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SUB-TOPIC M3.5a

CENTRES OF MASS OF SOLIDS (BY INTEGRATION)
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ANSWER >

In this question you must show all stages in your working.

Solutions relying on calculator technology are not acceptable.
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Figure 1

The finite region R, shown shaded in Figure 1, is bounded by the x-axis, the line with
equation x = 3, the curve with equation y = /(x + 1) and the y-axis.
Find the y coordinate of the centre of mass of a uniform lamina in the shape of R.
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Question 1 continued

(Total for Question 1 is 5 marks)
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ANSWER >

Figure 1

A hollow toy is formed by joining a uniform right circular conical shell C, with radius
4a and height 3a, to a uniform hemispherical shell H, with radius 4a. The circular edge
of C coincides with the circular edge of H, as shown in Figure 1.

The mass per unit area of C is 4 and the mass per unit area of H is k4 where £ is a constant.

Given that the centre of mass of the toy is a distance 4a from the vertex of the cone,
find the value of £.
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Question 1 continued

(Total for Question 1 is 6 marks)
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Figure 1
A uniform lamina is in the shape of the region R.
Region R is bounded by the curve with equation y = x(x + @) where « is a positive
constant, the positive x-axis and the line with equation x = a, as shown shaded
in Figure 1.
Find the y coordinate of the centre of mass of the lamina.
)
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Question 1 continued

(Total for Question 1 is 7 marks)
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Figure 1
. - . . . 1
The region R, shown shaded in Figure 1, is bounded by the curve with equation y = — , the
X
line with equation x = 1, the positive x-axis and the line with equation x=a where a > 1
A uniform solid § is formed by rotating R through 27z radians about the x-axis.
(a) Show that the volume of S is
1
=)
a
3
(b) Find the x coordinate of the centre of mass of S.
)
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Question 1 continued

(Total 8 marks) —]

INZ]
10



ANSWER >
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Figure 3

A thin uniform right hollow cylinder, of radius 2a and height ka, has a base but no top.
A thin uniform hemispherical shell, also of radius 2«, is made of the same material

as the cylinder. The hemispherical shell is attached to the end of the cylinder forming
a container C. The open circular rim of the cylinder coincides with the rim of the
hemispherical shell. The centre of the base of C is O, as shown in Figure 3.

(a) Show that the distance from O to the centre of mass of C is

2
(k +4k+4)a

2(k +3)

)

The container is placed with its circular base on a plane which is inclined at 30° to the

horizontal. The plane is sufficiently rough to prevent C from sliding. The container is on

the point of toppling.

(b) Find the value of %.
3
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Question 4 continued
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 8 marks)
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Figure 1

The shaded region R is bounded by the x-axis, the line with equation x = 1, the curve
with equation y =1+ Jx and the y-axis, as shown in Figure 1. The unit of length on
both of the axes is 1 m.

The region R is rotated through 27 radians about the x-axis to form a solid of revolution
which is used to model a uniform solid S.

066
25582
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Show, using the model and algebraic integration, that

s
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17
(a) the volume of S is ?n m’

(©))

(b) the centre of mass of S is %m from O.
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Question 1 continued

(Total for Question 1 is 8 marks)
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( )

3. A uniform solid right circular cone C has base radius r, height A and vertex V.
A uniform solid S, shown in Figure 3, is formed by removing from C a uniform solid
right circular cone of height / (& < H) that has the same base and axis of symmetry
as C.

14
h
—
o H »
Figure 3

(a) Show that the distance of the centre of mass of S from V' is

1
L GH-D)
Q)]

The solid S is suspended by two vertical light strings. The first string is attached to S at
J and the second string is attached to S at a point on the circumference of the circular
base of S.

The solid S hangs freely in equilibrium with its axis of symmetry horizontal.

The tension in the first string is 7, and the tension in the second string is 7,

T
(b) Find 71 , giving your answer in terms of A and /4, in its simplest form.
2

3

£
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 8 marks)
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Figure 2
The shaded region in Figure 2 is bounded by the x-axis, the line with equation x = 2 and
. . 1
the curve with equation y = Zx(3 —x).
This region is rotated through 27 radians about the x-axis, to form a solid of revolution
which is used to model a uniform solid S.
The volume of S is %n
(a) Use the model and algebraic integration to show that the x coordinate of the centre
of mass of S'is 31
The solid S is placed with its circular face on a rough plane which is inclined at a° to
the horizontal. The plane is sufficiently rough to prevent S from sliding.
The solid S is on the point of toppling.
(b) Find the value of a
3
\ y,
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 8 marks)
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Figure 3
A uniform right solid cone C has diameter 6a and height 8a, as shown in Figure 3.
The solid S is formed by removing a cone of height 4a from the top of C and then
removing an identical, inverted cone. The vertex of the removed cone is at the point O in
the centre of the base of C, as shown in Figure 4.

4a

Figure 4

(a) Find the distance of the centre of mass of S from O.
)

The point 4 lies on the circumference of the base of S and the point B lies on the
circumference of the top of S. The points O, 4 and B all lie in the same vertical plane, as
shown in Figure 5.

Figure 5
The solid S'is freely suspended from the point B and hangs in equilibrium.
(b) Find the size of the angle that 4B makes with the downward vertical.
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3. The finite region enclosed by the curve with equation y =3 — Vx and the lines x =0
and y =0 is rotated through 2z radians about the x-axis, to form a uniform solid S.

Use algebraic integration to

(a) show that the volume of S is 2—27 T
“4)

(b) find the x coordinate of the centre of mass of S.
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Question 3 continued
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 9 marks)
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4. (a) Use algebraic integration to show that the centre of mass of a uniform solid hemisphere
. . . 3 .
of radius « is a distance — a from the centre of its plane face.

You may assume that the volume of a sphere of radius r is 4 7]
[ y P 3

S

)

Figure 4

A uniform solid hemisphere has mass m and radius a. A particle of mass km is attached
to a point 4 on the circumference of the plane face of the hemisphere to form the loaded
solid S. The centre of the plane face of the hemisphere is the point O, as shown in
Figure 4.

The loaded solid S is placed on a horizontal plane. The curved surface of S is in contact
with the plane and S rests in equilibrium with O4 making an angle o with the horizontal,
where tan a = \f3

(b) Find the exact value of £.
)

£
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( )

5. (a) Use algebraic integration to show that the centre of mass of a uniform solid

. . . . 3 .
hemisphere of radius r is at a distance 3 r from the centre of its plane face.

[You may assume that the volume of a sphere of radius r is gm’3]

(©))

—fr—

Figure 3

A uniform solid hemisphere of radius 7 is joined to a uniform solid right circular cone
made of the same material to form a toy. The cone has base radius » and height k7. The
centre of the base of the cone is O. The plane face of the cone coincides with the plane
face of the hemisphere, as shown in Figure 3.
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The toy can rest in equilibrium on a horizontal plane with any point of the curved
surface of the hemisphere in contact with the plane.

