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QUESTIONS

39 questions - 328 marks - 3 sub-topics

SUB-TOPIC P3.1a

ALGEBRAIC FRACTIONS

Sub-topic P3.1a - 4 questions - 34 marks - lowest tariff first




ANSWER >

4. The function f is defined by

f(x) = — x Iz x>3
X +x-12 x+4

(a) Show that

f(x) = % x>3
3

(b) Hence find f'(x) giving your answer in simplest form.
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Question 4 continued

(Total for Question 4 is 5 marks)
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-
4 3 2 _
4 f(x)=2x +15x +35x2+21x 4 YeR x>-3
(x + 3)
(a) Find the values of the constants 4, B, C and D such that
f(x) = Ax? +Bx+C+L2
(x + 3) (4)
(b) Hence find,
jf(x)dx
3)
.
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Question 4 continued
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 7 marks)
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( Leave\
blank
3.
f=3-224 X0 oy
x+1 2x"—-3x-5
(a) Show that
f(x) = atb x>4
ex+d
where a, b, ¢ and d are integers to be found.
)
(b) Hence find f'(x)
(2)
(¢) Find the domain of f !
)
\ J
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Question 3 continued
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Question 3 continued
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Question 3 continued

(Total 8 marks) —]
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9. (a) Given that X

4 3 _10x2 +3x —
r o7 Ox” + 3x 9Ex2+P+ 0 x> -3

x2—-x-12 x—4

find the value of the constant P and show that QO = 5
“
The curve C has equation y = g(x), where
4 _ 3 2 _
o(r) = T =X 107 +3x =9 ~3<x<35 xeR

x2—x-12

(b) Find the equation of the tangent to C at the point where x = 2
Give your answer in the form y = mx + ¢, where m and ¢ are constants to be found.

)

yA

Figure 4

Figure 4 shows a sketch of the curve C.
The region R, shown shaded in Figure 4, is bounded by C, the y-axis, the x-axis and the
line with equation x =2

(c) Find the exact area of R, writing your answer in the form « + bIn2, where a and b
are constants to be found.

)
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Question 9 continued
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Question 9 continued
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Question 9 continued
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Question 9 continued
Q9
(Total 14 marks) |
TOTAL FOR PAPER IS 75 MARKS
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SUB-TOPIC P3.1b

COMPOSITE & INVERSE FUNCTIONS; DOMAIN &

RANGE

Sub-topic P3.1b - 17 questions - 148 marks - lowest tariff first
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ANSWER >

1. The functions f and g are defined by

20

f(x)=9—x2 xeR x>0
3
=— R >0
e =5 e
(a) Write down the range of f
1)
(b) Find the value of fg(1.5)
2
(c) Find g
3
.
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Question 1 continued

(Total for Question 1 is 6 marks)
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7

4. The function f is defined by
f(x)=2x"-5 x>0 xeR

(a) State the range of f
@

On the following page there is a diagram, labelled Diagram 1, which shows a sketch of
the curve with equation y = f(x).

(b) On Diagram 1, sketch the curve with equation y = f'(x).
2

The curve with equation y = f(x) meets the curve with equation y =f '(x) at the
point P

Using algebra and showing your working,

(c) find the exact x coordinate of P

(©))
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4 )
Question 4 continued
VA
y=1()
o/ x
Diagram 1
(Total for Question 4 is 6 marks)
. J
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( Leave\
blank

=y

Figure 1

Figure 1 shows a sketch of a curve with equation y = f(x) where

2x+3

=TT 73

(a) Find, in simplest form, f'(x).

@

(b) Hence find the range of f.
(&)
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Question 3 continued
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Question 3 continued
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5 Question 3 continued

(Total 7 marks) —]
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2. The functions f and g are defined by
4
f(x)=5- >0
=375 g
o(x) = ‘ 4sin(§+%) ‘ xeR
(a) Find the range of
2
(b) (i) Find f'(x)
(i) Write down the domain of ™!
3
(c) Find fg(—n)
2
. J
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Question 2 continued
Q2
(Total 7 marks) —]
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2. The function f and the function g are defined by
f(x) = 12 >0 R
(x) 1 X ,X €
5
g(x)=51nx x>0,xeR
(a) Find, in simplest form, the value of fg(e?) @
(b) Find f!
(©))
(c) Hence, or otherwise, find all real solutions of the equation
f1(x) = f(x)
(©))
g J
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Question 2 continued
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Question 2 continued
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7

2. The function f is defined by

f(x)=x—+3 xeR,x#4
X

(a) Find ff(6)
()

(b) Find £
3)

The function g is defined by
g(x)=x"+5 xeR, x>0
(c) Find the exact value of a for which

gf(a)=7
3
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Question 2 continued
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Question 2 continued
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Question 2 continued

(Total for Question 2 is 8 marks)

S
<

o8
R

%
KX
KX

%

37



ANSWER >

B (
6. The functions f and g are defined by
21
fx)y=6— —— x>0
2x +3
g(x)=x"+5 xeR
(a) Find gf(2)
2
(b) Find f'
3
(c) Solve the equation
gg(x) =126
3
.
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Question 6 continued
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 8 marks)
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7

6. The function f is defined by

4x+3
fr) = —= X#2
x=2
(a) Find f' g
3 -
(b) Show that
ax+b §§§
ff S — :g:
®) cx+d 5%
where a, b, ¢ and d are integers to be found. :
3
The point P (3, 15) lies on the curve with equation y = f(x).
(c) Find the point to which P is mapped when y = f(x) is transformed to the curve with
equation y=2f(3x) + 8
(2) bose]
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Question 6 continued
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 8 marks)
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1. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
The functions f and g are defined by
f) =2 xeR x>0
3x+1
g(x)=4—x2 xeR x>0
(a) Find the value of gf(1)
2
(b) Find the range of f
(2
(c) Find f'(x)
2
(d) Solve f'(x)=f(x)
2
.
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Question 1 continued
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Question 1 continued
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Question 1 continued

(Total for Question 1 is 8 marks)
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1. The function f is defined by
Sx Sx
f(x) = + 0
() X2 +7x+12 x+4 *=
Sx
(a) Show that f(x) = 3
(b) Find f'
3
(¢) (1) Find, in simplest form, f'(x).
(i) Hence, state whether f is an increasing or a decreasing function, giving a reason
for your answer.
3
. J
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Question 1 continued
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Question 1 continued
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Question 1 continued
Q1
(Total 9 marks) —]
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2. The functions f and g are defined by
f) = S5—x R 2
(x)—3x+2 X e ,x;«r&—g
gx)=2x-7 xelR
(a) Find the value of fg(5)
2
(b) Find '
3
(c) Solve the equation
(1) e
L) —e@t3)
C))
. J
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Question 2 continued
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Question 2 continued
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Question 2 continued
Q2
(Total 9 marks) —]
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Leave
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4. The functions f and g are defined by

4x+6
f(x) = xeR, x=5
x=35
g(x)=5-2x" xeR, x<0
(a) Solve the equation
fg(x)=3
C))
(b) Find f!
3

(c) Sketch and label, on the same axes, the curve with equation y = g(x) and the curve
with equation y = g”'(x). Show on your sketch the coordinates of the points where
each curve meets or cuts the coordinate axes.

&)

Q\?ﬂ
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Question 4 continued

INZ]
59



ANSWER >

Leave
blank

Question 4 continued
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Question 4 continued

Q4

(Total 10 marks) |
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6.
VA
C
P
0 x
Figure 3
In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
The function f is defined by
3 9
f(x)=5("-2)(4x +9)2 x> -2
(a) Show that
, k(5x% +9x - 2)
f)=—"—"7—
(4x +9)2
where £ is an integer to be found.
O]
(b) Hence, find the values of x for which f'(x) =0
ey
Figure 3 shows a sketch of the curve C with equation y = f(x).
The curve has a local maximum at the point P
(c) Find the exact coordinates of P
(2
The function g is defined by
9
g(x) = 2f(x) + 4 —g Sx<0
(d) Find the range of g
3
\ y,
%A
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Question 6 continued
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Question 6 continued
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Question 6 continued
Q6
(Total 10 marks) |
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yA

=V

0

Figure 1

Figure 1 shows a sketch of the curve C with equation y = f(x) where
fx) = e (26 = 3)°

(a) Find the range of f

)
(b) Show that
f'(x) = 2x(2x? - 3)e_"2 (4-Bx?)
where 4 and B are constants to be found.
C)]
Given that the line y =k, where & is a constant, £ > 0, intersects the curve at exactly
two distinct points,
(c) find the exact range of values of k&
C)]
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Question 7 continued
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Question 7 continued

o%a%?

oo %
<

3%

INZ]
68




ANSWER >

Question 7 continued

(Total for Question 7 is 10 marks)
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7

5. The functions f and g are defined by

f(x) =2+ 5Inx x>0
6x —2 1
== = > —
EW=57 73

(a) Find f'(22)
(b) Use differentiation to prove that g is an increasing function.
(c) Find g

(d) Find the range of fg

2
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Question 5 continued
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Question 5 continued
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Question 5 continued

(Total for Question S is 10 marks)
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6. The function f is defined by
5x -3
f(x) = al x>4
x—4
(a) Show, by using calculus, that f is a decreasing function.
3
(b) Find '
3
. ax +
(¢) (i) Show that ff(x) = Tic where a, b and ¢ are constants to be found.
(ii) Deduce the range of ff.
)
. J
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Question 6 continued
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Question 6 continued
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Question 6 continued
Q6
(Total 11 marks)
L J
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7

4. The function f is defined by

2x% 32 8
+

78

f(x)= — xeR x>2
3x*+7x-20 3x-5 4
(a) Show that £(x) = —= .
a) Show that f(x) = -—— &
3x-5 &
3)
(b) Show, using calculus, that f is a decreasing function. §§§
You must make your reasoning clear. §§§
3 &
The function g is defined by
g(x)=3+2Inx x>1
(c) Find g
3
(d) Find the exact value of  for which
gf(a)=35
“
.
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Question 4 continued
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 13 marks)
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MODULUS FUNCTIONS & TRANSFORMATIONS

Sub-topic P3.1c - 18 questions - 146 marks - lowest tariff first
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7

1. The point P(—4, -3) lies on the curve with equation y = f(x), x € R

Find the point to which P is mapped when the curve with equation y = f(x) is
transformed to the curve with equation

(a) y = f(2v)

(1)
(b) y=3fx—1)

@)
(©) y=|f)|

(1)

<X
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Question 1 continued

(Total for Question 1 is 4 marks)
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7

1. The point P(6, —2) lies on the continuous curve with equation y = f(x), x € R.

Find the point to which P is mapped when the curve with equation y = f(x) is
transformed to the curve with equation

(@) y=2f(3x)

2
(b) y=f(x—-2)+8

(2)
© y=1"()

1
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Question 1 continued

(Total for Question 1 is 5 marks)
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(1,2)

=V

0 (3,0)

Figure 1

Figure 1 shows a sketch of the curve with equation y = f(x), where x € R and f(x) is
a polynomial.

The curve passes through the origin and touches the x-axis at the point (3, 0)
There is a maximum turning point at (1, 2) and a minimum turning point at (3, 0)

On separate diagrams, sketch the curve with equation

(i) y=3f2x)

3
(i) y=1f(-—x) -1
(&)
On each sketch, show clearly the coordinates of
e the point where the curve crosses the y-axis
e any maximum or minimum turning points
|\ J

£
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Question 2 continued

(Total 6 marks) —]
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VA

y =1

=V

Figure 1
Figure 1 shows a sketch of the graph with equation y = f(x) where
f(x)=2|x 5|+ 10

The point P, shown in Figure 1, is the vertex of the graph.

(a) State the coordinates of P
2

(b) Use algebra to solve

2|x—5|+10 > 6x

(Solutions relying on calculator technology are not acceptable.)

2

(c) Find the point to which P is mapped, when the graph with equation y = f(x) is
transformed to the graph with equation y = 3f(x —2)
2

Q\?ﬂ
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Question 1 continued

(Total for Question 1 is 6 marks)
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Figure 2
In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 2 shows a sketch of the curve with equation y = f(x), where

f(x) =2x"—10x xelR
(a) Solve the equation
£(Jx[) =48
3
(b) Find the set of values of x for which
5
(0| > 5%
4
y,
INZ)
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Question 3 continued
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 7 marks)
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4.
VA
y =1
0 X
Figure 2
Figure 2 shows a sketch of part of the graph with equation y = f(x) where
fx) =21 — 2|2 — x| x>0

(a) Find ff(6)
2

(b) Solve the equation f(x) = 5x
2

Given that the equation f(x) = k, where £ is a constant, has exactly two roots,

(c) state the set of possible values of &.
2

The graph with equation y = f(x) is transformed onto the graph with equation y = af(x — b)

The vertex of the graph with equation y = af(x — b) is (6, 3).

Given that @ and b are constants,

(d) find the value of a and the value of .
2

|\ J
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Question 4 continued
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Question 4 continued
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6. Given that k is a positive constant,

(a) on separate diagrams, sketch the graph with equation

(i) y=k—2/x|
k
(i) y=|2 —g‘

Show on each sketch the coordinates, in terms of %, of each point where the graph
meets or cuts the axes.

)
(b) Hence find, in terms of £, the values of x for which
- X ‘ =k —2|x|
3
giving your answers in simplest form.
C)]

A
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y=1(x)
0 x
B
Figure 2
Figure 2 shows part of the graph with equation y = f(x), where
fx)=|kx—9| -2 xeR
and k is a positive constant.
The graph intersects the y-axis at the point 4 and has a minimum point at B as shown.
(a) (i) Find the y coordinate of 4
(i1) Find, in terms of £, the x coordinate of B
2
(b) Find, in terms of £, the range of values of x that satisfy the inequality
l[kx—9|-2<0
3
Given that the line y = 3 — 2x intersects the graph y = f(x) at two distinct points,
(c) find the range of possible values of £
3)
\ y,
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S
Figure 2
Figure 2 shows a sketch of the graph with equation
y =|3x — 5a| - 2a
where a is a positive constant.
The graph
* cuts the y-axis at the point P
» cuts the x-axis at the points O and R
* has a minimum point at S
(a) Find, in simplest form in terms of a, the coordinates of
(i) point P
(i1) points Q and R
(iii) point S
“
(b) Find, in simplest form in terms of a, the values of x for which
|3x — 54| - 2a = |x - 24|
C))
y,
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7. Given that a and b are positive constants with a > b,
(a) sketch, on separate diagrams, the graph with equation
(i) y=[3x-ad
(i) y=|3x—a|-b
Show on each sketch

» the coordinates of the minimum point on the graph
» the coordinates of the point at which the graph crosses the y-axis

(©)
(b) Solve the equation
|3x - a| —b=>5x

giving any solution for x in terms of a and b.

()

OIS
R R

R

00
oRetetes

00 %%
Setates

LK

00000 00 0 0 0 0 0 0 0 00 000
et ete e

XX

RRORERREREE

Q\?ﬂ
111




ANSWER >

(Total for Question 7 is 8 marks)

Question 7 continued

o5

G G RIS,

%% %%
0000000000}0000000}00000000000}000‘00000000'00000)00)00000000000000000000000000000}0000000'00000000000}000000000000}00000}00)0000000000000000000000

%
oo

%
KX

A
$RRILRIERIEIRLRIILLRILIRLLRLLRLLRILRILRILRIELRILRIE,

%

%

112




ANSWER >

( Leave\
blank
6.
VA
y=1)
P
0 x
Figure 2
Figure 2 shows part of the graph with equation y = f(x), where
f(x)=2]2x-5]|+3 x>0

The vertex of the graph is at point P as shown.

