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  

1.						      In this question you must show all stages in your working.

						      Solutions relying on calculator technology are not acceptable.

y

x3

1

O

R

Figure 1

	 The finite region R, shown shaded in Figure 1, is bounded by the x-axis, the line with 
equation x = 3, the curve with equation y = ( )x + 1  and the y-axis.  
Find the y coordinate of the centre of mass of a uniform lamina in the shape of R.

(5)
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Question 1 continued
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1.	

4a

3a

Figure 1

	 A hollow toy is formed by joining a uniform right circular conical shell C, with radius 
4a and height 3a, to a uniform hemispherical shell H, with radius 4a.  The circular edge 
of C coincides with the circular edge of H, as shown in Figure 1.

	 The mass per unit area of C is λ and the mass per unit area of H is kλ where k is a constant.

	 Given that the centre of mass of the toy is a distance 4a from the vertex of the cone, 
find the value of k.

(6)
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Question 1 continued
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1.

O

R

a x

y

Figure 1

	 A uniform lamina is in the shape of the region R.

	 Region R is bounded by the curve with equation  y = x(x + a)  where a is a positive 
constant, the positive x‑axis and the line with equation  x = a, as shown shaded 
in Figure 1.

	 Find the y coordinate of the centre of mass of the lamina.
(7)
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Question 1 continued
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y

1 a

R

O x

Figure 1

	 The region R, shown shaded in Figure 1, is bounded by the curve with equation y = 1
x

 , the  
 
line with equation  x = 1 , the positive x-axis and the line with equation  x = a  where   a > 1

	 A uniform solid S is formed by rotating R through 2π radians about the x-axis.

	 (a)	 Show that the volume of S is

11 −  
π

a
(3)

	 (b)	 Find the x coordinate of the centre of mass of S.
(5)
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Question 1 continued
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4.	

O

ka

2a

Figure 3

	 A thin uniform right hollow cylinder, of radius 2a and height ka, has a base but no top. 
A thin uniform hemispherical shell, also of radius 2a, is made of the same material 
as the cylinder. The hemispherical shell is attached to the end of the cylinder forming 
a container C. The open circular rim of the cylinder coincides with the rim of the 
hemispherical shell. The centre of the base of C is O, as shown in Figure 3.

	 (a)	 Show that the distance from O to the centre of mass of C is

( )

( )

k k
k

a
2

4 4

2 3

+ +
+

(5)

	 The container is placed with its circular base on a plane which is inclined at 30° to the 
horizontal. The plane is sufficiently rough to prevent C from sliding. The container is on 
the point of toppling.

	 (b)	Find the value of k.
(3)
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Question 4 continued
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Question 4 continued
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Question 4 continued
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1.

1O

R

x

y

Figure 1

	 The shaded region R is bounded by the x-axis, the line with equation x = 1, the curve 
with equation y x� �1  and the y-axis, as shown in Figure 1. The unit of length on 
both of the axes is 1 m.

	 The region R is rotated through 2� radians about the x-axis to form a solid of revolution 
which is used to model a uniform solid S.

	 Show, using the model and algebraic integration, that

	 (a)	 the volume of S is 
17
6
�

 m3

(3)

	 (b)	 the centre of mass of S is 49
85

m  from O.
(5)
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Question 1 continued
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3.	 A uniform solid right circular cone C has base radius r, height H and vertex V.
	 A uniform solid S, shown in Figure 3, is formed by removing from C a uniform solid 

right circular cone of height h (h < H ) that has the same base and axis of symmetry 
as C.

V

r

H

h

Figure 3

	 (a)	 Show that the distance of the centre of mass of S from V is

1

4
(3H – h)

(5)

	 The solid S is suspended by two vertical light strings. The first string is attached to S at 
V and the second string is attached to S at a point on the circumference of the circular 
base of S.

	 The solid S hangs freely in equilibrium with its axis of symmetry horizontal.
	 The tension in the first string is T1 and the tension in the second string is T2

	 (b)	 Find 
T
T
1

2

, giving your answer in terms of H and h, in its simplest form.

(3)
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Question 3 continued
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Question 3 continued
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3.

y

O 2 x

Figure 2

	 The shaded region in Figure 2 is bounded by the x‑axis, the line with equation x = 2 and 

the curve with equation y x x� �� �1

4
3 .

	 This region is rotated through 2π radians about the x‑axis, to form a solid of revolution 
which is used to model a uniform solid S.

	 The volume of S is 2
5
π

	 (a)	 Use the model and algebraic integration to show that the x coordinate of the centre

		  of mass of S is 31
24 (5)

	 The solid S is placed with its circular face on a rough plane which is inclined at α° to 
the horizontal. The plane is sufficiently rough to prevent S from sliding.

	 The solid S is on the point of toppling.

	 (b)	 Find the value of α
(3)
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Question 3 continued
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Question 3 continued
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4.

8a

6a

Figure 3

	 A uniform right solid cone C has diameter 6a and height 8a, as shown in Figure 3. 

	 The solid S is formed by removing a cone of height 4a from the top of C and then 
removing an identical, inverted cone.  The vertex of the removed cone is at the point O in 
the centre of the base of C, as shown in Figure 4.

4a

O

Figure 4

	 (a)	 Find the distance of the centre of mass of S from O.
(5)

	 The point A lies on the circumference of the base of S and the point B lies on the 
circumference of the top of S.  The points O, A and B all lie in the same vertical plane, as 
shown in Figure 5.

A O

B

Figure 5

	 The solid S is freely suspended from the point B and hangs in equilibrium. 

	 (b)	 Find the size of the angle that AB makes with the downward vertical.
(4)
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3.	 The finite region enclosed by the curve with equation  y = 3 – x   and the lines  x = 0  
and  y = 0  is rotated through 2π radians about the x-axis, to form a uniform solid S.

	 Use algebraic integration to

	 (a)	 show that the volume of S is 27
2
π 

(4)

	 (b)	 find the x coordinate of the centre of mass of S.
(5)
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4.	 (a)	 Use algebraic integration to show that the centre of mass of a uniform solid hemisphere

		  of radius a is a distance 3
8

 a from the centre of its plane face.

		  [You may assume that the volume of a sphere of radius r is 4
3

 π r3 ]
(5)

O
A

Figure 4

	 A uniform solid hemisphere has mass m and radius a. A particle of mass km is attached 
to a point A on the circumference of the plane face of the hemisphere to form the loaded 
solid S.  The centre of the plane face of the hemisphere is the point O, as shown in  
Figure 4.

	 The loaded solid S is placed on a horizontal plane. The curved surface of S is in contact 
with the plane and S rests in equilibrium with OA making an angle α with the horizontal, 
where tan α = 3

	 (b)	 Find the exact value of k.
(5)
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5.	 (a)	 Use algebraic integration to show that the centre of mass of a uniform solid 

hemisphere of radius r is at a distance 3
8

r from the centre of its plane face.

		  [You may assume that the volume of a sphere of radius r is 4
3
πr3 ]

(5)

kr

r

O

Figure 3

	 A uniform solid hemisphere of radius r is joined to a uniform solid right circular cone 
made of the same material to form a toy. The cone has base radius r and height kr. The 
centre of the base of the cone is O. The plane face of the cone coincides with the plane 
face of the hemisphere, as shown in Figure 3.

	 The toy can rest in equilibrium on a horizontal plane with any point of the curved 
surface of the hemisphere in contact with the plane.

	 (b)	Find the exact value of k
(5)
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Question 5 continued
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3.

A

D C

B

7a
4

4a

4a
O

  D

C
7a
4

4a

4a

6a

O

A

B

                                      Figure 3                                                         Figure 4

	 A square ABCD of side 4a is made from thin uniform cardboard. The centre of the

	 square is O. A circle with centre O and radius 7
4
a  is then removed from the square to 

form a template T, shown shaded in Figure 3.

	 A right conical shell, with no base, has radius 7
4
a  and perpendicular height 6a.

	 The shell is made of the same thin uniform cardboard as T.

	 The shell is attached to T so that the circumference of the end of the shell coincides with 
the circumference of the circle centre O, to form the hat H, shown in Figure 4.

