45( )

Alternative method using integration by parts example
1 3 3
Ml: eg. fxz (2x - 5) dx=..x2(2x-5) —f...xz dx (applies integration by parts correctly to typically
achieve this form — the (2x - 5) may also be split up as well — send to review if unsure how to mark)

1 1 3 1
This may also be done the other way round e.g. fxz (2x=5) dx=.x2(x* —Sx)—J‘...x2 +..x2 dx

The % does not need to be considered for this mark.

Al: A correct intermediate stage applying integration by parts with correct coefficients.

1
2(2x-5 3 ox— 3
e.g. J% dx= %xz (%j - ngz dx (or unsimplified equivalent).

Coefficients must be exact. (See main scheme notes above) The other way round this could appear as

1
3 1

x5(2x—5) 1L, l¢ = 5 o L

e.g. EE— dx= gxz (x” =5x) —gsz —5x? dx. Condone a missing dx. May be implied.
3 3

dM1: Increases the power by one on an x" term where 7 is a fraction e.g. I...xz dx —...x? The index

does not need to be processed. It is dependent on the previous method mark.

4 > 102
Al: Exz —Exz + ¢ or exact simplified equivalent. (See main scheme notes above)

Alternative method using the substitution method
1

Ml:  eg letu=x>= j...u“ +..u” du (uses a substitution to express the integral in terms of another

variable. Allow slips with the coefficients, but the indices should be correct for their substitution)

The % does not need to be considered for this mark.

4 2
Al:  eg. 4%—1%

notes above). May be implied by further work. Condone a missing dx.

du or unsimplified equivalent. Coefficients must be exact. See main scheme

dM1: I...u“ +.u> du — .2’ +..1° (increases the power by one on at least one of their indices — does not

need to be processed. It is dependent on the previous method mark.

4 210 3
Al: Exz —?xz +c or exact simplified equivalent. (See main scheme notes above)

There may be alternative substitutions, but the same marking principles apply.

&
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Question Scheme Marks AOs
2(a) (f(a)=) 4a’ +5a° -10a+4a=0=a(..) =0 Ml 3.1a
a(4a’> +5a-6)=0 * Al* 1.1b
(2)
b)(i 3
®) a=2> Bl | 22a
(ii) 4x° +5x° —10x+4><"%"=3:> 4x° +5x* —10x (=0) M1 1.1b
x:_Si— V185 Al 1.1b
8
“4)
(6 marks)
Notes
(a)

Ml1: Attempts f(a)=0leading to an equation in a only and attempts to take a factor of a out. Condone

slips. The = 0 may appear on a later line which is fine, but must be seen at some point in their
solution in part (a).

Al1*: Achieves the given answer with no errors including brackets.
Minimum acceptable is 4a’ +5a*> —10a+4a =0= a(4a’ +5a—6) =0

If the = 0 is absent at the start of their solution, it must appear before achieving the given answer.
Do not allow attempts to find the value of a and substitute that into f(x)

More difficult alternative methods may be seen:

Alt 1: You may see attempts via division / inspection

4x’ +(5+4a)x +(=10+5a+4a*)
x—a>4x3 +5x° —10x +4a
4x’  —4ax’
(5+4a)x’ —10x
(5.4 da)? (54 da)x Then sets remainder —6a +5a” +4a’> =0
(-10+5a+4a*)x +4a

(-10+5a+4a*)x—a(-10+5a +4a”)

—6a+5a° +4a’

M1: For dividing the cubic by (x—«) leading to a quadratic quotient in x and a cubic remainder in a
which is then set = 0 and attempts to take a factor of a out.

Al1*:  Completely correct with a(4a’ +5a—6)=0
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Alt 2: You may also see a grid or an attempt at factorisation via inspection

A +(5+4a)x  +(=10+5a+4d>)
x 4x* +(5+4a)x (-10+5a+4a*)x
—a —4ax’ —a(5+4a)x  —q(-10+5a+4a”)

OR 4x’ +5x* —10x +4a=(x—a)(4x’ + px—4) which should be followed by equating the x terms

and x” terms to form two equations which can be solved simultaneously.
—10=—ap—4 and 5=—4a+p= p=5+4a

=-10=—a(5+4a)-4=4a’ +5a-6=0=a(4a’ +5a—6)=0
The above are examples. There may be other correct attempts so look at what is done.

M1: For an attempt to set up two simultaneous equations by equating coefficients for x and equating
coefficients for x*. Condone slips.

Al*: 4a° +5a—6=0= a(4a’ +5a—6) =0 Completely correct with no errors.

(b) Mark (i) and (ii) together

(i

B1l:  Deduces that a :% only. May be implied by their resultant cubic. If they do (b)(ii) multiple times
using other roots for which a = %, then the solutions arising from using the other roots a = % must

be rejected
(i)
MI1: Attempts to substitute their a :% (which must be positive) into f(x), sets their f(x)=3 and

collects terms on one side (= 0 may be implied). Condone arithmetical and sign slips. Condone if
they repeat this step using their other root(s).

BI: (x=)0

—5+/185
8

Al: (x =) (and these values only) or exact equivalent (ignore O for this mark). Withhold this

mark if the fraction line was clearly not intended to be under both terms. This mark cannot be scored

if they proceed directly to the roots from 4x’ +5x* —10x without taking a factor of or dividing by x
first to see the quadratic factor. Isw once the correct answers are seen if they proceed to

provide rounded answers after.
54/
eg.  4x +5x°—10x +4><'%"=3:0,5_Tlgs

—5++/185
8

is MOB1AO

is M1B1AO

—5++/
% is M1BOA1

-5++185
8

eg.  4x+5x"-10x=0=0,
e.g. 43’ +5x* -10x =0 = 4x" +5x-10=0=>

e.g. 4x’ +5x> =10x =0=> x(4x* +5x—-10) =0 = 0, is MIB1A1
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Question Scheme Marks | AOs
3(a) (ﬁz)\/susuf =38 * Bl* | 1.1b
1)
b J .
®) [0B|=V2* +4 +a* =20+a*> sowhen a=5 [0B]=+20+25=45 MI | L.1b
=5 Alcso | 2.3
(2)
(3 marks)
Notes
(a)

Bl*: Shows the magnitude of [04] is /38 . Must see v/5” +3” +2> or e.g. v/25+9+4. We need to see how

the value 38 or /38 is formed using the three components. Withhold this mark for incorrect
working such as m =543 +2°=38= @ =+/38 but do not penalise poor notation to denote
vectors or the magnitude as long as the intention is clear as to what they are finding (O4 instead of
@ is fine). Do not penalise if their square root does not go fully over all three terms as long as the

intention is clear. May find m instead which is acceptable.

(mz :) 25+9+4=38= (|07¢ :) 38 scores Bl (we see how 38 is found)

(mz :) 25+9+4=/38 scores B1 (we see how 38 is found)

25+9+4=+/38 scores B0 (they are not equal)

(|52|2 :) 38— (|52| =) V38 scores BO (no method seen to show how 38 is found)

(b)

Ml1: Attempts to find @ (or |O—B|2) in terms of ¢ and substitutes in a positive integer for a to find a value
for |0—1ﬂ (or |0—sz ).e.g. @ =+20+a> = when a=2=+/24 . Also accept e.g. |B—0| (or |B—O|2).
Alternatively sets up an equation or an inequality e.g. v20+a® >~/38 and proceeds to a> >... (or
a® =...) . Condone sign slips in their rearrangement only.

Allow the use of =, < or > for this mark. "20"+a"... 38 = ¢°..."18"
(may be implied by sight of \/18 =4.24...)
Al: 5 cso (answer on its own with no incorrect working seen scores M1A1). Withhold this mark if W

(or @2) is incorrect (or |§5| or wz) . Do not be concerned with the notation as long as the
intention is clear or implied as to what they are trying to calculate (the calculations must be correct)
Withhold this mark if at any point they set |O—B| < @ but accept an argument leading to an answer of
5 from either w > m or @ =|O—A¢
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Question Scheme Marks | AOs
1 o’
2a+—|1-=2— M1 1.2
1 o’ 1 &
20+=|1-—— |=0=22a0+———"-=0 = a=.. .
a 2[ 2} a > a dM1 1.1b
a =-0.243 (3dp) only Al 2.3
3)
f’(O)z%cosO:...:yz...x+3 Ml 1.1b
1
y=5x+3 Al 1.1b
(2)
(5 marks)
Notes

(@)

Mi1:

Al:

dM1:

Accept to be in terms of « or another variable e.g. x
Note: —0.243 with no working is 0 marks

2
. X o
Fully substitutes cosx =1 Y into the derivative.

Attempts to multiply out to achieve a 3TQ (= 0) and attempts to find a value for « . Condone slips.
Allow solving the quadratic via any method (usual rules apply).

If they use a calculator then you may need to check this.

(a :) —0.243 only cao Can only be scored provided a correct 3TQ is seen. If both roots found then

the other one must be rejected (or a choice made of —0.243 e.g. underlining it or a tick)

Condone x =-0.243

(b)
MI:

Al:

Attempts to find the gradient of the curve when x =0 and achieves an equation of the form
y="f'"(0)"x+3.

x =0 must be fully substituted in and a value must be found for the gradient. Do not allow this mark
if they attempt to use a changed gradient e.g. the gradient of the normal.

Also allow attempts using the small angle approximation:

2

f'(x)z2x+%[l—%] when x=0, f’(O)="%":y="f’(0)"x+3

1 . . . . .
y= Ex +3 or equivalent in the form y =mx+ ¢ isw Stating just the values m = 0.5, ¢ =3 without

the correct equation is A0
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6(a) (2X)2 2
Attempts cos? (2x) = 1=~ =..(1-4x" +4x*) M1 | 11b
1-cos’ (2x) 1 —(1-4x* +4x") = 4x* —4x* Al* | 11b
)
(b) 1—COSZ(2X) ~4x2—4x4
. (xj (X]~ (xj(x] M1 1.1b
sin| — [tan| = =
3 2 3)\ 2
=£2(4x2—4x“)=24—24x2 Al 2.1
X
)
(© 24 Blft | 2.2a
If x is (very) small, then any terms in x> are negligible. dB1ft 2.4
)
(6 marks)
Notes
(@)

2
M1:  Attempts to use cosé zl—% with 8, 26, x or 2x and squares the resulting expression.

2\2

Condone poor squaring, e.g.,(1—2x2 )2 =1-4x" or missing brackets [1—2%] = (1—x2)2 =...

2
but not e.g. cos2x ~ 2[1—2}

May be implied by e.g. 1—(1—2x2)2 =2x? (2— 2x2) from difference of two squares.
AL*:  Correct proof with an intermediate line such as 1—(1—4x* +4x*)

Do not be concerned if the LHS does not appear and ignore any spurious = 0 in their work.
There should be no obvious incorrect statements in the proof e.g. 1—(1+ 4x° —4x4)

Do not condone incorrect work including invisible brackets such as 1—-1—4x* +4x* or

2
[1—2%] but condone a missing trailing bracket e.g. 1— (1—4x* +4x*

Condone an attempt that starts in stages, which may not deal with the full expression e.g.,
4x? - : . :
1—(1—%} - 1—(1— 2% )2 =... has a missing square on the first bracket but is recovered in

the next stage/step.
The final line should be in terms of x but condone a slip to e.g. @ in the workings of the proof.
If they complete the proof using € they must revert to x to score this mark.
Special Cases: In each of these cases below, please send to review.
You may see attempts that use e.g.

1 1
e COS2Xx=42c0s> x+1 or COSZZX=i—iECOS4X

e C0s2x=+1+2sin?x followed by the small angle approximation for sin x
e Maclaurin expansions

&
RA
199



MARK SCHEME - Paper 2: Pure Mathematics 2 - June2025 - Q6 5.2 Small Angle Approximations < QUESTION

(b)
M1:  Uses the given answer to part (a) and writes sin [gj and tan Gj using correct small angle
approximations. Only allow misreads that are clearly misreads e.g. they cannot replace

tan gj with g unless tan (gj is seen first. In such cases they will lose the A mark in (b) but

both of the marks in (c) are available. Condone mixed variables for this mark.

Al:  24-24x* but condone e.g. 24 +—24x* ore.g.a=24and b =-24
Condone recovery of missing/invisible brackets but the work must otherwise be correct.
Do not condone mixed variables being recovered unless explicitly replaced with x before
cancelling x2.

No marks are scored in (b) for using the Maclaurin expansions for sin(%) and/or tan (g)

(c)
B1ft: 24 but this must follow from the non-zero constant term in their answer to (b).
Do not allow e.g. x =24
Allow follow through on their non-zero constant term from a polynomial in x.
dB1ft: Suitable reason given but it should refer to their x* term in some way (and any additional
terms if they have any). Ignore spurious remarks e.g. “if x < 1” unless contradictory.
Dependent on the previous B1ft mark.
Some acceptable examples:
e "24"x* >00r x* >0
e “We can ignore the x° term”
e “x?is much smaller than 24”
e Asx— 0 their a+bx?> — a (condone as x — 0, bx? “becomes” 0)
. 2 2
o lima+hx” = (a+b(0) ) =a

e Since x is very small, 24 — 24(0)? = 24 (and condone if the squared is missing).

They cannot just substitute in 0 or a very small value for x to score the mark for the reason.
A reason such as “the answer rounds to 24” is not acceptable.

There must be some justification, either “as x — 0” or “since x is very small”

S0 e.g. “24 — 24(0)? = 24 on its own scores B1ft dBOft

This mark may be scored from any polynomial in x that includes at least a constant term and

an x? term.
4
They cannot go back to e.g. 4x* or fi and say this is negligible or — 0 as they haven’t

6

dealt with the x in the denominator.

7
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5.3 Trigonometric Functions, Graphs and E...

< QUESTION

Question Scheme Marks AOs
9 B
a=|—| or a=—
4 6
or Bl 2.2a
3
f=——
4
. 9
Z(Ej cos(180n)°=—16___ M1 | 3.la
4 3
n2 1-|—
-
=28 Al 1.1b
(3)
Alternative 1:
. 3
Z(E) cos(180n)° = 43 =. orr=-= B1 2.2a
= 1)
0 3 n 3
—| cos(180n) " =———| ——
Z(J (180n) ( 4) M1 | 3.1a
_ 9. *
8 Al 1.1b
Alternative 2:
o 3 n . 3 2 3 3 3 4
— | cos(180n) ={—=| | =] +|—=| —...
Z(J ason)*~(3] (3] +(3) S
3\ (3) 3) (3Y
33 ~3-3)
B Bl RO Rl
4 4) 7 4) l1-3) 4 4) 7 \a) 1=y M1 3.1a
o n 2 3
33326 25
n=2 4 4 1_(1) 4 1_(1)
_ 9. *
=23 Al 1.1b
Alternative 3:
© n . 3 2 3 3 3 4
— | cos(180n) =S=|—| —|=| +|—=| —
D3] costasony=s (3] (3] () o | 222
3)2 3) (3) 3V (1 7 9
== 1=+ =] - |=]| =] |=+S |=>—S=—=S= .
(4)( (4) (J J @ (4 j 16~ 64 ML | oda
_i* *
=8 Al 1.1b
(3 marks)
Notes
A
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B1: Deduces the correct value of the first term or the common ratio. The correct first term can be
seen as part of them writing down the sequence but must be the first term.

M1: Recognises that the series is infinite geometric and applies the sum to infinity GP formula

with azi and r:i§

16 4

Al*: Correct proof

Alternative 1:

B1: Deduces the correct value for the sum to infinity (starting at n = 1) or the common ratio

M1: Calculates the required value by subtracting the first term from their sum to infinity

Al*: Correct proof

Alternative 2:

B1: Deduces the correct value of the first term or the common ratio.

MZ1: Splits the series into “odds” and “evens”, attempts the sum of both parts and calculates the

required value by adding both sums

Al*: Correct proof

Alternative 3:

B1: Deduces the correct value of the first term

M1: A complete method by taking out the first term, expresses the rhs in terms of the original
sum and rearranges for “S”

Al1*: Correct proof

&
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Question Scheme Marks AOs
2(a)
2 continued
y 1
y=2X+ 3
Bl
™~ ydl . 3.1a
{:\;mm 1
For an allowable linear graph and explaining that there is only one B1 94
intersection '
)
(b) 1 x? 1
B IV L _ox—== M1 1.1b
COS X —2X > 0=1 5 2X > 0
Solves their x* +4x—-1=0 dm1 1.1b
Allow awrt 0.236 but accept —2+ J5 Al 1.1b
@)
(5 marks)
(@)
1
B1: Draws Y = 2X+— on Figure 1 or Diagram 1 with an attempt at the correct gradient and the correct

2

intercept. Look for a straight line with an intercept at ~ % and a further point at - [% Jij Allow a tolerance of
2
0.25 of a square in either direction on these two points. It must appear in quadrants 1, 2 and 3.
B1: There must be an allowable linear graph on Figure 1 or Diagram1 for this to be awarded
Explains that as there is only one intersection so there is just one root.
This requires a reason and a minimal conclusion.
The question asks candidates to explain but as a bare minimum allow one "intersection”

Note: An allowable linear graph is one with intercept of J_rE with one intersection with cos x OR gradient of

+2 with one intersection with cos x
(b)
XZ
M1: Attempts to use the small angle approximation cos x =1—7 in the given equation.
The equation must be in a single variable but may be recovered later in the question.
dM1: Proceeds to a 3TQ in a single variable and attempts to solve. See General Principles
The previous M must have been scored. Allow completion of square or formula or calculator. Do not
allow attempts via factorisation unless their equation does factorise. You may have to use your calculator
to check if a calculator is used.

Al: Allow —2++/5 or awrt 0.236.

Do not allow this where there is another root given and it is not obvious that 0.236 has been chosen.