(b) Find the exact value of £
O]

£
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4a

D 4a C

Figure 3 Figure 4
A square ABCD of side 4a is made from thin uniform cardboard. The centre of the

square is O. A circle with centre O and radius Ta is then removed from the square to
form a template 7, shown shaded in Figure 3.

A right conical shell, with no base, has radius %’ and perpendicular height 6a.
The shell is made of the same thin uniform cardboard as 7.

The shell is attached to T so that the circumference of the end of the shell coincides with
the circumference of the circle centre O, to form the hat A, shown in Figure 4.

[The surface area of a right conical shell of radius r and slant height [ is nrl.]
(a) Show that the exact distance of the centre of mass of H from O is

175na
(637 +128)
®

A fixed rough plane is inclined to the horizontal at an angle a. The hat H is placed on
the plane, with ABCD in contact with the plane, and 4B parallel to a line of greatest
slope of the plane. The plane is sufficiently rough to prevent the hat from sliding down
the plane.

Given that the hat is on the point of toppling,

(b) find the exact value of tan a, giving your answer in simplest form.

2
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Question 3 continued
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Question 3 continued
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( )

4. A uniform solid hemisphere H has radius  and centre O

3
(a) Show that the centre of mass of H is ?r from O

273
[You may assume that the volume of H is 3 :|

)
A uniform solid S, shown below in Figure 3, is formed by attaching a uniform solid

right circular cylinder of height 4 and radius » to H, so that one end of the cylinder
coincides with the plane face of H.

The point 4 is the point on H such that O4 = r and OA is perpendicular to the plane face
of H

A

Figure 3
(b) Show that the distance of the centre of mass of S from 4 is

5r% + 12rh + 6h?
8 +12h

©))

The solid S can rest in equilibrium on a horizontal plane with any point of the curved
surface of the hemisphere in contact with the plane.

(c) Find 7 in terms of 4.
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. ™
5. A uniform right solid circular cone C has radius » and height 4r.

(a) Show, using algebraic integration, that the distance of the centre of mass of C from
its vertex is 3r.

[You may assume that the volume of C is %nﬁ ]

(C))

A uniform solid S, shown below in Figure 3, is formed by removing from C a uniform
solid right circular cylinder of height » and radius %r, where the centre of one end of

the cylinder coincides with the centre of the plane face of C and the axis of the cylinder
coincides with the axis of C.

demm====og

A
v

4r
Figure 3

(b) Show that the distance of the centre of mass of S from the vertex of C is ?r
)

A rough plane is inclined at an angle a to the horizontal.
The solid S rests in equilibrium with its plane face in contact with the inclined plane.
Given that S is on the point of toppling,

(c) find the exact value of tana

(©))

£
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Question 5 continued
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Question 5 continued
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VA B

0] S

Figure 3

Figure 3 shows a shaded uniform lamina OAB which is in the shape of the region
. . . 1 .
enclosed by the x-axis and the curve with equation y = —(ax — x?), where a is a
a
positive constant. The centre of mass of the lamina is at G.

(a) Find, in terms of a, the y coordinate of G.

(6

The lamina is now freely pivoted in a vertical plane about a smooth horizontal axis
which passes through O and is perpendicular to the plane of the lamina.

The lamina is held in equilibrium by a horizontal force which is applied to the lamina
at A. The line O4 makes an angle 8 with the downward vertical through O, where

tanf = %, as shown in Figure 4.

The line of action of the force lies in the plane of the lamina.

0

Figure 4

The mass of the lamina is M and the magnitude of the applied force is F.

(b) Find F in terms of M and g.
(6)

Q\?ﬂ
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Question 4 continued
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4 C NOT to scale

<V

) 1 2

Figure 3

Figure 3 shows part of the curve C with equation y = x> + 4. The shaded region R is
bounded by C, the line with equation X = 1, the x-axis and the line with equation x =2

The unit of length on each axis is one centimetre.

A uniform wooden solid, S, is made in the shape formed by rotating the region R through
360° about the x-axis.

(a) Using algebraic integration,

3

613
(1) show that the volume of S is T em

(i1) find, to 3 significant figures, the distance of the centre of mass of S from O.

®

NOT to scale

Figure 4

Assolid, S, is formed by removing a solid cylinder of radius 3 cm and length 1cm from S.
A metal cylinder, of radius 3cm and length 1cm is placed in the resulting hole to form a
new solid T, as shown in Figure 4. The axis of the metal cylinder coincides with the axis
of symmetry of S,. The point B is the centre of the smaller plane face of T. The mass per
unit volume of S, is M and the mass per unit volume of the metal cylinder is SM.

(b) Find the distance of the centre of mass of T from B.
)
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Question 7 continued
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Question 7 continued

Q7

(Total 13 marks) |

TOTAL FOR PAPER: 75 MARKS

END
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1
7. [You may assume that the volume of a cone of height h and base radius r is 3 Trih.]

A uniform solid right circular cone C, with vertex V, has base radius 7 and height /.

3
(a) Show that the centre of mass of C is 1 h from V
)

A solid F, shown below in Figure 4, is formed by removing the solid right circular

1
cone C' from C, where cone C' has height 5 h and vertex V

< 2 >
—h
3
Figure 4

(b) Show that the distance of the centre of mass of F from its larger plane face

3
is —h
1S 13

)

The solid F rests in equilibrium with its curved surface in contact with a horizontal plane.

(¢) Show that 1372 < 17k
S))

Q‘\’/ﬂ'
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( )

6. (a) Show, using algebraic integration, that the centre of mass of a uniform solid
hemisphere H of radius a is a distance 3 a from O, the centre of its plane face.
2
[You may assume that the volume of the hemisphere is 3 ma’]

©))

a

N | =

C. 4 a >
<+“——r <« »

>/

Figure 5

A uniform solid S is formed by removing a smaller solid hemisphere of radius 1 a
from H such that 2

» the plane face of the smaller hemisphere has centre C and is part of the plane face

of H
e OC= la
2

Figure 5 shows a cross section of S, where S is the unshaded part.

(b) Show that the centre of mass of S is %a from the line through O and C.
)

The solid S rests in equilibrium with its curved surface in contact with a rough
horizontal plane, as shown in Figure 6.

-

Figure 6

The angle between CO and the horizontal is 6.

(c) Find the exact value of tan 6.