(a) State the coordinates of P.
2

(b) Solve the equation f(x) = 3x — 2
“

Given that the equation

f(x)=kx+2

where £ is a constant, has exactly two roots,

(c) find the range of values of £.
3

. J
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Figure 2

Figure 2 shows a sketch of the graph with equation y = f(x), where

f(x) = ‘3x+a| +a
and where a is a positive constant.
The graph has a vertex at the point P, as shown in Figure 2.

(a) Find, in terms of a, the coordinates of P.

2
(b) Sketch the graph with equation y = g(x), where
g(0) = |x + 5a|

On your sketch, show the coordinates, in terms of a, of each point where the graph
cuts or meets the coordinate axes.

)

The graph with equation y = g(x) intersects the graph with equation y = f(x) at
two points.

(c) Find, in terms of a, the coordinates of the two points.

)

£
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Figure 2
Figure 2 shows a sketch of the graph y = f(x), where
f(x)=3x-2|-10
The vertex of the graph is at point P, shown in Figure 2.
(a) Find the coordinates of P
2
(b) Find ff(0)
2
(c) Solve the inequality
3x=2|-10<5x+ 10
2
(d) Solve the equation
£(|x]) =0
3
.
INZ)
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In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.
| VA
|
|
|
|
|
i y=1fx)
I
|
! A
I
l
i -
. Ol B X
x=kj
Figure 2
Figure 2 shows a sketch of the curve with equation
y=[2-4ln(x+1)| x>k
where £ is a constant.
Given that the curve
* has an asymptote at x =k
* cuts the y-axis at point 4
* meets the x-axis at point B
as shown in Figure 2,
(a) state the value of k&
1)
(b) (i) find the y coordinate of 4
(i1) find the exact x coordinate of B
3
(c) Using algebra and showing your working, find the set of values of x such that
12— 4In(x+ 1) >3
)
y,
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Figure 1
Figure 1 shows a sketch of part of the graph with equation y = f(x), where
f(x)=|3x-13|+5 xeR
The vertex of the graph is at point P, as shown in Figure 1.
(a) State the coordinates of P.
(2)
(b) (i) State the range of f.
(i) Find the value of ff(4)
(2)
(c) Solve, using algebra and showing your working,
16 —2x > [3x—13|+5
“)
The graph with equation y = f(x) is transformed onto the graph with equation y = af(x + b)
The vertex of the graph with equation y = af(x + b) is (4, 20)
Given that a and b are constants,
(d) find the value of a and the value of b.
()
y,
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V
Figure 2

Figure 2 shows a sketch of part of the graph with equation y = f(x), where
1
fo) =7 |2x + 7| - 10

(a) State the coordinates of the vertex, V, of the graph.

(2)
(b) Solve, using algebra,
1|2 +7]-10> o
—|2x -10> —x
2 3
4
(c) Sketch the graph with equation
y =)
stating the coordinates of the local maximum point and each local minimum point.
C))
\ y,
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Figure 3
Figure 3 shows a sketch of part of the graph with equation y = f(x), where
f(x) = |kx— 10|+ k xeR

and k is a positive constant.

The graph

* cuts the y-axis at the point 4

* has a vertex at the point P

(a) Find, in simplest form in terms of £,

(i) the y coordinate of A
(i1) the coordinates of P

3

(b) Find, in terms of k, the range of values of x which satisfy

|kx — 10|+ &k > 2k

3

Given that the line with equation y = 3x + 1 intersects the graph of y = f(x) at

2 distinct points,

(c) find the range of values of k.
C)

y,
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Figure 3
Figure 3 shows a sketch of the graph of C| with equation
y=5—|3x—22]
(a) Write down the coordinates of
(i) the vertex of C|
(ii) the intersection of C, with the y-axis.
(2)
(b) Find the x coordinates of the intersections of C| with the x-axis.
2
Diagram 1, shown on page 21, is a copy of Figure 3.
(c) On Diagram 1, sketch the curve C, with equation
1
= —y2 = 9
y 9 X
Identify clearly the coordinates of any points of intersection of C, with the
coordinate axes.
3
(d) Find the coordinates of the points of intersection of C, and C,
(Solutions relying entirely on calculator technology are not acceptable.)
)
\ y,
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< QUESTION

Question
Number Scheme Marks
1(a) 2(1) 2(1) Y
gf(l)_g(3x1+1]_4_[3x1+1J M1
15
== oe
2 Al
2
(b) f(x)...0 or f(x)< % B1
2
0, f(x)< 3 B1
2)
Notes:
(@)

M1: Correct order of operations so requires an attempt to find f (1) and then apply g to their f (1)

2
Allow for an attempt to substitute x = 1 into 4—( 2x )
3x+1

Al: Correct value. Allow equivalents e.g. 3.75, 3%

Correct answer only scores both marks.
(b)  Allow the use of y or f but not x in place of f (x) for both marks.

B1:  One correct bound e.g. either f(x) ...0 or f(x)< % which may be seen embedded in another
inequality.

Allow exact equivalents for % including 0.6

B1:  Correct range. Allow equivalent notatione.g. 0,, f < g y e[o, g) [0, %) % >y ..0

Allow written as separate inequalities e.g. f(x) ... 0, f(x)< % f(x) ...0 and f(x)< g

butnote.g. f(x) ...0 or f(x)<§

Allow y or f for f (x).

Allow exact equivalents for % including 0.6




MARK SCHEME - IAL P3 (WMA13) - June 2025 - Q4 P3.1a Algebraic fractions < QUESTION

(d)

Al:

M1:

Al:

© y=A:>3xy+y=2x:>3xy—2x=—y:>x(3y—2)=—y
3x+1
or M1
X = 2y = 3xy +X =2y =3xy -2y =—X = y(3x—2) =—X
3y+1
(X)) = —
= 0=575 Al
)
(d) f(x)=f(x) or f*(x)=x or f(x)=x
n_X_w_ 2x or " X "=x or =X
2-3x  3x+1 2-3x 3x+1 M1
= x(3x+1)=2x(2-3x) or x=x(2-3x) or 2x=x(3x+1)
=X=..
1
-0, =
X 3 Al
)
Total 8
(c)
M1:  Attempts to change the subject.

If making x the subject, they must proceed as far as getting the two x terms on one side of the equation
and the term not in x on the other and factorise out the x.
If making y the subject, they must swap x and y first and then proceed as far as getting the two y terms
on one side of the equation and the term not in y on the other and factorise out the y.
X = —X
o 280 (f*(x)=) 2
Accept equivalent expressions and isw after a correct answer is seen.
Do not be concerned with the Ihs and just look for the correct expression in terms of x.
You can also ignore any reference to a domain as this is not required.

Correct expression (f *(x) :)

Sets up one of the required equations e.g.

theirf *(x) =f(x) or their f™(x)=x or f(x)=x
and proceeds to obtain at least one value for x.
If using their f~*(x) it must be a function of x.

Condone copying slips as long as the intention is clear.
1 . . i .
Correct values x =0, 3 Allow exact equivalents for % including 0.3

Do not isw e.qg. if they clearly reject x = 0 then score A0
Ignore any attempts to find the y values.

RA
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MARK SCHEME - IAL P3 (WMA13) - June 2025 - Q4 P3.1a Algebraic fractions < QUESTION
Question
Number Scheme Marks
2(a) R=25 B1
2
tanag=—=a=... M1
7
a=1.287 Al
3)
(b)(i) - 5
Min =
90—3x"25"><(—1) M1
1
=33 Al
(b)) (2X+"1.287") = 7,.. = X =... M1
X = # —0.927 Al
4)
Total 7
Notes:
(a)
B1:  Correct value. May be seen embedded in e.g. (f (x) :)25cos(x+...).
Condone e.g. R=/7? +(—24)2 =25
Do not allow £25 unless the —25 is rejected.
M1: Allow for: tana = +ﬁ tana = +l cosa = +i sing =+ 24 leading to a value for
' ' 7 T 24 " theirR’ " theirR g *

(b)(7)

M1: Award for m

(ﬂ—1.287 1
2 33
1
Al: For = only.

33 y

Al: Forawrt 0.927

If no method is shown it may be implied by their value for « as awrt 1.3 rads or awrt 74°
Al:  Awrt 1.287 Isw once the mark is awarded. Must be in radians.

May be seen embedded in e.g. (f (x) :)...Cos(x+1.287).

Apply isw if correct R and « are seen followed by e.g. (f (x) :) 25c0s(x—1.287).
Mark (b)(i) and (ii) together.

May be implied by their value (which may be a decimal) and may be seen embedded in e.g. coordinates

—j which would score (i) M1 Al and (ii) M1

Note that both marks are available in (b)(i) even if their « is incorrect.
(b)(ii) Note that (b)(ii) can be marked independently.
M1: For an attempt to solve 2x+"1.287" = to obtain a value for x. May be implied by awrt 0.927
Condone a sign slip but the order of operations must be essentially correct e.g.

2x+"1.287"=7 = 2x=7+"1.287"= X

_ rx"1.287"
2

Condone an attempt to solve e.g. 2x+"74°"=180° but not mixed units e.g. 2x+"1.287" =180

RA
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MARK SCHEME - IAL P3 (WMA13) - January 2023 - Q4 P3.1a Algebraic fractions < QUESTION

(lg\llilenswttl)g? Scheme Marks
4(a) Any correct constant, sofor A=2 or B=3 or C=-1 or D=5 |B1
2x4+15x3+35x2+21x—4=sz(x+3)2+Bx(x+3)2+C(x+3)2+D
= A=..,B=...C=..,D=..
or M1
2x" +15%° +35%° + 21X =4 +(X* +6X+9) = . X* +.. X+ ..+ —
(x+3)
2 correctof A=2,B=3,C=-1,D=5 Al
A=2,B=3C=-1,D=5 Al
4)
(b) ) 5 2x®  3x2 5
jf(x)dx_ 2x +3X_1+(x+3)2 dx = 3 +7—X—X+3(+C) M1ALftAl
3)
Total 7
(@

B1: One correct constant or one correct term in Ax? + Bx+C +

(x +3)2
M1: Complete method for finding A, B, C and D
For example substitution/comparing coefficients/long division
Via substitution/comparing coefficients the minimum required is an identity of the correct form (condoning
slips) followed by values for A, B, C and D.
See scheme but there are other versions including

2x* +15x° +35x” + 21x —4 = ( AX® +Bx+C)(x+3)2+ D=A=.,B=.,C=.,D=..

Via division look for a divisor of x* +6x+9, a quotient that is a quadratic and a remainder that is either linear
or a constant term.

It could be attempted by dividing by (x+3) twice.

FY], the first division gives 2x°+9x* +8x—3 with a remainder of 5

Al: 2 correct constants following the award of M1

For division, when the remainder is a linear term, it would be scored for two correct of Ax?+Bx+C
Al: All correct following the award of M1

(b)

M1: J b ~dx — K_ where k is a constant.
(x+3) X+3
. . ax+D . -
This may be awarded following a term of dex following division.
X+

ax
x+3f

Look for | @x+D dx being correctly split and — J (

dx+J D > dx — something +L
(x+3)° (x+3 X+3

RA
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3 2
]dx: Ax +B—X+Cx—i(+c)-
X+3

Alft: || A2 +Bx+C+ 5
(x+3) 3 2
Correct integration following through on their non-zero constants.
Allow this to be scored with A, B, C and D as above or with made up values
Al: All correct with or without “+ ¢”. Allow —1x for —x

Q\?ﬂ
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MARK SCHEME - IAL P3 (WMA13) - January 2021 - Q3, Q2 P3.1a Algebraic fractions < QUESTION

General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:
1. Eactorisation

(x* +bx+c)=(x+ p)(x+q), where‘pq‘ = ‘c

, leadingtox=...

(ax’ +bx +c) = (mx + p)(nx +q), where|pg| = |c| and |mn| = |a

, leadingtox = ...

2. Formula
Attempt to use correct formula (with values for a, b and ¢).

3. Completing the square
Solving x* +bx+c=0; (xi%)2 tgte, q#0, leadingtox=..

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (¥" = x" ")

2. Integration
Power of at least one term increased by 1. (x" = x"")

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent examiners’
reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small mistakes in the
substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct working with
values, but may be lost if there is any mistake in the working.

Exact answers
Examiners’' reports have emphasised that where, for example, an exact answer is asked for, or working with
surds is clearly required, marks will normally be lost if the candidate resorts to using rounded decimals.

N
RA
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MARK SCHEME - IAL P3 (WMA13) - January 2021 - Q3, Q4 P3.1a Algebraic fractions < QUESTION

Question
Number Scheme Marks
1 2 _s
J‘x2_3 dx:J‘Axl—Bx3dx:Clnx+Dx2(+c) M1 dM1
by
—llnx+éx’2 +c
2 4 Al
3)
Total 3

M1: Correct attempt to integrate.

. 3 . . .
Score for an attempt to divide by the x term forming a sum of two terms and then integrating.
Award for achieving one term in the correct form. Either Clnx+... or ...+ Dx™

Note that Clnax and versions such as kIn2x’ are also acceptable for CIn x so look at responses involving Ins

carefully . Ignore spurious notation e.g. .[ Clnx for the M marks as long as integration has been attempted

dM1: Achieves both terms in the correct form. Score for +CInx+ Dx™ or equivalent
Be aware that Clnax+ Dx and other variations are also correct

Al: Elnx+ %x'z +c or equivalent simplest form with the + ¢. E.g In~/x + % +c
X
ISW after a correct answer.

. . o 1 5 . . .
Some candidates may incorporate the + ¢ within the log so Eln kx += x> where k is an arbitrary constant is ok.

. . . 1 _
Note that %ln 2x+ %x’z + ¢ is not the simplest form and is AQ. j Elnx +%x * + ¢ would also be A0

Attempts via integration by parts can be scored in the same way

J.x;x—fdx:‘..(x?_s)x;x3dx=(x2_5)x_ix2_".2xx_ixzdxz(xz_s)x_ix2+;1nx+c

M1: For an attempt to integrate by parts the correct way around and achieves (x2 - 5) x px° tglnax+c

If the rule is quoted it must be correct.
It is possible to integrate by parts the other way around but unlikely. It can be scored in a similar way.

dM1: Score for

e cither then simplifying to an expression of the form +Clnx+ Dx™> with or without "+ ¢" which could
be numerical

. . N 1 , 1 . .
e or integrating to a correct but unsimplified answer (x2 - 5) X 2 x~ +—Inax with or without "+ ¢"

Al: %ln X+ % x?+c NOT %ln x+ % x 7+ i +c¢ (The answer must be in simplest form and with the + ¢)

&
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< QUESTION

Question
Number Scheme Marks
9@ 42
x? —x—12)x4 —x>—10x* +3x-9
xt = —1247
) M1A1
2x"+3x-9
2x* —2x-24
S5x+15
xt—x—10x* +3x-9 5(x+3)
> =x"4+24+— M1
x4+ x - 12 (x—4)(x+3)
=x? 42+ > orstating P=2,0=5 Al
(x—4)
C))
b (x)=2x— MI1A1
(b) g'(x) 4y
Subs x=2 into g'(2)=2x2— > I M1
(2-4* 4
, 11y . 7 .
Uses m=g'(2)= vy with (2, g(2)) = 2,5 to form equation of tangent
)
© j P24 _dv=di2x +5In|x—4] M1 Alft
(x-4) 3 ’
1 P (8
Area R= [gf +2x+51n|x—4|} =(§+4+51n2j—(0+0+51n4) dm1
0
:?+51n2—51n4:23—0—51n2 ddM1 Al
6
(14 marks)
Alt () xt—x? —10x7 +3x—9=(x? + P)(x* —x—12)+ O(x+3) Ml
Compare terms (OR sub in values) and solve simultaneously to find P and/or Q
ie x? =>P-12=-10, x=-P+Q=3, const=—12P+30=-9 M1
=>P=.orQ0=..
P=2,0=5* Al,Al
Award in the order shown here on ePEN.
(a)
M1: Divides to obtain a quadratic quotient and a linear remainder. May divide by (x—4) and then by (x+3) or
vice versa to reach these but must be a full process.
FYI: By x + 3 first gives x° —4x” +2x —3 as quotient, followed by x* +2 +i4
x_




< QUESTION

By x—4 first gives x* +3x” +2x+11+ 33 then x° +2+ + 35 > x+2+
x—4 x+3 (x+3)(x—4) x—4

Al: Obtains a quotient of x° +2 and a remainder of 5x +15

M1: Writes the given expression in the required form using x* —x—12 = (x—4)(x+3) or divides x+3 into
their remainder term.