€.
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Question Scheme Marks AOs
2(a)(
@0 e.g. (u, :)35+7cos(%j—5(—1)1 =40 * B1* | 2.1
) 2 3
u, = 40+7cos(7ﬁj—5(—1)2 (=28) or u,="28"+ 7c0s(7ﬂj—5(—1)3 (=33) M1 | 1Llb
u, =28 and u, =33 Al 1.1b
(€))
(b)(i) (us =)35 B1 22a
25
(ii) €.g. Y u, =6(35+40+"28"+"33")+35 M1 3.1a
r=1
=851 Al 1.1b
A
(6 marks)
Notes
(a)
)
B1*: Correct application of the formula with n = 1 and proceeds correctly to achieve an answer of 40 with

no errors. Note that e.g., (u, =)35+ 7cos(357”j ~5(~1)" =35+0+5=40 scores B0

As a minimum need to see e.g. (1, =)35+ 7cos(%) - 5(—1)1 =40, 35+0+5=40, 35+5=40, 35— 5(—1)1 =40
(i)
M1: A correct attempt to use the formula to find a value for u; or u,
Look for n = 2 substituted correctly into the given formula with u, =40. May be implied by u, =28
Or their calculated value of #; used with n = 3 substituted correctly into the given formula to find u,
Condone use of calculator in degree mode which gives u, =41.989... which may imply this mark if no

working is shown. If there is no working and u, is incorrect and u, is correct score MOAO
Al: Both correct u, =28 and u, =33 If 28, 33 are listed then allow M1A1.
For both correct values only score M1A1

(b)(®
B1: (u;=)35
(i)
25
M1: Attempts a correct method to find Z u,

r=1
There are various ways e.g. attempts to add 35 to 6xthe sum of their four values.
Some other examples are:

25 25
Zur =7%x35+6x40+6x"28"+6x"33", Zur = 7(35+40+"28"+"33")—(40+"28"+"33"),
r=1 r=1

25
Zur =?(35+40+”28”+"33")+1, 2(35+40+"28"+"33")=272, 272x3 =816, 816+35
r=l1

There may be other methods seen but the calculation must be correct for their values.
If there is no working, with incorrect u, and/or u, you will need to check if their answer implies a
correct method using 6(35+40+"28"+"33")+35

Attempts to use an AP/GP formula score M0
Al: 851 (Correct answer with no working scores both marks)
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Question Scheme Marks | AOs
6(a) 1 M1 1.1b
f'(x)=)4 —x -3 )
(F=) cos(zxj Al | Lib
1
Sets f'(x):4cos(§xJ—3=O:>x= dM1 3.1a
x=14.0 Cao Al 3.2a
4)
) Explains that f(4) >0, f(5)<0 Bl 24
and the function is continuous ’
(€))
() o 8sin2.5-15+9
Attempts x, =3 == S 3 MI | LIb
(NB f(5)=-1.212... and f'(5)=-6.204...)
x, =awrt 4.80 Al 1.1b
(2
(7 marks)
Notes:
(a)

. . . 1 . :
M1: Differentiates to obtain k cos [5 xj + o where a is a constant which may be zero and

no other terms. The brackets are not required.

1 1 1
Al: Correct derivative f'(x) =4cos (—xj —3. Allow unsimplified e.g. f'(x) = 7 8cos (—xj _3x

2 2
There is no need for f'(x)=... or % =... just look for the expression and the brackets are not
required.
dM1: For the complete strategy of proceeding to a value for x.
Look for

. f’(x):acos(%xjﬂvzo, a,b=0

1
e Correct method of finding a valid solution to acos (5 xj +b=0

Allow for acos (%xj +b=0=cos (%x} =thk=>x= 2cos71 (ik) where |k| <1

If this working is not shown then you may need to check their value(s).

1
For example 4cos(§xJ—3=O:>x=1.4... or11.1... (or 82.8... or 637.... or 803 in

degrees) would indicate this method.
Al: Selects the correct turning point x =14.0 and not just 14 or unrounded e.g. 14.011...
Must be this value only and no other values unless they are clearly rejected or 14.0 clearly
selected. Ignore any attempts to find the y coordinate.
Correct answer with no working scores no marks.
(b)
B1: See scheme. Must be a full reason, (e.g. change of sign and continuous)
Accept equivalent statements for f(4) >0, f(5)<0e.g. f(4)xf (5) < 0,”there is a change of

EEINT3

sign”, “one negative one positive”. A minimum is “change of sign and continuous” but do not
allow this mark if the comment about continuity is clearly incorrect e.g. “because x is
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(c)
(5) . . . .
M1: Attempts x, =5 —% to obtain a value following through on their f'(x) as long as it is a

“changed” function.
Must be a correct N-R formula used — may need to check their values.

Allow if attempted in degrees. For reference in degrees f (5) =—5.65... and f'(5) = 0.996...
and gives x, =10.67...

f(5
There must be clear evidence that 5— f’(( 5; is being attempted.

(1
SSIH(2XJ—3X+9

4cos(;xj—3

BUT evidence may be provided by the accuracy of their answer. Note that the full N-R accuracy is

4.804624337 so e.g. 4.805 or 4.804 (truncated) with no evidence of incorrect work may imply the
method.

Al: x =awrt 4.80 not awrt 4.8 but isw if awrt 4.80 is seen. Ignore any subsequent iterations.

£(x,)

soeg X =x — F(x) = x, =4.80 scores MO as does e.g. X, =x—

=4.80

Note that work for part (a) cannot be recovered in part (c)

Note also:

£(5)

—% =awrt 4.80 following a correct derivative scores M1A1

5 f(S) # awrt 4.80 with id that 5 f(S) ttempted MO
G) awrt 4.80 with no evidence tha 5) was attempted scores
INA
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13(i) (n=)3 B1 2.2a
@)
(i) 30 solutions or e.g. each interval of length 7 has 6 solutions B1 2.2a
e.g., Each interval of length 7 has 6 solutions, and there are 5 4Bl 94
intervals of length 7, so 5x6 =30 solutions. '
0]
(3 marks)

Notes

(i)

Bl. cao(n=)3
(ii)
B1:

Either:

e Deduces 30 solutions

e or deduces the correct total number of solutions for sin(nx) = k and sin(nx) = -k
(or sin?(nx) = k?) in any relevant interval (0 to 7z, 27, 47 or 57)

e or deduces the correct number of solutions in 0 to 5« for either sin(nx) = k
or sin(nx) = -k

o or deduces the correct total number of solutions for sin(x) = k and sin(x) = -k
in any relevant interval (0 to , 27, 47 or 57)

dB1l: Requires 30 (solutions) and correct justification comprising all the elements in one of the
bullet points below. See the tables on the next page for the correct values.

e Deduces the correct total number of solutions for sin(nx) = k and sin(nx) = -k
(or sin?(nx) = k?) in any relevant interval (0 to z, 27 or 4z) and scales the interval to
Otob5x

e or deduces the correct number of solutions in 0 to 5z for sin(nx) = k
and for sin(nx) = —k and then adds

e or finds the total correct number of solutions for sin(x) = k and sin(x) = -k
in any relevant interval (0 to 7, 27z, 4z or 5z) and then scales the interval to 0to 5z and
multiplies by 3

Just stating e.g. 2x6x 2.5 is insufficient for the dB1 mark without further justification.
There are many acceptable variations, and some examples are below and on the next page.

Some examples:

e 6 solutions in each interval of length = (B1) and 5 intervals of length ~ so 30 (dB1)

e 12 solutions in each interval of length 2z (B1) and 2.5 intervals of length 2z so 30 (dB1)
e 2 solutions for sinx =k up to 27, so for sin?x there are 4 per 2z (B1)

and since 0 < x<5xzthen 0<3x <157 so %x4=30 (dB1)

e Double the 6 solutions since sin(nx) = +k (or sin?(nx) = k) so 12 (B1) and so 24 in 4r,
hence 30 in 57 (dB1)
e 16 solutions for sin(nx) = k (B1) and 14 (solutions) for sin(nx) = -k — 30 (dB1)
1-cos(6x
e sin’(3x)= #

5x6 = 30 (dB1)

and as cosx = k has 5 solutions in 0 to 57 (B1) and so cos6x has

Graphical approaches may be used but these must be convincing, clearly showing the correct
number of solutions in one of the relevant intervals. Be lenient with the shape of the curve.

€
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e.g. 30 solutionsin 0 < x < 5m [with 6 solutions on, for example, either sketch below]
y=sin?(3x) 0 < x<m y=sin(3x) 0 < x<m

B R ——

Note that a suitable graph of sinx showing, e.g. 10 solutions up to 57, followed by 30
(calculation of x3 clearly implied) would also be eligible to score the dB1.

The following are examples of an incorrect justification but scores B1dBO for reaching 30:
e sin(nx) = k has 3x6 solutions in the interval 0 to 57, sin(nx) = —k has 3x4 solutions (in the
interval 0 to 57) so 18 + 12 = 30 solutions in total.

e sin(nx) = k has 15 solutions in the interval 0 to 57, so for sin?(nx) has 15x2 = 30 solutions
in total.

For reference, the tables below show the total number of solutions for each branch of sin®(nx) =k?
with n = 3 and the bold values score the first B1 provided they are in the correct interval.

0 <x<m 0 < x<2rm 0 < x<i4rm 0 < x<5m
sin(nx) =k 4 6 12 16
sin(nx) =—k 2 6 12 14
Total solutions 6 12 24 30

and n =1 for those that deal with nx (3x) last.

0 < x<m 0 < x<2nm 0 < x<4n 0 < x<57
sin(x) =k 2 2 4 6
sin(x)=—k 0 2 4 4
Total solutions 2 4 8 10
t.
IRA
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Question Scheme Marks AOs
13() y = cosec’d = % = —3cosec?dcosecd cot & B1 1.1b
dy _dy , dx
ix _do deo M1 1.1b
dy _ —3cosec®dcot & Al 11b
dx 2cos20 '
(3)
(b) y=8:>cosec36=8:>sin39=%:>sin9=% M1 3.1a
—3cosec? (”j cot (”j
6 dx 2COS(27Z)
6
or
M1 2.1
A
-3 " cosf® —3x8x 2
o 1 dy  sin®@ sing _ %
sing = > = ol ST = 1
X 2(1-2sin’0) 2(1_2Xj
4
=_—24-/3 Al | 2.2a
(3)
(6 marks)
Notes
(@)
—3cos &

B1: Correct expression for d_yseen or implied in any forme.g. ——
do sin* @

. d . .
M1: Obtains % =k cos28 or acos® @+ Bsin? & (from product rule on sindcosé)

and attempts dy _dy , dx
dx de& dé
Al: Correct expression in any form.
—3cos o 3
May see e.g.

2sin*@cos20’ 4sin*@cos@—2sin®*HOtan @
(b)

M1: Recognises the need to find the value of sin & or 8 when y = 8 and uses the y parameter to

_ . . . 1
establish its value. This should be correct work leading to siné = 2 ore.g. o =% or 30°.

M1: Uses their value of sin@ or @ in their g_y from part (a) (working in exact form) in an attempt
X

. d N
to obtain an exact value for d_y May be implied by a correct exact answer.
X
If no working is shown but an exact answer is given you may need to check that this follows their
ady
dx
Al: Deduces the correct gradient
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Question Scheme Marks AOs
15
@ x*tany =9 = 2xtan y + x* sec’ y%:o Xi i’ig
Full method to get ay in terms of x using
dx M1 1.1b
sec’y=1+tan’ y=1+f(x)
P Al* | 21
- =— .
dx (l+841j x* +81
X
(4)
(b) dy  -18x
dx x*+81
d2y —18x(x'+81)—(-18x)(4x®) 54(x"-27)
e t . g1) " e ML | 11b
(x*+81) (x*+81) Al 1.1b
2
States that when x < 4/27 = 372/ <0
yz7 =Y
when x=3/27 = —-=0
dx? Al 2.4
s d’y
AND when x > 4/27 :F>O
X
giving a point of inflection when x = 4/27
@)
(7 marks)
Notes:
(@)
M1: Attempts to differentiate tan y implicitly. Eg. tan y — sec? yg—y or cot y — —cosec? yg—y
X X
2 dy
You may well see an attempt tany :?: sec y& =..
1 1 3
When a candidate writes x®tany =9= x =3tan 2y the mark is scored for tan 2y —...tan 2 ysec’y
Al: Correct differentiation 2xtany + x* sec’ yj—y =0
X
Allow also sec’ yd—y = —g or 2x=-9cosec? yﬂ amongst others
dx X dx
M1: Full method to get g—y in terms of X using sec’ y =1+tan® y =1+f(x)
X
Al1*: Proceeds correctly to the given answer of Yy = _418)(
dx x"+81
©
A
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M1: Attempts to differentiate the given expression using the product or quotient rule.

Al:

Al:

vu .
For example look for a correct attempt at with u=-18x,v=x*+8Lu'=+18,v'= ...x3

2
Vv

ir18x(x4 +81)118x(ax3)

If no method is seen or implied award for 5
(x4 +81)

-1 -2
Using the product rule award for ilS(x4 +81) ile(x4 +81) xcxX

2y 54(x*-27 2 4
Correct simplified d—Z:(—) 0.e. such as dy _54x ~14%8

A (x* +81)° dx* (x*+81)°
2

dy 0= x* =27 = x =427

Alternatively score for showing that when a correct (unsimplified) o =
X

2
Or for substituting x =¥/27 into an unsimplified but correct %and showing that it is O
X

Correct explanation with a minimal conclusion and correct second derivative.
See scheme.
It can be also be argued from x' <27, x*=27and x*>27 provided the conclusion states that the
point of inflection is at x = /27

. . . . d’y ..
Alternatively substitutes values of x either side of ¥/27 and at /27, into d—y finds all three values and
X

2 ’
makes a minimal conclusion.
: . o dy : d’y d’y .
A different method involves finding p) and showing that o =0 and o =0when x =427
X X X

3 3
Fyr 9 _ 28328X° 4519 when x= 427

0 (x*+81)
Alternative part (a) using arctan

M1: Sets y:arctan%—>—=—><... where ... could be 1

A2 y= arctan%—>d—:
X

Al*: g—i = %x —g = ﬁ showing correct intermediate step and no errors.
1497 X XA
X

&
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Question Scheme Marks AOs
12 (a) States or uses cosecd = = B1 12
sing
. 1. 1-sin’@
cosecd—sind=——-sinf =— M1 2.1
siné@ siné@
2
=Cc_)S Hzcosexcgsgzcosecote * Al* 2.1
sind sind
(©))
(b) cosec X —sin x = cos x cot (3x —50°)

= cos X cot X = cos xcot (3x —50°)

cot x = cot(3x-50°) = x =3x-50° M1 3.1a
X =25° Al 1.1b
Also cotx = cot(3x—50°) = x+180° =3x—50° M1 2.1
x=115° Al 1.1b
Deduces x =90° Bl 2.2a
®)
(8 marks)

Notes:
(a) Condone a full proof in x (or other variable) instead of 8's here

B1: States or uses cosecé = L Do not accept cosecd = i with the & missing
sin

siné
M1: For the key step in forming a single fraction/common denominator
. 1 . 1-sin’d in?
E.g. cosecd—sin @ =——-sind =——— Allow if written separately _i—sin 0 =_L— S'_n 4
sind sing sing sing sind@

Condone missing variables for this M mark

Al1*: Shows careful work with all necessary steps shown leading to given answer. See scheme for necessary

steps. There should not be any notational or bracketing errors.

(b) Condone @'s instead of x's here

M1: Uses part (a), cancels or factorises out the €C0S X term, to establish that one solution is found when
X =3x-50°.
You may see solutions where cot A—cotB =0= cot(A-B)=0 or tan A—tanB=0= tan(A-B)=0.
As long as they don't state cot A—cot B =cot(A—B)or tan A—tan B =tan(A—B) this is acceptable

Al: x=25°

M1: For the key step in realising that cot X has a period of 180° and a second solution can be found by solving
X+180° =3x—50°. The sight of x=115°can imply this mark provided the step x =3x—50°has been
seen. Using reciprocal functions it is for realising that tan X has a period of 180°

Al: x=115° W.ithhold this mark if there are additional values in the range (0,180) but ignore values outside.

B1: Deduces that a solution can be found from cosx = 0= x =90° . Ignore additional values here.

Solutions with limited working. The question demands that candidates show all stages of working.
SC: cosxcotx =cosxcot(3x—50°) = cot x = cot(3x—50°) = x = 25°,115°
They have shown some working so can score B1, B1 marked on epen as 11000

&
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Question Scheme Marks AOs
12 (a) States or uses  cotg = $°5¢ B1 12
sin@
cos’d 1-sin’@
cos@cotf =— =— M1 2.1
sind sinéd
1 . .
=——-sIinfd=cosecd-sin g * Al* 2.1
sind
3)
Alt 2- Works on both sides
Question Scheme Marks AOs
12 (a) Statesoruses  cotg =Y or coseco =+ B1 12
sin@ siné
a2 2
LHS — _19—sin6=1 _sme o _ C(?S 99
sin 2s‘;n sin ML 21
RHS =cosé&cot = CO_S
sin@
States a conclusion E.g.
"HENCE TRUE",
Al* 2.1
IIQEDII
or cosecd-sing=cosdcotd o.e. (condone = for =)
3)
Alt (b)
Question Scheme Marks AOs
cos(3x—50°
cotx=cot(3x—50°):>c?sxz _ ( )
sinx  sin(3x-50°)
sin(3x—50°)cos x—cos(3x—50°)sin x =0 M1 3.1a
sin((3x—50°)—x)=0
2x-50°=0
X = 25° Al 1.1b
Also 2x-50°=180° M1 2.1
x=115° Al 1.1b
Deduces cosx =0=> x =90° B1 2.2a
®)
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Question Scheme Marks | AOs
16(a) dy ,
dy g 4sec’ttant M1 1.1b
Attempts —=—=—(=2tant)
dx  dx 2sec’ Al 1.1b
dt
A= Y 53,27 Ml | 2.1
43 dx 2 b
Attempts equation of normal y—7:—%(x—3) M1 1.1b
117
- . *
y=-mxt Al 2.1
&)
(b) _ 1)
Attempts to use seczt:1+tanzz:>yT3=1+[lej Mil 3.1a
2
-1
:>y—3=2+(x2) :>y=%(x—1)z+5 * Al* | 21
(2)
(b) Alternative 1:
yzé(x—l)z+5=%(2tant+1—l)2+5
| , , M1 3.1a
=§4tan t+5=2(sec t—1)+5
=2sec +3=y* Al | 21
(b) Alternative 2:
x=2tant+1:>t=tan](XT_l):y=ZSecz(tan](xT_1D+3
MIl 3.1a
2 -1 x—1
:>y=2(1+tan (tan (TD}J
NP E SN $3=t(o1y 45 Al | 21
y_ 2 - 2 .
(b) Alternative 3:
2
%zZtant=x—1:y=.[(x—1)dx=x7—x+c
, M1 3.1a
3 11
(37)>7=F"3+c=c=5
2
X 11 1 2 11 1 > 1 11 1 2
Lyt —=—x = e (x=1) o —=—(x— * Al 2.1
> x+2 2(x 2x)+2 2(x 1) 2+2 2(x 1) +5
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(©) Attempts the lower limit for k:
1 2 1 2
E(x—l) +5=—§x+k:>x —x+(11—2k)=0 M1 21
b —dac=1-4(11-2k)=0=k=..
43
=)= Al 1.1b
(k=)

Attempts the upper limit for &:
Vs 7T (7
(x,y)f:_% .t——Z:>x—2tan(—zJ+l =-1, y=2sec (_ZJ+3_7

Ml 2.1
(—1 7) y=—lx+k37=l+k:k=...
b b 2 2
13
=)—= Al 1.1
(k=)> b
43 13
— <= .
g < k< 2 Al 2.2a
&)
(12 marks)
Notes:
(a) Must use parametric differentiation to score any marks in this part and not e.g. Cartesian form
dy
. dy g . .
M1: For the key step of attempting ay = % There must be some attempt to differentiate both
dr

.. . . d
parameters however poor and divide the right way round so using ay = % scores MO.