	 [The surface area of a right conical shell of radius r and slant height l is ]

	 (a)	 Show that the exact distance of the centre of mass of H from O is

(8)

	 A fixed rough plane is inclined to the horizontal at an angle α. The hat H is placed on 
the plane, with ABCD in contact with the plane, and AB parallel to a line of greatest 
slope of the plane. The plane is sufficiently rough to prevent the hat from sliding down 
the plane.

	 Given that the hat is on the point of toppling,

	 (b)	 find the exact value of tan α, giving your answer in simplest form. 	
(2)
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Question 3 continued
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(Total for Question 3 is 10 marks)
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4.	 A uniform solid hemisphere H has radius r and centre O

	 (a)	 Show that the centre of mass of H is 
3

8

r
 from O

		  You may assume that the volume of H is 
32

3

πr
 

(4)

	 A uniform solid S, shown below in Figure 3, is formed by attaching a uniform solid 
right circular cylinder of height h and radius r to H, so that one end of the cylinder 
coincides with the plane face of H.

	 The point A is the point on H such that OA = r and OA is perpendicular to the plane face 
of H

A

O

h

r

Figure 3

	 (b)	Show that the distance of the centre of mass of S from A is

5 12 6

8 12

2 2r rh h
r h

+ +
+

(5)

	 The solid S can rest in equilibrium on a horizontal plane with any point of the curved 
surface of the hemisphere in contact with the plane.

	 (c)	 Find r in terms of h.
(2)
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Question 4 continued
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Question 4 continued
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Question 4 continued
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5.	 A uniform right solid circular cone C has radius r and height 4r.

	 (a)	 Show, using algebraic integration, that the distance of the centre of mass of C from 
its vertex is 3r.

		  [You may assume that the volume of C is 4

3

3π r ]
(4)

	 A uniform solid S, shown below in Figure 3, is formed by removing from C a uniform 

solid right circular cylinder of height r and radius 1

2
r, where the centre of one end of 

the cylinder coincides with the centre of the plane face of C and the axis of the cylinder 
coincides with the axis of C.

r

r

1

2
r

4r

Figure 3

	 (b)	 Show that the distance of the centre of mass of S from the vertex of C is 75

26
r

(5)

	 A rough plane is inclined at an angle α to the horizontal.

	 The solid S rests in equilibrium with its plane face in contact with the inclined plane.

	 Given that S is on the point of toppling,

	 (c)	 find the exact value of tan α
(3)
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Question 5 continued
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Question 5 continued
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Question 5 continued
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4.		

O

y

xA

B

Figure 3

	 Figure 3 shows a shaded uniform lamina OAB which is in the shape of the region 

enclosed by the x-axis and the curve with equation  y
a
ax x� �

1 2
( ), where a is a 

positive constant. The centre of mass of the lamina is at G.

	 (a)	 Find, in terms of a, the y coordinate of G.
(6)

	 The lamina is now freely pivoted in a vertical plane about a smooth horizontal axis 
which passes through O and is perpendicular to the plane of the lamina.

	 The lamina is held in equilibrium by a horizontal force which is applied to the lamina 
at A. The line OA makes an angle θ with the downward vertical through O, where  

tan θ =  3

4
, as shown in Figure 4.

	 The line of action of the force lies in the plane of the lamina.

O

A

Bθ

Figure 4

	 The mass of the lamina is M and the magnitude of the applied force is F.

	 (b)	 Find F in terms of M and g.
(6)
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Question 4 continued
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Question 4 continued
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Question 4 continued
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7. 

NOT to scale

O 1 2

C

x

y

R

Figure 3

 Figure 3 shows part of the curve C with equation  y = x2 + 4.  The shaded region R is 
bounded by C, the line with equation  x = 1, the x-axis and the line with equation  x = 2  

 The unit of length on each axis is one centimetre.  

 A uniform wooden solid, S, is made in the shape formed by rotating the region R through 
360  about the x-axis.

 (a) Using algebraic integration,

  (i) show that the volume of S is 
613

15

π
 cm3

  (ii) find, to 3 significant figures, the distance of the centre of mass of S from O.
(8)

NOT to scale

B

Figure 4

 A solid, S1, is formed by removing a solid cylinder of radius 3 cm and length 1 cm from S.  
A metal cylinder, of radius 3 cm and length 1 cm is placed in the resulting hole to form a 
new solid T, as shown in Figure 4.  The axis of the metal cylinder coincides with the axis 
of symmetry of S1.  The point B is the centre of the smaller plane face of T.  The mass per 
unit volume of S1 is M and the mass per unit volume of the metal cylinder is 5M.

 (b) Find the distance of the centre of mass of T from B.
(5)
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7.	 [You may assume that the volume of a cone of height h and base radius r is  
1

3
 π r2 h .]

	 A uniform solid right circular cone C, with vertex V, has base radius r and height h.

	 (a)	 Show that the centre of mass of C is  
3

4
h  from V

(4) 

	 A solid F, shown below in Figure 4, is formed by removing the solid right circular  
 
cone C ʹ from C, where cone C ʹ has height  

1

3
h  and vertex V

r

2

3
h

Figure 4

	 (b)	 Show that the distance of the centre of mass of F from its larger plane face  
 
is  

3

13
h

(5)

	 The solid F rests in equilibrium with its curved surface in contact with a horizontal plane.

	 (c)	 Show that  13r2  17h2

(5)
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6.	 (a)	 Show, using algebraic integration, that the centre of mass of a uniform solid 

hemisphere H of radius a is a distance 3
8

a from O, the centre of its plane face.

		  [You may assume that the volume of the hemisphere is 
2

3
πa3]

(5)

1
2
a aC O

Figure 5

	 A uniform solid S is formed by removing a smaller solid hemisphere of radius 1
2

a 
from H such that

•	 the plane face of the smaller hemisphere has centre C and is part of the plane face 
of H

•	 OC = 1
2

a

	 Figure 5 shows a cross section of S, where S is the unshaded part.

	 (b)	 Show that the centre of mass of S is 45
112

a from the line through O and C.
(4)

	 The solid S rests in equilibrium with its curved surface in contact with a rough 
horizontal plane, as shown in Figure 6.

C
O

Figure 6

	 The angle between CO and the horizontal is θ.

	 (c)	 Find the exact value of tan θ.
(5)
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Question 6 continued
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Question 6 continued
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5.	 (a)	 Use algebraic integration to show that the centre of mass of a uniform semicircular

		  disc of radius r and centre O is at a distance 4
3

r
π

from the diameter through O

		  [You may assume, without proof, that the area of a circle of radius r is πr2]
(5)

	 A uniform lamina L is in the shape of a semicircle with centre B and diameter AC = 8a. 
The semicircle with diameter AB is removed from L and attached to the straight edge 
BC to form the template T, shown shaded in Figure 4.

L T

A B C A B C

8a 4a

Figure 4

	 The distance of the centre of mass of T from AC is d.

	 (b)	 Show that d a
�

4
� (5)

	 The template T is freely suspended from A and hangs in equilibrium with AC at an angle 
θ to the downward vertical.

	 (c)	 Find the exact value of tan θ
(6)
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Question 5 continued
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Question 5 continued
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Question 5 continued
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( 1) d

2

( 1)d

x x

x x

+

+




  or   

( )
3

0

3

0

1
1 d

2

( 1)d

x x

x x

+

+




 M1 

 
3
2

3

2

0

3

0

1 1

2 2

2
( 1)

3

x x

x

 
+ 

 
=

 +
 

     or   
3
2

3

2

0

3

0

1 1
( 1)

2 2

2
( 1)

3

x

x

 
+ 

 

 +
 

 A1 

    = 
45

56
   (0.80 or better)  

A1            

(5) 

  (5) 

 Notes 

M1 

Use of  
3

0
( 1)dx x+  . Limits not needed. Accept 

3

0
( 1)dk x x +  where k is a constant. To 

give the mark for ‘use’ we must see an attempt at integration. An attempt at integration is 

seen when the powers increase by 1.  

A1 Correct integrated expression with correct limits 

M1 
Use of 

( )
23

0

3

0

1
( 1) d

2

( 1)d

x x

x x

+

+




. Limits not needed. The formula must be correct but allow a 

constant multiple if it appears on both numerator and denominator.  We must see the correct 

formula and an attempt at integrating the numerator  

A1 Correct integrated expression for the numerator in the correct formula with correct limits. 