Al: Correct answer. (P =2,0= 5) May be awarded following an incorrect "ax” + 2" quadratic factor.

Alt:

M1: Multiplies though completely by the denominator and cancels the x —4 term.

M1: Complete process of comparing coefficients or substituting values to find a value for either P or Q

Al: Either P =2 or for showing O =5* (must have seen a correct equation for Q)

Al: Both P=2andshowing Q=5* Note that O =5 is given so it must be shown from correct work, not just stated.

Note MOM1A1AQO is possible if Q is assumed and factorisation of x> —x—12 is never seen.

(b)
M1: For -
x=4 " (x-4)
Al:For g'(x)=2x- % . Note that this can be scored from an incorrect P.

MI: Attempts the gradient of C at the point where x =2

dM1: Depends on previous M. A complete method of finding the equation of the tangent. If y = mx +c¢ is used, they
must proceed as far as finding c.

Al: y=2.75x—2 or exact equivalent and isw.

xt—=x*-10x* +3x-9

Note: This may be attempted from the original function g(x) = 3
x“+x - 12

M1: Scored for an attempt at the quotient rule Al if correct and so on.

N (ax’ +bx* +ex+d)(x* +x—12) = (x* = x’ =10x* +3x = 9)(px +¢q)
(x> +x-12)°

(©

M1: Attempts to integrate with J. ( = ) dx — ..In|x—4] Condone In(x—4)
T

1
( > ) dx = §x3 + Px +51n|x —4] following through on their P.
X—

Alft: I 2 +P+

dM1: Dependent on first M mark. Attempt the area of R using the limits 0 and 2 in their integrated function and
subtracting the correct way round (or recovered).

ddM1: Depends on both previous M’s. Scored for attempting to combine two log terms using correct log work

-2
Allow the method and final accuracy if In(—2)—In(—4) — In (—4) =—In2 is used (bod that modulus is meant)

Do not allow if In(—a) = —Ina is used.

T
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< QUESTION

Al: cao ?—SlHZ

Note: If a candidate gives correct values of m and ¢ in (b) and of @ and b in (c) but has not stated the answer in correct
form, then penalise only the first instance.

Q\?ﬂ
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MARK SCHEME - IAL P3 (WMA13) - January 2023 - Q1 P3.1b Composite & inverse functions; domain & range < QUESTION

?\Itﬁtggr Scheme Marks
1(a) f(x), 9 Bl
1)
(b) 2
fg(1.5):f(LJ=9—(Lj M1
2x1.5+1 2x1.5+1
135
Ty Al
(2)
() _ 3 1 _ 3—-x
g(x) 2x+13g (X) 2X MIAL
O<x, 3 Bl
(©))
Total 6
(@

B1: Correct range. Allow equivalent notatione.g. y ,, 9, f,, 9,ye(—oo, 9 ]but not x ,, 9.
Condone just",, 9" and "less than or equal to 9"

(b)
M1: Full attempt at method to find fg (1.5) condoning slips. Implied by a correct answer or 8.44
e.g. For a correct order of operations so requires an attempt to apply g (1.5) first and then f to their g (1.5)

2
Also allow for an attempt to substitute x = 1.5 into 9—(%1) condoning slips such as substituting
X+
x=15int0 9—-——
(2x+1)
(©

M1: Changes the subject of y = or equivalent.

3t 3 1
3__ and obtains X=—yorX=2—i§

2x+1 2y
3+x 3,1

and obtains y = or y == 4+ = orequivalent.
2y+1 Y=72x Y=ox72 “

: 3-X 1 1(3-x 3 1 3-x 3 1
Al: g7 ===, X)=—| — 1|, g7 == _=, gt: Z_~orgtl: = _=
g7 (x) x g ( ) 2[ » J g7 (x) glixe o grixe
3=X peandeven g = 3=X but NOT ¢ = 3=X o0.e. ISW after a correct answer.
2x 2X 2X

Alternatively changes the subject of X=

Condone y =
3-X
Don't for this mark allow fractions/fractions that may be misinterpreted such as g‘l(x) = % but answers

3-X
g
L\ x/
2

suchas g* (x) = XT and y= are clear and unambiguous and can score both marks.

B1: Correct domain. Allow equivalent notation e.g. X (0, 3] but not just (0, 3]
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MARK SCHEME - IAL P3 (WMA13) - June 2023 - Q4 P3.1b Composite & inverse functions; domain & range < QUESTION

Question Scheme Marks
Number
2 (a) (i) log, T =4-2log, x B1
(ii) E.9. log, T =4-2log, 216 = log, T =4-2x3=-2=T =... M1
2 1
=T=6 36
®3)
4-2logg x
(b) log, T =4-2log, x=T =6 M1
~T=6"x6"" M1
1296
=>T=— Al
X
©)
(6 marks)

Notes

Mark the question as a whole. Do not be concerned about part labelling.

@)

Bl Correct linear equation log, T =4-2log, x (oe) The 4 may be written as log, 1296

(ii)

M1  Substitutes x =216 into an equation linking T and x arising from a linear equation in the
logarithms and proceeds to make T the subject. They may have answered (b) first. Do not be
concerned about the process for this mark. May be implied by awrt 0.028 following a correct
equation.

Al Correct value T :3_16' Do not accept 672,

(b)

M1  Makes a first step towards achieving an answer. Use of a correct log rule or law applied at some
stage in their attempt to eliminate logs from the equation.

As a rule of thumb this can be awarded for e.g.

e application of a power rule —"2"log, x =—log, X' or "4"= log, 6 or4—>6 (note that e.g.
log, T =-2log, x+4 — X +6 implies this mark)

e an attempt to make T the subject. E.g. log, T ="4"-"2"log, x =T = (SuwznlogsX

dM1 Full and complete method in proceeding from an equation of form log, T =a+blog, x (a,b # 0)
to an equation of form T =k x X or equivalent. All log work must be correct but allow slips on
coefficients.

Al  Achieves T = gor equivalent such as Tx* =1296 and isw after a correct answer. Allow 6* for

X

1296.

Note: Allow the M marks if a different letter than T is used, e.g. y. But must be correct in terms of T and x
for the A mark.

N
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MARK SCHEME - IAL P3 (WMA13) - June 2023 - Q4 P3.1b Composite & inverse functions; domain & range < QUESTION
QLT Scheme Marks
Number

3(i M1 Al
® diln(sinZBX): o 2sir3%x3c0s3x = 6Ot 3X
X sin73x
)
i) (a 6 5 M1 Al
) @ i(3x2 —4) :36x(3x2 —4)
dx
)
NATIIA N PR
(b) x(3x —4) dx=%(3x —4) B1ft
L4
° 2 7z
2 5 . 1 2 6 _ l 6 1 6 _
x(3x° ~4) ax=| 55(3x 4] =) g =2 M1 Alcso
[ ]
@)
(7 marks)
Notes
0]
M1  Attempts to differentiate a In function. Award for diln(sin2 3x) 1 x... Where ... could be 1
X sin® 3x
An alternative could be iIn(sin2 3x) = i2In (sin3x) = (2x) 1 X... Or
dx ~dx B sin3x "
iln l-cos6x) 2 “
dx 2 ~1-cosbx
Al  6cot3x o.e. suchas 6(_:033)( 6 or 6(tan3x) ™" but not 6tan*3x Accept also _Bsinbx.
sin 3x tan 3x 1-cos6x
w and isw after a suitably simplified answer.
sin“ 3x
Constant terms must be gathered and no uncancelled common factors in numerator and denominator.
(i) (a) .
5
M1  Achieves %(Bx2 —4) = Ax(3x2 —4) where A is a constant which may be 1.
6 5
Al &(3% —4) = 36x(3x2 —4) oe. Need not be simplified. Isw after a correct answer.
(i) (b)
2 ° 1 2 6 1/, 6 . . S
B1ft x(3x —4) dx=%(3x —4) or _A(3X —4) following through on their (a) provided it is of
6 5
the form %(sz —4) = Ax(3x2 —4) This may arise from attempts via substitution and can be scored
from a restart if (ii)(a) was incorrect. Need not be simplified and isw if simplified incorrectly. Condone
notation errors such as unneeded integral signs - mark the expression that is their attempt at the integration.
M1  Substitutes in both limits and subtracts (either way round) into an expression of the form
6
D(3x2 —4) where D is a constant but allow slips such as a missing power if the intention is clear.
Sight of the subtraction is sufficient. Implied by the correct answer for their integral if substitution
not seen. If using integration by substitution they must be substituting the correct limits for their
variable.

X2
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< QUESTION

Alcso (R =) —112 and isw if they make the answer positive after a correct answer seen.

Note: Answer only with no working at all shown scores no marks. Correct integral must be seen.
Note: Attempts at integration by parts are unlikely to succeed, but if done correctly and achieve the
correct form of the answer may score the relevant marks.

Note (ii) may be completed by expansion.

(@)

M1  Requires expansion to form ax’ +bx 4o +dx +ex + X+ g followed by an attempt to
integrate each term (power decreased by 1)

Al  Requires correct derivative. 8748x —58320x +155520x —207360x +138240X —36864x

b

(B%ft Correct answer from a restart, which may be via expansion

12
BlTX —162x° +540x" — 960X’ +960x" —512x"

M1 Substitutes both limits and subtracts into an expression of the form
12 10 8 6 4 2
ax +bx +cx +dx +ex + fx
Alcso As main scheme.




MARK SCHEME - IAL P3 (WMA13) - October 2020 - Q3 P3.1b Composite & inverse functions; domain & range < QUESTION

General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:
1. Factorisation

(x* +bx+c)=(x+ p)(x+q), where‘pq‘ = ‘c , leadingtox=...

(ax® +bx +¢) = (mx + p)(nx +q), where‘pq‘ = \c\ and \mn‘ = ‘a , leadingto x = ...

2. Formula
Attempt to use correct formula (with values for a, b and ¢).

3. Completing the square
Solving X’ +bx+c=0: (xt1)’tgte, ¢#0, leadingtox=...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (¥" = x"™)

2. Integration
Power of at least one term increased by 1. (X" = x""")

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent examiners'
reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small mistakes
in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct working
with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for, or
working with surds is clearly required, marks will normally be lost if the candidate resorts to using
rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give details of what
happens in particular cases. General policy is that if it could be done “in your head”, detailed working
would not be required. Most candidates do show working, but there are occasional awkward cases
and if the mark scheme does not cover this, please contact your team leader for advice

N
RA
159



< QUESTION

Question
Number Scheme Marks
1 2(2coszx—1)=7cosx Ml
1
4coszx—7cosx—2=O:cosx=—Z M1 Al
2x=arccos(—%}=104.5°, 255.5° dM1 Al
Q)]

(5 marks)

Ml Attempts to use cos2x =+2cos’ x+1 to form a quadratic equation in cosx
If the other two forms are attempted there must be some attempt to use sin” x +cos” x =1 to form a
quadratic equation in cos x

2x2cos* x—1="7cosx is MO unless the correct identity has been previously stated or recovery occurs.
M1  Attempts to solve a 3TQ in cos x using an allowable method (the quadratic need not be correct and may have
come from incorrect work)

1 2
Al Reaches cosx = 7 or —g or —0.25. (May be implied by a correct value for x) Ignore any reference to

1
cosx =2 Those whouse y=cosx andstopatay = —Z score A0.

dM1  Depend on the second method mark. Takes arccos of at least one solution (o) of their quadratic where | & | <1

to find at least one solution in range. If substitution not seen then you will need to check.

NB a radian answer of awrt 1.8 or correct 1d.p. answer for their & can imply the method.

Al awrt 104.5°, 255.5° with no other values in the range. Ignore values outside the range.




MARK SCHEME - IAL P3 (WMA13) - October 2022 - Q2 P3.1b Composite & inverse functions; domain & range < QUESTION

General Principles for Pure Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(x* +bx+c) = (x+ p)(x+0), where|pa| =[c|, jeading to x= ...
(ax? +bx +c) = (Mx + p)(nx+ (), where|pg| =|c| and |mn| =|a

, leadingtox=...

2. Formula
Attempt to use correct formula (with values for a, b and ¢).

3. Completing the square
Solving X*+bx+c=0. (xxb)’tqxc, q=0 leading to x = ...

’

Method marks for differentiation and integration:
1. Differentiation

n n-1
Power of at least one term decreased by 1. (X = X" )

2. Integration
. n n+1
Power of at least one term increased by 1. (X = X" )

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent examiners'
reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct
working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for, or
working with surds is clearly required, marks will normally be lost if the candidate resorts to using
rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give details of what
happens in particular cases. General policy is that if it could be done “in your head”, detailed working
would not be required. Most candidates do show working, but there are occasional awkward cases
and if the mark scheme does not cover this, please contact your team leader for advice.
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MARK SCHEME - IAL P3 (WMA13) - January 2020 - Q2 P3.1b Composite & inverse functions; domain & range < QUESTION

General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:

1. Factorisation

(x> +bx+c)=(x+p)x+q), where‘pq‘ = ‘c ,leading to x = ...

(ax® +bx +¢) = (mx + p)(nx + q), Where‘pq‘ = ‘c‘ and ‘mn‘ = ‘a ,leading to x = ...

2. Formula
Attempt to use the correct formula (with values for a, b and c).

3. Completing the square

b

2
Solving x> +bx+c¢=0: [xirz) tqtc=0, ¢=#0, leading to x = ...

Method marks for differentiation and integration:

1. Differentiation
Power of at least one term decreased by 1. (x" — x"™")
2. Integration

Power of at least one term increased by 1. (x" — x"*)

Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent
examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct
working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for,
or working with surds is clearly required, marks will normally be lost if the candidate resorts
to using rounded decimals.

N
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MARK SCHEME - IAL P3 (WMA13) - October 2023 - Q2 P3.1b Composite & inverse functions; domain & range < QUESTION
Question Scheme Marks
Number

1(a) (f)=)1-5+e=-1.281..<0 M1
(f(2)=)2> -5x2+€?=1.389...>0
As there is a change of sign and f(x) is continuous over the interval [1, 2] ALx
then there isaroot *

2

(b)(0) x, =/5x1—e" = awrt1.5105 M1A1
(i) a =awrt 1.7340 Al
@)

(5 marks)
Notes

(@)

M1:  Attempts f(1) and f(2)with substitution seen or at least one correct to 1 d.p. rounded or
truncated and considers their signs. Note showing f(1)f(2) < 0 is a consideration of signs and is
sufficient for the “sign change” part of reasoning for the Al.