This may be implied by e.g. %z 2sec’ t, %: 4sec’ttant, tzgzgz 4, %: 8 :%z 2

dy 4sec’ttant

Al: o

— Correct expression in any form. May be implied as above.
2sec” ¢

Condone the confusion with variables as long as the intention is clear e.g.

dy
—_— 2
% = % = 4secﬂ(z 2tan x) and allow subsequent marks if this is interpreted correctly
e 2sec’ x
t

M1: For attempting to find the values of x, y and the gradient at ¢ = %AND getting at least two correct.

. dy B o dy dy o7
Follow through on their o so allow for any two of x=3, y=7, oo 2(or thelraatt =7

Note that the x =3, y =7 may be seen as e.g. (3, 7) on the diagram. There must be a non-trivial

% for this mark e.g. they must have a %to substitute into.

. . . T .
M1: For a correct attempt at the normal equation using their x and y at ¢ = vy with the negative

dy

b arr == having made some attempt at . and all correctly placed.

reciprocal of their Eatt =7

. . . T
For attempts using y = mx + ¢ they must reach as far as a value for c using their x and y at ¢ = T

with the negative reciprocal of their %att = % all correctly placed.

&
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(b)

. o . 2
M1: Attempts to use sec’f=1+tan’ ¢ oe to obtain an equation involving y and (x—1)

E.g. as above ore.g. y=2sec’ t+3= 2(1+tan t)+3 2(1+(x21j J+3 for M1 and then

y=%(x—1)2+5* for Al

A1*: Proceeds with a clear argument to the given answer with no errors
Alternative 1:

MI1: Uses the given result, substitutes for x and attempts to use sec’ 7 =1+ tan’ 7 oe

A1l: Proceeds with a clear argument to the y parameter and makes a (minimal) conclusion e.g. “ =y”
QED, hence proven etc.

Alternative 2:

M1: Uses the x parameter to obtain ¢ in terms of arctan, substitutes into y and attempts to use
sec’t=1+tan’ ¢ oe

Al: Proceeds with a clear argument to the given answer with no errors

Alternative 3:

M1: Uses flx from part (a) to express %m terms of x, integrates and uses (3, 7) to find “c” to reach
a Cartesian equation.

Al: Proceeds with a clear argument to the given answer with no errors
Allow the marks for (b) to score anywhere in their solution e.g. if they find the Cartesian
equation in part (a)

(©)

M1: A full attempt to find the lower limit for .

%(x—1)2+5=—%x+k:>x2—x+(11—2k)=0:>b2—4ac=1—4(11—2k)=0:>k=...

Score M1 for setting %(x - 1)2 +5= —lx + k, rearranging to 3TQ form and attempts b’ —4dac..0

2
e.g. b’ —4ac>0 or e.g. b —4ac<0 correctly to find a value for £.
Al: k= % oe. Look for this value e.g. may appear in an inequality e.g. &k > %, k< %

An alternative method using calculus for lower limit:

1 1
(x 1) +5:>(z—x L x—-1=- :>x—2
1
= — = | —— 1
y=r-i(31) +5-
——lx+k:———l k=>k=
) g8 4 -
Score M1 for %} ="a linear expression in x”, sets = —%, solves a linear equation to find x and
. . . . 1
then substitutes into the given result in (b) to find y and then uses y = 5% + k to find a value
43 . . . . 43 43
fork. Al: k= < oe. Look for this value e.g. may appear in an inequality e.g. k > < k< <
Q7
RA
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An alternative method using parameters for lower limit:
1

2(2tant+1)+k

y=—%x+k:2seczt+3=—

:>2(1+tan2t)+3=—%(2tant+1)+k:>2tan2t+tant+5.5—k=0

4

b —dac=0=1-4x2(55-k)=0= k==

Sy . . 1
Score M1 for substituting parametric form of x and y into y = —5 X +k, uses sec’ f =1+tan’ ¢

rearranges to 3TQ form and attempts b’ —4ac...0 or e.g. b —4ac>0 or b —4ac<0 correctly to

find a value for £.
43 . . . . 43 43
Al: k =—oe. Look for this value e.g. may appear in an inequality e.g. k > < k< <

M1: A full attempt to find the upper limit for . This requires an attempt to find the value of x and the
value of y using ¢ = —%, the substitution of these values into y = —%x + k and solves for k.

Al: k= E Look for this value e.g. may appear in an inequality.

13

Al: Deduces the correct range for £: ? <k< >

. . 13 43 13 43 43 13
efk<E 5 ) <5k 5 g
Allow equivalent notation e.g (k 5 and k> 2 ] (k > Nk > 3 j ( 3 2}

Butnote.g. (kg%, k>§j, [k<13uk>£j, (kg% or k>%) and do not allow if in

terms of x.
13
8’ 2
There may be other methods for finding the upper limit which are valid. If you are in any
doubt if a method deserves credit then use Review.

Allow equivalent exact values for

A
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Question Scheme Marks | AOs
5
dy (2sin@+2cos@)3cosd—3sind(2cosd—2sinH) M1 | 11b
— = : > Al 1.1b
de (2sin6+2cos6)
Expands and uses sin® @+cos? @ =1 at least once in the numerator or the
denominator ; M1 31a
or uses 2sin@cos@ =sin26 in :—y: =
dae ... Csinfdcosé
Expands and uses sin? @+ c0s? @ =1 the numerator and the denominator
AND uses 2sin@cosé =sin26 in :ﬂ=+ M1 21
dé Q+Rsin26
3
d—y = 3_ = A Al 1.1b
do 2+2sin260 1+sin26
(5 marks)

Notes:
ML1: For choosing either the quotient, product rule or implicit differentiation and applying it to the given

d d
function. Look for the correct form of % (condone it being stated as %) but tolerate slips on the

i d(sin®) d(cosg) .
coefficients and also condone —do_ =+co0sé and —d0 =+siné@

2sin@+2cosf)x+...cos & —3sinf(+...cos G +...sin g
For quotient rule look for v ( ) - 2( )
do (2sin6+2cos6)

For product rule look for

% = (2sin6+2c0s0) " x+...c0s0 +3sin O x(2sin @ +2c0s0) * x(...c0s 0+ ...5in O)

Implicit differentiation look for(...cos @ +...sin @) y +(2sin &+ 2cos 6)% =...c0s6

. . dy - . dy
Al: A correct expression involving @ condoning it appearing as d_

X
M1: Expands and uses sin® @+cos® @ =1 at least once in the numerator or the denominator OR uses
2sin@cos@ =sin 26 in :ﬂ: -
do ... Csinfdcosé
M1: Expands and uses Sin @+ cos? @ =1 in the numerator and the denominator AND uses
2sin@cos @ =sin 26 in the denominator to reach an expression of the form d_y = L .
dé Q+Rsin26

3 3
Al: Fully correct proof with A = — stated but allow for example L
2 1+sin260

Allow recovery from missing brackets. Condone notation slips. This is not a given answer

€.
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Question Scheme Marks | AOs
4 C,: x=10cost, y=4+/2sint, 0<t<2z; C,:x*+y’=66
Way 1 (10cost)? + (4+/2sint)? =66 M1 3.1a
2 2 2 2 M1 2.1
100(1—sin“t) +32sin“t =66 100cos“t +32(1—cos”t) =66
Al 1.1b
_ Th2 4 =2 _1 2 _ 24 1
100—-68sin“t =66 = sin t—2 68cos"t+32=66 = cos t‘} dM1 1.1b
= sint=... = cost =...
Substitutes their solution back into the relevant original equation(s)
to get the value of the x-coordinate and value of the
. . M1 1.1b
corresponding y-coordinate.
Note: These may not be in the correct quadrant
S=(5+2,-4) or x=5\2, y=—4 or S = (awrt 7.07, —4) Al 3.2a
()
2 2
wayz | {cos’tesin’t=1=} (%J + [ﬁ] =1 {= 32 +100y* =3200}| \;, 31a
2 2 _ 2 2 M1 2.1
x_+66x:1 66y+y_:1
100 32 100 32 Al 1.1b
2 ~100x2 = 2112 -32y* +100y* =3200
32x +26600 100x* = 3200 ; y y dM1L 11b
X°=50 = x=... y =16 = y=..
Substitutes their solution back into the relevant original equation(s) to
get the value of the corresponding x-coordinate or y-coordinate. M1 1.1b
Note: These may not be in the correct quadrant
S=(5+2,-4) or x=52, y=—4 or S = (awrt 7.07, —4) Al 3.2a
(6)
Way 3 {C, X2 +y? =66 =} x=+/66c0sa, y=+/66sina
{C,=C, =} 10cost =+/66cosar, 4+/2sint=/66sincr " »
Jda
2 . 2
{cos’ a +sina =1=} [1OCOSt) + 4f2sint =
Je6 J66
then continue with applying the mark scheme for Way 1
Way 4 (10cost)? + (4+/2sint)? =66 M1 3.1a
— M1 2.1
100 1+cos2t 432 1-cos2t 66
2 2 Al 1.1b
50+50c0s2t +16 —16c0os2t =66 = 34cos2t + 66 =66
dM1 1.1b
= C0S2t=...
Substitutes their solution back into the original equation(s) to get the
value of the x-coordinate and value of the y-coordinate. M1 1.1b
Note: These may not be in the correct quadrant
S=(5+2,-4) or x=52, y=—4 or S = (awrt 7.07, —4) Al 3.2a
(©)
Note: Give final A0 for writing x = 5\/5, y=-4
followed by S = (-4, 54/2)
(6 marks)
Notes for Question 4
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4 C,: x=10cost , y=4+/2sint, 0<t<2z; C,:x*+y>=66
Way 5 (10cost)? + (4+/2sint)? =66 M1 3.1a
M1 2.1
10cost)® +(4+/2sint)” =66(sin*t ’t
(20cost)” +( J2sin ) (sin“t+cos“t) AL 11b
2 s 2. s 2 2 24 s 2
100cos” t +32sin“t =66sin“t +66cos°t = 34cos t =34sin”t dM1 11b
= tant=...
Substitutes their solution back into the relevant original equation(s)
to get the value of the x-coordinate and value of the
. ; M1 1.1b
corresponding y-coordinate.
Note: These may not be in the correct quadrant
S=(5+2,-4) or x=52, y=—4 or S = (awrt 7.07, —4) Al 3.2a
)
Way 5
M1: Begins to solve the problem by applying an appropriate strategy.
E.g. Way 5: A complete process of combining equations for C, and C, by substituting the
parametric equation into the Cartesian equation to give an equation in one variable (i.e. t) only.
M1: Uses the identity sint+cos®t =1 to achieve an equation in sin’t only and cos®t only
with no constant term
Al: A correct equation in sin’t and cos’t containing no constant term
dM1: dependent on both the previous M marks
Rearranges to make tant=...
M1: See scheme
Al: Selects the correct coordinates for S
Allow either S =(5~/2, —4) or S =(awrt 7.07, —4) or S=(+/50, -4) or S :(17% —4]
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Question Scheme Marks AOs
8(a) ( 1 N 1 =j cosecd +1+cosecd -1 B1 L1b
Way 1 cosecd—1 cosecOd+1 (cosecd—1)(cosecd +1) '
2sin@  2sin@
_ 2cosecéd EZcosece q. = 7 - . M1 1.1b
cosec’6d—1  cot?d 1-sin“d cos @
=2
ZCOSSCQ _ _2 » 5|n26’ — 2tan @sec O*
cot°@ sin@ cos” 6@
or Al* 2.1
2sin
> 20 =2tandsecd™*
0s° @
(3)
(@ “Meets in the middle”
Way 2 1 1 cosecd +1+cosecd —1
(LHS: + Ej Bl 1.1b
cosecd—1 cosecd+1 J(cosecd—1)(cosectd+1)
2cosecd 2cosecé
" cosec’9—1  cot?0 M1 1.1b
: fa2
RHS:Ztané’secezZS'?zz _sz 62’9
, e , cos sin @ cos AL* 21
=— ><sm2 = COSZEC =LHS ore.g. QED or e.g. Proven
sin@ cos” 6@ cot* @
(3)

Part (a) Notes
@ Condone a complete proof entirely in x (or another variable) instead of &

Condone “=” for “=”
Note that we are marking this as BAM1A1 not M1IM1Al
B1l:  Adds the fractions to obtain a correct single fraction (not fractions over fractions) in any
form. Condone missing brackets when they combine their fractions as long as they are
recovered to give a correct fraction.
This can be done in a variety of ways but when combined, the fraction must be correct e.g.
cosecd +1+cosecd —1 or 2cosecd or 2cosecd

(cosecO—1)(cosecd+1)  (cosecd—1)(cosecd+1)  cosec’d—1

ore.g. 1 N 1 _ sin@ N sin@ _ 2sin0  gte.
_1 1 _1 41 1-sin@ 1+sin@ | 1-sin’0
siné sin@
M1: Uses a correct Pythagorean identity anywhere in their attempt e.g.
cosec’d —1=cot* @, sin” @ + cos’d =1 etc. or equivalent
Al*: Correct work with all necessary steps shown leading to the given answer. See scheme for
the necessary steps. They need to proceed via sine and cosine to the given answer. There
should be no notational or bracketing errors and no mixed or missing variables. E.g.
we would consider cos® @ written as cos#” a notational error.
Condone reaching 2secé@tan9*

Way 2 (Meet in the middle)
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Bl: SeeWayl

M1: SeeWay 1

Al*: Correct work on the RHS with all necessary steps shown leading to showing the
equivalence with the LHS. See scheme for the necessary steps. There should be no
notational or bracketing errors and no mixed or missing variables.
For this approach there must be a (minimal) conclusion e.g. “= LHS”, “QED”, “Hence
proven” etc.

It is possible to start with the rhs e.g.:

2tandsecl = Zﬂxi
cosd cosd
_2sin@ 2cosecd
cos’d  cot?d
_ 2cosecd 2cosect
~ cosec’d—1  (cosecd—1)(cosecd +1)

cosecd +1+cosecd -1
(cosecd—1)(cosecd +1)

1 1
= +
cosecd—-1 cosecd+1

2cosecd
(cosecd—1)(cosecd +1)

M1:  Uses a correct Pythagorean identity anywhere in their attempt e.g.
cosec’d —1=cot? @, sin® @ + cos’d =1 etc. or equivalent

Al*: Correct work with all necessary steps shown leading to the Ihs. See scheme for the
necessary steps. There should be no notational or bracketing errors and no mixed or
missing variables.

B1l:  Correctly reaches 2tan@secd =

.},5‘
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8(b) 2tan 2xsec2x = cot 2xXsec2x Bl 2.2a

2tan2xsec2x—cot2xsec2x=0
=> sec2x(2tan 2x—cot 2x) =0

2tan2x—cot2x =0 = 2tan 2x=cot2x:>tan22x=%

or

2tan 2X—cot2x =0 = 22 2x _ c0s2x = 2sin?2x = cos? 2x

cos2Xx sin2x

= 2sin’ 2x =1—-sin?2x = sin’ 2x =%

or
2(1-cos’ 2x) = cos” 2x = cos’ 2X =§ ML | 21
or

4tanx  1-tan®x
1-tan’x  2tanx
= tan* x—10tan’ x+1=0

or
sin2x _ cos2x

2tan2x—cot2x=0=2 == = 2sin? 2x = cos? 2x
cos2x sin2x

2tan2x =cot2x =

2sin? 2x = c0s? 2x = 1—cos 4x = %(cos4x +1)= cos4x = L

K

=K:>x=3 or 2x=sin'—=K = x=

3
2x =tan™ K
2

T Ey
V2 V3
or
2x=cos‘1\/§= K :x:5
3 2
or M1 1.1b
tan? x =5+ 26 = x=tan‘1( 5i2\/5)
or

cos4x=l:>4x=cos‘1[1]=K:>x=1K
3 3 4

x =17.6°, 72.4° Al | 11b
(4)

(7 marks)

(b) Notes

A
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(b) Note that attempts solve an equation of the form:
2tan xsec X = cot 2xsec2x or e.g. 2tandsecd = cot 20sec 26 or e.g. 2tan#secd = cot 2xsec 2x
Will generally score no marks in part (b)

Condone the use of @ instead of x here.
B1l: Deduces the correct equation using the result from part (a)
M1: Factors out or cancels the sec2x to obtain ...tan2x+...cot2x =0 oe e.g.
..tan2x =+...cot 2x leading to an equation of the form:

tan?2x = oe e.g. cot® 2x = 1 where a >0

sin 2x « COS 2X
COS 2X sin 2x
cos® 2x = +1+sin? 2x to obtain an equation of the form sin*2x = £ or cos*2x =y oe

Or uses tan2x = and then sin? 2x = +1+cos? 2x or

e.g. cosec22x=% or sec? 2x = = where O<pB<lorO<y<l
e

2

1-tan® x . . .
Or uses tan2x = Zanx and cot2x ==———— to obtain a 3TQ in tan®x (or possibly
1-tan® x 2tan x
in sec’x)
Or uses tan2x = sin 2x and cot2x = C_OS 2x and then 2sin? 2x =+1+cos4x and
C0S 2X sin2x

2c0s” 2x =+1+cos4x to obtain an equation of the form cos4x=k, 0<k <1
M1: Correct order of operations from tan?2x =¢ or sin®2x = or cos’2x =y or cos4x =k

or equivalents e.g. COSECZZXZ% where ¢ >0 or O<fB<lor O<y<lorO<k<1l

leading to at least one value for x e.g. square roots, finds inverse tan/sin/cos/cosec and
divides by 2 or inverse cos and divides by 4

or from tan® x =k, k >0 which follows their equation (may need to check) and then
finds x =tan* vk
You may need to check their value(s) (in degrees or radians) to see if the correct order of
operations has been used. May be implied by e.g. 17.6° or 17.7° provided no incorrect
work is seen.

Al: Correct values. Allow awrt 17.6° and awrt 72.4°. The degrees symbol is not required.
Ignore any values outside the range (correct or incorrect) but if there are extra angles in
range score AO. Answers in radians score AO.

Note that some candidates may convert to sin x or cos x and then solve:

E.g.

SN2 a2 2
tan2ZX:E:M=E:M—>12COS4x—12c032x+1:0
2 COS” 2X 2 (Zcoszx_l)

4sin? xcos? x
or ————
(1—25in2x)

+ / +
= cos® x/sin® x = 3_6\/6 =cosx/sinx==+ 3_6\/6 = x=17.6°, 72.4°

These can be marked in a similar way.