A1 

Correct answer.  This question comes with a calculator warning: the correct answer must 

come from integrated expressions ie both previous A’s must have been awarded.  

Numerical substitution does not need to be seen. 
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Question 
Number Scheme Marks    

1 Slant height = 5a  B1 

 

 Hemisphere Cone Total  

Mass ( )22 4a kπ λ  4 5a aπ λ× × ×  2 232 20a k aπ λ π λ+  
B1 

Mass ratio(m) 8k  5  8 5k +  

Distance from 
vertex (y) 5a  2a  4a  

B1 

 

my 40ka  10a  ( )4 8 5a k +   

 ( )40 10 4 8 5ka a a k+ = +  M1A1 

 1.25   oek =   A1 

  [6] 

 Alternatives for the moments equation:  

ALT 1 Moments about the centre of mass (G) of the toy:  

 
Distances:                         (-)a                          2a                            0 

(Accept a provided the minus appears in the equation) 
B1 

 Equation:            8 10 0ka a− + =  M1A1 

ALT 2 Moments about the lowest point  of the hemisphere:  

 Distances:                         2a                          5a                            3a B1 

 Equation:            ( )16 5 8 5ka a a k− = +  M1A1 

ALT 3 Moments about the centre of the circular base of the conical shell/hemispherical 
shell  

 Distances:                         2a                          (-)a                            a B1 

 Equation:            ( )16 25 3 8 5ka a a k+ = +  M1A1 
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MARK SCHEME  ·  IAL M3 (WME03)  ·  June 2021  ·  Q1 M3.5a  Centres of mass of solids (by integration) < QUESTION

 

B1 Slant height = 5a seen anywhere (could be on diagram)  

B1 Correct masses/mass ratio for hemisphere, cone and combined shape.  

B1 Correct distances seen. If using Alts 1 or 3 minus signs not needed here.  

M1 
Moments equation attempted with all 3 terms (2 terms if about G). Condone 
inconsistent mass dimensions, if they are clearly using what they consider to be a 
mass.  The equation can be formed using actual masses or a ratio of masses. 

 

A1 Correct moments equation, with actual masses or a ratio of masses and all signs 
correct.  

A1 Correct value for k.  1.25, 
5 1, 1
4 4

 or any other equivalent fraction.  

 

  

78



MARK SCHEME  ·  IAL M3 (WME03)  ·  January 2022  ·  Q1 M3.5a  Centres of mass of solids (by integration) < QUESTION

 
 

Question 
Number Scheme Marks    

   
1.   

 ( )
3

2 3 2

0
0

1 1 5Area d
3 2 6

a
a ax ax x x ax = + = + =  ∫  

M1A1 

   

 ( )2 4 3 2 2

0

1 1d 2 d
2 2

a
y x x ax a x x= + +∫ ∫  

M1 

   

 
2 5

5 4 3

0

1 1 31
2 5 2 3 60

a
a a ax x x

   
= + + =  

     

DM1A1 

   

 
2

5 3 2
1 d 31 5 312   

60 6 50d

y x a a ay
y x

= = ÷ =
∫
∫

 

 
M1A1      (7) 

                [7] 
   
  

M1 Attempt the area by integration. Powers of both terms to increase by 1.  
A1 Correct area. 

M1 

 
Use ∫ 1

2
 𝑦𝑦2 𝑑𝑑𝑑𝑑 to give ∫ 1

2
(𝑥𝑥4 + 2𝑎𝑎𝑥𝑥3 + 𝑎𝑎2𝑥𝑥2)𝑑𝑑𝑑𝑑2

0 . Limits not needed. Squaring to be correct.  For 

method mark, condone missing 1
2
 or any multiple. 

DM1 Attempt the integration (powers of at least 2 terms to increase by 1). Depends on second M mark.  
A1 Correct integration and correct limits shown. Limits needed but substitution does not need to be seen. 

M1 Use 

21 d
2

d

y x
y

y x
=
∫
∫

  

Note: This independent method mark is for use of the correct formula. 
A1 Correct answer. 
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Question 

Number 
Scheme Marks    

1(a) 𝑉 = 𝜋 ∫ 𝑦2𝑑𝑥
𝑎

1

  

 𝑉 = (𝜋) ∫
1

𝑥2
𝑑𝑥

𝑎

1

= (𝜋) [−
1

𝑥
]

1

𝑎

 M1A1 

 𝑉 = 𝜋 (1 −
1

𝑎
)* A1* 

  (3) 

(b) (𝜋) ∫ 𝑥𝑦2𝑑𝑥 M1 

 (𝜋) ∫
1

𝑥
𝑑𝑥

𝑎

1

= (𝜋)[𝑙𝑛 𝑥]1
𝑎 = (𝜋) 𝑙𝑛 𝑎 dM1A1 

   

 (𝜋) (1 −
1

𝑎
) 𝑥 = (𝜋) 𝑙𝑛 𝑎  

 𝑥 =
𝑎 𝑙𝑛 𝑎

𝑎 − 1
 M1A1 

  (5) 

  [8] 
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MARK SCHEME  ·  IAL M3 (WME03)  ·  January 2021  ·  Q1 M3.5a  Centres of mass of solids (by integration) < QUESTION

(a) 

M1 

 

Use of ∫ 𝑦2𝑑𝑥 AND an attempt at algebraic integration (power increasing by one) 

A1 Correct integration. 𝜋 not needed. 

A1* Given result reached from fully correct working. If 𝜋 not included from the start, its 

inclusion must now be justified. 

(b) 

M1 

 

Use of ∫ 𝑥𝑦2𝑑𝑥, must have substituted for y. 𝜋 not needed.  

dM1 Attempt at algebraic integration (ln x neds to be seen) 

A1 Correct result after substitution of limits. 𝜋 not needed. 

M1 Use of 
∫ 𝑥𝑦2𝑑𝑥

∫ 𝑦2𝑑𝑥
 . If 𝜋 and/or 𝜌 appear, they must appear consistently. 

A1 Correct final answer. They lose this mark if they leave 1 −
1

𝑎
 in the denominator. 
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MARK SCHEME  ·  IAL M3 (WME03)  ·  January 2022  ·  Q4 M3.5a  Centres of mass of solids (by integration) < QUESTION

 
 

Question 
Number Scheme Marks    

4(a) 2 2 2 2Ratio of masses:    4 4 8 12 4a a ka a a k aπ π π π π× +  B1 
   

 ( ) ( )Distances : 0 1
2
k a k a y+  B1 

   

 ( ) ( ) ( )0 2 1 3
2
kk a k a k y+ × + + = +  M1A1ft 

   

 ( )
2

2 2 3
2
k k a k y

 
+ + = + 

 
  

   

 
( )

( )

2 4 4
2 3

k k
y a

k
+ +

=
+

 * A1 *       (5) 

   

(b) 
( )

( )

2 4 4
tan 60 2

2 3
k k

a a
k
+ +

° = ÷
+

 M1 

   
 ( ) ( )2 4 1 3 4 12 3 0k k+ − + − =  A1 
   
 0 5.8147... 5.8  or  5.81k k> ⇒ = = or better A1         (3) 
  [8] 

(a)  
B1 Correct ratio of masses – any equivalent to that shown  
B1 Correct distances from O or a parallel axis. 

M1 Attempt a moments equation. Must be dimensionally correct (not using volumes) and have no 
extra terms.  

A1ft Correct equation, follow through their ratio of masses and distances 
A1* Correct given expression with sufficient working  
(b)  

M1 Use 
2tan 60 or  

2
y a
a y

=   May also use tan 30 

A1 Obtain the correct 3TQ  
A1 Correct value for k. 

  

 

Note for (a): 
The distance from O for the combined cylinder and base is 𝑎𝑎𝑘𝑘2

2(1+𝑘𝑘)
. 
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MARK SCHEME  ·  IAL M3 (WME03)  ·  January 2023  ·  Q1 M3.5a  Centres of mass of solids (by integration) < QUESTION

 

 
 
 
 
 
 
 

Question 

Number 
Scheme Marks    

  1(a) 
1

2

0
(1 ) dx x +   M1 

 

1
3

22

0

4 1

3 2
x x x
 

= + + 
 

  A1 

  
17

6


= m3  *  including units A1*                

  (3) 

(b) 
1

2

0
(1 ) dx x x +  M1 

 

1
5

2 32

0

1 4 1

2 5 3
x x x

 
= + + 

 
 A1 

 
49

30


=  A1 

 

49

30
17

6

x




=   dM1 

    = 
49

m
85

*   including units A1 *            

  (5) 

                     (8) 

Notes 

NB: Penalise missing units maximum of once per question. 