Al*: Must have

e both (1) and f(2) correct (as expressions or correct values imply these, need not be labelled)
e reason, which must mention continuity and state or indicate sign change in some way
e conclusion, “hence root”, or accept e.g. hence “f(x)=0 between x =1 and x = 2”

(b)

(i)

M1:  Attemptsto find X, using the iteration formula. Implied by sight of 1 embedded in the formula
or awrt 1.5

Al:  awrt1.5105

(i)

Al:  awrt 1.7340 provided M1 has been scored. Allow 1.734 with trailing zero omitted.

Note 1.7340 only may be from a graphical calculator, so scores MOAOAO. There must be evidence (i.e.

the M is scored) of an attempt at least one iteration first.

RA
163



< QUESTION

MARK SCHEME - IAL P3 (WMA13) - October 2023 - Q2 P3.1b Composite & inverse functions; domain & range
Question Scheme Marks
Number

2(a) 9. "9%"+3
ff(e):f("—"J:—z...; =15 M1; Al
2 ) "9/ 4
2
(¢
b 4x+3
(b) f(x) = X+ M1A1
x-1
xeR, x=#1 Bl
®)
(©)
E.g. (”jj +5-7 or a—+3_(+)\/ M1
X j—
=X —22x+23=0=x=.. or (a+3)=(¥)2(a-4)=a=.. dm1
(a=)11+72 oe Al
@)
(8 marks)
Notes
(@)
M1: Substitutes x=6 into f and substitutes the result back into f to find a value for ff(6)
(x+j)+3
Alternatively substitutes x=6 into ff(x) = )):T condoning slips.
— -4
(X—4j
Al: 15
(b)
X+3 y+3 WXt3 ..y£3
M1: Changes the subject of y=—— or X—— to y= or X=
Al:  Achieves f'(x)= ;(—+13 .Accept f*=... ory=...instead of f™(x)=....
B1: X #1 . The omission of xeR is condoned. Accept alternative notations.
(c) Note this is M1A1A1 on epen but is being marked as M1dM1AL.
2
M1:  Correct attempt to set up an equation in x or a. This will usually be (ijj +5=7 but
X —_
f(a)=g7'(7) may be used first. Score when a suitable equation is set up and allow if a minor
slip or miscopy is made if the intention is clear.
dM1: Proceeds to solve for x or a, e.g. forms a 3TQ and solves, or take the 5 across, square roots,
cross multiplies and makes a the subject, condoning e.g. sign slips when rearranging.
Alternatively, uses (f(x))’+5=7=f(x) = (+)+/2 and their part (b) leading to
a=f" (\/5 ) 4f +3 . In this method both M’s may be scored together.
42+3 —4\2-3
Al 11+72 or 21 Accept 11+/98 or \/_ . Common factors should be cancelled.
Ignore labelling of x or a. Condone e.g. if 11_7\/5 is also given as a solution but AOQ if any
other extra solutions are included.
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MARK SCHEME - IAL P3 (WMA13) - October 2024 - Q6

P3.1b Composite & inverse functions; domain & range

?\Illjjerztki)gp Scheme Marks
2(a) x=2y’ +5y—6
dx dy 1
—_— 4 —_—
d y dx 4y+5 M1, Al
)
®) | sets their 4y+5=0:y:—% M1
Substitutes their y = —% into x =2y*+5y—6to find x dmM1
-2.-3) AL
8’ 4
3)
Total 5
Mark as one complete question
Main method via differentiation in (a) and (b)
(@)
M1: Differentiates 2y’ +5y—6 to a linear term in y AND attempts to take the reciprocal.
Condone for this mark attempts such as dx =4y+5= dy = 1.1
dy dx 4y 5

We may see other methods including

Look for x:2y2+5y—6:>1:ayf|i—y

implicit differentiation from WMA14.

X

Al: ﬂ = L ISW after a correct answer.
dx 4y+5
(b) Marks in part (b) can only be awarded after sight of d_x = ay +b or ﬂ = k
d k dx ay+b
. dx dy 1
So full marks can only be awarded after sight of — =4y+5 or — =
dy dx 4y+5
M1: Sets '‘ay+b'=0= y =.... following sight of x_ay+b r d__k_
dy dx ay+b
Ignore/condone incorrect statements such as :—y =0here
X
This can be implied. E.g ﬂ = ! followed by y = 2
dx 4y+5 4
dM1: Substitutes their solution of their 4y+5=0into x= 2y2 +5y—6to find x.

This is dependent upon the previous
Al: (—7—3 —EJ following d_x =4y+5 0
8 4 dy
The answer may be given separately,
ISW after a correct answer.

M
b1
dx 4y+5

for example, as x =-9.125, y=-1.25
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< QUESTION

Further guidance to highlighted sentence.

If (a) is incorrect or incomplete follow the following guidance.

dy

Incorrect (a): If they incorrectly state Fvi 4y+5o0.e.andgoontouse 4y+5=0=y=... andwrite

down a correct set of coordinates for P they will score NO MARKS in (b)

Incomplete (a): If they state g—; =4y+5in(a)andgoontouse 4y+5=0=y=... in(b) they will score
no marks in (a) but could potentially score full marks in (b)

You can award all 3 marks for [—7—3, —E) following either & =4y +5 or dy =
8 4 dy dx 4y+5

Alternative approach: Part (a) may well be blank or incorrect. Part(b) done via completion of square

It is possible to do part (b) by not doing any differentiating.
5\ 73
X=2y*+5y—-6=>x=2| y+=| ——
y y (y ‘J 8
M1: An allowable attempt to complete the square followed by a valid attempt at either x or y from their
attempt
Al: Foracorrectx ory

Al: Foracorrectxand y




< QUESTION

%uuﬁtg(;? Scheme Marks
3(a) \ l'n.y I y =48
\
|
1
1
\
\ Graphical interpretation of
U ()
One of 8,-8 Bl
Attempts to solve an appropriate equation
E.g. M1
2x? —10x =48 = X" ~5x—24=0= (x£8)(x£3)=0= x =...
x =8, —8 with no additional values Al
@)
(b) v

Graphical interpretation of

/‘ y |f(x)|...gx

y=2x
2

Attempts to solve

2% —10x=gx:>4x2 —25x=0:>x=?
5 15 |M
OR attempts to solve (0.e.) 10x—2x* ==x = 4x’ —15x=0=> x =

Attempts to solve

2x2—10x=gx:>4x2—25x=0:>x=25

Y v
AND attempts to solve (0.e.) 10x—2x* ==x = 4x° —15x=0=> x = —
Achieves both critical values x = % , X = % Al
Correct set of values x,, % or x % Al
(4)
Total 7
This question demands that some working should be shown
(a) This partis now being marked B1 M1 Al instead of M1 A1 Al

B1: Correctly obtains 8 or —8 as a solution (for x) . Condone solution appearing as | x| =8

M1: Attempts to solve f(| X | ): 48 via an appropriate method including a calculator, factors or formula
So, look for a correct equation followed by an attempt to solve.
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MARK SCHEME - IAL P3 (WMA13) - October 2024 - Q6 P3.1b Composite & inverse functions; domain & range < QUESTION

The equation must be given in the form of a correct 3TQ, but not necessarily collected on one side of
the = sign. Solving is allowed by all methods including via a calculator.

All the following score this M mark

Example 1:

2x> —10x =480.e = x =8, (-3) ...only the 8 is required
Example 2:
2x* ~10x=480.6 = X" —5x—24=0=(x-8)(x+3)=0=>x=...
Example 3:
2|x? —10|x|—48=00r |x? —5|x|—24 =0 leading to |x| or x=8,(-3)
Example 4:
5 -10+,/100—-4(2)(-48)
2x°+10x-48=0 = x = =..
2(2)
Example 5:
2x* +10x =48 0.6 => x=-8,(3) ...only the -8 is required
Al x=8,-8 with no additional values unless they have been rejected

(b)
M1: Attempts to solve a correct equation or inequality, leading to a non-zero value for x.
The method must be shown with the terms being collected as a minimum response

Look for 2x* —10x = gx — ax_ +bx=0= x=c, c = 0. Allow with the = as any inequality including <
OR —2x* +10x = %x —ax +bx=0= x =c, ¢ = 0. Allow with the = as any inequality including <

You may see as an alternative to the 2" equation/inequality 2x*> —10x = —gx —ax thx=0=x= c,c=0

It is acceptable to divide through by x, so 2x* —10x = g X=2x-10= g = 2X = % = x=6.25

dM1: Attempts to solve BOTH correct equations or inequations leading to two non-zero values for x
Allow even if there are extra equations solved.

Al: Achieves both critical values x = ?and X= % and no other values apart from 0 (and perhaps 5)

following both equations or inequalities. Allow with incorrect inequalities x % and x,, % , you are

looking for the critical values only

AL: Correct range in allowable form. E.g. x., —2or x... 22, 0. 1510128 | but condone x., B2
4 4 4 4 4 4

Do NOT incorrect forms such as x,, Eand x...ﬁ, _oo,E N é,oo ) é,, X, 15

4 4 4 4 4 4

The two aspects must be brought together on a single line. Mark their final answer

Alt Method: You may see attempts via squaring. It can be marked using the above guidelines

2 2
(2x ~20x) - (g xj = x (16x" ~160x +375) =0 = x” (4x ~15)(4x - 25) =0
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P3.1b Composite & inverse functions; domain & range

Question
Number Scheme Marks
4(a) log,, N =2=N =100 B1
()
®) 1 jog, N=035t+2= N =10""" M1
— N =10"""x10" dm1
— N =100x2.24' Al
@)
© Rate of growth at 5 hours is Z—T:mOxln 2.24%2.24° M1
Allow an answer in the range 4530 to 4550 (bacteria per hour) Al
)
Total 6
(a)

B1: For 100 Do not accept just 10% and cannot be awarded from 100 in part (b)
(b) The demand of the question is ‘show that’, not just find values of a and b

Method 1: starting with log, N = 0.35t +2

0.35t+2

M1: Undoes the log. E.g. log, N =0.35t+2=N =10

0.35t 2

Give BOD for those who go from log,; N = 0.35t + 2 straight to N =10 x10

dM1: And follows with a correct application of the index law.
0.35t+2 0.35t

Look for log, N =035t+2=N=10"""=10"" x10" o.e such as 10" x100
But BOD for log,) N =0.35t+2=N =10 x10° 0.e. such as 10" x100

0.35t+2

And BOD for log, N=035t+2=N=10" = N=100x224

Al: CSO N =100x2.24 with no errors following M1, dM1. Allow awrt 2.24
Condone a =100,b = 2.24 following the award of M1 dM1

You should expect to see at least one correct line of working and no errors

Method 2: starting with N = ab'
M1: Takes logs of both sides and applies one correct rule. E.g N =ab' = log N =loga+logb'

Give BOD for those who write N = ab' followed by logN =loga-+tlogb
dM1: And follows with log N = log a +tlogb before setting
loga=2and logh=0.35 and proceeding to values for a and b
ALl: Fully shows and produces correct values following M1, dM1
CSO N =100x2.24" with no errors. Allow awrt 2.24
Condone a =100,b = 2.24 following the award of M1 dM1
You should expect to see at least one correct line of working and no errors
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Method 3: A simultaneous approach that finds values but does not show the result
M1: Sets up two simultaneous equations in a and b

E.g. Uses t =0,N =100 = a =100 and t =1, N =10*®* = ab' =223.9
dM1: Solves to find values for a and b.
AO0: Has not shown the result so cannot be awarded

Common error: Special Case
0.35t 2
log,N=035t+2=N=10  +10 so a=100and b=224

Or even
log,, N =035t +2=>N=10"" +10° = N =100x2.24' s0 a=100and b =2.24

Such work resulting in the correct values for a and b scores SC 100

(c) Full marks in part (c) can be scored following the SC

M1: Attempts c:j_l:l =K x"2.24" following through on their 2.24.

This cannot be scored from substituting t = 5 into their ab'

Al: Calculates %—T —100x1In2.24x2.24° and achieves an answer in the range 4530 to 4550 (bacteria per

hour)
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Question
Number Scheme Marks
5(a) . . . :
sin 3x=sm(2x+ x)=sm 2XCO0S X +C0s 2XSsin X M1
=(23in xcosx)cosx+(1—23in2 x)sinx dM1
= 2sinxcos’ X +sinx—2sin’ x Al
:Zsinx(l—sin2x)+sinx—25in3x:3sinx—4sin3x Al
(4)
(b) 25in30 =5sin 20 = 2(3sine—4sin3 9) ~10sin O cosd M1
Divides or takes out sin &as a factor and uses sin® @ =1—cos’ @ to set up
and solve a 3TQ in cos@
E.g. = 6sin@—8sin’ @ =10sin @ cos & = 6 —8(1—cos’ §) =10cos @ ML
= 4cos’ @-5c0s0-1=0
= cosf = S_Q/H =(-0.175...)
Any two of the following four answers
sinf =0= ¢ =180°, 360°
cos@ = 5_g/ﬁ = 6 =awrt100° or awrt 260° Al
All of 180°, 360°, awrt 100.1°, awrt 259.9° Al
(4)
Total 8
(@)
M1: Attempts sin3x =sin(2x+x)and achieves +sin2xcos x+cos2xsinx. The =sin(2x+x) may be
implied

dM1: Dependent upon the previous mark. It is for using sin2x = 2sinxcosx and cos2x = +1+ 2sin® x,,
+1+2c0s’ x or J_r(cos2 x—sin’® x) to form an expression in just sinx and cosx.

AL: Fully correct AND expanded expression in just sinx and cosx
Examples of correct expanded expressions are;
. 2 . .
2sinxcos  x-+sin x—2sin® x
. 2 R 2 .
2siN XCOS X+ 2SiNXC0S X —Sin X
. 2 . 2 .3
2sin Xcos Xx+sinxcos X —sin X
R 2 .
or 4sin xcos X-—sinx
Condone a missing x on a sin x, for example. Condone a slip in notation, e.g. writing sin x* instead of
sin® x as long as it is subsequently corrected.

Al: Proceeds correctly to 3sin x—4sin® x using cos’ x =1—sin® x
Penalise notational and bracketing errors on this mark only

.- 2 2 - . .. .
E.g. Writing cosx for cos x, mixing variables, missing x on a sin x etc
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(b) Allow if solved in terms of another variable, say x
The question states hence or otherwise solve 2sin3@ =5sin 260

In almost all cases they will use their part (a) and proceed by the ‘hence’ route.
‘Otherwise’ routes could start with earlier versions of 2sin3@such as 2(Zsin xcos2 X +sin x — 2sin® x)

In almost all cases the main mark scheme provides a framework of how the marks are awarded

M1: Uses their part (a) and a double angle for sin 28 of the form Gsin&cos&to form an equation in sind
and cos@. Look for Rsin@+Ssin®@=Tsin@cosé o.e. Condone slips such as forgetting to x2

dM1: The mark is scored for dividing or taking out a factor of sin@and using sin’ 8 = +1+cos” 6 to set up

and solve a 3TQ in cos@. To solve you should expect to see a valid method used, leading to at least
one value forcos@ =k, -1<k <1,k =0

If a calculator is used to solve the 3TQ in cos& the value(s) must be correct for their equation.
Candidates cannot go straight from an equation e.g. 4cos” @ —5cos@—1=0 to a solution e.g. 100.1°

without sight of the value for cos@in between.
Al: Finds two angles of 180°, 360°, awrt 100°, awrt 260° following at least one previous M1

The 180° and/or 360° must be found via a correct method with sin @ = 0being seen or implied and also

produced from a factorised Psin&+Qsin® @ = Rsin#cosd

Likewise, the 100° and 260° must have been achieved via solving a correct equation.