—12sin* x—12sin’ x+1=0
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< QUESTION

Alternative not using part (a):

1 1
+
cosec2x—1 cosec2x+1

=cot 2xsec2x

2c0sec2x

—————— =C0t 2xsec 2x
cosec”2x-1

2cosec2x cos2x 1

. =— X = COSEeC2X
cot“2x sin2X CoS2X

= 2tan’2x=1= tanzzxzé

Score as:

M1: For correct work leading to one of the forms in the main scheme e.g.

tan?2x = oe e.g. cot’ 2x = L where ¢ >0
o

or

sin®2x = /3 or cos’2x =y oe e.g. cose022x=% or sec? 2x=1
e
where 0<pB<lor0<y<1

B1:  Any correct equation e.g. tan® 2x = % cot? 2x =2, sin®2x =% etc.

Then M1AL1 as main scheme

B:yfﬂ‘
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Question Scheme Marks | AOs
16 (a) | Attempts
y.%=(2sin2t+3sint)><16sintcost and uses sin2¢ =2sinfcost M1 2.1
Correct expanded integrand. Usually for one of
(R)=j 48sin® rcost+16sin’ 21 dr
(R):I 48sin’ ¢ cost +64sin’ tcos” ¢ dt Al L1b
(R)= I 24sin 2¢sin +16sin” 2¢ df
Attempts to use cos4t =1-2sin’ 2t:(1—8sin2tcos2t) Ml 1.1b
R:j 8—8cos4r+48sin’ rcosrdr  * Al* | 2.1
0
Deduces a :% Bl 2.2a
&)
b
(b) I 8—8cos4t+48sin’ rcost df =8¢ —2sin 47 +16sin’ ¢ 1[\;[11 12"11b
7 M1 2.1
8¢ —2sin4¢ +16sin’ z}“ =2n+442
[ o Al 1.1b
C))
(9 marks)
Notes:

(a) Condone work in another variable, say 6 <> ¢ if used consistently for the first 3 marks

M1: For the key step in attempting y.% =(2sin 2z +3sin t) x16sin¢cost with an attempt to use

sin2¢ = 2sinfcost

E.g.1

E.g II

y.%z(2sin2t+3sint)><ksintcost =(4sinzcost +3sint)xksint cost

dx . . . . . k .
y.az(251n2t+3smt)><ks1ntcost :(2s1n21+3smt)><jsm2t

Condone slips in finding % but it must be of the form ksintcost?

Al: A correct (expanded) integrand in ¢ . Don't be concerned by the absence of J or dr or limits

(R)zj 48sin’ tcost+16sin° 2¢ ds or (R):j 48sin’ fcost + 64sin’ cos” ¢ dt

but watch for other correct versions such as ( R) = J. 24sin2tsint +16sin’ 2¢ dt
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< QUESTION

Question Scheme Marks AOs
14(a) _ _a2\2
Attempts to use c052t=1—25in2t:yT4=1—2(X73j M1 2.1
(X _3)2 2 *
= y-4=2-4x 7=y =6-(x-3) * Al 1.1b
2
® M1 1.1b
4 M '
shaped
(3.6) parabola
Fully Al 1.1b
/ N correct
= sy | with
‘ends' at
—— ¥ 12e&
d X
— (5.2)
| Bl 2.4
Suitable reason : Eg states as X =3+2sint, 1< x<5
3
(c) Either finds the lower value for k=7
37 B1 2.2a
or deduces that k < n
Finds where X+ y =k meets y =6—(x—3)?
y y ( ) M1 3.1a
=k —x=6—(x—3)*and proceeds to 3TQ in x or y
Correct 3TQ inx X2 —7x+(k+3)=0
Al 1.1b
Ory y>+(7-2k)y+(k* -6k +3)=0
Uses b*—4ac=0= 49-4x1x(k+3)=0=k= vy
or M1 |21
2 2 37
(7-2k)"—4x1x(k*-6k+3)=0=k = e
37
Range of values for k= <k : 7 <k < e Al 2.5
®)
(10 marks)
(@)
.},5‘
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A1*: Proceedsto y =6—(X— 3)2 without any errors

Allow a proof where they start with y =6 —(X —3)2 and substitute the parametric coordinates. M1 is scored

for a correct cos2t =1—2sin’t but Al is only scored when both sides are seen to be the same AND a
comment is made, hence proven, or similar .

(b)
M1: For sketching a M parabola with a maximum in quadrant one. It does not need to be symmetrical
Al: For sketching a M parabola with a maximum in quadrant one and with end coordinates of (1, 2) and

(52)

B1: Any suitable explanation as to why C does not include all points of y=6—(x—3)?>, xeR

This should include a reference to the limits on sin or cos with a link to a restriction on x or y.
For example

‘As —1<sint <1 then 1< x <5’ Condone in words ‘X lies between 1 and 5° and strict inequalities
‘As Sint<1 then x <5’ Condone in words ‘X is less than 5’

‘As —1<cos(2t)<1 then 2<y<6 > Condone in words ‘y lies between 2 and 6’
Withhold if the statement is incorrect Eg "because the domainis 2<x<5"
Do not allow a statement on the top limit of y as this is the same for both curves

(©
B1: Deduces either

o the correct that the lower value of k =7 This can be found by substituting into (5, 2)
X+y =k =k =7orsubstituting x=5 into x* —7x+(k+3)=0=25-35+k+3=0
=>k=7

e ordeduces that k < %7 This may be awarded from later work

M1: For an attempt at the upper value for k.
Finds where x+y =k meets y =6—(x—3)’ once by using an appropriate method.

Eg. Sets k —x=6—(x—3)?and proceeds to a 3TQ
Al: Correct 3TQ X? —7x+ (k +3) =0 The = 0 may be implied by subsequent work

M1: Uses the "discriminant" condition. Accept use of b = 4ac oe or b...4ac where ... is any inequality
37

leading to a critical value for k. Eg. one root = 49—-4x1x(k+3)=0=k = vy

Al: Range of values for k = {k T<k< 3747} Accept K e {7,%) or exact equivalent

ALT As above B1 2.2a

Finds where x+ Yy =k meets y=6—(x—3) once by using an
appropriate method. Eg. Sets gradient of y=6—(x—3)? M1 3.1a

equal to —1

—2X+6=-1=>x=35 Al 1.1b

Finds point of intersection and uses this to find upper value of k.

y =6-(3.5—3)* =5.75 Hence using k =3.5+5.75=9.25 M1 2.1
Range of values for k = {k : 7 <k <9.25} Al 25
€.
IRA
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Question Scheme Marks | AOs
8(a) R=+2>+8 =68 =217 B1 |1.1b
2cos@+8sind = Rcos@cosa + Rsindsin
2=R 8 = Rsi
cosa8 sino M1 | Lb
tahna=—=a =...
2
a = awrt 1.326 Al 2.2a
3)
(b)(@) 45%" 217" M1 |1.1b
oV17 Al | 2.2a
(i) awrt 1.33 B1ft | 2.2a
3)
(6 marks)

Notes

(a)
Bl1:R= 2\/ﬁ or \/@

+2+/17 or +4/68 score BO
(Condone if this comes from e.g., 8 = Rcosa 2= Rsina)
Decimal answers score B0 unless the exact value is seen then apply isw.

8 2 .
M1: Proceeds to a value for a from tana =+—, cosa =*———, sina =%
2 n }68" " '68 "

May be implied by awrt 1.33 radians or 76 degrees
Al: awrt 1.326 for a. Apply isw if this is then subsequently rounded to e.g. 1.33

(b)(®)
M1: For a value of £4.5xtheir R or allow + 4.5R (with the letter R)

But not embedded in an expression e.g. 9/17 cos (6 — a ) unless extracted later.

Note that the sum may be found as 9 cos x +36sinx with the maximum then found using calculus

e.g. S:9cosx+36sinx:£:—9sinx+36cosx:O:> tanx:4:>sinx:i, cosx = !
dx V17

V17
= 9cosx+36sinx =9+/17. This will score M1 once they reach +4.5x their R
May be implied by 917 or awrt 37.1 (which may come from a graphical method)

May also see e.g. Max (9cosx+36sinx)=v9"+36" =...
Al: 917 orexact equivalent e.g. /1377, 4.5V/68, 4_5(2\/ﬁ) and apply isw once a correct answer is

seen
(i)

B1ft: awrt 1.33 (or follow through on their o even if in degrees (76), no matter how accurate)

&
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5.6 Double Angle, Compound Angle and R Form...

< QUESTION

Question Scheme Marks | AOs
12 c0s30 _ SIN30 _ 5 cot26
singd  cosé
(@) cos36cosd +sin30sin
LHS= M1 3.1a
Way 1 { } singdcosé
_ cgs(SH—H) {: .00329 } Al 91
sin@dcosd sin@cosf
_ co_sZH _ 2c0t20 * dM1 1.1b
1sin26 Al* 2.1
O]
W(a) , {LHS=} cosZHcosH_—sm 20sin@ . sin26cos @ + cos 26sin @
ay sind cosf
_ €0s26c0s’ & —sin 20sin Hcos & +sin 20¢os Gsin  +cos 20sin °0 ML 31a
sin@cosd '
2 H
_ cosze(f:os @+sin® 0) _ _00520 Al 21
sin@dcosé sin@dcosé
_ co.sze _ 2cot20 * dM1 1.1b
1sin26 Al* 21
)
(@) {RHS=} 2c0s260  2cos(30—-6)  2(cos30cosd +sin30sin 6) M1 3.1a
Way 3 sin26 sin 26 sin20 Al 2.1
_ 2(cos39co_s€+sm 30sin0) dM1 11b
2sindcosd
:cc?s39+sm3¢9 - AL * 21
sind _ cosé
O]
(b) c0s30  SIN30 _ 4 | 2cot20=4 —2[ = _|=a M1 | Lib
Way 1 sind  cosé tan 20
Rearranges to give tan26=Kk; k =0 and applies arctank dm1 1.1b
{90o < 6<180°, tan 26 =% :}
Only one solution of 8=103.3° (1 dp) or awrt 103.3° Al 2.2a
(©)
(b) c0s30  SN30 _ 4 | 2cot20-4 = —2_—4 ML | Llb
Way 2 sind  coséd tan 26
2y = 2(1-tan’9) = 8tand
( 2tanéd j
1-tan®@
dmi 1.1b
—4+ J(4)? - 4(1)(-1
= tan’f+4tanh-1=0= tanf = (4" - 40D
2(2)
{:>tan9:—2iJ§}:>tan6:k; k #0 = applies arctank
{90° < 9<180°, tand=—2-+/5 =}
Only one solution of 8=103.3° (1 dp) or awrt 103.3° Al 2.2a
(©)
(7 marks)
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Notes for Question 12

(@) Way 1 and Way 2
M1: Correct valid method forming a common denominator of sindcos@
i.e. correct process of (..)cosO+ _("')Sm 4
cosdsin @
Al: Proceeds to show that the numerator of their resulting fraction simplifies to cos(3¢—#6) or cos26

dM1: dependent on the previous M mark

Applies a correct sin 268 = 2sinfcosé to the common denominator sin & cosé
Al* Correct proof

cos36 N sin39 _ cos3dcosd | sin36sind
sind  cos®  sinfcosd sindcosfd
of forming a common denominator of sin@cosé for the 1t M1 mark
cos36 N sin30 _ cos46+sin40

Note: Writing is considered a correct valid method

Note: Give 1 MO e.g. for

sin@  cos®  sindcosd
but allow 1% M1 for co_s3¢9+sm36 _ cos39co_s¢9+sm3asm0 _ cos_4¢9+sm40
sin@ cosé sin@cosé sin@cosé
) in 2 in’
Note: Give 1% M0 e.g. for C9539+S| 30 _ cos _39+SI 30
sind  cosé singdcosd
. . . ) .,
but allow 15 M1 for cc?s3e+sm30 _ cos300930+sm305m0 _ cos _39+S|n 30
sind cos@ sin@cosd singcosd

Note: Allow 2" M1 for stating a correct sin 26 = 2sin&cos@ and for attempting to apply it to the
common denominator sin &cosé

(a) Way 3
M1: Starts from RHS and proceeds to expand cos 26 in the form cos36cosé + sin30sin @
Al: Shows, as part of their proof, that cos26 = cos36cosd +sin30sin 4

dM1: dependent on the previous M mark
Applies sin26 =2sinfcos to their denominator
Al*: Correct proof

2 Fa2
Note: Allow 1% M1 1%t A1 (together) for any of LHS » ———— c0s20 or LHS —» cos 20(_005 g+sin_6)
singcos@ sin@cosd
2
or LHS — cos26(cotd+tand) or LHS — cos 29[%]
an

(i.e. where cos26 has been factorised out)
Note: Allow 1%t M1 1t A1 for progressing as far as LHS =... = cot x —tan x

Note: The following is a correct alternative solution
cos 364 . sin3¢ _ cos30cosH+sin30sin@ 1 (cos4d +cos26) — 5 (cos46 —cos 20)

sing  cos® sin@cosd sin@cosd
cos20 _ c0s20 _ 2ot 20 *

" sindcosd 1sin20

€0s 26 cos? @ —sin 20sin #cos O + sin 20.cos Asin 6 + cos 20sin %0 to c0s 26

Note: E.g. going from - -
sin@cosd sin@cosd

with no intermediate working is 1% AQ
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Notes for Question 12 Continued

(b) Way 1

M1: Evidence of applying cot26 = 1
tan 26
dMm1: dependent on the previous M mark
Rearranges to give tan20 =k, k =0, and applies arctank

Al: Uses 90° < @ <180° to deduce the only solution & =awrt 103.3°

Note: Give MOMOAO for writing, for example, tan 26 =2 with no evidence of applying cot 26 = ﬁ
an

Note: 1%t M1 can be implied by seeing tan 26 =

M N

Note: Condone 2™ M1 for applying %arctan [% {=13.28..}
(b) Way 2
M1: Evidence of applying cot26 = 1
tan 26
dMm1: dependent on the previous M mark

Applies tan20 = % , forms and uses a correct method for solving a 3TQ to give
—tan

tand =k, k=0, and applies arctank

Al: Uses 90° < # <180° to deduce the only solution & =awrt 103.3°

Note: Give M1 dM1 Al for no working leading to € =awrt 103.3° and no other solutions

Note: Give M1 dM1 A0 for no working leading to € =awrt 103.3° and other solutions which can be
either outside or inside the range 90° < € <180°
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< QUESTION

Question Scheme Marks AOs
10(2) 1-cos26+sin20 1—(1-2sin*@)+2sin@coso
1+c0s20+sin20 1+€0s 20 +sin 20
or M1 2.1
1-c0s20+sin20 1-c0s 26 +sin 20
1+0s 26 +sin 20 1+(2c0520—1)+25in90059
1-cos20+sin20 1—(1—2sin®6)+2sinOcoso o
1+cosZ¢9+sin26’_1+(2c0520—1)+25inecos49 Al 11
_ 2sin®#+2sinfcosd  2sind(sind+cosd) amL | 21
2cos? @+2sinfcosd  2cosO(cosd+sin o) '
_sin¢ =tan9* Al* 1.1b
coséd
4)
(b) 1—cos4x+s!n4x =3sin2x = tan2x =3sin2x 0.e M1 3.1a
1+cosdx+sin4dx
=sin2x—-3sin2xcos2x=0
= sin2x(1-3c0s2x) =0 AL L1b
= (sin2x=0,) cost:%
X =90°, awrt 35.3°, awrt 144.7° Al 1.1b
Al 2.1
4)
(8 marks)
Notes
.},5‘
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(@)

M1: Attempts to use a correct double angle formulae for both sin 28 and cos26 (seen once).
The application of the formula for cos26 must be the one that cancels out the "1"
So look for cos26 =1 — 2sin?@ in the numerator or cos26 = 2¢os?d — 1 in the denominator
Note that cos26 =cos?d — sin’6 may be used as well as using cos?d + sin’f =1

Al l—(l—25in249)+25in6’0030 25in2g+23in90039

: or -
1+(2cos* 0-1)+2sinfcos® ~ 2cos’ 0 +2sinGcosd
dM1: Factorises numerator and denominator in order to demonstrate cancelling of (siné + cos6)

Al*: Fully correct proof with no errors.
25in‘9£5i/n‘9”’"‘305/‘9) sind 2sin @

You must see an intermediate line of or or even
Zcosaw cos@ 2cos @
Withhold this mark if you see, within the body of the proof,
e notational errors. E.g. cos26 =1 - 2sin? or cosé” for cos?d
e mixed variables. E.g. cos260 = 2cos®x — 1

(b)

M1: Makes the connection with part (a) and writes the lhs as tan2x . Condone x <> & tan 26 =3sin 26

Al: Obtains cos2x = % 0.6. With X <> @ . You may see sin® x = % or cos® x =§ after use of double

angle formulae.
Al: Two "correct" values. Condone accuracy of awrt 90°, 35°, 145°
Also condone radian values here. Look for 2 of awrt 0.62, 1.57, 2.53
Al: All correct (allow awrt) and no other values in range. Condone x <> @ if used consistently
Answers without working in (b): Just answers and no working score 0 marks.
If the first line is written out, i.e. tan 2x = 3sin 2x followed by all three correct answers score 1100 .

&
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< QUESTION

Question Scheme Marks AOs
13(2) x=asin20:j—2=2asin fcos Bl 1.1b
1
jx%/a—xdx:jx/asin Oa—asin’ @ x 2asingcosd{do} M1 2.1
:I\Esin 6~/a cos & x 2asin Hcosed0=2azjsin20coszed0
, dm1 3.1a
1
=2a2j(—sin 29} do
2
Replaces or considers limits {x=0=}6=0, {x=a:>}6?=%
. AL* 1.1b
=1a2J.ZSin2209d9 *
2 0
4)
b _
(b) j sin229d9—>...j %de ML | Lib
6 1.
—..| =—=sin40 dM1 2.1
i
., Y7, 1.
,uJ‘sm 2¢9d9—>5(«9—zsm 49) Al 1.1b
* 1 a’(r 1
I x2+/a—x dx =—[——0—0)=—7za2 Al 1.1b
0 4\ 2 8
4)
(8 marks)
Notes
()
B1: % =2asin@cosd or dx=2asin@cosd d@ o.e. seen or implied by their substitution.
. ., a dx . . dx
Note that writing x =asin“ 8 = E(l—cos 20) > T =asin 286 is correct. Condone use of i
a
1
M1: Attempts to substitute, fully replacing x2 and va—x with 's and dx with their dx = ...
1
Look for x2</a—xdx —f(8)g(6)h(0) where
o f(H) is an attempt at v/asin’é# e.g. allow asin@ but just asin®@ is not condoned
o g(0)isanattemptat va—asin?6 butnot va—+asin?@ unless va-asin? @ is
attempted first
1
e h(@)=their dx or their & or —— (in terms of & only but condone da seen)
their —
do
1
Condone slips provided the intention is clear, e.g. x2 —+/asin?@ but x must be eliminated.
There is no need to replace the limits and condone the absence of d& and/or the integral sign
for this mark.