(a)  

M1 Use of   

1

2

0

(1 ) dx x + . Limits not needed.  is required. 

A1 Correct integration – limits not needed 

  A1* 

Correct given answer correctly obtained. Must include units. Limits must be seen (sight of 

substitution is not required). Accept 317
 m

6
   

 

 

(b) 
 

M1 Use of 
1

2

0
(1 ) dx x x + . Limits not needed  ( ’s will cancel so it may not be seen) 

A1 Correct integration – limits not needed 

A1 Correct unsimplified with or without  (may see 
1 4 1

0
2 5 3
+ + − ) 

dM1 Correct expression with their numerator (consistent   - seen in neither or both) 

  A1* Correct given answer correctly obtained. Must include units.  
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Question 

Number 
Scheme Marks    

2. cosT mg =   M1A1 

 

21
2

10
mg a ka

T
ka

 
− 

 
=   

M1A1 

 

21
2

4 10

5

mg a ka

mg
ka

 
− 

 
=   

dM1 

 
3

2
k =  or 1.5 A1 

                    (6) 

 Notes 

M1 

Resolve parallel to the string, correct no. of terms, condone sign errors and sin/cos confusion 

(or resolve in two directions and eliminate the unknown force or use trig on a right-angled 

triangle of forces) to give an equation in T , mg and   only 

A1 Correct equation. Trig does not need to be substituted.  

M1 Use Hooke’s Law with correct structure.  

A1 Correct equation 

dM1 

Substitute trig and eliminate T to produce equation in k only, dependent on previous M’s.  

If x is used for extension, should see 
2 2 21

5 5 10

k k
x a ka a a= → + =  

A1 cao 

ALT 1 First M1A1 

M1A1 

Complete method to form an equation in T and  

 

Vert: cos sinmg T F = +  

Horiz:  cos sinF T =  

Eliminate F eg   
sin cos

cos sin

mg T

T

 

 

−
=  
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MARK SCHEME  ·  IAL M3 (WME03)  ·  January 2024  ·  Q3 M3.5a  Centres of mass of solids (by integration) < QUESTION

 
 

3a Moment of S about the y-axis 

 

 

M1 Use of formula ( )( ) 2 dxy x    

No need to see the correct limits 

here. The curve equation must be 

substituted correctly and an attempt 

to integrate seen (at least one term 

must have a power of x raised by 1) 

Note the correct expression for 

integrating is

( ) ( )
2

231 1
3 3

4 16
x x x x x
 

− = − 
 

 

( )3 4 51
9 6

16
x x x= − +  

 

 
= ( )( ) 4 5 61 9 6 1

16 4 5 6
x x x 

 
− + 

 
 

A1 Correct integrated expression. 

 
= ( )( )

31

60
   

A1 Correct use of correct limits (0 and 

2). No need to see a line of working 

showing substitution of limits. 

However, must see 
31

60
 or 

equivalent numerical evaluation of 

integral. 

 
( )( )

( )( )

31

60
2

5

x

 

 

=  

M1 

Complete method to find the 

distance. Formula must be the  right 

way up 
( )( ) 2 dxy x

x
M

 
=

   Must 

have consistent use of  and of ρ.  

 

 
  

31

24
=    * A1* 

Obtain given answer from correct 

working 

  [5]  

3b Correct use of trig

 

M1 Correct trig ratio to find a relevant 

angle,   or ( )90 −   

Must use curve equation with x = 2 

and 
31

2
24

 
− 

 
 

 1 17 12
tan

2 24 17


 
 =  = 

 
 

 

A1 Or equivalent. Condone reciprocal. 

 35 =  A1 2 sf or better  (35.2175…) 

A0 for use of radians. 

  [3]  

  (8)  
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Question 

Number 
Scheme Marks    

4(a) 

 Top cone inside cone C S  

Mass ratio (-) 1 (-) 1 8 6 B1 

y distance 5a 3a 2a 𝑦̄ B1 

My 5a 3a 16a 6𝑦̄  

 8 × 2𝑎 − 1 × 5𝑎 − 1 × 3𝑎 = 6𝑦̄  M1A1 ft 

 6𝑦̄ = 8𝑎 → 𝑦̄ =
4

3
𝑎 A1 

  (5) 

(b) 𝑡𝑎𝑛 𝛼 =
3

8
  (𝛼 = 20.556 … . 𝑜𝑟 69.44 … . )  B1 

 𝑡𝑎𝑛 𝛽 =

3𝑎
2

4𝑎 −
4𝑎
3

=
9

16
   (𝛽 = 29.357 … 𝑜𝑟 60.642 … . ) M1A1ft 

 𝛼 + 𝛽 =  𝜃 = 50𝑜 (or better 49.91379…)  A1 

 𝑜𝑟 180 − 69.44 … −  60.64 … . = 50°  (4) 

  [9] 

ALT (b) cos 𝜃 =
𝐴𝐵2 + 𝐵𝐺2 − 𝐴𝐺2

2 × 𝐴𝐵 ×  𝐵𝐺
 B1 

 

𝐵𝐺2 = (1.5𝑎)2 + (4𝑎 − 𝑦̄)2       (=
337𝑎2

36
) 

𝐴𝐺2 = (3𝑎)2 + (𝑦̄)2       (=
97𝑎2

9
) 

{𝐴𝐵2 = (1.5𝑎)2 + (4𝑎)2       (=
73𝑎2

4
)} 

M1 

 cos 𝜃 =  … … … … … … = 0.6439 … …. A1ft 

 𝜃 = 50𝑜 (or better 49.91379…) A1 
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(a) 

B1 Correct mass ratio seen for 3 cones and S. Allow consistent (-)   

B1 Correct distances for the 3 cones.  (Allow distances from vertex (3a, 5a, 6a) or small 

plane face (-a, a, 2a).) Condone  missing (-) 

M1 Dimensionally correct moments equation about any parallel axis. Must include 4 

terms.  

A1ft Correct moments equation follow through their distances. 

A1 𝑦̄ =
4

3
𝑎 o.e. 

SC if a’s are missing B1B0M1A1ftA0 is the maximum available 

(b)  

B1 Correct expression for 𝑡𝑎𝑛 𝛼  or 𝛼 seen (either way round) 

M1 Correct attempt to use their 𝑦̄ to find 𝑡𝑎𝑛 𝛽 (either way round) 

A1ft Correct expression for 𝑡𝑎𝑛 𝛽 or 𝛽  (either way round). Ft their 𝑦̄  

A1 50𝑜 or better    (0.87 rad or better 0.87116……) 

 

ALT (b) uses the cosine rule with triangle ABG 

B1 Correct expression for cos 𝜃 in terms of AB, AG and BG 

M1 Correct attempt to use their 𝑦̄  to find AG and BG 

A1ft Correct expression for cos 𝜃. Ft their 𝑦̄ 

A1 50𝑜 or better 
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MARK SCHEME  ·  IAL M3 (WME03)  ·  June 2021  ·  Q3 M3.5a  Centres of mass of solids (by integration) < QUESTION

 

Question 
Number Scheme Marks    

2a) 
3 4sin ,cos
5 5

θ θ= =   

 cosT mgθ =  M1A1 

 
4 5
5 4

mgT mg T= → =  A1 

  (3) 

2b) 
5 3 7
4 5 4
a ar a= + × =  B1 

 2 7sin
4
aT mθ ω  =  

 
 M1A1A1 

 23 5 7
5 4 4

mag maω  = 
 

 DM1 

 3
7

g
a

ω =  
A1 

(6) 

  [9] 

a)   

M1 Resolving vertically. cos  or sinT Tθ θ  accepted  

A1 Correct equation  

A1 Correct tension  

b)   

B1 Correct radius of motion seen explicitly or used in N2L  

M1 

Attempt at horizontal equation of motion.  Allow either form of acceleration. 

cos  or sinT Tθ θ  accepted. Allow this mark if 
3
4
ar =  used. 