Allow this mark if the answers are given in radians. So, for two angles of 7z, 2z, awrt 1.75, awrt 4.54
Al: All of 180°, 360°, awrt 100.1°, awrt 259.9° with no extra values within the range following M1, dM1

There are no marks for answers appearing without valid method and working

There are other (usually more complicated) ways of attempting part (b) so you must look carefully through
each response. If you think a response deserves credit and you are unsure of how to mark, please send to
review.
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Question
Number Scheme Marks
6 (a
@ of (2)=g (3)=3"+5 M1
=14 Al
)
(b) Correct attempt at inverse
y=6—i:>2X+3=A:>x= _21 —3|+2 M1
2X+3 6-y 6-y
3x+3 21 3
f*(x)= or fl(x)=—2o 2
)= 206-x) =26 2 Al
-1, X<6 B1
®)
2
© 99(X)=126:>(x2+5) +5-126= X’ +5= 121 M1
=X ="6"=x=(£)/6 dM1
=x=+/6 Al
3)
Total 8
(a)

MZ1: Full attempt at gf (2) applying the rules in the correct order
Look for one of

e Anattemptat 6 —

1 3~ k followed by an attempt at k® +5
X

2
e An attempt at substituting x = 2 into (6— 21 j +5
2x+3

Al: 14
Allow just 14 with no incorrect working for both marks

(b)

M1: For an attempt at the method of finding the inverse. It is the process you are scoring here.
Look for a process that starts with y as a function of x and proceeds to x as a function of just y.

3 or possibly a changed function of the form y = :X+b
X

Starting with y =6— 21
2X+

3’ which proceeds to a

form x = function of just y. Some candidates may swap x and y first. E.g x=6-— 2y2

function y = function of just x which is fine.

1 and proceed to
+3

Al: Correctinverse f*(x) = 3x+3 o f(x)= 21 _go.e. but condone yor f* for f*(x)

2(6—x) 2(6—x)
; —3x-3 10.5 21
Allow other equivalents such as y = y Y= —1.5 and :( _3)+2
| Y=2(x-6) " T (6-x) Y=lo—x

ISW following a correct answer
B1: Correct domain written in correct form. E.g. -1,, x<6, [-1, 6)

&
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(©)
MZ1: For an attempt to "undo" g once in an attempt to find the value of g(x), x*or x> +5.
This may be scored for any of the following methods (condoning slips)

2
. (x2+5) +5=126 = X’ +5 =121
2 2 4 2 2 2 2
(x +5) +5=126 = x* +10x —96=0:>(x —6)(x +16)=o:>x -

2
« Condone (x2+5) +5=126 = x* +10x" —96 =0 => X = awrt 2450R X =6

o g(x)=+126-5

Do not award this mark if the candidate believes that to find x you only need to undo g once.
So, answers like x =11or x =6 will score 0,0,0 unless further work is seen

dM1: For a complete attempt to find the exact solution to the equation. Examples of this would include

2
. (x2 +5) +5-126 = X +5= /121 = x = \[N121 +5

2
°

(x2 +5) 15-126= x* +10%° —96:0:(x2 —es)(x2 +16)=0: X =6=x=+6
. (x2 +5)2 15=126=x=+/6 or (x2 +5)2 +5=126= x= —/6
(x2 +5)2 +5=126= x* +10x" —~96=0= x=+/6
o X=4/11-5
Al: x==x+/6only. Ignore any reference to +4i if included.
Sight of J_r\/g without incorrect working scores all 3 marks
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Question Scheme Marks
Number

6 (a) :4x+3:>yx—2y=4x+3 y:4+1—1:>y—4: 1
x-2 x—2 x—-2
= yx—4x=2y+3 11 M1
Xx-2=—0
y—4
AR NN PO 2 RN S L NN S S SILL I Y
-4 -4 -4
x#4 B1
3)
b
(b) Ay 4x +23 3 .
ff(x)=—2X=—% ff(x)=4+
(x) 413 or ff(x) 11 Ml
-2 4+ -2
x-2 X—
4x(4x+3)+3(x—2) 19x+6
= = dM1 Al
4x+3-2(x-2) 2x+7
3)
() Either x=1o0r y =38 Ml
(1, 38) Al
(2)
(8 marks)
(a)

M1: Attempts to change the subject. May interchange x and y at the start or work towards x = ...
Must proceed as far as getting the two x terms on one side of the equation and the terms not in x on
the other or equivalent if x and y are swapped first. Alternatively may divide through first, gather
terms and proceed as far as cross multiplying.

2x+3
x—4
equivalent simplified forms.

2x+3

Al: £ (%)= (oe) but accept y =

-1
and even f

_ 2x+3 —2x—

3
ore.g. f(x)"'= Accept
—,oreg == p

—X

B1: States correct domain x # 4 (x € R) Ignore reference to y = 2 but extra x exclusions is BO.

(b)
4x+3

4x+3

M1: Attempts to replace both the x's in >
x—

attempt to replace the x by 4+ 1
X—

dM1:

by

. Condone a slip such as missing the “+3” as

x—2
long as the attempt to replace both x’s is seen. Alternatively if dividing through look for the

condoning a slip missing the extra "—2"

Full attempt to form a fraction of the required form by multiplying all terms in the numerator and

denominator by (x - 2) If dividing through they must combine to a single fraction.

An equally valid alternative is to put both numerator and denominator over common factors of

(x-2)
19x+6
2x+7

Al:

but allow equivalent fractions of this form.

(c) Mark only the final attempt here as the candidate may "build up" their answer in stages.
Also watch out for the answer stated next to the question, which can be taken as their final answer.

M1: Either x =1o0r y =38

Al: (1, 38) but allow to be written out separately, or with the brackets omitted.
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General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(X* +bx+c) = (x+ p)(x+0), Where\PQ\ = ‘C‘ leading to x = ...
(ax* +bx+c) = (mx+ p)(nx +q), where|pq| = || and [mn =|a| |eading to x = ...

2. Formula
Attempt to use correct formula (with values for a, b and c)
3. Completing the square

Solving x* +bx+c=0: (Xi%)ziqu, q=0 leading to x = ...

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1 (x" — x"*)
2. Integration

Power of at least one term increased by 1 (x" — x"*)

Use of a formula
Where a method involves using a formula that has been learnt, the advice given
in recent examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if
there are small mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication
from correct working with values, but may be lost if there is any mistake in the
working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer
is asked for, or working with surds is clearly required, marks will normally be
lost if the candidate resorts to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will
give details of what happens in particular cases. General policy is that if it could
be done “in your head”, detailed working would not be required. Most candidates
do show working, but there are occasional awkward cases and if the mark
scheme does not cover this, please contact your team leader for advice.
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General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:

1. Factorisation
(x> +bx+c)=(x+p)x+q), Where|pq| = |c| , leadingtox = ...

(ax* +bx +c) = (mx + p)(nx +q), Where|pq| = |c| and |mn| = |a| , leadingtox = ...

2. Formula
Attempt to use the correct formula (with values for a, b and c).

3. Completing the square

2
Solving x* +bx+c=0: (xigj tgtc=0, g=#0,leadingtox=...

Method marks for differentiation and integration:

1. Differentiation
Power of at least one term decreased by 1. (x” — x" ")

2. Integration
Power of at least one term increased by 1. (x" — x"*")
Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent
examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct
working with values, but may be lost if there is any mistake in the working.

Exact answers
Examiners’ reports have emphasised that where, for example, an exact answer is asked for,

or working with surds is clearly required, marks will normally be lost if the candidate resorts
to using rounded decimals.
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General Principles for Pure Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(x? +bx+c) = (x+ p)(x +0), where|pg| =c

, leading to x= ...
(ax? +bx +c) = (mx + p)(nx+q), where|pg| =|c| and |mn| = a

, leading to x= ...

2. Formula
Attempt to use correct formula (with values for g, band q).

3. Completing the square
Solvingxz"‘bx"‘czoz (x£8)*+q+c, q=0, leading to x= ...

Method marks for differentiation and integration:
1. Differentiation

-1
Power of at least one term decreased by 1. (Xn - X" )

2. Integration
. n n+l
Power of at least one term increased by 1. (X' = X )

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent
examiners' reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from
correct working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for,
or working with surds is clearly required, marks will normally be lost if the candidate resorts
to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give details
of what happens in particular cases. General policy is that if it could be done “in your head”,
detailed working would not be required. Most candidates do show working, but there are
occasional awkward cases and if the mark scheme does not cover this, please contact your
team leader for advice.
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Question
Number Scheme Marks
1(a
@ (%:)hcos(%x}—%f sin(%xj MI Al
dy 1 4 4
Sets —=0=tan| —x |=—=> x =2arctan| — |* dMI1 AT*
dx 2 X X
“
(b) 4
X, = 2arctan 5 Ml
x, =awrt 2.214 X, =2.155 cao Al, Al
3
(7 marks)

(a)
M1: Differentiates using the product rule to obtain an expression of the form Axcos [% x) + Bx* sin [% x)

If the product rule is quoted it must be correct.
Al: For a correct simplified or unsimplified derivative.

dM1: Sets their % =0 and proceeds to an equation involving tan [%x] . This may be implied by their working.
The M1 must have been scored.

AT*: Correctly achieves the given answer of x = 2arctan (;J

1 sin (2 pe ) 5
An intermediate line of tan (Ex) = T or TN Y must be seen
2
cos (2 x) > x
Note that some may work backwards having differentiated e.g.

x =2arctan i :fzarctan i = tan X :i:xsm(i):434cos X = xsin X
x) 2 x 2) x 7 cos(3) 2 2

x) 1, .(x x) Lo, (x)_
:Zxcos(zj—zx s1n(2j:>2xcos[2j 2x s1n(2J—0

Score M1 for a complete method to reach % =0and Al if correct with (minimal) conclusion.

(b)

M1: Attempts to use the given iteration formula. Award for x, = 2arctan [%) or awrt 2.21

Note that this mark may also be implied by awrt 127 if they are using degrees and no working is shown.
Al: X, =awrt 2.214

Al: Xy =2.155 (Note that this is not awrt)

Lo
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Question
Number Scheme Marks
2(a) States or uses sin2x = 2sin xCcosx B1
1_Coszx:1—(1—25in2x): 2sin’ x :ltanx M1 Al
2sin2x 4sin x cos x 4sinxcosx 2
3)
b 9(1-cos260
®) w:25ecz9:>9x"l"tan9225e029 M1
2sin20 2
Attempts 1+tan® @ =sec’ @ = 4tan” @ —9tanO+4 =0 dM1 Al
_I_
=tanf= 9_§/ﬁ(1.64038...,0.60961...) Ml
= @ =awrt 31.4°,58.6° Al Al
(6)
(b) 9(1-cos26) 1
N T 2 0sec’ = 9x"—"tan 6 = 2sec’ Ml
Way 2 2sin26 2
i 4 . .
2tan0=256c2 0= Osin6 =———=9sinfcosf =4 = sin20 :§ dM1A1
2 cosf cos 9
sin29=§:> 260 =62.7333...,117.266...= 6 = ... Ml
= @ =awrt 31.4°, 58.6° Al Al
(9 marks)

(a)

B1: States or uses sin 2x = 2sin x cos x

M1: Attempts to use 1 — cos 2x = +2sin’x and 2sin 2x = 4sinx cos x and to proceeds to ktanx

Al: Fully correct solution with correct bracketing if seen

(b)

M1: Uses part (a) to form an equation of the form Atan 6 = Bsec’d
dM1: Replaces sec’d by +1 + tan’6 and proceeds to form a 3TQ equation in just tan
Al: Correct 3TQ. E.g. 9tan 6 =4 + 4 tan®0
M1: Correct attempt to find at least one value for tan & for their 3TQ in tan 8

Allow solutions from calculators and condone decimals as long as accuracy is to at least 2sf.
Al: One of either awrt 31.4° or awrt 58.6°

Al: Both awrt 31.4° and awrt 58.6°. Withhold this mark if there are extra solutions in range.

(b) Way 2

M1: Uses part (a) to form an equation of the form equation Atan & = Bsec*0)

dM1: Uses sec’ 0 = ! , tan@ = SN0 and sin 26 =...sin @ cos @ to produce

cos’ 0 cos &

an equation of the form sin26 =C

Al: sin2¢9=§
9

M1: Full method to find at least one value of 8 from sin20 = C where -1 < C < 1.
E.g. 20 =sin'C, 0 =" sin”'C. (NB radians gives 0.547..., 1.02... and implies the M mark)

Al, Al: As above

X2
RA
180

< QUESTION




< QUESTION

Question
Number Scheme Marks
30) 12 6
dx = +c MI Al
J.(2x—1)2 (2x—1)( )
2
(ii)(a) () 4x+3 :4_L ML, Al
x+2 x+2
2
(ii)(b)
(b)j ﬂm:j 4-—dv=4x—5In[x+2] (+c) M1 Alft
x+2 x+2
=5
Hence | 23 de= (~20-5In3)-(-32-5In6) dM1
" x+2
=12+5In2 Al
“
(8 marks)
@
. A . -1
M1: Achieves or equivalente.g. 4(2x—1)
(2x-1)
: —6 -1 . .
Al: Achieves ﬂ or —6(2x - 1) . There is no requirement for the +¢
x p—
(i)(a)

M1: For using division or any other suitable method to find either 4 or B

4
Using division look for x+2 i4x +3

Using an identity look for 4x + 3 = A(x + 2) + B followed by a value for either 4 or B
It may be implied by either 4 =4 or B =-5

or 44—

Al: Correct value for 4 and B or a correct expression 4 —
x+2 x+2

(i)(b)
MI1: Integrates

—...Inx+2

B —..In|x+2|. Condone B
x+2 x+2

—...In(x+2) and condone
. B B
Alft: Integrates 4+—— — Ax+Bln|x+2|. Condone 4+——— Ax+Bln(x+2)
x+2 x+2

But do not condone missing brackets unless they are implied by subsequent work.
dM1: Substitutes -5 and -8 into their integrated function containing ln|x + 2| or In(x + 2)

Al: 12+5In2 or equivalent exact answer such as 12+1n32

SC: For candidates who proceed to 12+5In2 or equivalent exact answer
via (-20-5In(-3))~(~32-5In(-6)) without sight of modulus signs withhold just the final A1




MARK SCHEME - IAL P3 (WMA13) - June 2021

- Q4

P3.1b Composite & inverse functions; domain & range

< QUESTION

Question
Number

Scheme

Marks

4(a)
fg(x) =

4(5—2x2)+6
5-2x* -5

M1

26 —8x?
fg(x)—3:>w—3:>

dM1 Al Al

“@

(b) Ax+6

X —

= yx—5y=4x+6= yx—4x=5y+6

M1

5y+6
y—4

Al

=f'(x)=

5x+6

xeR, x4

Al

(&)

(©)

y=g"'(x

Shape and position for y = g(x). A
parabola starting on the y-axis that
extends down in quadrant 2 to at least
the x-axis. Condone slips of the pen
e.g. if the curve heads back towards
the y-axis in quadrant 3 slightly.