€.
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dM1: Attempts to use sin 26 = 2sin #cosé to convert an integral of the form Isinz @cos’* 6 dé or

e.g. the form J.sin fcosfsin20dé to I...sin229 de

There is no need to replace the limits and condone the absence of d& and/or the integral sign
for this mark.

Al1*: Replaces or considers limits {x=0=}60=0, {x=a=}60= % at some stage before the given

answer and proceeds with no errors to the given answer. The replaced limits may appear with
their integral symbol and do not have to be justified and do not have to appear on every line.

Condone infrequent slips in notation, e.g. sin&” in a line as long as it is not consistently poor.
You must see the integral sign with the correct limits and the dé together in the given answer.

(b)
M1: Adopts an appropriate strategy by using the double angle identity to obtain an integrable form

+1+
I sin22¢9d9—>...J. L;S’Mde which may be seen as

XJ‘ sin220d6—>%j +1+cos46dé with the % absorbed into their coefficient of the

integral.
dM1: Integrates into the form +pé +qsin46

. 1.
Al: Correct integration of uJ‘smzzede to %(H—Zsm 49) Here ux may be 1.

Condone lack of limits here.

T . 1 .
Al:  Applies limits to the correct integral and proceeds to érzaz following correct work.
There is no need to see 0 substituted in and condone any omission of integral signs and/or d@

2 z
Note that alI{éﬂ%sin 49}2 = %7[62 is incorrect and scores M1dM1AOAO

0

+1+coské

Use of sin®20 = with k # 4 scores MOdMOAOAO but may lead to %ﬂa2

. a’ 1. 2 1 .,
Condone use of x in place of & e.g. n x—zsm 4x :§ﬁa
0

See overleaf for some alternative approaches.
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< QUESTION

Alternative 13(a) working backwards:

laZJ‘Esin2 20d6 g_x =2asin@cosé score B1 (as in main scheme)
0

INJE

=%a2J. (2sin@cos@)(2sinGcosf)do
0

= aJ‘Esin @ cos g dx

0

Score M1 here for using the double angle identity and replacing ...sin&cosé d@ with dx
=aJ. \/X /1—5 dx

oVa a
Score dM1 here for a full attempt to replace all trig leading to everything in terms of x only
Must come from the form I ...sin@cos @ dx
ALl fully correct with limits replaced / considered before the final line and the final line fully

correct with limits, integral sign and dx as per the main scheme.

Alternative 13(b) via IBP Way 1:

T _ ein? [
jzsinzzeda u—sm_2¢9 v'=1
0 u'=4sin20cos 26 v=0

~[osin?26] —4jiasin 20c0s20d0
0

v'=sin46
_cos40
4

c
Il
N

~[osin*20]2 —2F¢9sin 40d0
0 0

c
I
[N

deo Score M1 here.

2 _J‘Z_cos4¢9

_[osin? 207z —2| | - 240
0 0 4

4

0

= [esin2 29]0E -2 2 16 Score dM1 here, Al if correct (ignoring limits).

L 0

'_ 6cos46 . sin 40i|72t

@cos4d  sin 40}72[

= [Hsin2 20 +
2 8

0

a 1
(0+§—0)—(0+0—0)=§ - {I XZa—x dx:}zlna2 score AL* (with no errors).
0

I

8

.},5‘
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Alternative 13(b) via IBP Way 2:

n u=sin260 v'=sin26
2 - 2
sin“20d6@

jo u'=2cos26 v=—C08226

z{_sm 26?c0326*}2 —J.E—cosz 20d0
2 o v

’ +rcos2 249d49+-“§sin2 20d0

g Yo 0

= J‘Esinz 2¢9d¢9+'|.isin2 20d0 =
0

0

[_ sin 20 cos 20}

:ijsinzwdez[—w}z +j.§1d49 Score M1 here.

0 2 o 90

= ZJ‘Esin2 20d6 = [—w+9i|2 Score dM1 here, Al if correct including the 2
0 0

(ignoring limits).

:>J'2sin22evo|ev=1(0+E Lo10)=T

0 2 2) 2 4
a 1

- {j x2yJa—x dx =}=%na2 score A1* (with no errors).
0
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Question Scheme Marks | AOs
14(a) sin (x —60°) = %sin x cos 60° % cos xsin 60°
Attempts to use both . . MI 2.1
cos(x—30°) =+ cosxcos30°£sin xsin30°
Correct equation Al 1.1b
2sin x cos 60° — 2 cos x sin 60° = cos x cos 30° + sin x sin 30°
Either uses 22:; = tan x and attempts to make tan x the subject
E.g. (2c0s60°—sin30°)tanx = cos30°+2sin 60°
Or attempts sin30° etc with at least two correct and collects terms in M1 2.1
sinx and cosx
1 1), BB
E.g. [2x§—§Jsmx = {2x7+7 CoS X
Proceeds to given answer showing all key steps
Al* 1.1b
E.g. %tanxz%:tanxz?’\/g *
“4)
(b) Deduces that x =26 +60° Bl 2.2a
tan (20 +60°) =343 = 20+ 60° =79.1°,259.1°,..... Ml 1.1b
79.1°—-60°
Correct method to find one value of 8 E.g = — 3 dM1 L.1b
6 = awrt 9.6°,99.6° (See note) Al 2.1
C))
(8 marks)
Notes:
(a)

M1: Attempts to use both compound angle expansions to set up an equation in sin x and cos x
The terms must be correct but condone sign errors and a slip on the multiplication of 2
Al: Correct equation 2sin xcos 60°—2 cos xsin 60° = cos x cos 30°+sin xsin30° o.e.
Note that cos60°=sin30° and cos30° =sin 60°
Also allow this mark for candidates who substitute in their trigonometric values "early"

. 1 3 3 . 1
28INXX——2CO0SXX—— =COSXX——+SInXxX— O.€.
2 2 2 2

M1: Shows the necessary progress towards showing the given result.
There are three key moves, two of which must be shown for this mark.

A1%*: Proceeds to the given answer with accurate work showing all necessary lines.

s
® uses

X L
= tan x to form an equation in just tan x.
X

e uses exact numerical values for sin30°, sin 60°, cos 30°,cos 60° with at least two

correct
e collects terms in sinx and cosx or alternatively in tan x

RA
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E.g. 1 2sinxcos60°—2cosxsin60° = cosxcos30°+sin xsin30°

sin x(2cos 60° —sin30°) = cos x(cos 30°+ 2sin 60°) 1. collect terms
. . sin x
(2c0s860°—sin30°)tan x = cos 30°+ 2sin 60° 2. =tanx so Ml
COS X

5, 5

tan x = cos30°+2 s%n 60 =2 =33 3..uses values and completes proof A1*
2c0s60°-sin30° 1
2
E.gll
. 1 3 3. 1
2s1nx><5—2cosx><7:c0sx><7+s1nx><5 1.uses values
1. 343
= Esm x= Tcosx 2.collects terms so M1
— tanx =33 sin x
3. = tan x completes proof A1*
COS X
(b) Hence
B1: Deduces that x =260+60° o.e such as = x_260

This is implied for sight of the equation tan (29 + 60°) =33
M1: Proceeds from tan(260+a°) = 33 = 260+ 6° = one of 79.1°,259.1°,..... where o #0

One angle for arctan (3x/§ ) must be correct in degrees or radians(3sf). FYI radian answers 1.38, 4.52

dM1: Correct method to find one value of @ from their 20+ a°=79.1°to 6 = M

This is dependent upon one angle being correct, which must be in degrees, for arctan (3«/5 )

tan (260 +60°) = 34/3 = 6 = 9.6° would imply B1 M1 dM1
Al: 0=awrt9.6°99.6° with no other values given in the range
Otherwise: Via the use of cos(26+30°) = cos26cos30°—sin26sin30°.

2sin26 = cos (26 +30°) = tan 20 = g = 6=9.6°99.6°

The order of the marks needs to match up to the main scheme so 0110 is possible.
B1: For achieving tan26 = ﬁ o.e so allow tan 26 = awrt 0.346 or tan26 = —COS.?’OO
5 2+sin30°
Or via double angle identities +/3 tan> @+10tan 0 —~/3 =0 o.e.
MI1: Attempts to use the compound angle identities to reach a form tan 260 = k where k is a constant not
343 (or expression in trig terms such as cos 30 etc as seen above)
Or via double angle identities reaches a 3TQ in tan
dM1: Correct order of operations from tan 26 =k leadingto 0 =...
Correctly solves their +/3 tan® @+10tan & —+/3 = 0 leading to 6 =...

Al: @=awrt 9.6%99.6° with no other values given in the range.
Note that tan (20 + 60°) =33 =60=9.6°99.6° is acceptable for full marks

&
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Question Scheme Marks AOs
10 (a) cos 3A =cos (2A + A) = cos 2Acos A —sin 2Asin A M1 3.1a
=(2cos* A-1)cos A—(2sin Acos A)sin A dM1 1.1b
=(2cos? A—1)cos A—2cos A(1—cos? A) ddm1 2.1
=4cos® A—3cos A* Al* 1.1b

4)
(b) 1—cos3x =sin? x = cos® x+3cosx—4cos®* x=0 M1 1.1b

:>cosx(4cos2 x—cosx—s):o

= cosx(4cos x +3)(cosx—1) =0 dM1 3.1a
= COSX=...
Two of —90°, 0, 90°, awrt 139° Al 1.1b
All four of —90°, 0, 90°, awrt 139° Al 2.1
4
(8 marks)
Notes:

(@)
Allow a proof in terms of x rather than A
M1: Attempts to use the compound angle formula for cos(2A + A) or cos(A + 2A)
Condone a slip in sign
dM1: Uses correct double angle identities for cos 2A and sin 2A
cos2A =2cos” A—1 must be used. If either of the other two versions are used expect to see an attempt to
replace sin’A by 1 — cos?A at a later stage.
Depends on previous mark.
ddM1: Attempts to get all terms in terms of cos A using correct and appropriate identities.
Depends on both previous marks.
Al*: A completely correct and rigorous proof including correct notation, no mixed variables, missing brackets etc.
Alternative right to left is possible:

4cos® A—3cos A = cos A(4cos2 A—3) = Cos A(Zcos2 A-1+ 2(1—sin2 A)—Z) =Cos A(cosZA—Zsin2 A)
=c0s Acos2A—2sin Acos Asin A=cos Acos2A—sin2Asin A=cos(2A+ A) =cos3A
Score M1: For 4cos® A—3cos A = cos A(4cos2 A—3)

dM1: For cos A(Zcos2 A-1+2(1-sin’ A)—Z) (Replaces 4cos® A—1by 2cos” A—1 and 2(1-sin’ A))

ddM1: Reaches cos Acos2A—sin2Asin A

Al: cos(2A+ A) =cos3A

(b)

M1: For an attempt to produce an equation just in cos x using both part (a) and the identity sin? x =1— cos? x

Allow one slip in sign or coefficient when copying the result from part (a)

dM1: Dependent upon the preceding mark. It is for taking the cubic equation in cos x and making a valid attempt to
solve. This could include factorisation or division of a cos x term followed by an attempt to solve the 3 term
quadratic equation in cos x to reach at least one non zero value for cos x.
May also be scored for solving the cubic equation in cos x to reach at least one non zero value for cos x.

Al: Two of —90°, 0, 90°, awrt 139° Depends on the first method mark.

Al: All four of —90°, 0, 90°, awrt 139° with no extra solutions offered within the range.

Note that this is an alternative approach for obtaining the cubic equation in (b):

&
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Question Scheme Marks | AOs
12 1—coszestanesin29,6¢w,neZ
(@) in2 _(sin@j osi
Way 1 tan@sin 20 = 050 (2sin@cos ) M1 1.1b
sind . . M1 1.1b
=| =—— |(2sinfcesB) = 2sin’§ =1-cos26 *
[ cos?h ]( £250) Al* 2.1
3
(@ _ 1 1_9¢in2 O\ — 9cin?
Way 2 1-c0s26 =1-(1-2sin“ d) =2sin“ 6 M1 1.1b
= [;ZZJ(ZSin Ocosf) =tangsin20 * ’IA\\/:IL]; 12'.11b
(©)
2 2 - T T
(sec” x —5)(L—cos2x) = 3tan” xsin 2X, _§<X<§
(b) (sec® x—5) tan xsin 2x = 3tan® xsin 2x
Way 1 or (sec? x —5)(1—cos2x) = 3tan x(1—cos 2x)
Deduces x=0 Bl 2.2a
Uses Sec” X =1+tan” X and cancels/factorises out tanx or (1—C0S2X)
2 _ - =
e.g. (1+tan“x—3tanx—-5)tanx=0 M1 91
or (1+tan® x—3tan x —5)(1—cos2x) =0
or 1+tan*x-5=3tanx
tan® x—3tanx—4=0 Al 1.1b
(tanx—4)(tanx+)=0=tanx=... M1 1.1b
V4 Al 1.1b
X219 Al | 11b
(6)
(9 marks)
Notes for Question 12
(@) Way 1
M1: Applies tan0=% and sin26 =2sin@cosé to tanPsin 20
M1: Cancels as scheme (may be implied) and attempts to use €0$20=1— 2sin’ 0
Al*: For a correct proof showing all steps of the argument
(@)
Way 2
M1: For using 0520 =1-2sin’ @
Note: | If the form €0520 =c0s> @ —sin’ @ or 0526 =2c0s> @ -1 is used, the mark cannot be awarded
until C0s’  has been replaced by 1-sin’ @
M1: Attempts to write their 2sin® @ in terms of tano and sin 260 using tanez% and
sin26 =2sin&cos & within the given expression
Al*: For a correct proof showing all steps of the argument
Note: | If a proof meets in the middle; e.g. they show LHS = 2sin’@ and RHS = 2sin” @ ; then some
indication must be given that the proof is complete. E.g. 1—C0526=tandsin26, QED, box

t s
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Notes for Question 12 Continued

(b)

B1:

Deduces that the given equation yields a solution

x=0

M1:

For using the key step of Sec” X =1+ tan” Xand cancels/factorises out tanx or (1—C0S2X)

or sin2x to produce a quadratic factor or quadratic equation in just tanx

Note:

Allow the use of +sec’ x = +1+ tan® x for M1

Al:

Correct 3TQin tanx. E.g. tan’x—3tanx—-4=0

Note:

E.g. tan®x—4=3tanx or tan’x—3tanx =4 are acceptable for Al

M1:

For a correct method of solving their 3TQ in tanx

Al:

Any one of —%, awrt —0.785, awrt 1.326, —45°, awrt 75.964°

Al:

Only x= —%,1.326 cao stated in the range —%<x<%

Note:

Alternative Method (Alt 1)

(sec® x—5) tan xsin 2x = 3tan’

Xsin 2x

or (sec” x —5)(1—cos2x) = 3tan x(1—cos2x)

Deduces x=0 Bl 2.2a
1 sin x Complete process
sec’x—5=3tanx = ——— ~5= 3(cosxj (as shown) of using the
) . identities for sin2x and
1-5c0s" x=3sinXcos X cos2x to proceed as far as M1 2.1
1_5(1+c082><j:§sm2x +A+Bcos2x = +Csin2x
2 2
3 5 3. 3 5 3
————=C0S2X = —=Sin2x _2_° Y
2 o 5 COS2X = 2sm 2X Al 1.1b
{3sin2x+5c0s2x =-3} 0.e.
Expresses their answer in the
J34sin(2x+1.03) = -3 form RSIN2x+ &) =k; k20 M1 1.1b
with values for R and «
. 3
sin(2x+1.03) = ——
( )=~
Vid Al 1.1b
x——z,1.326 Al 11b
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Question Scheme Marks AOs
12(a)(i)

dx . .
—=5sin2t t or 2sintcost t
y><dt sin2tx6cost or 5x2sintcostx6cos M1 192

INZ)
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(Area =) J-Ssin 2tx6costdt = ij 2sintcostx 6costdt
or dm1 1.1b

ISsin 2t x6costdt = I60sintcosztdt

(Area=) J-z 60sintcos®t dt * Al* 2.1*
0
@)
a)(ii
@ 60sintcos’t dt = —20cos’t M1 1.1b
Al 1.1b
Area = [ -20c0s’t |2 =0—(-20)=20 * AL* 2.1
@)
() 5sin2t =4.2 = sin 2t:4—'2 M1 34
t=0.4986...,1.072... Al 1.1b
Attempts to finds the x values at both t values dM1 34
t=0.4986...= x=2.869...
Al 11
t=1.072= x=5.269... b
Width of path = 2.40 metres Al 3.2a
()
(11 marks)

Notes:
@)
M1: Attempts to multiply y by %to obtain Asin2tcost but may apply sin 2t = 2sintcost here

dM1: Attempts to use Sin 2t = 2sintcost within an integral which may be implied by
e.g. AJ.sin 2t><COStdt='[kSintCOStht

Al*: Fully correct work leading to the given answer.
This must include sin2t =2sintcost or e.g. 5sin2t =10sintcost seen explicitly in their proof and a correct

intermediate line that includes an integral sign and the “dt”
Allow the limits to just “appear” in the final answer e.g. working need not be shown for the limits.

(@)(ii)

M1: Obtains IGOsintcoszt dt =k cos*t . This may be attempted via a substitution of u = cos t to obtain

J.GOSintcosztdt:kUS

Al: Correct integration —20cos t or equivalent e.g. -20u°
Al*: Rigorous proof with all aspects correct including the correct limits and the 0 — (—20) and

not just:  _20cos® g ~(-20c0s*0) =20
(b)
M1: Uses the given model and attempts to find value(s) of t when sin 2t = 4?2 Look for 2t = sin’l% =>t=..

Al: At least one correct value for t, correct to 2 dp. FYI t = 0.4986...,1.072... or in degrees t=28.57...,61.42...
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14(a) sin (x+30°) =sin x cos 30° £ cos xsin 30°
Attempts to use . .
cos(x +30°) = cos xcos 30° F sin xsin 30° M1 2.1
= +5in xc0s30° + €0 x5in 30° /3 (+cos x cos30° + sin xsin 30°)
C_orrect expression _ _ _ Al 11b
sin x cos30° + cos xsin 30°+\@(cos X €0s30°—sin xsin 30°)
States or implies that sin30° :% and cos30°= ﬁ
\/, Al* 2.1
=—3$in x+1cosx+\/§ ﬁcosx—lsin X |=2cosx *
2 2 2 2
3)
(b) 2c0s8 =3sin 20 = 2cos@ =6singcos M1 2.1
sing=1 Al | 11b
3
9=arcsin%:>6:... dM1 1.1b
(6 =) awrt19.5°, awrt160.5°, 90° Al 2.2a
4)
(7 marks)

Notes:

@) Condone a complete proof entirely in 6 (or another variable) instead of x.
Do not be concerned with the omission of degrees.
M1:  Attempts to use both compound angle expansions to set up an expression in sin x and cos x

i.e. +sin xc0s30°+ cos xsin 30°+ /3 (+ cos x c0s 30° £ sin xsin 30°)
The terms must be correct but condone sign errors and a slip on the multiplication of the

J3if they attempt to multiply out the brackets. (The J3 may be omitted entirely)
This mark may be implied by further work

J3 J3 1 J

] 1 ]
e.g. +7sinx+=cos X +/3| +X=cos x +=sin x
53 2 ( 2 2

Al:  Correct expression sin xcos30°+cos xsin 30°++/3(cos xcos 30° —sin xsin 30°) o.e.
May be implied by
V3

sin x+%cosx+«/§(§cosx—%sin xj (or implied if multiplied out)

Al*: Proceeds to the given answer with no errors seen including invisible brackets (condone a
missing trailing bracket). We must see the exact numerical values used for sin30°and
c0s30° before proceeding to the given answer.