)
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Question 6 continued
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r

5. (a) Use algebraic integration to show that the centre of mass of a uniform semicircular

. . . . 4r .
disc of radius 7 and centre O is at a distance F from the diameter through O
T

[You may assume, without proof, that the area of a circle of radius 7 is 7]

©))

A uniform lamina L is in the shape of a semicircle with centre B and diameter AC = 8a.
The semicircle with diameter 4B is removed from L and attached to the straight edge
BC to form the template 7, shown shaded in Figure 4.

8a

Figure 4
The distance of the centre of mass of 7 from AC is d.

(b) Show that d = 24
T Q)

The template T is freely suspended from A and hangs in equilibrium with AC at an angle
6 to the downward vertical.

(c) Find the exact value of tan

()

Q\?ﬂ
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Question 5 continued
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official mark schemes, in the same order as the questions
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< QUESTION

ﬁuestion Scheme Marks
umber
1. I;,/(x+1)dx M1
2 33
= 5[(x+1)z]0 Al
31 2 31
joi(‘/(XJrl)) dx jOE(X-i-l)dX L
or
j'os\/(x+1)dx J';,/(x+1)dx
3 3
;sz +x} ;B(xﬂ)z}
=—2 - 30 or > =" 30 Al
5L 07 3l 0’|
_8 Al
"0 (0.80 or better) 5)
©)

Notes
Use of J';‘/(x +1)dx . Limits not needed. Accept k xI:,/(x+1)dx where k is a constant. To

give the mark for ‘use’ we must see an attempt at integration. An attempt at integration is
seen when the powers increase by 1.
Al Correct integrated expression with correct limits

31, ——=\2
Useof'w(—+]))m(

3
M1 jo (X +1)dx

constant multiple if it appears on both numerator and denominator. We must see the correct
formula and an attempt at integrating the numerator

Al Correct integrated expression for the numerator in the correct formula with correct limits.
Correct answer. This question comes with a calculator warning: the correct answer must
Al come from integrated expressions ie both previous A’s must have been awarded.

Numerical substitution does not need to be seen.

M1

. Limits not needed. The formula must be correct but allow a




< QUESTION

?\Iﬁ;tti(;? Scheme Marks
1 Slant height = Sa B1
Hemisphere Cone Total
Mass 271'(4a)2 kA wxdax5ax A | 32za’kA+207a’A .
Mass ratio(m) 8k 5 8k+5
. Bl
?;:::i:)ﬁom Sa 2a 4a
my 40ka 10a 4a(8k+5)
40ka +10a = 4a(8k +5) MIAl
k=125 oe Al

[6]

Alternatives for the moments equation:

ALT 1 | Moments about the centre of mass (G) of the toy:

Distances: (-)a 2a 0
B1
(Accept a provided the minus appears in the equation)
Equation: —8ka+10a=0 MI1ALl
ALT 2 | Moments about the lowest point of the hemisphere:
Distances: 2a Sa 3a Bl
Equation: 16ka —5a = a(8k+5) MIAL
Moments about the centre of the circular base of the conical shell/hemispherical
ALT 3
shell
Distances: 2a (-)a a B1
Equation: 16ka +25a = 3a(8k+5) MI1ALI




< QUESTION

B1 Slant height = Sa seen anywhere (could be on diagram)

B1 Correct masses/mass ratio for hemisphere, cone and combined shape.

B1 Correct distances seen. If using Alts 1 or 3 minus signs not needed here.
Moments equation attempted with all 3 terms (2 terms if about G). Condone

M1 inconsistent mass dimensions, if they are clearly using what they consider to be a
mass. The equation can be formed using actual masses or a ratio of masses.

Al Correct moments equation, with actual masses or a ratio of masses and all signs
correct.

5 .1 . .
Al Correct value for k. 1.25, rE IZ or any other equivalent fraction.

£
78




< QUESTION

Question
Number Scheme Marks
1.
p 1 1 a 5 3 MI1A1
Area =I (x2 +ax)dx == d—ax? | =2
0 3 2 o 6
1 2 [ 1 4 3 2.2 Ml
I Ey dx—“-0 E(x +2ax’+a"x )dx
115 a, a , ‘ 31a’ DMIAT
=—|=x"+—Xx"+—x =
215 2 3 60
1, dr
7_] 27 Y 31’ sdd 314 MIAL - (7)
[ yae 60 6 50
(71
M1 Attempt the area by integration. Powers of both terms to increase by 1.
Al Correct area.
M1 Use [ % y? dx to give foz % (x* 4+ 2ax® + a®x?)dx. Limits not needed. Squaring to be correct. For

method mark, condone missing % or any multiple.
DM1 Attempt the integration (powers of at least 2 terms to increase by 1). Depends on second M mark.

Al Correct integration and correct limits shown. Limits needed but substitution does not need to be seen.
1
[y
J yas
Note: This independent method mark is for use of the correct formula.
Al Correct answer.




< QUESTION

%ﬂﬁtti;g? Scheme Marks
1 venl vy
() - f y2dx
aq 1°
V= (n)f1 —dx = (m) [— ;L M1AL
V=mn (1 - i)* AL*
(3)
(b) (m) f xy?dx M1
aq
(1) f Zdx = (M)[Inx)¢ = (1) Ina dM1A1
1 X
1\ _
) (1 —E)x - (M) Ina
7= alna M1AL
a—1
5)
[8]
£



< QUESTION

(@)

M1 Use of [ y2dx AND an attempt at algebraic integration (power increasing by one)

Al Correct integration.  not needed.

Al* Given result reached from fully correct working. If = not included from the start, its
inclusion must now be justified.

(b)

M1 Use of [ xy?dx, must have substituted for y. 7 not needed.

dm1 Attempt at algebraic integration (In x neds to be seen)

Al Correct result after substitution of limits. 7 not needed.

M1 Use of L f’;yzzdf . If T and/or p appear, they must appear consistently.

Al Correct final answer. They lose this mark if they leave 1 — % in the denominator.




< QUESTION

Question
Number Scheme Marks
4(a) Ratio of masses: 47a’ 4rmaxka 8za’ 127a” +4kra’ Bl
. k _
Distances : (0) >4 (1+k)a y Bl
k _
(0+)k><5a+2(l+k)a=(k+3)y MIAILft

k2
(7+2+2k]a=(k+3)?

_ (k2+4k+4) AlE (s
ST ®
(K +4k +4)
(b) tan60°=—————+~qa +2a Ml
2(k+3)

K +4k(1-3) +(4-1243) =0 Al

k>0= k=5.8147..=5.8 or 5.81 or better Al 3)
8]
(@)
B1 Correct ratio of masses — any equivalent to that shown
B1 Correct distances from O or a parallel axis.
M Attempt a moments equation. Must be dimensionally correct (not using volumes) and have no
extra terms.
Alft Correct equation, follow through their ratio of masses and distances
Al* Correct given expression with sufficient working
(b)
M1 Use tan 60 = =2~ or 2Ta May also use tan 30
2a y
Al Obtain the correct 3TQ
Al Correct value for .
Note for (a):
ak?