B1

Shape and position for y = g(x) as
above that crosses the x-axis and

y = g’!(x) a parabola starting on the x-
axis with graphs crossing as shown in
quadrant 3. Condone slips of the pen
e.g. if g'!(x) heads back towards the x-
axis in quadrant 3 slightly.

Bl

Correct intercepts. This mark is for
the 4 correct intercepts as shown.
Allow as values or coordinates and
allow coordinates the wrong way
round (e.g. (0, 5) for (5, 0)) as long as
they are in the correct places. The
negative intercepts must be exact as
shown or equivalent. The graphs must
cross the axes at these points and you
can ignore any other intercepts.

B1

Note that labels for g(x) and g'(x) are not required

A

(10 marks)

(a)

M1: For attempting fg(x)in the correct order.

dM1: For proceeding to x> =... Depends on the first mark.

Al: For x* =13 which may be implied by x=+13
Al: For x=-13 only

&
RA
182



< QUESTION

b? —4ac = 0= (18k —20)* —4(4—k*)x(-56) =0 =>100k® —720k +1296 =0 =k =...
(allow two values for k from a quadratic)
In each method do not be too concerned by their use of =, >, <, >, < throughout their ~ working.

Condone arithmetical slips.
Al (k=)3.6 ce

Qe
6(a) 1 K T M1AL
(F'(x) =) 5(x —2)><E><4>< (4x+9) 2 +10x(4x +9)2
, 10(x* —2) +10x(4x+9) 50x*+90x—20
(4x +9)2 (4x+9)2
, 10(5%2 + 9% — 2 Al
(F'(x) =) (—1)
(4x +9)2
4
®) Sets f'(x) =0to give x=-2, % Bl
@
© ) 1 M1
y=5(("-2")" ~2)(4x("-2")+9)z =10
Alcao
(-2,10)
2
(d) f(0) =—30 B1
Upperbound =2x"10"+4 =... or Lowerbound =2x"-30"+4=... M1
56 < g(x) < 24 Al
3)
(10 marks)

1 1 . . .
Al k>3.6 oreg k >g8 but not k > 38 If k <—2 is found then it must be rejected
(@
1 1
M1 Attempts the product rule. Award for +A(5x? —10)(4x+9) 2 + Bx(4x+9)? or equivalent where A, B
# 0 The indices do not need to be processed for this mark.

If they quote the product rule eg uv'+u'v and state the expressions for u, u', vand v' then
allow a miscopy when substituted. They must have
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1 1
eg U=5x"-10>u'=Ax and v=(4x+9)? >Vv'=B(4x+9) 2

1 1
May also attempt the product rule on 5x*(4x +9)2 —10(4x +9)? so award for

1 1 1
FAX(4x+9)? £Bx*(4x+9) 2 +£C(4x+9) 2 A,B,C =20

1

1
Al Correct unsimplified expression for f'(x) eg 2(5x*> —10)(4x +9) 2 +10x(4x+9)2 oe

dM1 Proceeds to a single fraction, multiplies out the brackets on the numerator and proceeds to the

3TQ 2 . ) . .
—— or3TQ(4x+9) 2. They cannot proceed straight to the given 3TQ ora  multiple of it

(4x+9)2
without some working seen to score this mark.

form

319 hichis
(4x+9)2

10(5x* +9x - 2)
1

Alternatively, you may only see manipulation of the numerator and then

acceptable: 10(x® — 2) +10x(4x +9) =10(x* — 2+ 4x” + 9x) =10(5x* + 9x — 2) =
(4x+9)?
Condone arithmetical slips in their working but their method to proceeding to a single fraction
must be correct.

It is dependent on the previous method mark.

10(5x* +9x —2)

Al (f'(x) :) T with no errors seen in the main body of their solution.
(4x+9)2
10(5%* +9x - 2)
Accept ——————
\V4x+9
Condone invisible brackets as long as they are recovered, or their subsequent working ~ makes their
intention clear. They do not need to explicitly state k = 10 but if there is a contradiction between their
expression and their stated value then the expression takes precedence. Do not be concerned with what

they have before the =
(b) Mark (b) and (c) together

B1 Sets f'(x) =0to give —2% Withhold if one is rejected. Condone (-2,0) [%Oj May be

seen in (c)

©

1
M1 Substitutes their smaller root from solving 5x* +9x—2=0 into y=5(x* —2)(4x+9)? and

proceeds to find a value for y. Condone bracket omissions, miscopying or arithmetical slips as
long as it is clear that they are attempting to substitute their smaller root into f(x)

Alcao (-2,10) only (Allow x=-2, y=10)

X2
RA
184
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(d)
Bl (f(0) =) —30 seen (which may be implied by sight of —56 )
M1 A correct attempt at the lower or upper bound.
o Either attempts 2x"10"+4 and identifies this as the upper bound. Follow through on their part (c)
y coordinate. <"24" or <"24" is acceptable
o Orattempts 2x"—30"+ 4 and identifies this as their lower bound. > "-56" or >"-56" is
acceptable for this mark. It cannot be scored for using 2xf (%) +4 as their lower bound.
Note that g >—56 or g > —56 will score BIM1.
Allow use of max or min for upper and lower bound for this mark.
Al -56 < g(x) <24 oe eg “{g(x) eR:-56 < g(x) Ng(x) < 24} ” or “-56 < g(x) AND g(x) <24~
or g €[-56, 24] or other variations similar to these. Condone g for g(x) and -56 <y <24  or
—56 < 2f(x) +4 < 24 but not -56 < f < 24
DO NOT ACCEPT “-56 < g(x) Ug(x) < 24 or "-56 < g(x) OR g(x) < 24"
tQ'/.
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Question Scheme Marks
Number

7(a) £(0)=(0—3)>=9 M1
0<f(x)<9 Al
(2
(b) f'(x) = —2xe ™ (2x% —3)% + e x8x(2x* —3) M1AL
=2x(2x* -3)e ™ (—(2x* -3) +4) = 2xe ¥ (2x* -3) (7 -2x*) dM1A1
4
© 37 7y (.7 .} .1
==, —=f|.|]= |=e 2| 2x=——3| =16e 2
2 2 2 ( 2 j MIAL
7
16 2 <k <9 dM1Al
4)
(10 marks)
Notes

Work for part (a) must be seen in part (a) not recovered in part ().

(b)

P, Q > 0. Alternatively, attempts the quotient rule on (2x 23) achieving
x

Px(2x? +3)e” —Qxe” (2x* +3)°
(e*)
Al —2xe ¥ (2x2—3)2 +e ¥ x8x(2x* —3) oe (need not be simplified)

P,Q>0

factor (irC + DXZ) which may be unsimplified. Allow if e.g. the x or g

taking out the factor.
Al Achieves 2xe ™ (2x2 —3)(7—2x2) with no errors seen.

missing the factor x, which lead to the correct answers here.

are their values from (b) with AB > 0. Note e.g. f(gj attempted is MO.

on the previous method mark.

Ignore references to “k =0”

(a)
M1: Substitutes x =0 and proceeds to find a value for y. Implied by sight of 9.
Al:  0<f(X) <9 Accept withy or just f, but not with x. Accept interval, [0, 9], or set notation.

M1:  Attempts the product rule and chain rule achieving +Pxe ™ (2x? +3)? +e™ xQx(2x? +3) Wwith

dM1: Must have scored previous M. Attempts to takes out a factor of 2xe™ (2x?—3) to obtain a

? is dropped when

(c) Note : allow all the marks in (c) from answers which were a constant multiple out in (b) or

M1:  Attempts to find a y value (which may be zero) for at least one of the valid non-zero roots for

£ (x)=0. Allow for an attempt at either f[i\Ej or f(i\/éj leading to a value, where A and B

7
Al:  For obtaining 16e 2 Accept awrt 0.483 for this mark following the award of M.
dM1: Attempts the inside region, allowing <, using theiry intercept from (a) and their positive y
value, less than their intercept, from an attempt at the at the y value of the maxima. Allow a
positive y value from an attempt at any non-zero root of £’(x) as such an attempt. It is dependent

. 4 . . . N 16 9 .
ALl:  1ge 2 <k <9 Orinany equivalent form e.g. interval notation K € 67, Allow y instead of k

RA
186



MARK SCHEME - IAL P3 (WMA13) - June 2024 - Q5 P3.1b Composite & inverse functions; domain & range < QUESTION
Question Scheme Marks
Number

f(x) =8sin xcos x+4cos* x—3
4(a) States or uses sin 2X = 2sin XCoSX Of COS2X =+2¢0s” X +1 M1
Uses sin 2x = 2sin xcos xand cos 2x =+2¢os” x+1in f (x) dm1
(f(x) =) 8sin xCcos X + 4¢0s” X —3 = 4sin 2x + 2¢0s 2x —1 Al
3)
(b) R'=a’ +b"=R=20 or 2,5 B1ft
tan o :g: a=.. (:"awrt0.464") M1
(f(x) =) 2 Gsin (2x+o.464)—1 Al
(©)
(©) (i) Maximum value = "2,/5-1" B1 ft
(ii) Solves 2x+a:57”:>x:... M1
(x =) awrt 3.69 (or (x :) awrt 3.70) Al
3
(9 marks)

(a)
M1:

dM1:

Al:
(b)

B1ft:

For the method marks condone working in mixed variables provided the intention is clear

Either states one of the correct identities sin 2x = 2sin xcos x or cos2x = 2cos’ X —1

Or Uses sin 2x = 2sin Xcos X Or cos2x =+2cos’ x +1(may be implied by use of e.g.
cos® x = +1+sin® xand cos2x = +1+2sin”x or cos2x =+cos® X +sin® x)

Can be implied by either of

° 8.24
e b=1+2andc=-5o0r-1

Uses sin 2x = 2sin xcosx and cos2x =+2cos” x+1 (which may be implied as above for the first
method mark) in f (x) to produce an expression of the required form asin2x+bcos2x+c

Condone slips when substituting in.
Can be implied by a=4 and b=+2and c=-5o0r -1

4sin 2x +2cos2x—1 Correct answer scores all three marks. Must be in terms of x.

Full marks can only be scored provided correct values for a, b and c are found in (a).

Finds the exact value of R using R'=a’ +b’ (or may use trigonometry using their value for «)

Can be implied by a correct exact value.

Follow through on their a or b but the correct values should give R=,/20 or 2,/5

X2
RA
187
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M1: Usesa"correct " method to find « using their a and b. Accept for example tana = ig =S a=..0r

tana =+— = « =... (You may need to check this on your calculator if only the angle is seen)

oo

May also be seen using e.g. sina :J_r"LR": a=..0rcosa :i%: a =... Allow the angle to

be found in degrees for this mark. « ="awrt 26.6°" (1dp)

Alcso: (f(x) :) 2ﬁsin(2x+awrt0.464)—l 0.e. e.g. (f(x) :) @sin(2x+0.464)—1 (may be
awarded if seen in (c)) Can only be scored provided correct values for a, b and c are found in (a).

(© (@)

B1ft: "Z\E—l"o.e. e.g. " /20 —1" but follow through on their R+c as long as R has been correctly
found (ie awarded in (b)). Ft on their ¢ which may be different in (a) and (b) but cannot be 0

Allow to be a decimal if R was given as a decimal in (b) at any point. isw following a correct
answer.

(c)(i)
M1:  Solves 2x+a = 5?” = x=... using their « found in (b) (note that this is still the equation which

will need to be solved if they differentiate f(x) first and set equal to 0). You may need to check this
on your calculator.

Allow this mark to be scored even if there are additional equations formed (and possibly solved).
They must be consistent in their use of degrees or radians in an equation that they are solving.

57” =7.85... may be used in their working.

Al: (x :) awrt 3.69 but also allow (x :) awrt 3.70 . If several angles are found then they must indicate

which angle is their final answer by e.g. underlining, circling

N
RA
188



< QUESTION

Question
Number Scheme Marks
7 (2x - 5)8
3(3) (2x-5) dx=T+c MI Al
(2
(ii) I %dxz—ﬂn(l+2cosx) (+¢) MI Al
3 4sinx z 9
———dx=[-2In(1+2cosx)]’ =—2In2+2In3=In- dM1 Al
, I+2cosx 0 4
C))
(6 marks)
@
M1: Achieves a (2x - 5)8 or equivalent where a is a constant. Alternatively achieves au® with
U= (2x -5 )

Allow this mark from a miscopy such as ‘[(Zx —3)7 dx = k(2x - 3)8

2)6—5)8

1
Al: Achieves + ¢ or exact simplified equivalent such asE(Zx - 5)8 +c . The +c (0.¢)

must be present.

Any attempts that start by multiplying out (2x — 5)7 are likely to end in failure. They are unlikely to

get an expression of the form a (2x - 5)8

FYI

(2x - 5)7 =128x" —2240x° +16800x° —70000x"* +175000x" —262500x* +218750x — 78125

Score B1 SC for at least 5 out of 8 correct terms of

128 5 2240 , 16800 70000 5 175000 , 262500 ;, 218750 ,

—x - x'+ x - X+ x - X+ X
8 7 6 5 4 3

(ii)

M1: Achieves bln (1 +2cos x) orb 1n| 1+2cosx | where b is a constant. Condone a missing bracket

—78125x

Alternatively achieves blnu with u =1+2cosx  (You may see b In ku which is also correct)
Al: Achieves —2 ln(l +2cos x) , =2 1n| 1+2cosx | or—2Inu o.e .with u =1+2cosx oe. There is no

need for + ¢ This may be left unsimplified. Only condone a missing bracket if subsequent work
implies one
. T . .
dM1: Substitutes both 0 and 3 into an expression of the form b1n (1 +2cos x) aor bln| 1+2cosx
and  subtracts either way around . There must have been some attempt to evaluate the trig terms
Alternatively substitutes both 3 and 2 into an expression of the form % Inu and subtracts
9
Al: In—
4

Note that algebraic integration must be seen here. Candidates using their calculators to just write down

LA,
4SinX G 0.81093...=In— should be awarded 0 marks
, 1+2cosx 4

Lo

189



< QUESTION

%‘:ﬁ;ﬁg? Scheme Marks
0.15¢
4 A= 8052
pe +4
80p
(a) 30 = m M1
30p+120=80p:>p=%=2.4 * Al*
@)
80x2 4eO'IST 0.15T
(b) N0=—FF—= 72¢ ~ =200 MI Al
24e  +4
2
:>0.15T=1n(%j:>T—6.8 dM1 Al
“)
(c) 80 m? Bl
@
(7 marks)
(a)

MI1: Sets 4 =30and eO.leO =1to set up an equation in p.

Al*: Achieves p = 2.4 with no significant (*) errors and with one correct linear (non fractional)
equation  in p. * Condone minor slips as long as they are recovered before reaching the given
answer.

An example of this would be

p+4(30)=80p:>30p+120=80p:>50p=120:>p=2.4

Alt method

0.15x

0 80x2.4x1
Ml: Sets p=2.4, ¢ =1 and attempts the value of (A)— e

© 24x1+4
192

A1*: Achieves A =30 with no errors and concludes that p =2.4. Condone 30 = 64 v
(b) Allow t <> T here
MI1: Sets A=50, p=2.4and proceeds to an equation of the form ceom =d c¢xd>0

—-0.15
Condone slips, e.g. on the 0.15. You may see de "=¢ exd>0

Al: Achieves 72¢ " =200 o.c.
dM1: Correct order of operations to find 7/¢

For example 0.15T=ln(%]:>T=... or
In72+0.157 =In200=0.15T =....=> T =...
Al: AWRT 6.8
()

B1: Requires units as well. 80 m?