 

A1 Correct LHS  

A1 Correct RHS. Acceleration must now be in 2rω  form.  

DM1 Substitute in trig and eliminate T to find value for 2orω ω . Depends on first M 
mark in (b) 

 

A1 Correct value for ω . (Square root sign must cover all terms)  
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MARK SCHEME  ·  IAL M3 (WME03)  ·  June 2021  ·  Q3 M3.5a  Centres of mass of solids (by integration) < QUESTION

 

Question 
Number Scheme Marks    

3a) 
9

0∫  B1 

 ( ) ( )29

0
3 dV x xπ= −∫  M1 

 ( ) ( )9

0
9 6 dV x x xπ= − +∫

 
 

 ( )
93 2

2

0

9 4
2
xV x xπ

 
= − + 

 
 A1 

 ( ) [ ]( )8181 108 0
2

V π π = − + −    
 

 
27
2

V π= * A1* 

  (4) 

3b) ( ) ( )
3

2 22d 9 6 dxy x x x x xπ π
 

= − + 
 

∫ ∫
 

M1 

 ( )
95 3

2 2

0

9 12
2 5 3

xx xπ
 

= − + 
 

 A1 

 ( ) [ ]729 2916 729 0
2 5 3

π   = − + −    
  

 ( )243
10

π=  A1 

 
2

2

( ) d

( ) d

xy x
x

y x

π

π
= ∫

∫
 DM1     

 

243
10 1.8
27
2

x

 
 
 = =
 
 
 

 

 

A1 

 

(5) 

  [9] 
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(a)   

B1 Identifying correct limits.  

M1 

Attempt at ( ) ( )29

0
3 dx xπ −∫ . π  not needed. Limits may be missing. 

Minimum accepted for the squaring is 9 .k x x± ±  At least one term must be 
integrated (power increased) and none to be differentiated (power decreased) 

 

A1 Correct integration. π  not needed but (correct) limits now needed.  

A1* 
Given result reached from fully correct working. π  must not just appear on final 
line without justification (as this is a “show that” question). 

 

(b)   

M1 ( ) ( )
3

2 22d 9 6 dxy x x x x xπ π
 

= − + 
 

∫ ∫ . π  not needed.  

A1 Correct integration.π  not needed.  

A1 Correct result from substitution of correct upper limit. (Lower limit is 0 and 
substitution of 0 gives 0)  

DM1 
Use of 

2

2

( ) d

( ) d

xy x
x

y x

π

π
= ∫

∫
. π must appear in both or neither. 

Depend on both previous M marks 

 

A1 1.8. Accept any exact equivalent    eg 
18 9 4, , 1 etc
10 5 5

.  
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MARK SCHEME  ·  IAL M3 (WME03)  ·  October 2020  ·  Q4 M3.5a  Centres of mass of solids (by integration) < QUESTION

Question 
Number Scheme Marks    

4(a) ( ) ( )2 2

0
d

a
M y y a y yρ π= −∫  M1 A1 

 ( )
2 2 4

02 4

a
a y yM y ρ π

 
= − 

 
 A1 

 ( )
4

4
aM y ρ π

 
= 

 
  

   

 
( )

( )

4

3
34

2 8
3

a
ay

a

πρ

πρ
= =   * M1A1 * 

 S.C.  Clear use of r = 1, with a substituted at end can score max M1A0A0 M1A0  (5) 

(b) ( 1)
1

kak mx kma x
k

 + = ⇒ = + 
 M1A1 

 ( )
3 3( 1)
8 8 1

ak my m a y
k

 
+ = × ⇒ =  + 

 A1 

 tan x
y

α =   M1 

 3 3
8

k =   A1 

  (5) 

  [10] 

Alt b Moments about O 
3 sin cos
8
am kmaα α× = ×   M1A2 

 3 3
8

k =  M1A1 
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(a) 

M1 Using ( ) 2

0
d

r
x y yπ ∫  with or without π . Must be dimensionally correct with integrand of the 

form ( )2 2y a y− . Limits not needed. 

A1 ( )2 2

0
d

a
y a y x−∫ Correct integral. Limits not needed. 

A1 Correct integration. Limits not needed. 

M1 Using 
2

0
32

3

d
a

x y y
y

a

π

π
= ∫ .  π  in numerator and denominator or in neither. 

A1 Correct given result with no errors seen.  Cso 

 

S.C.  If they clearly find CoM of a hemisphere with a radius other than a, they can gain the M marks 
for a correct method for their hemisphere. If they work with an algebraic radius, they can gain the first 
2 A marks and if they replace their radius with a at the end, they can gain the final mark. 

(b)         First 3 marks can be awarded for equations only seen as part of a vector equation. 

M1 Dimensionally correct moments equation for x  or y  

A1 Correct equation in  x  or y (Give BOD on use of x and/or y). 

A1 Correct equations for x  and y  

M1 Dividing to form equation in tanα and solve for k. Trig must be right 

A1 3 3
8

k =   any correct exact form. 

ALT b) -  Taking moments about O. 

M1 Dimensionally correct moments equation about O. 

A1 Moments equation with at most one error. 

A1 Fully correct equation. 

M1 Solve for k. 

A1 c.a.o.  
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Question 

Number 
Scheme Marks 

5(a) ( ) 2

0
d

r

xy x    

 ( ) ( )2 2

0
d

r

x r x x= −  M1 

 ( )
4

2 2

0

1

2 4

r

x
x r

 
= − 

 
 A1 

 ( )
4

4

r
=  A1 

 

3
22
d

3

r
x xy x


=   M1 

 

4 32 3

4 3 8

r r
x r

 
=  =      * A1*        (5) 

   

(b)                                         Hemisphere         Cone   

 Mass                                
32

3
r                 

31

3
kr             B1 

 

Dist of c of m from 

centre of common plane    
3

8
r                    

1

4
kr                     

B1 

   

 
2 3 1

3 8 3 4

k
r kr =   M1A1ft 

 2 3 3k k= =  A1          (5) 

             [10] 

(a)  

M1 Use of  ( ) 2

0
d

r

xy x   with  
2 2 2y r x= −  and attempt the integration. Limits not needed. 

A1 Correct integration – limits not needed 

A1 

 

Sub correct (upper) limit. (Sub of 0 not needed) 

 

M1 

 

Use of  
2dV x xy x =   with their result to obtain  ...x =    where V is the volume of the 

hemisphere or sphere ( , p must be on both sides or neither) 

A1*  
3

8
x r=   

(b)  

B1 Correct mass ratio for hemisphere and cone. Total mass not needed for this mark. 

B1 

 

Correct distances of c of m for cone and hemisphere from centre of common plane (or another point). 

Both can be positive or one can be negative.  

 

 

 

 

M1 

Distances from vertex of cone                (H) 
3

8
kr r+        (C)   

3

4
kr                     

Distances from peak of hemisphere      (H)   
5

8
r               (C)   

1

4
r kr+                    

 

Form a dimensionally correct moments equation with the correct value for x depending on where 

they have taken moments. (0 from plane face, kr from vertex of cone, r from peak of hemisphere)   

Allow even if formula for sphere is used. Ignore signs. 
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A1ft 

A1 

 

Correct equation, follow through their masses and distances, signs to be correct here. 

Correct exact result. 
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Question 

Number 
Scheme Marks    

2. cosF mg =   

M1 

      

A1 

 sinF T =   A1 

 
2mgx

T
l

=   or   
2 ( )mg AB l

T
l

−
=  M1 

 
3

4
mg = 

2mgx

l
  dM1 

 AB = 
11

8

l
  A1 

                    (6) 

Notes 

M1 
Resolve vertically or horizontally, correct no. of terms, condone sign errors and sin/cos 

confusion (or use trig on a right-angled triangle of forces) 

A1 Correct vertical equation 

A1 Correct horizontal equation (A2 for tanT mg =  from triangle of forces) 

M1 

Hooke’s Law.  Must clearly be an extension and not AB. Since x is not defined in the question, 

other extensions may be used including (AB – l ) or xl where x is found to be the constant 
3

8
. 

dM1 
Substitute trig (not necessarily correctly) to produce an equation in ‘x’ (and l) only, 

dependent on previous M’s and on having two equations. 