The distance from O for the combined cylinder and base is YT




< QUESTION

Question Scheme Marks
Number
1@ |7 jol(1+ JX)%dx M1
3 1
=7 x+dye Ly Al
3 2
= NT” m® * including units Al*
@)
1
(b) ”.[o X(L+~/x)%dx M1
1, 4° 1.7
=7z X+ = X2+ 2% Al
2 5 3
= 49_7[ Al
30
497
w30
X = 177 dM1
6
= 39 1 including units AL *
85
©)
(8)
Notes
NB: Penalise missing units maximum of once per question.
(a)
1
M1 Use of ﬂf (1++/x)%dx . Limits not needed. 7 is required.
0
Al Correct integration — limits not needed
Correct given answer correctly obtained. Must include units. Limits must be seen (sight of
Al* | substitution is not required). Accept %7[ m®
(b)
1
M1 Use of ﬂJ-O X+ \/;)de . Limits not needed (7 ’s will cancel so it may not be seen)
Al Correct integration — limits not needed
Al Correct unsimplified with or without z (may see %+%+%—0)
dM1 | Correct expression with their numerator (consistent 7 - seen in neither or both)
Al1* | Correct given answer correctly obtained. Must include units.




< QUESTION

Question Scheme Marks
Number
2. T =mgcosé M1A1
21
; 2mg(10a—kaj M1AL
B ka
21
4 2mg(10a—kaj dM1
— mg - N 7z
5 ka
3
k=—=orl5 Al
2
(6)
Notes

Resolve parallel to the string, correct no. of terms, condone sign errors and sin/cos confusion
M1 (or resolve in two directions and eliminate the unknown force or use trig on a right-angled
triangle of forces) to give an equation in T, mg and 8 only

Al Correct equation. Trig does not need to be substituted.

M1 Use Hooke’s Law with correct structure.

Al Correct equation

Substitute trig and eliminate T to produce equation in k only, dependent on previous M’s.
dami 2k 2k 21

If x is used for extension, should see x=—a —->ka+—a=—a
5 5 10

Al cao
ALT1 | First M1Al
Complete method to form an equation in T and &

Vert: mg =T cos@+ Fsiné

Horiz: Fcos@=Tsind

sind mg-Tcoséd
cosd  Tsing

M1Al

Eliminate F eg




MARK SCHEME - IAL M3 (WMEO3) - January 2024 - Q3

M3.5a Centres of mass of solids (by integration)

3a

Moment of S about the y-axis

M1 | Use of formula (z)(p) [ xy*dx

No need to see the correct limits
here. The curve equation must be
substituted correctly and an attempt
to integrate seen (at least one term
must have a power of x raised by 1)
Note the correct expression for
integrating is

x[%x(3—x)j2 :%XS(S—X)Z
1

:R(Qx3 -6x" +x°)

Al Correct integrated expression.

Al Correct use of correct limits (0 and
2). No need to see a line of working
showing substitution of limits.

31
However, must see a or

equivalent numerical evaluation of
integral.

Complete method to find the

distance. Formula must be the right

(7)(p) | oy*dx
M

have consistent use of = and of p.

M1 |wayup x= Must

_4
24

*

Obtain given answer from correct

*
Al working

[5]

3b

Correct use of trig

M1 | Correct trig ratio to find a relevant
angle, a° or (90-«)°
Must use curve equation with x = 2

and (2 - ﬂj
24

)

Al Or equivalent. Condone reciprocal.

Al 2 sf or better (35.2175...)
AO for use of radians.

[3]

(8)

&
RA
85

< QUESTION



< QUESTION

Question Scheme Marks
Number
Top cone inside cone | C S
Mass ratio 1 1 6 Bl
4(a)
y distance 5a 3a 2a y B1
My 5a 3a 16a 67
8X2a—1%x5a—1x%x3a==6y M1A1 ft
- _ 4
6y=8a—>y= 34 Al
(%)
3
(b) tana = 3 (a = 20.556....07 69.44 ....) B1
3 9
tan g = % =— (B =29.357..0r 60.642....) M1ALft
a 16
4a — -+
3
a+ f = 6 =50° (or better 49.91379...) Al
or 180 — 69.44 ... — 60.64 ....= 50° O]
[0l
AB? + BG? — AG?
ALT (b = Bl
(b) 0S8 = — S AB x BG
337a?
BG? = (1.5a)%* + (4a —y)* (= 36 )
97a?
AG? = (B’ + () (=—5-) M
73a?
(AB? = (150 + (40)* (=25}
cosf = ..o ve v ... = 0.6439 ... ... Alft
6 = 50° (or better 49.91379...) Al




< QUESTION

(@)
B1 Correct mass ratio seen for 3 cones and S. Allow consistent (-)

B1 Correct distances for the 3 cones. (Allow distances from vertex (3a, 5a, 6a) or small
plane face (-a, a, 2a).) Condone missing (-)

M1  Dimensionally correct moments equation about any parallel axis. Must include 4
terms.

Alft Correct moments equation follow through their distances.

Al y=Zaoe

SC if a’s are missing BLBOM1AL1ftAO is the maximum available

(b)

B1 Correct expression for tan a or a seen (either way round)

M1  Correct attempt to use their y to find tan S (either way round)
Alft Correct expression for tan 8 or B (either way round). Ft their y
Al  50° or better (0.87 rad or better 0.87116...... )

ALT (b) uses the cosine rule with triangle ABG

B1 Correct expression for cos 8 in terms of AB, AG and BG
M1  Correct attempt to use their y to find AG and BG

Alft Correct expression for cos 8. Ft their y

Al 50° or better




< QUESTION

Question

Number Scheme Marks
22) sinf =—,cosd =—
T cos@ =mg MIAI
4 5
—T=mg—>T= 2ME Al
5 4
3
Sa 3 Ta
2b) r=a+—X—=— B1
4 5 4
. Ta
Tsinf = ma'’ (Tj MIA1AL
3( Sma, 7
21 2mag | _ L e’ DM1
50U 4 4
3 Al
w= _g
Ta (6)
9]
a)
M1 Resolving vertically. T'cosé or T'sin & accepted
Al Correct equation
Al Correct tension
b)
B1 Correct radius of motion seen explicitly or used in N2L

Attempt at horizontal equation of motion. Allow either form of acceleration.

M1 . 3a
T cos @ or T'sin @ accepted. Allow this mark if 7 = ” used.

Al Correct LHS

Al Correct RHS. Acceleration must now be in @’ form.