Students lacking work in part (b)
80x2.4¢

0.15T

24e  +4

Example 1: 50 = = T = awrt 6.8 can be awarded SC 1000




< QUESTION

0.15T

Example 2: 50 = % = 7260‘15T =200 =T = awrt 6.8 score M1 Al via scheme and then
24e " +4
SC 10
Question
Number Scheme Marks
5 (a) Attempts to find y at —1.25 and —1.2 with one correct to 1sf Ml
Achieves y(—-1.25)=-0.9 andy(-1.2)=0.2
With reason (change of sign and continuous) and Conclusion Al
2
(b) (i) Attempts /12In(15)+8 Ml
x, =awrt 6.3637 Al
(i) x=6.4142 B1
3
dy 12
-—= - M1 Al
© dx  2x+3 "
Stationary point when 12 x= 2x2 +3x-12=0=x dM1
Wi = — = =
P 2x+3
:>x=_3'+T V105 1 awrt 1.81 ONLY Al
(C))
(9 marks)
(a)

M1: Attempts to find y at —1.25 and —1.2 with one correct to at least 1sf.
FYI y(—-1.25)=-0.9 andy(-1.2)=0.2
Al: Achieves y(—1.25)=awrt —0.9 andy(—1.2)=awrt 0.2 with a reason and minimal
conclusion.
Acceptable reasons are; " sign change and continuous", "y (—=1.25) X y(-1.2) <0 and
continuous" Minimal conclusions are; "hence proven", "hence root", "v™", "[1"
Note: A smaller interval could be chosen but it must span —1.20998 and the final conclusion must

refer to the given interval to score both marks.
(b))
MI1: Attempts to apply the iteration formula once. Accept /12In(15)+8 =... or awrt 6.4

Al: x, =awrt 6.3637
(b)(ii)

B1l: CAO x = 6.4142 There must be some evidence of the M or continued iteration for this to be

awarded. A minimum would be an attempt at x, (the M ) or an attempt at any intermediate term.

()
MI: Attempts to differentiate with In(2x +3) - ——
empts to differentiate wi (2x+3) 7713
dy 12 . — .
Al: —= — x which may be left unsimplified . No requirement to see lhs
dx 2x+3

dM1: Sets thei
ets their 5-——

There must be some evidence of working but allow candidates to use a calculator to write down
the  solution of 3TQ. If they do, it must be correct for their 3TQ

+..x =0 and proceeds to a value for x via a correct method of solving a 3TQ

‘\'{,



< QUESTION

-3+/105 —-3-+/105
Al: cso x= — orawrt 1.81 ONLY.If x= Tor awrt —3.31 is also written down
it must be rejected. ISW after a correct answer. There must be evidence of dM1 to award this mark
Question
Number Scheme Marks
5x-3 ... 5(x—4)—(5x-3) k
6.() | f)=—7=1(0)= = M1 dM1
® x—4 (x—4)  (x—4)
, -17 , .
States that f'(x) = > = f'(x) < 0 hence decreasing *  cso Al*
x—
3
5x-3
(b) y=""7 =>xy-4y=5x-3=xy-5x=4y-3 Ml
4y-3 -1 4x-3
3)6:? So f (x)= =5 Al
Domain x > 5 Bl
3
5x >x _f -3
©0 | fo)=—"F— M1
5x-3 4
x—4
5x(5x-3)-3(x-4) 22x-3
ff(x)= ( ) ( ) = dM1 Al
5x—3-4(x-4) x+13
(i) 5<ff(x)<22 B, BI
)
(11 marks)
(a)
) ) p(x—4)—q(5x—3) )
MI1: Attempts to use the quotient rule to achieve a form > with p,g >0 OR
(x=4)
attempts the product rule to achieve a form p(x — 4)_1 + (Sx - 3) (x— 4)_2
Condone attempts in which terms such as (x - 4)2 may have been multiplied out incorrectly
: k dy
dM1: Proceeds to f'(x) = ——— Allow the lhs to be —=
(x - 4) dx
Al*: Requires a correct f'(x), a correct statement such as "f'(x) <0 " o.e (such as f'(x) is negative )
and a minimal conclusion which could be v or QED or [
It cannot be awarded from substituting in single values of x. It cannot be based on incorrect
mathematics.
"There is a minus sign" or "—17< 0 " is insufficient without the further statement f'(x) < 0(o.¢)
followed by a minimal conclusion.
(b)
Ml Attempts to change the subject. Look for cross multiplication with an attempt to collect terms with
X's (or replaced y's) on one side of the equation and non x terms on the other side
- 4x — _ - -
Al f 1(x) = x_ 53 o.e Condone the Ihs as f ' and even y. The notation f 1 (X > ——is fine




< QUESTION

Bl Correct domain x > 5
(c) (@)
. 5x-3 . . . .
M1  Attempts to substitute ~—a into f. Condone minor slips but the form of the expression must be
correct

dM1  Multiplies all terms on numerator and denominator by x —4. Condone missing brackets
Alternatively writes both the numerator and denominator as single fractions over (x - 4)

22x-3

(c)(i)

B1: Achieves the value of one "end". It is not just for the number so f f <5 is BO

Condone a missing left hand side or being set as y =

Condone non strict inequalities here so 5< ff < 21 would be fine for B1 B0
B1: Fully correct. Accept 5 < ff <22, (5, 22) . Allow with y or range but 5 < x <22 would be Bl

BO

- 1
Methods where candidates "split up" fraction Sx—3 =5+ —7
x—4 x—4
(a)

17
M1:Attempts to split into form 5+ Py AND attempts to use the chain rule.

Look for Sx—3 —> A+ B with a differential of
x—4 x—4 ( x— 4)

2

d
k 5 Allow the lhs to be o
4) dx

xX—

dML1: Proceeds to f'(x) =

-17

Al*: f'(x)= 5 and states f'(x) < 0 (for all x) so f is decreasing function

x—4
(b)

5
MI: Attempts to split y = < :_C3

into form y =5+ p _7 7 and then attempts to make x the subject.
5x-3 B B
Look for y = xx_4 =A+ — with progress to a form x—4 = ey

Al £ (x) = 1—75+ 4 or equivalent

Bl: x>5
(©
. S5x . 17
MI: Attempts to split y = into form y =5+ and then attempts ff(x)=5+—-+—
x+3 x—4 17
5+—-4
x—4
dM1: Uses a correct method to combine into a single fraction of the required form
22x-3
Al: ff(x)=————
) ==713

(c)(ii)
B1: Achieves the value of one "end". It is not just for the number so ff <5 is BO
Condone non strict inequalities here so 5<ff < 21 would be fine for B1 B0




MARK SCHEME - IAL P3 (WMA13) - January 2024 - Q4 P3.1b Composite & inverse functions; domain & range

Question Scheme Marks
Number
2(a) (f(2)=)2*-5(2)* +4(2)-7=-3<0
and M1

(f(3)=)3" ~5(3)° +4(3)~7 =41>0

There is a change of sign and f (x) is continuous so there is

a root (in the interval) * AL
2

(b) 2 2
X3:5x 4X+7:>x:35X A4X+7 B1*

X X
_ @)
c)(i 2_
(©)(i) . 3/5(2) 24(2)+7 ML
=awrt 2.1179 Al
(i) a =awrt 2.1565 Al
@)
(6 marks)

@)
M1:

Al*:

Example: f(2) = -3, f(3) = 41, there is a change of sign hence f(x) has a continuous root in [2, 3]

Attempts both f(2) and f(3) or a narrower interval that contains the root
2.1565...and considers the signs. Note showing f(2)xf(3) <0or “< 07, “> 0” beside
each appropriate root is a consideration of signs and is also sufficient for the “sign
change” part of reasoning for the Al.
For the substitution, need to see the values substituted or at least one of f(2) or f(3)
correct.
This mark requires:
both f(2) and f(3) correcte.g. f(2) =-3and f(3) =41
a reference to the sign change
a reference to continuity

o a(minimal) conclusion
For sign change, allow equivalent statements e.g. f(2).f(3) <0, f(2) <0 < f(3) etc.
For continuity, allow just “continuous” and allow “assuming it is continuous” and

“continuous equation” but do not allow incorrect statements such as “X is
continuous”, “the interval is continuous”, “there is a change of sign therefore it is
continuous”

For the conclusion, allow e.g. v/, #, QED, hence shown, hence root, so it crosses the

x-axis, etc., but not incorrect statements e.g. so there is a root in the interval [-3,41]
You may have to use your judgement to decide if the Al conditions are satisfied.

Scores M1AOQ — i.e. it is not the root that is continuous
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MARK SCHEME - IAL P3 (WMA13) - January 2024 - Q1 P3.1c Modulus functions & transformations < QUESTION

General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(X* +bx+c) = (x+ p)(x +0), where|pq| = c| |eading to x = ...
(ax® +bx +¢) = (mx + p)(nx +q), where|pg| =|c|and [mn| =|a| |eading tox = ...
2. Formula
Attempt to use correct formula (with values for a, b and )
3. Completing the square
Solving x? +bx+c=0: (Xxt2)’+q+c, q=0 leading to x = ...

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1 (x" — x"™)
2. Integration

Power of at least one term increased by 1 (x" — x"*)
Use of a formula
Where a method involves using a formula that has been learnt, the advice given in
recent examiners' reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are
small mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from
correct working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked
for, or working with surds is clearly required, marks will normally be lost if the candidate
resorts to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give
details of what happens in particular cases. General policy is that if it could be done
“in your head”, detailed working would not be required. Most candidates do show
working, but there are occasional awkward cases and if the mark scheme does not
cover this, please contact your team leader for advice.
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General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:

1. Factorisation

(x* +bx+c) = (x+ p)(x +q), where|pg|=|d|, leading to x = ...

,leading to x = ...

(ax® +bx + ¢) = (mx + p)(nx + q), Where‘pq‘ = ‘C‘ and ‘mn‘ = ‘a

2. Formula
Attempt to use the correct formula (with values for a, b and c).

3. Completing the square

b

2
Solving x> +bx+c=0: [xizj tg*tc=0, ¢g#0,leading to x = ...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1.(x" — x"™")
2. Integration
)

Power of at least one term increased by 1. (x" —» x

Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent
examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are
small errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from
correct working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked
for, or working with surds is clearly required, marks will normally be lost if the
candidate resorts to using rounded decimals.
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General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(x* +bx +c) = (x+ p)(x+0), where\ pQ‘ = ‘C‘ leading to x = ...
(ax® +bx +c) = (mx + p)(nx +q), where |pg| =|c| and |mn| = |8 |eading to x = ...

2. Formula
Attempt to use correct formula (with values for a, b and c)
3. Completing the square

Solving X2 +bx+c=0: (x+2)°+q+c, =0 leading to x = ...

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1 (x" — x"™%)
2. Integration

Power of at least one term increased by 1 (x" — x"™)
Use of a formula
Where a method involves using a formula that has been learnt, the advice given
in recent examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:
Method mark for quoting a correct formula and attempting to use it, even if
there are small mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication
from correct working with values, but may be lost if there is any mistake in the
working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer
is asked for, or working with surds is clearly required, marks will normally be
lost if the candidate resorts to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will
give details of what happens in particular cases. General policy is that if it could
be done “in your head”, detailed working would not be required. Most candidates
do show working, but there are occasional awkward cases and if the mark
scheme does not cover this, please contact your team leader for advice.

N
RA
197



MARK SCHEME - IAL P3 (WMA13) - October 2024 - Q3 P3.1c Modulus functions & transformations < QUESTION

General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(< +bx+c) = (x+ p)(x+0), vvhere\ pQ‘ =‘C‘ leading to x = ...
(ax® +bx+c) = (mx+ p)(nx+q), where|pg| =|c| and [mn =|a| |eading to x = ..
2. Formula

Attempt to use correct formula (with values for a, b and c)
3. Completing the square

Solving x> +bx+c=0: (xt2)’+q+c, q=0 leading to x = ...

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1 (x" — x"*)
2. Integration

Power of at least one term increased by 1 ( x" — x"*)

Use of a formula

Where a method involves using a formula that has been learnt, the advice given
in recent examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:
Method mark for quoting a correct formula and attempting to use it, even if
there are small mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication
from correct working with values, but may be lost if there is any mistake in the
working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer
is asked for, or working with surds is clearly required, marks will normally be
lost if the candidate resorts to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will
give details of what happens in particular cases. General policy is that if it could
be done “in your head”, detailed working would not be required. Most candidates
do show working, but there are occasional awkward cases and if the mark
scheme does not cover this, please contact your team leader for advice.
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Question
Number Scheme Marks
1 2
3tan20+7sec9—3:033(sec H—l)+7se09—3:0 M1
3sec’ @+7secd—6=0 Al
(3secd—2)(secO+3)=0=>secH=...=C0SO =... dM1
6 =109.5°,250.5° Al, Al
(5)
Total 5

Main method: Also allow if another variable is used e.g x <> &

M1: Attempts to set up a quadratic equation in sec® using tan’ @ = +1+sec’ @
Condone bracketing slips, for example, where 3tan? @ is replaced by +3sec’ 6 +1

Al: Collects terms to form a correct 3TQ, 3sec’O+7secd—-6=0 0.e
Terms do not need to be all on one side of the equation and the = 0 can be implied by subsequent work.
dM1: Dependent upon the previous M1, it is scored for the method of producing a solvable non zero solution
for cos@
Look for;
e Avalid way of solving their quadratic equation in sec& using any allowable method including
a calculator leading to secé =...

o Use of seco :Lgto produce a solution cos@ =kwhere -1<k <1, k=0
cos
E.g. 3sec’ @+ 7secO—6=0= secld = -3 => cosd = —% . You can ignore the 2" solution

If the error had been tan® @ = sec” 6+1 look for 3sec? & + 7secd = 0 = secd = —% = c0sf = —g

Al: One of 8=awrt109.5° awrt 250.5° following M1, Al, dM1
Allow either answer in radians here so score for awrt 1.91 or awrt 4.37
Al: CSO. Both 8 =awrt 109.5° and awrt 250.5° and no extras in the range

Other methods do exist but the same marking principles will apply
Alt method:

M1: For an attempt to set up a quadratic equation in a single trigonometric term, e.g. cos@

.2
Replaces tan® @ by sin”

, secd by — L and then uses sin? 9= +1+ cos? 6 = quadratic equation in
COSZ 0 cosd

.2
SN0 7% L 3_0= 3sin’ 9+7cos0 - 3c0s’ 6 = 0
COSZQ COSH

and then uses sin? 9= +1+cos’ 6 = 3(1— cos’ H)+7cos€ —3c0s’60=0.

cos@ E.g. 3tan’@+7secd—-3=0=3

Condone slips
Al: Foracorrect 3TQ in cos@. FYI 6cos’ @ —7cosd—3=0. Terms do not have to be on one side

dM1: Solves the quadratic equation in cosé using an appropriate method including a calculator.
It must lead to a solution cos@ =kwhere -1<k <1, k=0
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If a calculator is used the solution must be correct for their equation.
E.g. 6cos” @—7c0s0—3=0=cosO = —%

Al: One of 8=awrt109.5° awrt 250.5° following M1, Al, dM1

Allow either answer in radians here so score for awrt 1.91 or awrt 4.37
Al: CSO. Both 8 =awrt 109.5° and awrt 250.5° and no extras in the range.