Minimum required
J3

Ve

7sin x+%cosx+\/§(73cos x—%sin XJ =2cos X which scores M1A1A1*

sin x c0s 30° + cos xsin 30° + \/§(cos X €0$30° —sin xsin 30°) =2c0s x scores M1A1A0*
There should not be any notational or bracketing errors and no mixed or missing variables.
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Alternative for part (a)
M1:  Writes the left hand side of the equation as

%sin(x+30°)+§cos(x+30°) =5in 30°sin (x+30°)+cos30°cos (X +30°)
Al:  Correct expression for sin30°sin(x+30°)+cos30°cos(x+30°)=cosx

AL*: Proceeds to the given answer sin(x+30°)++/3cos(x+30°) = 2cos(x +30°—30°) = 2cos x

with no errors seen including invisible brackets (condone a missing trailing bracket).
There should not be any notational or bracketing errors and no mixed or missing variables.

Alternative part (a) — using the R-alpha method
M1: Statese.g. Rcos(x+30+a) =\/§cos(x +30) Fsin(x + 30)
and attempts to find either R or o correctly. (may be implied)
Al:  Achieves 2cos(x+30-30)
Al*: Achieves 2cos x with no errors seen and both stages of working shown e.g.

o States (Rcos(x+30+a) =) v/3cos(x +30) cos o Fsin(x+30)sin o oe

e Shows R=+1+3=2 and tana = [ij 0.e. e.g. using cosine or sine

Ne

(b) Condone the use of x for 6 and mixed variables
M1: Sets 2cos0=3sin 20 and proceeds to Acos®=Bsin0cosO. (allow A=B)
May be implied by sinf=k (k= 0,1)

Al: sinH:1
3

dM1: Finds at least one of their values of & for their sin@ =k (k = 0,1) It is dependent on the

previous method mark. You may need to check their value(s) (in degrees or radians) but
may be implied by e.g. awrt19° (or awrt20°) or awrt161° (or awrt160°)

(awrt 0.34 or awrt 2.8 in radians)

Al:  Deduces that (6 =) 90°as well as giving (6 =) awrt19.5°,awrt160.5° with no other values

in the given range (ignore any found outside of the range)
The degree symbol is not required. (Note the angles are 19.4712206...and 160.528779...)
Answers in radians score AQ.
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Question Scheme Marks | AOs
6 (@) f(x)=-3x*+8x*-9x+10, xeR
(@) (i) {f(2)=-24+32-18+10=} f(2)=0 Bl 1.1b
.. B v a2 B B 2 M1 2.2a
(i) {f(x) =3} (x—2)(-3x"+2x-5) or (2—x)(3x*—2x+5) Al 11b
@)
(b) -3y° +8y* -9y’ +10 =0 = (y* —2)(-3y* +2y*-5)=0
Gives a partial explanation by
e explaining that —3y* +2y* —5=0 has no {real} solutions with a
reason, e.g. b>—4ac=(2)* —4(-3)(-5) = -56<0 M1 2.4
e or stating that y* =2 has 2 {real} solutions or y=++/2 {only}
Complete proof that the given equation has exactly two {real} solutions Al 2.1
)
(©) 3tan’9-8tan’ 9+9tan#-10=0; 77 <0<10x
{Deduces that} there are 3 solutions Bl 2.2a
1)
(6 marks)
Notes for Question 6
(@)()
B1: f(2) =0 or 0 stated by itself in part (a)(i)
(2)(ii)
M1: Deduces that (X—2) or (2—X) is a factor and attempts to find the other quadratic factor by
e using long division to obtain either +3x* + kx+ ..., k =value =0 or
+3x% + ax+ f, f=value=0, o can be 0
o factorising to obtain their quadratic factor in the form (+3x* +kx +c), k =value =0,
c can be 0, or in the form (£3x? + ax + ), B=value =0, &z can be 0
Al: (x—=2)(-3x* +2x-5), (2—x)(3x* —2x+5) or —(x—2)(3x* —2x +5) stated together as a product
(b)
M1. See scheme
Al: See scheme. Proof must be correct with no errors, e.g. giving an incorrect discriminant value

Note: | Correct calculation e.g. (2)* —4(-3)(-5), 4—60 or —56 must be given for the first explanation
Note: | Note that M1 can be allowed for
e a correct follow through calculation for the discriminant of their «-3y* +2y* -5~

which would lead to a value <0 together with an explanation that —3y* +2y* ~5=0 has
no {real} solutions

e or for the omission of <0

Note: < 0 must also been stated in a discriminant method for A1

Note: | Do not allow A1 for incorrect working, e.g. (2)* —4(-3)(-5) = 54 <0
Note: y? =2 = y=+2, 50 2 solutions is not allowed for A1, but can be condoned for M1

Note: | Using the formula on —3y* +2y® —5=0 or —3x*+2x-5=0
-2+,-56 -1+./-14
or
-6 -3

gives y?or X =

t s
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Notes for Question 6 Continued
Note: | Completing the square on —3x° +2x—-5=0

2 5 1" 1 5 1 [“14
ives X’ —=X+-=0=|X-=| - =+-=0=>Xx==+ [—
gives 73t s [ 3) 93 3 \/9

Note: | Do not recover work for part (b) in part (c)

(©)

Bl: See scheme
Note: | Give BO for stating & =awrt 23.1, awrt 26.2, awrt 29.4 without reference to 3 solutions

A
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Question Scheme Marks AOs
14 1
@ e.g. ZSme(Scost9+23(l—cos2 9)):8X2Sin9008086029 B1 1.2
cosd
2tan @(8cos @ +23sin’ ) = 8sin 20sec’ O
= 25sin@cos O(8 cos O+ 23(1 - cos’ §)) = 8sin 26 2.1
sin 20(8 cos 8 + 23(1 —cos’ @)) = 8sin 26 222
sin260(23cos” @ —8cos@—15)=0 MI1A1
3)
(b) sin2x(23cos> x—8cosx—15)=0
sin2x=0= x=360° or 540° B1 2.2a
2300s2x—800sx—15:>cosx=—% M1 1.1b
15
COSX=——=>x=.. dM1 1.1b
23
x =360°, 540° and awrt 491° only Al 2.3
“)
(7 marks)
Notes

(a) Allow use of e.g. x but the final mark requires the equation to be in terms of 4
B1(M1 on EPEN): For recalling and using at least one correct trigonometric identity in the given equation.
e.g. one of: sin’@+cos’@=1, 1+tan’ @ =sec’d, tand :%, sin 260 =2sinfcosd
cos
This may be seen explicitly or may be implied by their working by e.g. tanfcosf =sin@ or they might

multiply both sides by cos’ 8§ leaving 8sin26 on the rhs implying 1+ tan’ 6 = sec’ 6

M1: For manipulating the equation using trigonometric identities (condoning sign slips only in the
identities and arithmetic slips) to obtain an expression of the form:

Asin20cos® 6+ Bsin20cos 0+ Csin260 (=0) or sin26(Acos’ @+ Bcos@+C) (=0) with 4, B, C#0
Al: sin20(23cos* §—8cos@—15)=0 oc e.g. sin 20(—23cos’ @ +8cos@+15)=0 cao

Note that this is not a given answer so condone notational slips e.g. cos @ for cos® @ provided the intention is
clear but the final equation must have no notational errors.

Note that the “= 0 is not required for the M1 but is required for the A1l

Note: some candidates arrive at the correct final answer fortuitously following errors in their work.

(b) Allow all marks in (b) to score if the correct equation is obtained fortuitously in part (a)
Also allow use of @ instead of x throughout in part (b). Correct answers, no working scores max 1000

B1: For one of x=360(°) or x=540(°) Condone x =2z or x =3z for this mark.
The degrees symbol is not required. This may come from cosx = 1

M1: Attempts to solve their 3TQ from part (a) or a “made up” 3TQ (which may only be seen in (b)) leading
to a value for cos x. The general guidance for solving a 3 term quadratic equation can be applied.
Allow solution(s) from a calculator which may be implied by at least one correct value for their 3TQ.
Must be a value for cosx and not e.g. x.

dM1: Attempts to find one of their angles in the range 360 < x <540 (but not 450) for their cos x = k where

|k| <1  May be implied by their value(s) but must be in degrees.

Requires them to state a value for cosx. Must be checked (you can check cos(their x) = their k£ (1sf))
Al: x=360° 540° and awrt 491° only with no other values in range (including 450).

15
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Question Scheme Marks AOs
6 (a i
@ 55in2¢9=9tan0:>105in90039=9xSmg
cos M1 3.1a
Acos’6=B orCsin*0=D or Pcos’@sind=Qsiné
For a correct simplified equation in one trigonometric function
Al 1.1b
Eg 10cos’6=9 10sin’#=1 oe
Correct order of operations For example
9 dm1 2.1
20 = = +). | =
10cos* =9 = 6 =arcos(+) 10
Any one of the four values awrt 8 =+18.4°,+161.6° Al 1.1b
All four values 8 =awrt +18.4°,+161.6° Al 1.1b
0 =0°,£180° B1 1.1b
(6)
(b) Attempts to solve x—25°=-18.4° M1 1.1b
X=6.6° Alft 2.2a
)
(8 marks)
(@)
M1: Scored for the whole strategy of attempting to form an equation in one function of the form given in the
. L . sind
scheme. For this to be awarded there must be an attempt at using sin28 =...sin@cos@, tanf = 050 and

possibly +1+sin®@ =+cos’ @ to form an equation in one "function” usually sin? @ or cos® &
Allow for this mark equations of the form P cos” #sin & =Qsiné oe

. . sing
Al: Uses the correct identities sin2@ =2sin@cos@ and tan @ = 050

in one trigonometric function. It is usually one of the equations given in the scheme, but you may see

to form a correct simplified equation

equivalent correct equations such as 10 = 9sec® @ which is acceptable, but in almost all cases it is for a
correct equation in sin @ or cos @
dM1: Uses the correct order of operations for their equation, usually in terms of just sin & or cos@, to find at
least one value for @ (Eg. square root before invcos). It is dependent upon the previous M.
. . +c0s20+1
Note that some candidates will use cos? & = —————— and the same rules apply.
Look for correct order of operations.
Al: Any one of the four values awrt £18.4°,+161.6°. Allow awrt 0.32 (rad) or 2.82 (rad)
Al: All four values awrt £18.4°,+161.6° and no other values apart from0°, £180°
Bl: @ =0°+180° This can be scored independent of method.
(b)
M1: Attempts to solve x —25°="6"where & is a solution of their part (a)
Alft: Forawrt x =6.6°but you may ft on their &+ 25°where —25<8<0
If multiple answers are given, the correct value for their & must be chosen

€.
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Question Scheme Marks | AOs
7 (i) 4sinx=secx, 0< x<%; (ii) 5sin@—5c0s0=2, 0<0<360°
() 1
For secx=—— Bl 1.2
Way 1 COS X
{4sinx=secx =} 4sinxcosx=1= 23in2x=1:>sin2x=% M1 3.1a
1 . (lj 1 . (1] T 5r dMmi 1.1b
X ==arcsin| = | or =| z-arcsin| = || = Xx=—, =
2 2 2 2 12 12 Al 1.1b
(©)
(1) 1
For secx=—— Bl 1.2
Way 2 COS X
{4sinx=secx =} 4sinxcosx =1=>16sin” xcos*x =1
16sin” x(1—sin® x) =1 16(1—cos® x)cos® x =1
. . M1 3.1a
16sin* x—16sin*x +1=0 16c0s* x—16¢0s° X +1=0
sin?x or cos® x = 16+ V192 {: 2443 or 0.933..., 0.066...}
32 4
dMmi 1.1b
X = arcsin ,/Zi—ﬁ or X = arccos 21_\/5 = x=2, >z
4 4 12 12 Al 1.1b
4
(i) Complete strategy, i.e.
o Expresses 5SiN@—5C056 =2 in the form Rsin(@—-a) =2,
finds both R and @, and proceeds to sin(@—a) =k, |k| <1, k #0
« Applies (5sin6—5c0s6)? = 22, followed by applying both ML | 31a
cos’ §+sin*@=1 and sin26 = 2sin Gcos @ to proceed to
sin26 =k, |k| <1, k=0
5sin@—5c0s6)* =2° =
R B0  (sind=Scos0) =
tang =1 = g = 45° 25sin” 6+ 25c0s° @ -50sinfcosf=4 | M1 1.1b
= 25-25sin20=4
. 2 . 21
sin(@ —45°) = — sin260=— Al 1.1b
/50 25
dependent on the first M mark
. 2 .
e.g. @ =arcsin| —— |+ 45° e.g. 9=l arcsm(éj dM1 1.1b
J50 2 25
0 = awrt 61.4°, awrt 208.6° Al 2.1
Note: Working in radians does not affect any of the first 4 marks
®)
(9 marks)

€.
RA
252



MARK SCHEME - Paper 2: Pure Mathematics 2 - June2018 - Q7 5.7 Trigonometric Equations < QUESTION

Question Scheme Marks | AOs
7 (i) 5sind—-5cosd=2, 0<6H<360°
(i) Complete strategy, i.e.
Alt 1 e Attempts to apply (5sin6)* = (2+5c0s#)’ or

(55in@—2) = (5c0s0) followed by applying €0s*§+sin’ =1 M1 31a
and solving a quadratic equation in either SIN@ Or cosé to give
at least one of sin@=k or cos® =k, |k|<1, k=0
e.g. 25sin’ @ = 4+ 20cos @+ 25c0s” 6
= 25(1—cos” @) = 4+20cos 6+ 25c0s’

— X 5 M1 1.1b
ore.g. 25sin“0—-20sin@+4 =25cos" 0
= 25sin” @ —20sin @+ 4 = 25(1—sin’ §)
50cos® 6 +20cosf—21=0 50sin®@—20sin@-21=0
cosg = ~20£ 4600 ‘4600, 0.e. sing = 201 V4600 ‘4600, o.e. Al 1.1b
100 100
dependent on the first M mark
eg. 0= arccos{ﬂJ eg. 6= arcsin(2 Al \/EJ dM1 1.1b
10 10
6 = awrt 61.4°, awrt 208.6° Al 2.1
©)
Notes for Question 7
(i)
B1: For recalling that secx:i

COS X

M1: Correct strategy of

e Way 1: applying sin2x =2sinxcosx and proceeding to sin2x =k, |k| <1, k #0

e Way 2: squaring both sides, applying cos’ x+sin’x=1 and solving a quadratic equation
in either sinx or cos®X to give sin®x=k or cos®x =k, [k|<1, k=0

dM1: | Uses the correct order of operations to find at least one value for x in either radians or degrees

. . 5 .
Al: Clear reasoning to achieve both x = % £ and no other values in the range 0 < x <%
. . 1 T 5r
Note: | Give dM1 for sin2x = > = any of TIRTE 15°, 75°, awrt 0.26 or awrt 1.3

Note: | Give special case, SC BLMOMOAO for writing down any of % i—g 15° or 75° with no working

RA
253



MARK SCHEME - Paper 2: Pure Mathematics 2 - June2018 - Q7 5.7 Trigonometric Equations < QUESTION

Notes for Question 7 Continued

(i)
M1: See scheme

Note: | Alternative strategy: Expresses 5SiN@—5€080 =2 in the form Rcos(@+a)=-2,
finds both Rand «, and proceeds to cos(d+a) =k, |k| <1, k #0

M1: Either

o uses Rsin(@-a) to find the values of both R and «

o attempts to apply (5sin@—5cos6)? =22, uses €0s*H+sin° =1 and proceeds to find an
equation of the form £A £ usin260 =+ or £ usin20 =+ f; u+0

o attempts to apply (5sin@)’ = (2+5c0sd)* or (5sind—2)° = (5c0s6)* and
uses C0s>@+sin” @ =1 to form an equation in cos® only or sin@ only
. 2 2 . 21
Al: For sin(@ —45°) =——, o.e., cos(@+45°) = ———, o.e. Or Sin20=—, o.e.
( ) 75 ( ) NG o5
or cosH:_Z()% ‘b4600 o.e. or cos® = awrt 0.48, awrt —0.88
or sing= ZO% g(‘)‘m 0., or inf=awrt 0.88, awrt—0.48

Note: | Sin(@—45°), cos(@+45°), sin26 must be made the subject for Al

dM1: | dependent on the first M mark
Uses the correct order of operations to find at least one value for x in either degrees or radians

Note: | dM1 can also be given for 6 =180°— arcsin(ij +45° or f= %[180°—arcsin (%D

J50
Al: Clear reasoning to achieve both & =awrt 61.4°, awrt 208.6° and no other values in
the range 0< @ < 360°
Note: | Give MOMOAOMOAO for writing down any of @ =awrt 61.4°, awrt 208.6° with no working
Note: | Alternative solutions: (to be marked in the same way as Alt 1):
e 5sin@-5c0sf=2 = 5tand—5=2secd = (5tan6-5)* = (2secH)’
= 25tan® @ —50tan 6+ 25 = 4sec’ § = 25tan’ § —50tan & + 25 = 4(1+tan* 6)

50++/736 25+ 2./46
42 21

= 21tan’#-50tanf@+21=0 = tanfd=

= 6 =awrt 61.4°, awrt 208.6° only
e 5sin@-5c0s0=2 = 5-5cot = 2cosecd = (5—5cotd)® = (2cosech)?

= 25-50cot 4 + 25cot” 6 = 4cosec’d = 25—50cot 8+ 25cot” @ = 4(1+ cot’6)
50++/736 _ 25+2./46

42 21

=1.8364..., 0.5445...