Substitute in trig and eliminate 7 to find value for @ or o Depends on first M
mark in (b)

DM1

Al Correct value for @ . (Square root sign must cover all terms)




< QUESTION

%‘i;%‘;? Scheme Marks
3a) 09 Bl
v=(r)[ (3-x) dx M1
v =(x)]; (9-6vx +x)dx
327
V= (7:){9x—4x2 +—} Al
0
V=(n)[81—108+§} (-=[0])
2
27 x
V=77Z' Al*
C))
3
3b) (ﬁ)J.xyzdx=(7z)J.(9x—6x2+x2jdx Mi
5037
=(,,)Fx2_£xz+x_} Al
20 5T 3
729 2916 729
= 2 = o
)| 2- 2 22 o)
243
_W(ﬂ') Al
() ndx
()] ydx
o)
_ 10 ) Al
x—m—1.8
2
)
91

&Q’/‘
89




< QUESTION

(@
B1 Identifying correct limits.
9 2
Attempt at (ﬂ ) Io (3 - \/; ) dx . 7 not needed. Limits may be missing.
M1
Minimum accepted for the squaring is 9+ k\/; * x. At least one term must be
integrated (power increased) and none to be differentiated (power decreased)
Al Correct integration. 77 not needed but (correct) limits now needed.
% Given result reached from fully correct working. 77 must not just appear on final
Al line without justification (as this is a “show that” question).
(b)

3
M1 (ﬂ)jxyzdx=(7r)_'.(9x—6x2+x2jdx. 77 not needed.

Al Correct integration. 7 not needed.

Correct result from substitution of correct upper limit. (Lower limit is 0 and

Al substitution of 0 gives 0)
_ @
Use of x = ——=c——_ 77 must appear in both or neither.
DM1 (m)[ ydx

Depend on both previous M marks

1 4
Al 1.8. Accept any exact equivalent eg %, %, lg etc.




< QUESTION

%‘;ﬁ%ﬁ? Scheme Marks
4(a) M;:(p)ﬂj:y(az -y )dy MI1 Al
2.2 4
- ay b
My= - Al
4
— a
4
4
Sy _3a , MIAL *
g 207 8
()75
S.C. Clear use of r = 1, with a substituted at end can score max M1AOAO M1AO %)
- - ka
(b) (k+Dmx=kma| > x=—— MI1A1
k+1
— 3 - 3a
k+Dmy=mx=a| = y= Al
(krDmy =m>x ( d 8(k+1)]
X
tana =— M1
y
kzﬂ Al
8
&)
[10]
Altb Moments about O mx%sina = kmax cos o MI1A2
k:% MI1A1




< QUESTION

(@
M1  Using (7:) J: x*ydy with or without 7. Must be dimensionally correct with integrand of the

form y(a2 - y2 ) . Limits not needed.

Al J.Oa y (a2 -y’ ) dx Correct integral. Limits not needed.

Al Correct integration. Limits not needed.
a2
_ I zx“ydy
M1  Using y = 02—3 7 in numerator and denominator or in neither.
sra
3
Al Correct given result with no errors seen. Cso

S.C. If they clearly find CoM of a hemisphere with a radius other than a, they can gain the M marks
for a correct method for their hemisphere. If they work with an algebraic radius, they can gain the first
2 A marks and if they replace their radius with a at the end, they can gain the final mark.

(b) First 3 marks can be awarded for equations only seen as part of a vector equation.
M1 Dimensionally correct moments equation for X or y

Al Correct equation in X or y (Give BOD on use of x and/or y).

Al Correct equations for X and y

M1 Dividing to form equation in tan & and solve for k. Trig must be right

33

Al k =—— any correct exact form.

ALT b) - Taking moments about O.

M1  Dimensionally correct moments equation about O.
Al Moments equation with at most one error.

Al Fully correct equation.

M1 Solve for k.

Al c.a.o.




< QUESTION

?\ltﬁtggp Scheme Marks
5(a) (7p) J: xy’dx
=(np).[0rx(r2—x2)dx M1
1 ,, x
=(7zp)| =XT" —— Al
() 30|
r.4
(70)7
3
27t X = ﬁpI xy?dx M1
4 3
g T2 3, AL* (5
4 3 8
(b) Hemisphere Cone
Mass Ems 1;rkr3 B1
3 3
Dist of ¢ of m from
centre of common plane § r 1 kr Bl
8 4
g><§r=E><1kr M1A1ft
38 3 4
k?=3 k=43 Al (5
[10]
(@)

M1 Use of (7p) for xy?dx with y® =r? —x’ and attempt the integration. Limits not needed.

Al Correct integration — limits not needed
Al Sub correct (upper) limit. (Sub of 0 not needed)

M1 Use of VpX = ﬂpj xy?dx with their result to obtain X =... where V is the volume of the
hemisphere or sphere (r , p must be on both sides or neither)
-3
Al* X=—r
8
(b)
B1 Correct mass ratio for hemisphere and cone. Total mass not needed for this mark.
B1 Correct distances of ¢ of m for cone and hemisphere from centre of common plane (or another point).
Both can be positive or one can be negative.
Distances from vertex of cone (H) kr +§ r © %kr
. . 5 1
Distances from peak of hemisphere  (H) 3 r ©) r+ 2 kr
M1 Form a dimensionally correct moments equation with the correct value for X depending on where

they have taken moments. (0 from plane face, kr from vertex of cone, r from peak of hemisphere)
Allow even if formula for sphere is used. Ignore signs.




< QUESTION

Alft | Correct equation, follow through their masses and distances, signs to be correct here.
Al Correct exact result.

Q\?ﬂ
94



< QUESTION

Question Scheme Marks
Number
2. Fcosa=mg
M1 Al
Fsina=T Al
T=ngx or T=2mg(,;\B—I) M1
2

g mg = ﬂ dM1

4 |

AB = E Al

8
(6)
Notes

M1 Resolve vertically or horizontally, correct no. of terms, condone sign errors and sin/cos
confusion (or use trig on a right-angled triangle of forces)

Al Correct vertical equation

Al Correct horizontal equation (A2 for T = mg tan« from triangle of forces)

Hooke’s Law. Must clearly be an extension and not AB. Since x is not defined in the question,

M1 other extensions may be used including (AB — 1) or xI where x is found to be the constant g .