A1 Cao Accept 1.375l , 1.4l, 1.38l 
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1 
9 

Question 
Number Scheme Marks    

 M1 complete the square  

 A1* given answer correctly obtained, with at least one line of working 
and justification of positive root e.g. x > 0  

   
   

4(a) 
( )2 2

0
3

d

2
3

r

x r x x
x

r

π

π

−
=
∫

  M1A1 

     = 

2 4
2

0
3

2 4
2
3

r
x xr

r

 
− 

    A1 

     = 3
8
r * A1* 

  (4) 

4(b) 

 

Mass ratios: 
32

3
rπ              2r hπ                   

3
22

3
r r hπ π

 
+ 

 
  

 

Distances:     5
8
r             1

2
r h + 
 

                        y   

 
 

B1 
 
 
 
B1 
 

 
3 3

2 22 5 1 2
3 8 2 3
r r rr h r h r h yπ ππ π

    × + + = +    
    

  M1A1 

 
2 25 12 6

8 12
r rh hy

r h
+ +

=
+

 * A1* 

  (5) 

4(c) 
2 25 12 6

8 12
r rh hr

r h
+ +

=
+

  M1 

 2r h=  A1 
  (2) 
              (11) 
   
   
   
   
 Notes for question 4  
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1 
10 

Question 
Number Scheme Marks    

4(a) M1  for use of 

2

0
3

d

2
3

r

xy x
x

r

π

π
=
∫

   

 A1 for 
( )2 2

0
3

d

2
3

r

x r x x
x

r

π

π

−
=
∫

   

 M1 for integrating with powers increasing by 1  
 A1* for given answer correctly obtained  

4(b) B1  correct mass ratios  
 B1 correct distances  (for their parallel axis)  

 M1 for use of a moments equation with correct terms 
(Allow about a parallel axis)  

 A1 for correct unsimplified equation (for their parallel axis)  
 A1* for given answer correctly obtained  

4(c) M1 for equating given answer to r  oe  
 A1 cao  
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Question 

Number 
Scheme Marks    

5(a) 
( )

4
2

1
4

0

3

d

4

3

r

x x x

x
r




=


   or    

( )
4

2
1
4

0

3

d

4

3

r

x r x x

x
r





−

=


 M1A1 

    
4

4

3 0

3

256

r

x
r
 =    A1 

     = 3r* A1*        

  (4) 

5(b)  
 Cone Cylinder S 

Mass ratio 34

3

r
 

2
1

2
r r

 
 

 
 

 
234 1

3 2

r
r r




  
−      

 

4

3
 

1

4
 

13

12
 

Distance 

from 

vertex 

3r 
1

4
2

r r
 

− 
 

 y  

Distance 

from 

plane face 

r 1

2
𝑟 

y  

 

B1 

 

 

 

B1 

 

2 23 34 1 1 4 1
3 4

3 2 2 3 2

r r
r r r r r r r y

 
 
          

 −  − = −                        

 M1A1 

 
75

26
y r= * A1*        

  (5) 

5(c) 
tan

75
4

26

r

r r

 =

−

 
M1A1 

 
26

tan
29

 =  A1          

  (3) 

              (12) 

 Notes for question 5  

5(a)   

M1 

Correct method to find the distance of the centre of mass from vertex or plane 

face, using  

4

2

0

3

d

4

3

r

xy x

x
r




=


  .  The formula must be correct but allow a constant 

multiple if it appears in both numerator and denominator or cancelled . The y 
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Question 

Number 
Scheme Marks    

must be replaced with 𝑦 =
1

4
𝑥  or  𝑦 = 𝑟 −

1

4
𝑥. Condone a gradient of ±

𝑟

ℎ
 if h is 

later replaced with 4r. There must be an attempt to integrate the numerator i.e. 

the power of x must increase by 1.  The denominator of 
34

3

r
is given in the 

question.  Condone sight of vol = ( )
4

2
1
4

0

d

r

x x   as denominator. Ignore limits for 

the method mark.   

A1 

Correct equation for the distance of the centre of mass from vertex or plane face. 

( )
4

2
1
4

0

3

d

4

3

r

x x x

x
r




=


  or  

( )
4

2
1
4

0

3

d

4

3

r

x r x x

x
r





−

=


  Ignore limits. 

A1 

A correct expression for the distance of the centre of mass from vertex or plane 

face following integration and division by 
34

3

r
. Limits must be correct at this 

point. 
4

4

3 0

3

256

r

x
r
      or    

4
2 2 3 4

3

0

3

4 2 6 64

r

r x rx x

r

 
− + 

 
 

A1* 
Given answer obtained from complete and correct working. If distance is found 

from plane face this must be subtracted to find required distance.  

5(b)  

B1 Correct mass ratios 

B1 Correct distances  (for their parallel axis) Ignore signs. 

M1 
Form a moments equation with correct number of terms (allow about a parallel 

axis). Equation must be dimensionally correct (mass ratio × distance).  

A1 Correct unsimplified equation 

A1* 

Given answer obtained from complete and correct working. Working should 

include a line of simplification. The simplification could occur between the 

moments equation and the given answer or in the initial stage eg in a table. 

5(c)  

M1 

Use of tan to obtain an equation for a relevant angle, allow reciprocal 

75
4

26

r

r r−

   

A1 For a correct equation, condone reciprocal. 

A1 
Correct answer, 

26
tan

29
 =  o.e.  Must be an exact value for tan .  

A0 if they got straight to α. 
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Question 
Number Scheme Marks    

Gain = Loss      
2 2

21 1 3 2
2 2 2 2 2 2

mg a mg amV mag mg a
a a
   − + − = ×   
   

 

A1 Correct unsimplified equation  
A1 Correct answer in terms of a and g, accept 1.3 ag  or better  

 
 
 
 
 
 
 
 
 
 
 
 
 

Question 
Number Scheme Marks    

 
4(a) Use of 21  d

2
y x∫  with 21 ( )y ax x

a
= −  

to integrate the expression   
2

21 1 ( )
2

ax x
a

   −   
   

  oe 
M1 

Correct integration  
2 3 4 5

2

1 1 2
2 3 4 5

a x ax x
a

   − +      
 A1 

Use of  dy x∫  with 21 ( )y ax x
a

= −  

to integrate the expression          21 ( )ax x
a

−     oe 

 

M1 

Correct integration  
2 31

2 3
ax x

a
 

− 
 

 A1 

Correct use of centre of mass formula for y   with 21 ( )y ax x
a

= −   

2 2
2

0

2

0

1 1 ( ) d
2

1 ( )d

a

a

ax x x
a

y
ax x x

a

−
=

−

∫

∫
  

3

2
60

6

a

a

 
 =
 
 

 

M1 
 

( )y = 1
10

a  A1 
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Question 
Number Scheme Marks    

 (6) 
4(b) 

 
 

1
2

x a=  B1 

Horizontal distance of G from the vertical at O 
Examples of valid methods 

         

sin cos
2 10
a aθ θ+                 

17 sin
40 8

a aθ +                  ( )26 sin
10

a θ α+  

 

M1 

Correct horizontal distance 
19
50

a  A1 

Moments equation about O to form an equation in F, M, θ (and g) DM1 
cos  Fa Mg dθ = ×  A1 

19
40
MgF =  oe A1        

 (6) 
              (12) 
 Notes for question 4  

4(a)   

M1 

Attempt to integrate  21
2

y  with 21 ( )y ax x
a

= − . Must see at least two 

powers of x increasing by 1. Ignore any limits and condone missing 1
2

.  

The correct expansion to integrate is 2 2 3 4
2

1 1 ( 2 )
2

a x ax x
a

  − + 
 

 oe. 

Condone a slip when expanding the brackets before integration. 
 

 

A1 Correct integrated expression  (ignore limits, condone missing 1
2

)  

M1 
Attempt to integrate y  with 21 ( )y ax x

a
= − . Must see both powers of x 

increase by 1. Ignore any limits.  
 

A1 Correct integrated expression (ignore limits)  
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Question 
Number Scheme Marks    

M1 

Complete method to find y . Use of  the correct formula (up the right 
way). If ρ appears it must appear in both numerator and denominator. 