= 21cot’9-50cotd+21=0 = cotd=
= 6 =awrt 61.4°, awrt 208.6° only

=1.8364..., 0.5445...
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Question Scheme Marks AOs
12(@ | f(x) =10e***sin x
_ M1 1.1b
=f'(x) =-2.5e "®*sin x +10e *** cos x oe
Al 1.1b
f'(x) =0 = —2.56%% sin x +10e* cosx =0 M1 2.1
w:&:tanx:4* Al* 1.1b
cosx 2.5
(4)
(b) b o
"Correct” shape for 2 loops M1 1.1b
Fully correct with Al 1.1b
decreasing heights
4
)
(c) Solves tan x =4 and substitutes answer into H (t) M1 3.1a
H (4.47) = [10e °***“" 5in 4.47| M1 1.1b
awrt 3.18 (metres) Al 3.2a
3
(d) The times between each bounce should not stay the same when the
. . . B1 3.5b
heights of each bounce is getting smaller
1
(10 marks)

(@)

M1: For attempting to differentiate using the product rule condoning slips, for example the power of e .
So for example score expressions of the form +...e7%% 02X cosx M1
Sight of vdu —udv however is MO

Al: f'(x) =-2.5e°*"sin x+10e°%* cos x which may be unsimplified

sinx=*...e

M1: For clear reasoning in setting their f'(x) = 0, factorising/ cancelling out the e ****

trigonometric equation in only sin x and cos x
Do not allow candidates to substitute x =arctan4 into f'(x) to score this mark.

term leading to a

sinx 10 . . X
Al*: Shows the steps —— = —— or equivalent leading to = tanx=4%*. must be seen.

cosx 2.5
(b)

M1: Draws at least two "loops”. The height of the second loop should be lower than the first loop.
Condone the sight of rounding where there should be cusps

Al: At least 4 loops with decreasing heights and no rounding at the cusps.
The intention should be that the graph should ‘sit” on the X -axis but be tolerant.

It is possible to overwrite Figure 3, but all loops must be clearly seen.

€.
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©

M1: Understands that to solve the problem they are required to substitute an answer to tant =4 into H (t)
This can be awarded for an attempt to substitute t =awrt 1.33 or t =awrt 4.47 into H (t)
H (t) =6.96 implies the use of t =1.33 Condone for this mark only, an attempt to substitute
t =awrt 76° or awrt 256° into H (t)

M1: Substitutes t = awrt 4.47 into H (t) = |10e‘°'25‘ sint |. Implied by awrt 3.2

Al: Awrt 3.18 metres. Condone the lack of units. If two values are given the correct one must be seen to have
been chosen
It is possible for candidates to sketch this on their graphical calculators and gain this answer. If there is no
incorrect working seen and 3.18 is given, then award 111 for such an attempt.
(d)
B1: Makes reference to the fact that the time between each bounce should not stay the same when the heights of
each bounce is getting smaller.
Look for " time (or gap) between the bounces will change”

‘bounces would not be equal times apart'

‘bounces would become more frequent’
But do not accept ‘the times between each bounce would be longer or slower’
Do not accept explanations such as there are other factors that would affect this such as "wind resistance",
friction etc
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Question Scheme Marks | AOs
15(a) . 5+2sinf  6tand
Uses the common ratio oosd —5+2sn0 o.e. M1 3.1a
Cross multiplies and uses tan#xcos @ = sind
. 2 . dM1 1.1b
(5+2sin6) =6x12sin6
. 25+20sin@+4sin’ @ =72sin O
Proceeds to given answer s Al* 2.1
=4sin” §-52sinf+25=0 *
(&)
(a) Alt (a) Alternative example:
Uses the common ratio 127 cos@ =5+2siné, 125° cos@ =6tand
; 2 Ml 3.1a
=12cosé¥ 3+2sind =6tand
12cosd
Multiplies up and uses tan #x cos @ = sind
. N2 . dM1 1.1b
(5+2sin@) =6tanOx12cos @ =72sin
. 25+20sin @ +4sin’ @ = 72sin @
Proceeds to given answer , Al* 2.1
=4sin” §-52sinf+25=0 *
3
b
(®) 4sin26’—52sin0+25:0:>sin0=%(,§J M1 1.1b
hY/4
0= < Al 1.2
2
©) Attempts a value for either a or »
N& 5+2x !
3 3 3 _5+2sinf 2 Ml 3.1a
e.g.a=12cosf= 12x iRy NG
12x———
2
1
"a"=-6+/3 and "r"=——= o.c. Al 1.1b
V3 7
a -6/3
Uses S«:‘l—r‘HL dM1 | 21
V3
Rationalises denominator
5 -3 _ -18 W3-l ddM1 | 1.1b
TR IRNCER RaVE RS
NE]
(5, =)9(1-+3) Al 2.1
)
(10 marks)
Notes:
(a)
. . a, a
M1: For the key step in using the ratio of a—2 = a—3
1 2

dM1: Cross multiplies and uses tanéxcosf = sinf
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Alternative:
M1: Expresses the 2" and 3™ terms in terms of the first term and the common ratio and eliminates

T
dM1: Multiplies up and uses tanfxcosé = siné

AT*: Proceeds to the given answer including the “ = 0 with no errors and sufficient working shown.

Other approaches may be seen in (a) and can be marked in a similar way e.g. M1 for correctly
obtaining an equation in 8 using the GP, M1 for applying tan#xcosd = sind or equivalent and
eliminating fractions, Al as above

u, xu, 12cos@x6tan O

:>5+2SIHQZW M1

Example: u, =
2

= (5+2sin@)’ =72sin0 dMm1

25+20sin 0 +4sin” @ = 72sin O
Al

= 4sin° @—52sinf+25=0  *

(b)
M1: Attempts to solve 4sin® —52sin @ +25=0. Must be clear they have found sin @ and not e.g.

just x from 4x" —52x+25=0. Working does not need to be seen but see general guidance for

. . 2
solving a 3TQ if necessary. Note that the 75 does not need to be seen.

Al: = 5% and no other values unless they are rejected or the 5?” clearly selected here and not in (c)
. . . . ) 1
A minimum requirement in (b) is e.g. sinf=—, 6=—

2 6

Do not allow 150° for 5%

PTO for the notes to part (c)
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. . . . 57 .
(c) Allow full marks in (c) ife.g. 8= e their answer to (b) but 8 = 5 s used here.

orife.g. 6= ST” is their answer to (b) but & = % is used here allow the M marks only.

M1: For attempting a value (exact or decimal) for either a or r using their 6

1 1
; 5+2x+ 6x——=
E.g. a=12cosf= 12><—£ or r=5+2sm¢9= 2 oce.g r= 6tan.6 = V3
2 12cos @ 3 5+2siné 1
12x—— S542x~
2 2
: 1 o : 1 V3
A1l: Finds both a =-6/3 and r = - Na which can be left unsimplified but sin & = 708 0= —5
V3 :
and tan@ = N (if required) must have been used.
n_n n.n 3 3 a _6‘\/§ 5
dM1: Uses both values of "a" and "7 with the equation S = = I to create an expression
I+—=
3
involving surds where a and » have come from appropriate work and |r| <1
Depends on the first method mark.
ddM1: Rationalises denominator. The denominator must be of the form p+g+3oee.g. p+ %
Depends on both previous method marks.
p— 9
Note that stating e.g. k x 2 —4V3 or k X V3 is sufficient.
p+aV3 p—qV3 prL o4
V3 V3

Al: Obtains (Sw :)9(1—\/§)

Note that full marks are available in (c) for the use of € =150°
Note also that marks may be implied in (c) by e.g.

251
g - @ __ 120050 _ l44cos & 144cos
©l-r o 5+2sin0  12cos@-5-2sin6 St . . 5m
12cos @ 6 6
_ 18 108 X—6+6J§:—648+648ﬁ:9(1_ﬁ)
—6-6/3 —6-6/3 —6+6V3 -72

Scores M1A1 implied dM1 ddM1 A1l

See next page for some other cases in (c) and how to mark them:

&
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Snt T
G _ A _ 120057 oreg g 4 _ 120053
© 1-r . Sn ® 1-r . T
5+2sin— 5+2sin—
s s
IZCOS? 12cosg
And nothing else
scores M1AOdM1ddMOAO
5w
12cos—
s =2 = 6 —9(1-43)
© Q-7 . 5n
5+2sin—
1_76
Snt
12005?
Scores M1A1dM1ddMOAO
o1
12cos—
s =4 - 6 —9(1+43)
© 1-r .
5+2sin—
oM
1
IZCosg
Scores M1AOdM1ddMOAO

S, =9(1-+/3) with no working scores no marks
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Question Scheme Marks AOs

IS (sinx—cosx)2<1:>sin2x—25inxcosx+coszx (<1)oe. M1 1.1b
Examples:

xamp Al | 22a

1-2sinxcosx< 1, I-sin2x <1, —2sinxcosx <0, —sin2x<0

As x is obtuse then —2sinxcosx is positive because sinx >0 and cosx <0
so we have a contradiction. Al* 2.4
Therefore sinx—cosx > 1 *

(3 marks)

Notes
Condone poor notation e.g. sinx’ or e.g. —2sin@cosx < 1 for the first two marks only.

M1: Expands (sin X—cos x)2 to obtain sin’ x * ksin xcosx+cos’ x where k=1o0r2 o.e. May be implied.

Al: Uses a correct identity sin® x+cos’ x=1 or e.g. —sin’ x—cos’ x =1 to obtain a correct inequality in
any form that does not include the sin® x and cos’ x terms. Condone e.g. —2sin cosx <0
A1*: Fully correct work which includes
e aconvincing argument that explains why their inequality is not true
e astatement that indicates there is a contradiction
e aconclusion that sinx—cosx > 1 (there is no need to repeat “when x is obtuse”)
¢ no contradictory statements
e 1o mixed/missed variables, e.g., —2sinfcosx< 1 or 1-sin2<1

Examples:
From —2sinxcosx <0:

In the second quadrant—2sin xcos xis —x+x—=+
“(this is a) contradiction” or equivalent (therefore) sinx—cosx > 1

or
As x is obtuse, sin x > 0, cos x <0 so —2sinxcosx >0
“(this is a) contradiction” or equivalent (therefore) sinx—cosx > 1

From —sin2x<0:

As x is obtuse, 2x is reflex o.e. (i.e. T <2x <27) so —sin2x >0
“(this is) wrong” or equivalent (therefore) sinx—cosx > 1

From 1-sin2x<1:

As x is obtuse, 2x is reflex o.e. (i.e. 180 <2x <360) so sin2x <0 so 1—sin2x >1
“(this is a) contradiction” or equivalent (therefore) sinx—cosx > 1

From sin2x>0:

As x is obtuse, 2x is reflex o.e. (i.e. 180 <2x < 360) so sin2x <0
“(this is) incorrect” or equivalent (therefore) sinx—cosx > 1

Note that you may condone the absence of a statement referring to the fact that (sin X —cos x)2 <1 is only

valid since sin x —cos x > 0 when x is obtuse.
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Question Scheme Marks | AOs
12 i h) —si

sin(x+Ah)—sinx Bl 51

h
sin xcos s +cosxsin/ —sin x Ml 1.1b
h Al 1.1b

) cosh—1 sinh
(As h—0), smx( P )+cosx(7)—>0xsinx+lxcosx dM1 | 2.1
SO d—y:cosx * Al* 2.5
dx

(5 marks)

Notes

Throughout the question allow the use of /= 0x if used consistently
There is no requirement to see "gradient of chord" written down.
sin(x + A)—sin x op SIX— sin(x + A) or sin(x + &) —sin(x — A) or
xX+h—x —h 2h
P . Condone invisible brackets. May be implied by sinxcosh + cohs xsinh = sin x
xX—h—-x
M1: Uses the compound angle formula for sin(x + /) to give sinxcos/ =+ cosxsin A

B1: Gives the correct fraction such as

sin(x—h)—sin x

Al:  Achieves 2008 ht cc;ls xsinh —sin x or equivalent (may be implied by further work).

Allow invisible brackets to be recovered.

dM1: Itis dependent on both the B and the M marks being awarded.
Complete attempt to apply the given limits to the gradient of their chord. They must isolate

( cosh = lj and replace with 0 and isolate (Slz U

j and replace with 1.

. cosh—1 sin /1 .
e.g. sinx P +cosx % =sinxx0+cosxxl1

cosh—1

. sinh
Accept as a minimum SIn x( J+ cos x(TJ =cosx (implying the application of the limits)

If they do not fully show (COS}}: _1j and (%) being isolated but proceed from

sinx(cosh—1)+cosxsinh

e.g. P to Oxsinx+cosx (ore.g. 0+cosx) then this can be implied and
score dM1
sinx(cosh—1)+cosxsinh .

P =cosx is dMO

Condone if limit notation remains within their expression after the limits have been applied.
e.g.lim(sinxx 0+ cosxx1)
h—0

Alternatively, condone use of the small angle approximations such that
2

. . . ——sinx+hcosx
sin x cos /1 + cos xsin 4 —sin x 2

h h

: h .
= —Esm x+cosx and replaces 5 with 0
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. o d .
Al*: Uses correct mathematical language of limiting arguments to show that Ey = cos x with no
errors seen. (cso)

d
We need to see 7 — 0 at some point in their solution and linking < with cosx e.g.

dy . . (cosh—lj (sinhj
e —=_.=lim|sinx +cosx =COoSX
dx h—0 h h

dy . h . . . L
. az...z%lng —Es1nx+cosx =0xsinx+cosx =cosx (using small angle approximations)
sinx(cos/h—1)+cosxsin
J %;..: ( h) =sinxx0+1xcosx=cosx as h —>0

Condone f'(x) or y’ in place of %
Give final A0 for no evidence of limiting arguments:

. h—-1 inh) .
e.g. when h=0 %z...zsmx(cosh j+cosx[%)=smx><0+cosx><1=cosxisAO

cosh—1

Do not allow the final A1 for just stating % =1 and =0 and attempting to apply

these (without seeing e.g. £ — 0 at some point in their solution)

If they work in another variable (e.g. @) then withhold the final mark. If they have mixed variables
within some of their statements, then allow recovery but withhold the final mark.

Withhold this mark if there has been incorrect bracketing or invisible brackets when isolating

. sinxcosh—1+cosxsinhk . . cosh—1
sin x(cos h— 1) e.g. , but accept terms written as e.g. sin x

do not require brackets. Condone a missing trailing bracket if the intention is clear.

which
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Question Scheme Marks | AOs
%(0059) =-sin@; as h—0, SINN 1 ang SSN=1 40
cos(6 + E) —cosd B1 21
_ cos@cosh —sin@sinh—cosd M1 1.1b
- h Al 1.1b
—_ SN gine + [COSh _1jc059
Ash—0, _sinhg., +(C0$h_1)cos¢9 — —1sin@+0cos @ dMm1 2.1
h
S0 i(cos&) =-sing * Al* 25
dé
©)
(5 marks)
Notes for Question 9
B1: Gives the correct fraction such as cos(0+ E) —coso or cos(0+ gg) —cosé
Allow C08(0+h) —C0s€ o Note: cos(+h) or cos(d+56) may be expanded
(@+h)-6
M1: Uses the compound angle formula for C0S(6+h) to give cos@cosh +sin&sinh
. h —singsinh— .
Al: Achieves coscos s': Osinh - cosd or equivalent
dM1: | dependent on both the B and M marks being awarded
Complete attempt to apply the given limits to the gradient of their chord
Note: | They must isolate % and (COS: _1J, and replace % with 1 and replace (COS: _1j with 0
Al*: cso. Uses correct mathematical language of limiting arguments to prove dig(cose) =-sin@
Note: | Acceptable responses for the final A mark include:
lim i _
. i(cosH) = - ﬂsine + cosh -1 cos® | =—-1sin@+0cos@ = —sind
de h—0 h
e Gradient of chord = — %sin 0 + (COSh _1jcose. As h — 0, gradient of chord tends to
the gradient of the curve, so derivative is —sin@
e Gradient of chord = — %sin@ + (%h_ljcosa As h — 0, gradient of curve is —sin@
Note: | Give final AO for the following example which shows no limiting arguments:
whenh =0, i(cosé’) = — Ms.ims? + (COSh _1)c050 =—1sin@+0cos@ = —sin@
de h h
. . . sinh _ cosh-1 .
Note: | Do not allow the final Al for stating T =1 or =0 and attempting to apply these
Note: | In this question 56 may be used in place of h
' d . d
Note: | Condone f'(#) where f(6)=c0s8 or é where Y =C0S6 used in place of E(cos&)

t s
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< QUESTION

Notes for Question 9 Continued
Note: | Condone x used in place of @ if this is done consistently
Note: | Give final AO for

li i _
. i(cosx): im —ﬂsin0+ cosh-1 cosé | =-1sin@+0cos@ = —sin@
do h—0 h
d

h
[ ] E =...
e Defining f(X)=C0s€ and applying f'(X)=...
d
e —(cosd
5 (€059)

Note: | Give final Al for a correct limiting argument in x, followed by ;—e(cose) =-sinéd

d lim [ sinh cosh-1 : ,
e.g. —(cosx) = - ——sinx + cosx | =—1sinx+0cosx = —sinx
déo h—0 h h

= i(cosé?) =-sind
dé

Note: | Applying h—0, sinh—h, cosh—1 to give e.g.

lim (cosecosh —sinasinh—cosaj 3 (cosa(l) —sine(h)—cosej _ —sin@(h) — —sing
h—0 h B h ~  h
is final MO AO for incorrect application of limits
Note: lim (cos@cosh —sin@sinh—coséd lim sinh . cosh-1
= ———sinf + cosd
h—0 h h—0 h
lim . . . m
= (- @sin@ + 0cos®) =—sine. So for not removing
h—0 h
when the limit was taken is final A0
Note: | Alternative Method: Considers cos(0+h) —cos(@—h) \pich simplifies to —2singsinh
(0+h)—(0—h) 2h
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Question Scheme Marks AOs
8(a) D =5+2sin(30x6.5)°=awrt 4.48m with units B1 3.4
@
(b) ) ] M1 1.1b
3.8=5+2sin(30t)° =>sin(30t)°=-0.6
Al 1.1b
t=10.77 dmM1 3.1a
10:46 a.m. or 10:47 a.m. Al 3.2a
4)
(5 marks)
Notes:
@

B1: Scored for using the model ie. substituting t =6.5into D =5+ 2sin (30t)° and stating

D =awrt 4.48m. The units must be seen somewhere in (a) . So allow when D =4.482..=4.5m
Allow the mark for a correct answer without any working.