Substitute trig (not necessarily correctly) to produce an equation in ‘X’ (and I) only,
dMm1 . , ) .
dependent on previous M’s and on having two equations.
Al Cao Accept 1.3751, 1.41, 1.38I




< QUESTION

Question Scheme Marks
Number
M1 complete the square
AT1* given answer correctly obtained, with at least one line of working
and justification of positive root e.g. x >0
r I x (r2 —x’ ) dx
4(a) x=—2 MI1A1
* 271’
3
L2 4 Al
2r?
3
= 3_}" * Al *
8
“
3 3
Mass ratios: 27? zrth [27? + 7zr2h] Bl
4(b)
Distances: or (r + lh] y
©R > y B1
227 ><z +ﬂr2h(r+lhj— 227 +xr’h |y MIA1
38 2 3 4
2 2
7=5r +12rh+6h° N
8r+12h
(%)
2 2
4(c) e Sre+12rh+6h M1
8r+12h
r=+2h Al
(2
an

Notes for question 4




< QUESTION

Question Scheme e
Number
ﬂ'J. xy’dx
4(a) M1 foruse of x = 0—3
2rr
3
V4 f x (r2 —x2 ) dx
Al for x =2 -
2rr
3

M1 for integrating with powers increasing by 1

A1* for given answer correctly obtained

4(b) B1 correct mass ratios

B1 correct distances (for their parallel axis)

M1 for use of a moments equation with correct terms
(Allow about a parallel axis)

Al for correct unsimplified equation (for their parallel axis)
A1* for given answer correctly obtained

4(c) M1 for equating given answer to » oe

Al cao

10




< QUESTION

Question
Number Scheme Marks
5(3.) 4r 4r
ﬂ‘[X(%X)ZdX ﬂjx(r—%x) dx
X =—20 or X=-—2%- M1A1l
4rrd 4rrd
3 3
B 3 44T
~256r° ], Al
=3r* Al*
4)
5(b)
Cone Cylinder S
Mass ratio | 4,3 1 )2
| =r| xr 3 2
3 (2 ) Arxr _ 1
3 7 5 r| xr B1
f 1 13
3 4 12
Distance
from 3r (4r—1rJ y B1
vertex 2
Distance
from r 1 y
plane face "
At |- ”(lr e |(ar= L)< A ) y | Mi1AL
3 2 2 3 2
_ 75
=—r* Al*
y 26
(©)
tana =
5(c) ar e ; M1A1
26
tano = 26 Al
29
3)
(12)
Notes for question 5
5(a)
Correct method to find the distance of the centre of mass from vertex or plane
4r
r I xy*dx
M1 face, using X = il—rs . The formula must be correct but allow a constant
T
3
multiple if it appears in both numerator and denominator or cancelled 7. The y




MARK SCHEME - IAL M3 (WMEO03) - June 2024 - Q5 M3.5a Centres of mass of solids (by integration)
Question Scheme Marks
Number

must be replaced with y = %x ory=r-— %x. Condone a gradient of i% if his
later replaced with 4r. There must be an attempt to integrate the numerator i.e.
. . e
the power of x must increase by 1. The denominator of is given in the
4r )
question. Condone sight of vol = ﬂ_[(% x)"dx as denominator. Ignore limits for
0
the method mark.
Correct equation for the distance of the centre of mass from vertex or plane face.
ar 4r
AL EIX(%X)de ﬂjx(r—%x)zdx
X=—"0—"— or Xx=—"2 - Ignore limits.
drr drr
3 3
A correct expression for the distance of the centre of mass from vertex or plane
. . o Arr® .
face following integration and division by 7 Limits must be correct at this
Al
. 3 ar 3 e x|
point. X o S
256r 0 ar*| 2 6 64
AL* Given answer obtained from complete and correct working. If distance is found
from plane face this must be subtracted to find required distance.
5(b)
Bl Correct mass ratios
Bl Correct distances (for their parallel axis) Ignore signs.
Form a moments equation with correct number of terms (allow about a parallel
M1 : . . . . .
axis). Equation must be dimensionally correct (mass ratio x distance).
Al Correct unsimplified equation
Given answer obtained from complete and correct working. Working should
Al* include a line of simplification. The simplification could occur between the
moments equation and the given answer or in the initial stage eg in a table.
5(c)
Use of tan to obtain an equation for a relevant angle, allow reciprocal
r
M1 —
4r —E r
26
Al For a correct equation, condone reciprocal.
26
Al Correct answer, tana = 29 0.e. Must be an exact value for tan o .
AQ if they got straight to a.

RA
99

< QUESTION



< QUESTION

Question
Number Scheme Marks
1 1 mg(3aY mg(a\)
Gain = Loss —sz——mag+—g 24 _nerd =mgx2a
2 2 2a \ 2 2a \ 2
Al Correct unsimplified equation
Al Correct answer in terms of @ and g, accept 1.3,/ag or better
Question
Number Scheme Marks
1 . 1
Use of — [ »* dx with y == (ax—x?
4(a) L y=—(ax=x")

2 M1
. . 1)(1 )
to integrate the expression 5 —(ax—x")| oe
a

(l)L a*x’ _ 2ax* +x_5 Al
2)a*| 3 4 5

Use of [y dv with y = (ax—x?)
a

Correct integration

to integrate the expression l(ax -x7) oe Mi
a
Correct integration
llad x Al
al 2 3
Correct use of centre of mass formula for y with y = l(ax -x%)
a
1 K ]. 2\2 Ml
5 [Flax-¥yd  p
—_*<99 _ 60
y . . 2
j = (ax—x7)dx 6
0
— 1
=)—a Al
(y ) 10
R P
RA



< QUESTION

Question Scheme Marks
Number
(6)
w1, B
2
Horizontal distance of G from the vertical at O Ml
Examples of valid methods
9 0
f @
ﬂ = (T N
where
p _1
Mg tana = E
FA FA FA
. 17a . .
2sin0+Lcosd ing+2 ax26 s1n(0+a)
2 10 40 10
Correct horizontal distance
19 Al
50
Moments equation about O to form an equation in F, M, 6 (and g) DMI1
Facos@=Mgx d Al
Fo 19Mg oe Al
(6)
12)
Notes for question 4
4(a)
Attempt to integrate % y* with y = l(ax —x*). Must see at least two
a
powers of x increasing by 1. Ignore any limits and condone missing % .
M1 11
The correct expansion to integrate is (5] —(a’x* —2ax’ +x*) oe.
a
Condone a slip when expanding the brackets before integration.
Al Correct integrated expression (ignore limits, condone missing %)
M1 Attempt to integrate y with y = 1 (ax—x*). Must see both powers of x
a
increase by 1. Ignore any limits.
Al Correct integrated expression (ignore limits)




< QUESTION

Question
Number Scheme Marks

Complete method to find y. Use of the correct formula (up the right
way). If p appears it must appear in both numerator and denominator.
Limits must be correct and % must be present.

Ml 1 a 1 .

S j 5 (ax—x)dr
y=—
J.l (ax—x")dx
o a

Al Correct answer, %a or 0.1a oe

4(b)
X = %a seen or implied. May be seen on diagram, embedded in a length

Bl 1 a a
eg Ea sin @ or found from first principles using x J- ydx= Ixy dx

0 0

A complete method to obtain the required horizontal distance from G to

M1 the vertical at O. For example, method to find the lengths of two right-
angled triangles that sum to the required distance. Condone sin/cos
confusion.