Limits must be correct and 1
2

 must be present. 

2 2
2

0

2

0

1 1 ( ) d
2

1 ( )d

a

a

ax x x
a

y
ax x x

a

−
=

−

∫

∫
 

 

A1 Correct answer, 1
10

a  or 0.1a oe  

4(b)   

B1 

1
2

x a=  seen or implied. May be seen on diagram, embedded in a length 

eg 1 sin
2

a θ  or found from first principles using 
0 0

d d
a a

x y x xy x=∫ ∫  
 

M1 

A complete method to obtain the required horizontal distance from G to 
the vertical at O. For example, method to find the lengths of two right-
angled triangles that sum to the required distance. Condone sin/cos 
confusion.  

 

A1 Correct horizontal distance  

DM1 

Dependent on first method mark. Moments about O, using the horizontal 
distance, to obtain an equation in F, M and θ (and a). Dimensionally 
correct with all required terms of the correct structure and no extras. 
Condone sin/cos confusion. Missing g is an accuracy error.  

 

A1 Correct unsimplified equation.  
A1 Accept 0.48Mg or 0.475Mg  (must be in terms of M and g)    
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Question 
Number Scheme Marks    

7 (a)(i) ( ) ( )2 222 4 2

1 1
4 d 8 16 dV x x x x xπ π= + = + +∫ ∫   

 
2

5 3 3

1

1 8 61316  (cm )
5 3 15

x x x ππ  = + + =  
      * M1A1 

A1cso 

(ii) ( ) ( ) ( ) ( )2 222 5 3

1 1
4 d 8 16 dx x x x x x xπ π+ = + +∫ ∫   

   

 ( ) ( ) ( )
2322

6 4 2

1
1

41 2 8
6 6

x
x x x altπ π

 +   = + +    
 

 M1A1 

 
( )

( )

2
6 4 2

1

1 1292 8
6 2 1.578... 1.58 (cm) 613 613

15 15

x x x
x

π

π

 + +  = = = =  M1dM1A1   (8) 

(b) 
613 613 1153Mass       9 45 36

15 15 15
M M M M Mπ π ππ π π + = 

 
 B1 

  Dist from 0.578 0.5 0.5B y  B1ft 
   

 
613 6130.578 9 0.5 45 0.5 36

15 15
yπ ππ π π × − × + × = + 

 
 M1A1ft 

 
1249 0.5416... 0.54  (cm)
2306

y = = =  A1          (5) 

               [13] 
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(a)(i)M1 Attempt the squaring and integrating (at least one power going up). Allow w/o π   

A1 Correct integration allow w/o π  
A1*cso Correct volume, with no errors seen. (Must include π  and no V = ... w/o π  must have been seen.)  

(ii)M1 Attempt ( )22 4x x dx+∫ . Must either expand or obtain ( )32 4k x + .π not needed. Limits not needed 

A1 Correct algebraic integration, π  not needed. Limits not needed 

M1 
Substitute the (correct) limits in their integrated function. Independent, but must have been 
attempting 2xy dx∫  

M1 Divide the two integrals (correct way up). Depends on the 1st and 2nd M marks. π and ρ in both or 
neither. 

A1 Correct final result.  Must be 3 sf. 
  
 (SC Correct answer with no algebraic integration shown can score M0A0 M1 M0A0) 
  

(b)  
B1 Correct masses seen explicitly or in an equation. 

B1ft Correct distances from B (or any vertical axis). Follow through distance from (a). 
M1 Form a moments equation, with lighter cylinder subtracted and the heavier one added 
A1ft Correct equation, follow through their distance from (a). 
A1 Correct distance from B, 2 sf or better 

 

Alt (b) Find mass and CoM of S1 first          
478 287Mass 0.6004

15 478
M CoMπ

= = ≈  

Award B1B1 when all component masses and distances are seen. Complete method needed for M1. 
Award first A1 for correct masses/distances initially used in forming both equations.  
 
(Note: Use of 0.58 leads to 0.603 (cm) x = for S1.  This gives a final answer  0.543. If they give 
0.54, award full marks, as premature approximation does not affect final answer, but penalise 0.543) 
 
SC – If the use M and 5M for the masses, award max B0B1 M1A0A0 
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Question 
Number Scheme Marks    

7(a) 

2

0
2

0

d

d

h

h

rxx x
h

x
rx x
h

 
 
 =
 
 
 

∫

∫
 

  (Allow volume of cone formula quoted with π  in the numerator) 

M1DM1 

 

4

0

3

0

4

3

h

h

x

x

 
 
 =
 
 
 

oe A1 

 = 
3
4
h

* A1*       (4) 

7(b)  
                      F               C                     C′  

Distance       y             
1
4

h
          

2 1 3
3 4 3 4
h h h   + × =   

   
 

Mass ratio    26              27                    1                oe 
 

 
B1 
 
B1 

 1 2 126 27 1
4 3 4 3

h hy h   = × − + × ×    
 M1A1ft 

 
3

13
y h= * A1*      (5) 

7(c) 

 
 
 
 
                                                                 C 
 
                                     A       B 
 
                           V             N 
 

 

 For equilibrium, 
3   

13
y h CB= ≤ oe M1 

 
21

3 3
AB AN r rAB r
AN AV h h

= ⇒ = × = oe M1A1 

 So, for equilibrium, 
23 2  

13 3 3
rh h
h

≤ −  M1 

 2 213 17r h≤  * A1*       (5) 
              (14) 
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Question 
Number Scheme Marks    

 Notes for question 7  

7(a) 
M1 for use of  2

0

d
h

xy x∫  (Attempt at integration required) 

 

 

 
DM1 for use of   

2

0
2

0

d

d

h

h

rxx x
h

x
rx x
h

 
 
 =
 
 
 

∫

∫
  Depends on M mark above 

 

 

 A1 for 

4

0

3

0

4

3

h

h

x

x

 
 
 =
 
 
 

  

 A1* for given answer correctly obtained. Upper limit(s) must be substituted.  
7(b) B1 for distances from larger plane face or any parallel axis  

 B1 for mass (volume) ratios  
 M1 for moments about larger plane face or any parallel axis  
 A1ft for a correct equation, follow through their distances and masses  

 A1* for given answer correctly obtained. At least one step in the working from 
the equation must be seen.  

7(c) 
M1 for overall method using a suitable inequality – may be comparing lengths 
or angles. If the limiting case is used this mark (and the final A mark) can only 
be awarded if a reason for the direction of the inequality is seen (eg y CB„ ) 

 

 M1 for finding a length appropriate for their method  
 A1 for a correct relevant distance in terms of r and h  
 M1 for producing an inequality in r and h, must be right way round  

 A1* for correctly showing given inequality. At least one step in the working 
from their previous inequality must be seen.  
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Question 

Number 
Scheme Marks    

 

                  

 

 

6(a) 
Use of 2dxy x with circle equation  M1 

2 2

0

( )d

a

x a x x−  A1 

2 2 4 4

0

 =
2 4 4

a

a x x a 
− 

 
 A1 

Use of                               

2 2

0

3

( )d

2

3

a

x a x x

x

a





−

=


 dM1 

4

3

4
2

3

a

a





 
  

 
 
  

                                = 
3

8
a * A1* 

 (5) 

 

6(b) 

 

Mass ratios:       8               1                  7 B1 

Distances:         
3

8
a           

3

16
a              y  B1 

3 3
8 1 7

8 16

a
a y −  =  M1 

( )
45

112
y a=  * A1* 

 (4) 

 

6(c) 

Form a moments equation about an axis perpendicular to OC 

• Axis through O:    ( )8 0 1 7
2

a
x +  =  

• Axis through A:  8 1 7
2

a
a x −  =  

• Axis through B:  
3

8 1 7
2

a
a x −  =  

If equation is seen in earlier working, it must be used in (c) to earn the 

marks in (c) 

M1 

Correct x  for their axis through 

          O:  ( )
14

a
x =               A: ( )

15

14

a
x =          B: ( )

13

14

a
x =   

 

A1 
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Method to find an expression for tan of a relevant angle dM1 

tan
45

112

x

a

 =  
A1ft 

8
tan

45
 =  A1 

 (5) 

  (14) 

Notes for question 6 

 

(a) N.B. M0 for a lamina  

M1 

Use of 2dxy x with their attempt at a circle equation. The equation for y 

must be substituted into the formula in terms of x.  