(b)
M1: For using D =3.8 and proceeding to sin(30t)°=k, [k|<1
Al: sin(30t)°=-0.6 This may be implied by any correct answer for t such as t =7.2
If the Al implied, the calculation must be performed in degrees.
dM1: For finding the first value of t for their sin(30t)° =k after t =8.5.
You may well see other values as well which is not an issue for this dM mark
(Note that sin(30t)°=—0.6 = 30t = 216.9° as well but this gives t =7.2)
For the correct sin(30t)°=-0.6 =30t =323.1=t =awrt10.8

For the incorrect sin(30t)° =+0.6 =30t =396.9 =t =awrt 13.2
So award this mark if you see 30t =invsin their —0.6 to give the first value of t where 30t > 255

Al: Allow 10:46 a.m. (12 hour clock notation) or 10:46 (24 hour clock notation ) oe
Allow 10:47 a.m. (12 hour clock notation) or 10:47 (24 hour clock notation ) oe
DO NOT allow 646 minutes or 10 hours 46 minutes.
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Question Scheme Marks AOs
(@) Deduces that 4 =150 or b =% B1 34
Deduces that 4 =450 and b =% B1 34
Uses t=0,H=1=a=.. E.g 1="50"sin(a)°=>a=.. M1 3.4
H= isosin&tﬂ.lsj" Al 33
“
(b) E.g. the minimum height above the ground of the passenger
on the orlglnalorrnodel was 0 m Bl 3.5
Adding “d” means the passenger does not touch the ground.
@
(5 marks)
Notes:
(a) Note that BOB1 is not possible
B1: Uses the equation of the given model to deduce that 4 =450 or b= % o0.e.

May be seen embedded within their equation.

B1: Uses the equation of the given model to deduce that 4 =+50 and b = % o0.e.

May be seen embedded within their equation.

M1: Uses ¢t =0 and H =1 in the equation of the model to find a value for« .

Follow through on their value for 4. Allow for £1="50"sin(«)° = « =...where a is in degrees

or radians.

1

50 ) 50

Note that in radians sin [Lj ~— (0.0200...) which may appear incorrect but is in fact ok.

Also in degrees a value of e.g. 1.14 (truncated) would indicate the method.

A1l: Writes down the correct full equation of the model: H =

Condone omission of degrees symbol and allow awrt 1.15 for a.
Allow if a correct equation is seen anywhere in their solution.

(b)

B1: Gives a suitable explanation with no contradictory statements.

"+ "SOSin(%t-i-l.lSj

0.€.

Condone “so that pod/capsule/seat/passenger/ferris wheel/it etc. will not hit/touch the ground”

Responses that focus on the starting point of the model are likely to score BO
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Question Scheme Marks AOs
6 (a) R=5 B1 1.1b
tana=2=a=.. M1 1.1b
a =1.107 Al 1.1b

®)

0:5+\/§sin(%+1.107—3J

(b) (5++5)°C orawrt7.24°C B1ft 2.2a
1)
© 2 1107-3=" ot = M1 3.1b
12 2
t=awrt13.2 Al 1.1b
Either 13:14 or 1:14 pm or 13 hours 14 minutes after midnight. Al 3.2a
®)
(7 marks)
Notes:
(@)
B1: rR=45 only.

M1: Proceeds to a value of o from tana = +2,tana = i%,sina = i"—;HOR Cosa = J_r"iR"

It is implied by either awrt 1.11 (radians) or 63.4 (degrees)
Al: ¢ =awrt1.107
(b)
B1ft: Deduces that the maximum temperature is (5+V5) °C or awrt 7.24°C Remember to isw
Condone a lack of units. Follow through on their value of R so allow (5+"r")°c

(©)
M1: An complete strategy to find t from f_ztil'lo7_3 :%_

Follow through on their 1.107 but the angle must be in radians.
It is possible via degrees but only using 15t+63.4—-171.9 =90

Al: awrt t=13.2

Al: The question asks for the time of day so accept either 13:14, 1:14 pm, 13 hours 14 minutes after
midnight, 13h 14, or 1 hour 14 minutes after midday. If in doubt use review

It is possible to attempt parts (b) and (c) via differentiation but it is unlikely to yield correct results.

do = it 2n . (=t it 1 )
W_ECOS[E_BJ_ES"‘(E_SJ_O:tan(ﬁ_gj_fzt_13'23_13'14 scores M1 A1 Al

dée nt . (mt it 1 .
W_COS[E_BJ_ZS"{E_SJ_O:tan(ﬁ_3j_§:>t_13'23_13'14 they can score M1 A0 Al (SC)

A value of t=1.23 implies the minimum value has been found and therefore incorrect method MO.

&
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Question Scheme Marks AOs
13(a) a=60 Bl 3.1b
2="60"-hH(-20)Y =b=... M1 34
H =60-0.145(t —20)* Al 33

(€]
Height =2 m Bl 34

(0]
a =180 or g =31 M1 3.4
H =29cos(9¢+180)°+31 Al 33

2
e.g. “The model allows for more than one circuit” B1 3.5a

@

(7 marks)
Notes

(a)
B1:

Mi1:

Al:

a = 60 (may be seen in their final equation of the model or implied by 60 substituted for a in the
model)

Attempts to find b by substituting in =0, H =2 and their a and proceeding to a value for b.

May be seen as two simultaneous equations formed:

2=a-b(-20)" and 60 =a—-b(20-20)" proceeding to a value for b

H =60-0.145(t —20)* or equivalent such as H = —%tz +5.8t+2 or H=060 —22—090(t —20)° isw

once a correct equation for the model is seen. Must be in terms of A and ¢. If they just state
a =60, b=0.145then A0

A correct answer with no working seen scores full marks.

(b)
B1:

2 cao (condone lack of units) This can be scored even if their model in (a) is incorrect (they may
have used symmetry to determine this value)

(©)

M1:
Al:

(a :) 180 or (,8 =) 31 Condone (a :) p/a

H =29cos(97+180)°+31 or equivalent e.g. H =-29cos(9¢)+31 isw once a correct equation for
the model is seen. Must be in terms of H and ¢. If they just state a =180,  =31then AO.

A correct equation with no working seen scores both marks. Does not require the degree symbol.

(d)
B1:

Score for a reason which makes reference to any of

e the alternative model allows repetition (allow phrases e.g. “multiple cycles”, “repeated circuits”,
“cyclical”, “periodic”, “loops around”, “the original model can only go up and down once”)

o the alternative model after 2 minutes the carriage will be back at the start (e.g.““at 2 mins, H =27)

o the original/quadratic model after 40 seconds (or any time after this) will be negative (e.g. “the
height will be negative which cannot happen”)

e the original model after 2 minutes would not be back at the start

Do not allow vague responses on their own e.g. “the original model is a parabola”

If calculations are used then they must be correct using a correct model (allow rounded or truncated)

Look for a valid reason and ignore reference to anything else as long as it does not contradict

t | 0|5 |10|15]|20|25|30|35|40 |45 |50 55|60 80|100]| 120

h | 2 |27 |46 |56 |60 |56 |46 |27 | 2 |-31]|-71]-118|-172|-462|-868|-1390
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Question Scheme Marks AOs
10(a) dH _Hcos0.25t (1 .. [cos0.25 ML a1
dt ~ 40 H |~ 40 -8
1 M1 1.1b
INnH =-—=sin0.25t(+c
10 (+0) Al 1.1b
Substitutes t =0,H =5=c =1In(5) dMm1 3.4
H 1 . 0.1sin 0.25t
In =3 =Esm 0.25t = H =5e * Al* 2.1
(®)
(b) Max height = 5% =5.53m  (Condone lack of units) Bl 3.4
)
© Sets 0.25t = 57” M1 3.1b
314 Al 1.1b
)
(8 marks)
(@)
M1: Separates the variables to reach J‘%dH :j% dt or equivalent.

The integral signs need to be present on both sides and the dH AND dt need to be in the correct positions.

M1: Integrates both sides to reach In H = Asin0.25t or equivalent with or without the + ¢

1. . . . . .
Al: InH = Esm 0.25t + ¢ or equivalent with or without the + c. Allow two constants, one either side

If the 40 was on the Ihs look for 40In H =4sin0.25t + ¢ or equivalent.

dM1: Substitutes t =0,H =5=>c =.. There needs to have been a single " + ¢ " to find.

It is dependent upon the previous M mark. You may allow even if you don’t explicitly see "t =0,H =5"as
it may be implied from their previous line

If the candidate has attempted to change the subject and made an error/ slip then condone it for this M but not
the final A. Eg. 40InH =4sin0.25t + ¢ == H*® =e*iN03t L o 50 _ 146 —c=...

Also many students will be attempting to get to the given answer so condone the method of finding ¢ =...
These students will lose the A1* mark

1 . ;
A1*: Proceeds via InH =-—-sin0.25t +In5 or equivalent to the given answer H = 52025t

10
least one correct intermediate line and no incorrect work.

with at

DO NOT condone ¢'s going to ¢'s when they should be e° or A

€.
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. 1. L sin0.25t+In5 Lano2st s
Accept as a minimum InH :msm 0.25t+In5=H =¢l0 or H =el0 xe"" pefore

sight of the given answer

If the only error was to omit the integration signs on line 1, thus losing the first M1, allow the candidate to
have access to this mark following a correct intermediate line (see above).

If they attempt to change the subject first then the constant of integration must have been adapted if the A1*

1 . 1 .
. = 5in0.25 = 5in0.25
is to be awarded. InH = %sm 0.25t+c=>H —e0™" e — H = Ael0™" '

The dM1 and A1* under this method are awarded at virtually the same time.

4

. 40 b
Also, for the final two marks, you may see a proof from .[W dH = J' €0s0.25t dt
0 5

(b)

B1: States that the maximum height is 5.53 m  Accept 5e%! Condone a lack of units here, but penalise if
incorrect units are used.

©

5
M1: For identifying that it would reach the maximum height for the 2nd time when 0.25t = 7” or 450

Al: Accept awrt 31.4 or 107 Allow if units are seen
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Question Scheme Marks AOs
12(a) K =500 B1 1.1b
tanazﬂzaz... M1 1.1b
140
o =awrt 73.74° or 500cos(6+73.74)° Al 1.1b
| @)
(b)(i) R =1000+500cos (30t +73.74)°
or B1ft 3.3
R =1000+140cos (30t )° - 480sin (30t)°
(b)(ii) {R,, =}500 B1ft 3.4
)
© t=3.5= R ="1000"+"500"cos(30(3.5)+"73.74")° =... M1 3.4
R =awrt 500.1...
so the model is reliable Al 352
)
(d) sin(30t+70)°=-1=>30t+70=270=>30t =... (ort = ...) M1 3.4
30t =200 [or t= %} Al 1.1b
n " n " n 20 " n n
R ="1000"+"500 COS(?)O( 3 j+ 73.74 j"
dM1 3.4
or
R ="1000"+140cos ("200")°—480$in ("200")°
R =1032 (or 1033) Al 1.1b
(4)
(11 marks)
Notes

(@)
B1:

M1:

Al:

(b)(i) Note: mark parts (b)(i) and (b)(ii) together.
B1ft: Correct equation of the model in either form including the R = following through on their

Note: Candidates working in radians are able to score all the M and B marks in this question.

Condone the absence of the degrees symbol throughout the whole question.

Correct value for K. Condone R = 500

Award for tana:i@:a:..., tanazi%:a:..., sina:iﬂ:a:... or
140 480 "500"

coSa == - a=..

Note a =awrt1.3 (rad) implies this mark.
a =awrt 73.74{°} or correct expression 500cos(6+73.74){°}

numerical K (0< K ,, 750) and their numerical o.
Allow for e.g. R =1500-"500"+"500"cos (30t +"73.74"){°} or for
R =1500—"500"+140<:os(30t)°—4805in(3Ot)° but note.g. R=1500-K + K cos(30t +a)°

R =1000+140co0s 30t —480sin 30t (without the brackets) is correct.
Allow this mark if they have truncated or rounded an otherwise correct o (to 3s.f.)

€.
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(b)(ii)

B1ft: 500 or follow through on (their A — their K) or (1500 — 2 x their K) provided it is non-negative
and less than 1500. It must be clear this is their answer to (b)(ii) so expect to see e.g. (b) or
R, = oran indication it is the minimum.

(©) Note: if @ is used in place of 30t then they must revert back to 30t correctly to access the
marks.

M1: Substitutes t = 3.5 into their model for the number of rabbits (you may need to check if no
method is shown)

or substitutes t = 3.5 into their cos (30t +«)°
Condone substitution of a value of t in the range 3 < t < 4.5 for this mark.

Al:  R=awrt500.1... or 500 (not awrt) following substitution of t = 3.5, suggesting that the
model is valid/reliable/appropriate/good.

or cos(30(3.5) +73.74){°} ~ —1 suggesting that the model is valid/reliable/appropriate/good.
Allow this mark if they have truncated or rounded an otherwise correct o (to 3s.f.)

Alt:

M1:  Minimum occurs when A+Kcos(30t+a)°=R;, = cos(30t+a)° =4 with |1, 1
leadingto t =...
May just see cos(30t+73.74)°=-1=>t=... (or their cos(30t+a)°=-1=>t=..)
30t+a =180=t=... implies this mark. Condone 30t+« =7 =t =... for this mark.

Al: t=3.54... (i.e. the middle of April) so the model is valid/reliable/appropriate/good.
Do not condone incorrect statements, e.g., t =3.54... i.e. the middle of March so close to

middle of April. If using A+ K cos(30t+a)°=R,;, then R, must be = their A—their K
Allow this mark if they have truncated or rounded an otherwise correct o (to 3s.f.)

Alt 2 using differentiation (Condoned)

M1: Condone finding the minimum using ...sin(30t+73.74)°=0=t=... (or their
sin(30t+a)°=0=>t=..)
30t+a =180=t=... impliesthis mark. Condone 30t +« =7 =t =... for this mark.

Al: t=3.54... (i.e. the middle of April) suggesting that the model is valid/reliable/appropriate.
Do not condone incorrect statements, e.g., t =3.54... i.e. the middle of March so close to
middle of April.

The complete derivative for (:j—T does not need to be seen.

Allow this mark if they have truncated or rounded an otherwise correct o (to 3s.f.)

(d) Note: if & is used in place of 30t then they must revert back to 30t correctly to access the
marks.
M1: Realises that sin (SOt + 70)° =-1, reaches 30t +70 =270 or-90 and attempts to find t (or 30t)

Condone attempts using differentiation. The minimum occurs when cos(30t+70)°=0=
30t+70=270=30t=... (ort=...). They must use 270 or —90 and not 90 to achieve the

minimum. Condone 30t + « :%:t:... for this mark but not 30t + & :%:t =...

Al: Correct value for 30t (or t) Accept rounded or truncated values to at least 3s.f. e.g. 6.66 or 6.67

dM1: Substitutes their value of t > 0 (or 30t > 0) coming from 30t + 70 =270 into their model for R

Al: Correct number of rabbits. Allow 1032 or 1033 but must be whole numbers and not just 1030.
Allow this mark if they have truncated or rounded an otherwise correct o (to 3s.f.)

RA
274



MARK SCHEME -

Paper 2: Pure Mathematics 2 - November2021 - Q15 5.9 Trigonometry in Context < QUESTION
Question Scheme Marks AOs
15(a) R=+5 Bl | 11b
tana:% or sina:% or c03a=%:>a:... M1 1.1b
a =0.464 Al 1.1b
_ 3)
(b)) 3+245 Bift | 34
(i) cos(0.5t +0.464) =1= 0.5t + 0.464 = 2
(0-5¢+0.464) =1= 0.5+ d ML | 34
=>t=..
t=11.6 Al 1.1b
3
© 3+ 2+/5c0s (0.5t +0.464) =0
3 M1 3.4
cos(0.5t+0.464) = ———=
245
cos(0.5t +0.464) = —% = 0.5t +0.464 = cos™ (—%)
3 dM1 1.1b
t=2|cos'| ———= |-0.464
- ( ( 2.5 j J
So the time required is e.g.:
2(3.977...—0.464)—2(2.306...— 0.464) M1} 3.1
=3.34 Al 1.1b
4
(d) e.g. the “3” would need to vary Bl 3.5¢
)
(11 marks)
Notes
(a)
BL: R =5 only.

M1: Proceeds to a value for o fromtan o = J_r% of sina :ii Of cosa :ii
"R "RY

It is implied by either awrt 0.464 (radians) or awrt 26.6 (degrees)
Al: o =awrt 0.464
(b)(i)
Bift: For (3+ 2x/§) m or awrt 7.47 m and remember to isw. Condone lack of units.

Follow through on their R value so allow 3 + 2xTheir R. (Allow in decimals with at least
3sf accuracy)

(b)(ii)

M1: Uses 0.5t +"0.464" = 27 to obtain a value for t
Follow through on their 0.464 but this angle must be in radians.
It is possible in degrees but only using 0.5t +"26.6" = 360

Al: Awrt 11.6
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Alternative for (b):
H =3+4cos(0.5t)-2sin(0.5t) = OL—T =—2sin(0.5t)—cos(0.5t) =0

= tan (0.5t) = —%: 0.5t =2.677...,5.819...=t =5.36, 11.6

t=11.6=>H =7.47
Score as follows:
M1: For a complete method:

dH dH
Attempts e and attempts to solve e =0 fort

Al: Fort=awrt 11.6
B1ft: For awrt 7.47 or 3+ 2xTheir R

(c)
M1: Uses the model and sets 3+ 2"\/5"cos(...) =0 and proceeds to ¢0s(...) = kwhere [k|<1.
Allow e.g. 3+2"/5"cos(...)<0

dM1: Solves COS(0.5t i"0.464") =k where |k| <1to obtain at least one value for t

This requires e.g. 2(7r+cosl(k)itanl (%D or e.g. Z(ﬂ—cosl(k)itan1 (%D

Depends on the previous method mark.

dM1: A fully correct strategy to find the required duration. E.g. finds 2 consecutive values of t
when H = 0 and subtracts. Alternatively finds t when H is minimum and uses the times found
correctly to find the required duration.

Depends on the previous method mark.

Examples:
Second time at water level — first time at water level:

3 1 3 1
2| 7+cost| — —tan‘l(—] -2 z—cos‘l[—j—tan‘l(—j =7.02685...—3.68492...
( [2\'5j 2 2\/5 2

2 x (first time at minimum point — first time at water level):

2(2(7: —tan™! (%B — 2(72' —cos™ (%} —tan™ (%)D =2(5.35589...—3.68492...)

Note that both of these examples equate to 4cos™ (ij which is not immediately obvious

25

but may be seen as an overall method.

There may be other methods — if you are not sure if they deserve credit send to review.
Al: Correct value. Must be 3.34 (not awrt).

Special Cases in (c):
Note that if candidates have an incorrect o and have e.g. 3+ 2\/§cos(0.5t —0.464), this has no

impact on the final answer. So for candidates using 3+ 25 cos(0.5t +a)in (c) allow all the

marks including the A mark as a correct method should always lead to 3.34
Some values to look for:

0.5t+£"0.464"=+2.306, +3.977, +£8.598, £10.26

(d)

B1: Correct refinement e.g. As in scheme. If they suggest a specific function to replace the “3”
then it must be sensible e.g. a trigonometric function rather than e.g. a quadratic/linear one.

7
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