Al Correct horizontal distance
Dependent on first method mark. Moments about O, using the horizontal
distance, to obtain an equation in F, M and € (and @). Dimensionally

DM1 . .

correct with all required terms of the correct structure and no extras.
Condone sin/cos confusion. Missing g is an accuracy error.

Al Correct unsimplified equation.

Al Accept 0.48Mg or 0.475Mg (must be in terms of M and g)




< QUESTION

Question
Number Scheme Marks
7@ | V=af (¥ +4) de=z[ (x* +82 +16)dr
2
=7{lx5+§x3+16x} =—613” (cm3) * MIAl
5 3 ' 15 Alcso
2 2 2
(i) (”)L x(x2 +4) dx=(7r)‘[1 (x5 +8x3+16x)dx
2 2 3T
x +4
=(ﬁ)[1x6+2x4+8x2} alt(ﬂ) u MIA1
6 ) 6
1
1 2
(72‘)|:6 xC+2xt+ Sxﬂ @
7= -2 _ - M1dM1A1 (8
X @( ) 613 1.578...=1.58 (cm) (®)
15 15
®) | Mass ST 1 9xm 457M (36“613”)114:“53”1% BI
15 15 15
Dist from B 0.578 0.5 0.5 y Blft
%x0.578—9ﬂx0.5+457r><0.5=(367r+%))7 MIALft
1249
y=—-—-=0.5416...=0.54 (cm Al 5
V=206 (cm) ®)
[13]
£

103



< QUESTION

(a)(()M1 | Attempt the squaring and integrating (at least one power going up). Allow w/o 7
Al Correct integration allow w/o 7
Al*cso | Correct volume, with no errors seen. (Must include 7 and no V= ... w/o 7 must have been seen.)

2 3
(i)M1 | Attempt J‘x(x2 + 4) dx . Must either expand or obtain k (x2 + 4) . 7w not needed. Limits not needed

Al Correct algebraic integration, 77 not needed. Limits not needed

Substitute the (correct) limits in their integrated function. Independent, but must have been

Mi attempting Ixyzdx

M1 Divide the two integrals (correct way up). Depends on the 1st and 2nd M marks. « and p in both or
neither.
Al Correct final result. Must be 3 sf.

(SC Correct answer with no algebraic integration shown can score MOAO M1 M0AO)

(b)

B1 Correct masses seen explicitly or in an equation.
Bift Correct distances from B (or any vertical axis). Follow through distance from (a).

M1 Form a moments equation, with lighter cylinder subtracted and the heavier one added
Alft Correct equation, follow through their distance from (a).

Al Correct distance from B, 2 sf or better

Alt (b) Find mass and CoM of S first Mass = %M CoM = % ~ 0.6004

Award B1B1 when all component masses and distances are seen. Complete method needed for M1.
Award first Al for correct masses/distances initially used in forming both equations.

(Note: Use of 0.58 leads to x=0.603 (cm) for §,. This gives a final answer 0.543. If they give
0.54, award full marks, as premature approximation does not affect final answer, but penalise 0.543)

SC - If the use M and 5M for the masses, award max BOB1 M1AOAO




< QUESTION

%ﬁ%ﬁ? Scheme Marks
2
()
_ o \h
7(a) YEUY MIDM1
f[5)«
o\ A
(Allow volume of cone formula quoted with 7 in the numerator)
4
= 2 oe Al
3
3 s
3h
=2 Al* (4
1 “
7(b)
F c o
Distance  y lh %+ lxﬁ =% Bl
4 3 4 3 4
Mass ratio 26 27 1 oe Bl
26§=lh><27— %+ l><ﬁ x1 MI1ALft
4 3 4 3
F= g Al* - (3)
13
7(c)
==
e _ 3
For equilibrium, y = Eh < CBoe Ml
2
AB_AN _ p 1 T T . MIAL
AN AV 3 h 3h
2
So, for equilibrium, —h < 2h—"1— Ml
13 3 3h
137 <17h* * Al*  (5)
(14)
E$%3
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Question
Number Scheme Marks
Notes for question 7
h
7(a) M1 for use of I xp’dx (Attempt at integration required)
0

(%] o

DMI1 for use of ¥ =L——2— Depends on M mark above

]

0

A1* for given answer correctly obtained. Upper limit(s) must be substituted.
7(b) BI1 for distances from larger plane face or any parallel axis

B1 for mass (volume) ratios

M1 for moments about larger plane face or any parallel axis

Alft for a correct equation, follow through their distances and masses

AT1* for given answer correctly obtained. At least one step in the working from
the equation must be seen.

M1 for overall method using a suitable inequality — may be comparing lengths
7(c) or angles. If the limiting case is used this mark (and the final A mark) can only
be awarded if a reason for the direction of the inequality is seen (eg y,, CB)

M1 for finding a length appropriate for their method

Al for a correct relevant distance in terms of 7 and A

M1 for producing an inequality in » and 4, must be right way round

A1* for correctly showing given inequality. At least one step in the working
from their previous inequality must be seen.
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M1
6(a)
Al
Al
ﬂj x(a% —x?)dx
Use of x=—2 dm1
2 3
—ra
3
a4
P
7 = = ar Al*
“ ra 8
3
(©)
Mass ratios: 8 1 7 Bl
6(b) . 3 3 -
Distances: —a —a B1
8 16 y
8x3—a—1x3a=737 M1
8 16
- \ 45
=|]—a™* Al*
Sk
(4)
Form a moments equation about an axis perpendicular to OC
8 e AxisthroughO: (8x0+) 1x% = 7X
e Axis through A: 8xa—1x%=7§ M1
. 3a -
e Axis through B: 8><a—1><? =7X
If equation is seen in earlier working, it must be used in (c) to earn the
marks in (c)
Correct X for their axis through
a - \15a - \13a
O: (X=)— Al (x=]— B: (x=)— Al
( )14 ( ) 14 ( ) 14
A
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M3.5a Centres of mass of solids (by integration)