Allow use of alternative forms if their circle equation is substituted in 

correctly to give an equation with one variable (including the ‘dx’)  

For example use of 2dyx y  would need the circle equation substituted 

in for x2 to give an integral in terms of y. 

Condone consistent use of r instead of a. 

 

A1   Correct expression with correct limits seen at some stage 2 2

0

( )d

a

x a x x−   

A1 
Correct expression 

4

4

a
. If 

4

4

a
 is not explicitly stated, accept correct 

integrated expression with correct limits.  

 

dM1 

Dependent on previous M mark. A complete method to find the required 

distance using the equation of a circle. They may use 32

3
a  or integrate 

correctly to find the volume. 

2 2

0 0

3 2

0

d d

    or     
2

d
3

a a

a

xy x xy x

x x

a y x

 

 

= =
 



 

If seen,  and/or  must be present in both numerator and denominator. 

 

A1* 
Given answer obtained from complete and correct working. Must be 

positive and in terms of a. Condone r replaced with a at the final stage. 
 

(b) N.B. For a lamina, max score 0100  

B1 Correct mass ratios seen or implied.  

B1 Correct distances, allow if measured from a parallel axis. Ignore signs.  

M1 

Method to form a dimensionally correct moments equation (the small 

hemisphere must be subtracted from the large hemisphere). All required 

terms present.  

 

A1*   Given answer obtained from a fully correct moments equation.   

(c) N.B. M0 for a lamina  

M1 
Method to form a dimensionally correct moments equation about an axis 

perpendicular to OC (the small hemisphere must be subtracted from the 
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large hemisphere). All required terms present. Use of correct mass 

ratios. Both distances must be measured from the same axis.  

A1 Correct distance for their axis, accept ±  

dM1 

Dependent on previous M. Find an expression for tan of a relevant angle 

( )( ) or 90 − . Must be dimensionally correct.Must use the given 

answer from (b) and x  as the distance to the axis through O. The correct 

addition or subtraction is required if an alternative axis is used. Condone 

if expressed immediately as 1

45
112

tan
x

a
 −  
=  

 
and condone the reciprocal. 

 

A1ft 
Correct equation. Follow through their calculated x  

Do not condone the reciprocal. Must be tan = …    
 

A1 
Correct exact answer.  Must be tan = …   ISW 

Accept recurring decimal with correct notation. 0.17  
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Question 

Number 
Scheme Marks    

7(a) 

 

 

Equation of motion for P at a general position 

PB PAT T mx− =  
M1 

Use HL in the equation of motion M1 

2
(0.5 ) (1.5 )

2 3

mg mg
L x L x mx

L L
− − + =  

A1 

A1 

Obtain SHM equation of the correct form and conclude 

 
4

3

g
x x

L
− =    and   SHM   

A1* 

Use of   2 4

3

g

L
 =   with the formula 

2
period = 




   dM1  

Must include working that leads to the given answer for the period. 

For example 

• Clearly identify   within the period formula to reach the answer 

2 2 3
period = 

4

3

L

gg

L

 



= =  

• Clearly identify   and state the period formula to reach the answer

4 2 3
   ,  period = 

3

g L

L g


 


= =  

( )
3

period =
L

g
  

A1* 

 (7) 

 

7(b) 

amplitude 0.5L=  B1 

4

3
MAX

g
v a

L
=   M1 

3

gL
=     A1 

 (3) 

7(c) 

Method for use of SHM equation for displacement with their amplitude. 

[1] cosx a t=  

[2] sinx a t=   

[3] cosx a t= −  

[4] sinx a t= −  

[5] Any of the above with their x found after use of 
2 2 2 2( )v a x= −  

M1 
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5 

               

 
Curve equation 

2 2 2x y r+ =  

5a  

Using x-axis  

( ) 2 22 dx r x x  −  

or  

 

Using y-axis  

( ) ( )
2

2 21
2 d

2
r x x −


 

 

M1 

Use of correct integral. Limits 

not needed here. 

 

Accept an integral of the form: 

x-axis:   
2 2 dk x r x x−   

y-axis:   
2 2 dk r x x−  

   x-axis  

( )( )
3

2 2 2
2

3
r x= − −  

 

y-axis  

( )
3

2

3

x
xr

 
= − 

 
 

A1 

Correct integration, ignore 

limits. Correct expression. 

 

 
( ) 32

3
r=  A1 

Correct use of limits, 0 and r or 

– r and r. 

 Using x-axis  

2

0

1
2 d

2

r

r x xy x  =   

Using y-axis  

2 21 1
dx

2 2

r

r

r y y  
−

=   

or 

2 2

0

1
dx

2

r

r y y  =   

M1 

Complete method to obtain 

distance.  

 

Use of a correct formula, 

consistent with the axis and 

limits used, to find centre of 

mass with curve equation.  

 

  must appear on both sides 

or neither. 

       

 3

2

2

43
1 3

2

r
r

x

r


= =      * A1* 
Obtain given answer from 

correct working 

ALT 

1 

5(a) 

Parametric approach  
cos , sinx r y r = =  

 

 
Curve equation 

2 2 2x y r+ =  

 Using x-axis  

3 22

0
2 sin cos dθr



   

 

 

M1 

Use of correct integral. Limits 

not needed here. 

 

Accept an integral of the form: 
3 2sin cos dkr     
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  3 2
3

0

sin
2

3
r



 
=  

 

 A1 

Correct integration, ignore 

limits. Correct expression. 

 

 32

3
r=  A1 Correct use of limits 

 3

2

2

3
1

2

r

x

r

=  
M1 

Complete method to obtain 

distance.  

Use of correct formula.  

  must appear on both sides 

or neither. 

 4

3

r


=  * A1* 

Obtain given answer from 

correct working 

  [5]  

ALT 

2 

5(a) 

Using y-axis  

 

3 32

0
sin dθr



  

 

 

M1 

Use of correct integral. Limits 

not needed here. 

 

Accept an integral of the form: 
3 3sin dkr    

  
( )3 22

0
1 cos sin dθr



 −  

3 2
3

0

cos
cos

3
r






 
= − + 

 

 

A1 

Correct integration, ignore 

limits. Correct expression. 

 

 32

3
r=  A1 Correct use of limits 

 3

2

2

3
1

2

r

x

r

=  
M1 

Complete method to obtain 

distance.  

Use of correct formula.  

  must appear on both sides 

or neither. 

 4

3

r


=  * A1* 

Obtain given answer from 

correct working 

  [5]  

5b  large Small 

removed 

Small 

added 

mass 28 a  22 a  22 a  

From 

AC 
16

3

a


 

8

3

a


 ( )

8

3

a


−  

 

 

 

B1 

 

B1 

 

 

 

Correct mass ratios 

 

Correct distances  

 Moments about AC M1 All terms required.  

Dimensionally correct or 

equivalent for a parallel axis. 

Condone sign errors. If column 

vectors are used, this mark is 

awarded once the equation is 

written separate to the column 

vectors. 
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 2 2 2

2

16 8 8
8 2 2

3 3 3

                                     8

a a a
a a a

a d

  
  



 −  − 

=

 

 

A1 Correct unsimplified equation.  

 96
8

3

a
d


=  

4a
d


 =   * 

A1* Obtain given value from 

correct working. Need to see at 

least some simplification.  

  [5]  

5c Moments about perpendicular axis through 

A 

M1 Dimensionally correct.   

Need all terms. 

Or equivalent for a parallel 

axis 

 From A 
2 2 2 24 8 2 2 6 2 8a a a a a a a x    −  +  =  

 

A1ft 

 

A1ft 

 

Unsimplified equation with at 

most one error. 

Correct unsimplified equation 

Follow their mass ratio 

 5x a =  A1 Correct only. If measured from 

B, distance is a 

 Correct use of trig to find an expression for 

tan   M1 
tan

d

x
 = or tan

x

d
 =  where

x is distance from A. 

 4
tan

5



=  A1 Only 

  [6]  

  (16)  
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