Method to find an expression for tan of a relevant angle dmMm1
X
tand =———
45 a Alft
112
tanf = 8 Al
45
()
(14)
Notes for question 6
(@ N.B. MO for a lamina
Use of _[xyzdx with their attempt at a circle equation. The equation for y
must be substituted into the formula in terms of x.
Allow use of alternative forms if their circle equation is substituted in
M1 correctly to give an equation with one variable (including the ‘dx”)
For example use of Iyxzdy would need the circle equation substituted
in for x? to give an integral in terms of y.
Condone consistent use of r instead of a.
a
Al Correct expression with correct limits seen at some stagej x(a® — x?)dx
0
a4 a4
Al Correct expression e If " is not explicitly stated, accept correct
integrated expression with correct limits.
Dependent on previous M mark. A complete method to find the required
distance using the equation of a circle. They may use %naﬁ or integrate
correctly to find the volume.
dM1 ”,[ xy?dx ”,[ xydx
X=—2—— or x=—0
E a3 t 2
3 T 7Z'J.y dx
0
If seen, p and/or = must be present in both numerator and denominator.
AL* Given answer obtained from complete and correct working. Must be
positive and in terms of a. Condone r replaced with a at the final stage.
(b) N.B. For a lamina, max score 0100
Bl Correct mass ratios seen or implied.
Bl Correct distances, allow if measured from a parallel axis. Ignore signs.
Method to form a dimensionally correct moments equation (the small
M1 hemisphere must be subtracted from the large hemisphere). All required
terms present.
Al* Given answer obtained from a fully correct moments equation.
(c) N.B. MO for a lamina
M1 Method to form a dimensionally correct moments equation about an axis
perpendicular to OC (the small hemisphere must be subtracted from the

&
RA
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large hemisphere). All required terms present. Use of correct mass
ratios. Both distances must be measured from the same axis.

Al Correct distance for their axis, accept +

Dependent on previous M. Find an expression for tan of a relevant angle
(6 0r(90°—6)). Must be dimensionally correct.Must use the given

answer from (b) and x as the distance to the axis through O. The correct

dm1 addition or subtraction is required if an alternative axis is used. Condone
if expressed immediately as 6 = tan‘l[ 4;( ]and condone the reciprocal.
112
Alft Correct equation. Follow through their calculated |§|
Do not condone the reciprocal. Must be tang= ...
Al Correct exact answer. Must be tand=... ISW

Accept recurring decimal with correct notation. 0.17




MARK SCHEME - IAL M3 (WMEO03) - June 2025 - Q6 M3.5a Centres of mass of solids (by integration) < QUESTION

el Scheme Marks
Number
4 71[' »
« 4.5L , P
i ® i
A E B
Equation of motion for P at a general position
Tog —Top = MK M1
PB PA
Use HL in the equation of motion M1
2mg mg . Al
—(0.5L-x)——=(@.5L +x) =mX
oL ( ) 3L ( ) AL
Obtain SHM equation of the correct form and conclude
29, _% and SHM AL
3L
7(a) Use of o®= :—g with the formula period = 2z dm1
w
Must include working that leads to the given answer for the period.
For example
o Clearly identify @ within the period formula to reach the answer
. 2r 2 3L
period= —=—=7, |—
w 49 g
3L Al*
o Clearly identify @ and state the period formula to reach the answer
W= /4—9 , period = 2—”:7r st
3L 1) g
= (period=) =z st
g
@)
amplitude = 0.5L B1
7(b)
/49
Vi, =ax,[— M1
MAX 3L
_ 9t Al
3
@)
Method for use of SHM equation for displacement with their amplitude.
[1] x=acoswt
[2] x=asinwt
() [3] x=-acoswt M1
[4] x=-asinwt
[5] Any of the above with their x found after use of v = w’(a* —x?)

&
RA
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5
, Curve equation
i i XZ + y2 — rZ
5a
Using x-axis Use of correct integral. Limits
(p)j Xx 24/r? —x*dx not needed here.
or M1 | Accept an integral of the form:
Using y-axis x-axis: k‘[x\/r2 —x%dx
1 2 .
(p)EJZ(x/rz—xz) dx y-axis: kjrz—xzdx
X-axis
2 3
=< (p)(r* =X} o
3 Correct integration, ignore
. Al | limits. Correct expression.
y-axis
3
= (p)[xrz —X—J
_2 3 Correct use of limits, 0 and r or
_3(’0)r Al —randr.
Using x-axis Complete method to obtain
1 ., distance.
E;rr pX =pf2xy dx
. . 0 Use of a correct formula,
Using y-axis consistent with the axis and
1 _ 1 r .. .
Zartpy = p_J‘ y2 dx M1 | limits u§ed, to find centre of
2 2 mass with curve equation.
or
1 o o must appear on both sides
E”rzpy = p[y*dx or neither.
0
r3
7_3 LA . | Obtain given answer from
=7 = Al i
1 2 3 correct working
ALT | Parametric approach _ Curve equation
1 X=rcoséd, y=rsinf 9 2
Using x-axis Use of correct integral. Limits
ot not needed here.
2r j;sm @cosd do ML
Accept an integral of the form:
kr*[sing cos 0 do
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M3.5a Centres of mass of solids (by integration)

Correct integration, ignore

- 3 E
=2r? {Sme) '9}2 Al | limits. Correct expression.
0
2 3 . -
=3 r Al | Correct use of limits
2 . Complete method to obtain
o 3" distance.
X= 5 M1 | Use of correct formula.
5T p must appear on both sides
or neither.
_Ar Obtain given answer from
=— Al* -
3r correct working
_ _ [5]
ALT | Using y-axis Use of correct integral. Limits
2 not needed here.
5(a) r*[sin‘e do M1
0 Accept an integral of the form:
kr® J sin®9 do
(2 2 :
r ,[02 (1_005 9)sm9 do Correct integration, ignore
z Al limits. Correct expression.
cos®@ |2
=rd {— cos O+ }
0
2 3 . -
=3 r Al | Correct use of limits
2 4 Complete method to obtain
3 distance.
X=1 5 M1 | Use of correct formula.
5” r o must appear on both sides
or neither.
_Ar Obtain given answer from
=— Al* .
3r correct working
[5]
5b large | Small Small
removed | added
mass 8ra’ 2ra? 2ra’ Bl Correct mass ratios
A e Bl | Correct di
AC 3. 37 37 orrect distances
Moments about AC M1 | All terms required.

Dimensionally correct or
equivalent for a parallel axis.
Condone sign errors. If column
vectors are used, this mark is
awarded once the equation is
written separate to the column
vectors.

RA
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8ral x 16a 2 ral 8a o ral x 8a Al | Correct unsimplified equation.
3z 3z 3z
=8ra’d
96a 8d —do da Al* | Obtain given value from
E e correct working. Need to see at
least some simplification.
[5]
5c Moments about perpendicular axis through | M1 | Dimensionally correct.
A Need all terms.
Or equivalent for a parallel
axis
From A Alft | Unsimplified equation with at
4ax8ra’®—2ax2za’+6ax2zra’ =8ra’x most one error.
Alft | Correct unsimplified equation
Follow their mass ratio
=X =5a Al | Correct only. If measured from
B, distance is a
Correct use of trig to find an expression for d X
tan @ M1 tan0=§or tan@:a where
X is distance from A.
4
tand=— Al | Only
5z
[6]
(16)
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