If both solutions to the quadratic were given then both must be correct

Methods using calculator technology and not showing all stages of working as required by question:

Example 1:
3tan® @+ 7secd—3=0= 0 =109.5°250.5°
No marks

Example 2:
3tan? @ +7secOd—3=0 :>3(sec2 6’—1)+7sec¢9—3:0

= 3sec’ @+7secO—6=0=>secd=—-3=>0=109.5°250.5°
Scores M1, Al, dMO, A0, AO

Example 3:

3tan? @+ 7sec®—3=0= 6cos’ & —7cosd—3 =0 via identities followed by = 6 =109.5°,250.5°
Scores M1, Al, dMO, A0, A0

Methods using calculator technology and showing sufficient stages of working:

Example 4: 3tan® 0+ 7secd—3 =0 = 3sec’ 6+ 7secd—6 =0 via identity followed by
secd = -3 = cosf = —% = 60 =1109.5°

Scores M1, Al, dM1, Al, A0 (only one of the two solutions given)

Example 5: 3tan? @+ 7sec®—3=0=>6c0s’ & —7cos@—3 =0 via identities followed by

oS0 = —% s 02109.5°,250.5° M1, A1, dM1, A1, Al




< QUESTION

Quesien v

zo(a) Slght Of 101478 or 1000646 or 100A0646t+1A478 Ml

(a=)awrt 30 or (b=)awrt1.16 Al

loglo N _ 00646[ i 1 478 N N _ 100.0646t+1.478 _ 100.0646t101.478
dM1
— "30"X "1‘16"t

N=30x1.16 Al

“
() Attempts N =30x1.16" =awrt 2600 MI Al

2)
(6 marks)

(a) NB This shows as MMAA on ePEN but is being marked as MAMA.

M1 Sight of 10"*"* or 10°%* or 10*****'*”* (allowing slips copying the values) anywhere in their solution.
This mark is implied by seeing awrt 30 or awrt 1.16

Al Sight of either awrt 30 or awrt 1.16

XIO 8 :"1'16"t><"30"

0.0646 \' 147
dM1  Applies correct index laws and proceeds to find values for e and b. N = (10 )

00.0464t+1 478

For this mark there must be evidence of correct index work so expect to see at least 1 before a final

answer and no incorrect index work.

Al a=awrt 30 and b =awrt 1.16 as long as there is no contrary work, or states that N =30x 1.16 (awrt values)
(b)
Ml Attempts N =30x1.1 630 with their values of a and b.
Alternatively log | N =0.0646x30+1.478 = N =10"""
Al awrt 2600, isw after a correct answer.

Alt (a) using N = ab’ asa starting point.
M1 As main scheme.
Al a=awrt 30 or b=awrt 1.16 (must be correctly assigned)

dM1  Takes log, of both sides and proceeds to at least log,/ N =log  a+tlog b and attempts to find a value for
both of the constants with no incorrect log work.

Al a=awrt 30 and b=awrt 1.16 as long as there is no contrary work, or states that N =30x 1.16 (awrt values)




< QUESTION

Question
Number Scheme Marks
1 1
—1)2 _ _1) 2
3.@a) d_y:(4x 1) x2—(2x+3)x2(4x-1) MI AL
dx (4x - 1)
1 1 1
4x—172%x2—(2x+3)x2(4x-1) > (4x-1)? 4x—8
(i x-r3patese) ! o) aes o
(4x-1) (4x-1)>  (4x-1)
“
. . dy
(b) Turning point where i 0=x=2 M1
Find value of fat x =2 = f(x) = ﬁ Hence range is f > ﬁ dM1 Al
3
(7 marks)
(a)
1 1
4x-1)? —q(2x+3)(4x-1) 2
Ml Attempts the quotient rule and achieves 2 p( al ) q( ad )( ad ) condoning slips in coefficients
dx (4x - 1)
1 1
Allow the denominator to appear as (4x—1) > or even (4x—1)"
1
Alternatively attempts the product rule with (2x + 3) and (4x - 1) "2 and achieves
dy _1 _3
i A(4x—1) 2 iB(2x+3)(4x—1) 2
1 1
4x-1)2x2—(2x+3)x2(4x-1) ?
Al For a correct un-simplified d_y Look for d_y = ( ) ( ) ( ) oe via the quotient rule

dx dx (4x —1)

Look for % = 2(4x—1)7% - 2(2x+3)(4x—1)7% oe via the product rule

1
dM1  Multiplies both numerator and denominator by (4x - 1)2 and simplifies to a linear numerator, or correctly takes
1
a common factor of (4x - 1) 2 out of the numerator to leave a linear factor.

3
If the product rule is used look for a correct attempt to factor out (4x - 1)7

4x-8 . . . .
Al x_} or exact simplified equivalent Must have a single term in (4x—1)
(4x-1)
NB Allow marks for (a) if simplification of '(x) is seen in (b) (but not having set f’(x) = 0 and rearranging).

(b)
M1 Attempts %=O:>x=...

. 1
dM1  Finds the value of f(their 2), where their 2 > 7

Al f>7 Allowe.g. y>~/7, f(x)>+/7 or range is [\ﬁ,w) Allow with % oe or awrt 2.65

Do not allow x > \/7 orjust > \/7
49 _16x2—8x—48
(4x-1)° (4x—1)°

!
Special Case: If candidates square the function first in (a) they will get (f (x)2) =1-

They will score no marks in (a) but can achieve full marks in (b) as the stationary point occurs at the same x coordinate.

Special Case: A correct range given following no attempt, or an incorrect answer to (a), can score SC M1MOAO.
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Note that in (a) some candidates may take an alternative approach for the first mark:

fg(r)=3=g(x)=f (3)=-21=5-2x =21
Score M1 for finding £-1(3) and setting g(x) = £-1(3) then as main scheme
or

fg)=3=g(x)=f (3)=—2I=x=g (-21)

Score M1 for finding f ~!(3) and setting g~'f ~!(3) = x then as main scheme

(b)
M1: For attempting to change the subject. In the attempt shown in the mark scheme score when both terms
in x have been isolated and set on one side of the equation

5y+6 ) 26
Al: For X= or equivalent such as X =5+——
y-4 y—4
If the x and y have been swapped award for y = >x +46 or equivalent.

Al: Requires both the expression in x and the domain.

Sx+6 x#4 or f*l(x)=5x+46 xeR,x#4 (Condonef~'=..)
xX— x—

£7(x) =

Do not allow y = ...
(c) See scheme




< QUESTION

Question Scheme Marks
Number
5(a) States or implies that 1og,/ p=0.32 or log ¢ = w M1
p=awrt 2.089 or g=awrt1.072 Al
States or implies that log/ p=0.32 and log, ¢ = Lgoﬁ Ml
p=awrt 2.089 and ¢ =awrt1.072 Al
(G)
(b) L d4 r .
States or implies that =7 In g x g with their values for p and ¢ M1 Al
Rate of increase in pond weed after 6 days is 0.22 (m*/day) Al
(&)
(7 marks)
(a)
M1: States or implies that 10g1 o P= 0.32or log, g = w or equivalent equations
Al: p=awrt 2.089 or g = awrt 1.072
N _ 0.56-0.32 . .
M1: States or implies that 10g10 p=032and log,, q= — o equivalent equations

Al: p=awrt 2.089 and g = awrt 1.072
(b)
M1: Uses %q’ —>kq' k#1
. . d4 r . .
Al: States or implies that w =P In g x g with their values for p and ¢
Al:awrt 0.22  Units are not required

Alt (b) using log,, 4=0.03¢+0.32 as a starting point

M1: Attempts to differentiate and reaches iiiﬂ = k or equivalent
t

Al
Aln10 dr
Al: awrt 0.22  Units are not required




< QUESTION

Question Scheme Marks
Number
6(a)() g
/k\ Shape M1
/ % o % \ | Correct intercepts. Al
(i) y
Shape Ml
3
3
ol & By Correct intercepts. Al
3
“
(b) Attempts to solve either k +2x=—2x +§ or t—2x=2x —§ Ml
Achieves either x = —%k or x= %k oe Al
Attempts to solve both £ +2x=-2x +§ and k—2x=2x —§ M1
Achieves either x = —%k and x= %k Al
“
(8 marks)

(a)

M1: For the shape of y =k — 2|X|. Score for an upside down V with maximum on the y-axis with the branches
at least reaching the x-axis.

Al: Intercepts at k on the y-axis and i% on the x-axis. Allow as values or coordinates and allow coordinates

the wrong way round (e.g. (k, 0) for (0, k)) as long as they are in the correct places. The graph must cross
the axes at these points.

k
M1: For the shape of y =|2x —E‘ Score for a V shape in quadrants 1 and 2 with a minimum on the x-axis and

at least reaches the y-axis.

Al: Intercepts at % on the y-axis and % on the x-axis. Allow as values or coordinates and allow coordinates

the wrong way round (e.g. (k/3, 0) for (0, k/3)) as long as they are in the correct places. The graph must
cross the y-axis and touch the x-axis.

(b)
MI: Attempts to solve one correct equation not involving moduli (or equivalent equations)
ATl: One correct solution. Allow unsimplified forms such as —%

Lo
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MI1: Attempts to solve two correct equations not involving moduli (or equivalent equations)
Al: Two correct solutions (simplified) and no other solutions given.

Some may square in (b) e.g.

2 2 2
[2x—§j =(k-2x) = 4x’ —%J%:kl — 4k + 4k :%:&:

k
3

Score M1 for squaring to obtain at least 3 terms on both sides and solving for x and A1 for x =§

Candidates are unlikely to find the other root using this approach.

£
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Number Scheme e
4(a)
. 3.85-3.08 77
Gradient =———— (=0.154 or —
5.0 500 M1
Al
log,, N =3.08+0.154t oe

(2)
(b)

a=10%%® = awrt 1200 Bl

log,, b="0.154" or b =10"**" M1

Al

b=awrt1.43
3
(©) e
log,, 500000 =3.08+0.154T =T =... or T =100., 45 (M) =..
' "1200"
Al
(T =)awrt17
(2
(7 marks)

Mark (a) and (b) together
(@)

M1 A correct attempt to find the gradient between the given coordinates. This may be implied by 10%***
3.85-3.08 3.08-3.85.
or is
5-0 -5

or awrt 1.43 or % The values embedded in the expression
sufficient. Check Figure 1 and may be seen in (b)
Al log,, N =3.08+0.154t Must be in terms of log,, N and t (may be seen in (b))

Condone log N or Ig N for log,, N but do not accept In N
7777

Accept equivalent equations such as log,, N = £+%t or 500log,, N =1540+77t or
to 500 log,, N — 1540
7o T
Do not accept N =1200x1.43"
.yl



< QUESTION

(b)
B1 awrt 1200

M1 A correct equation to find b using their gradient in (a). Can be awarded for log,,b="0.154"
or b=10""*"" (may be implied by awrt 1.43). Allow log or Ig but not In.

Al awrt 1.43
(©)

M1 Substitutes in N = 500 000 into their N =ab' using their values for a and b and uses a valid
method to find a value or expression for T (can be left as a logarithm)
This can be either by:
e using correct inverse laws
e using a calculator and proceeding directly to a value for t

nigsQm
Typically, "1200"x"1.43"" =500000 = "1.43"" = >00000 =T= log, 5" =

"1200" - log,,"1.43"
T L ?0000'(') N ?OOOOl(') _
1200 1200

Alternatively uses their log,, N ="3.08"+"0.154"t and rearranges to find a value for T
allowing sign slips only:

log,, 500000 ="3.08"+"0.154"T = T = 10910 500000-"3.08" _

"0.154"

May be implied by a correct answer.

Al (T :) awrt 17 isw after a correct answer is seen (cannot be left as a logarithm)

This mark can only be scored provided EITHER their equation in (a) is correct OR their values
for aand b are correct in (b).




< QUESTION

?\Iuestion Scheme Marks
umber
5(a)
(i) 7 B1
(i) 9
E Bl
(@3]
(b)
kx—-9-2=0 and —kx+9—2=0:'—l'(','—l'(' M1
CVs Z,E Al
k k
7 11 Al
—<X<—
k k
@)
(© "t
ST N S
k
Al
(k=)3.6
Al
k>3.6
@)
(8 marks)
Alt(b)
—2<kx-9<2
Zex<=
K K M1
Z <X< E AlAl
k k
(a) Check Figure 2 and by the questions
(i)
B1 7  Condone (0, 7) but not (7, 0)
%A
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MARK SCHEME - IAL P3 (WMA13) - June 2022 - Q5 P3.1c Modulus functions & transformations < QUESTION

(i)
B1

(b)
M1

Al

Al

g oe Condone (g —2 | but not (—2, gj
k k k

A correct attempt to find the two critical values. Eg
e Forms two correct equations (or linear inequalities) with the modulus signs removed and solves to
find the values of x where the graph crosses the x-axis (see main scheme) or the values of x such

that [kx—9|-2<0
e Solves the given inequality to isolate x in the middle (Alt(b)) by:
lkx—9|-2<0=|kx—9[<2=-2<kx-9<2=..<X<..

e Solves the given inequality by squaring both sides and solving:

k k?
Do not be too concerned by their use of =, >, <, >, < throughout their working.

2
(kx—9)° <4:>k2X2—18kX+77<0:>XZ—§X+E<O:>(X—2) <— = ..<X<..

L 7 11 . . I
Correct critical values Ok cao which may be seen in their final answer.

7 11 L . « 7 11, 7 11|,
E<X<?ors1mp11ﬁedequ1valenteg X>Eﬁx<? or XER:E<X<? or

Xe (%1?1} Must be in terms of x

There must be some attempt to bring the two inequalities together if separate. The mark cannot be

scored for x>£ x<% DONOTACCEPTeg“x>£orx<1—1” X€[7 11}

(©
M1

k k' k

Uses a correct method to find a value for k. For example:

9
Substitutes in (K "— 2") into y =3—2x and attempts to find a value for k. They may solve

"-2"=3-2Xx=X :"2.5":"%' <"25"=>k>..

Finds when y =3—2x intersects with AB (y = —kx+ 7) and then when y = 3—2x intersects with B

. . 4 9,
and forms the inequality n< M or similar.

Finds the value of x when y =3—2x intersects with AB, y = —kx+7, (z k;"zj and then when

y =3-2x intersects y =kx—11 (: %j and sets equal to each other to find the value for k (or
+

solves simultaneously to find = x="2.5"= % <"25"=k>..)

|lg||_0
k

Sets f(x) =3—2x and attempts the discriminant leading to a value for k:
3-2x=|kx-9|-2= (5-2x)* = (kx—9)* = (4—k*)x* +(18k —20)x—56 =0

Finds the gradient between (0,3) and B and deduces that —2 > oe leadingk = ...
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Number Scheme ke
6() @ P(0, 3a) Bl
. 7
(i) Q(a, 0) R[Sa, Oj B1B1
(iii)S(ga, —ZaJ
B1
4)
(b) 3x—-ba-2a=x-2a=x=...
or M1
—(3x—b5a)-2a=—(x—-2a)= x=...
x=§a or x=%a Al
3x-5a-2a=x-2a=Xx=...
and dM1
—(3x-5a)-2a=—(x-2a)=x=...
x:ga and x:%a Al
(4)
Total 8

10
(a) Question states simplest form so don’t accept e.g. ——a for —a
3

(i)

B1: For (0, 3a). Condone just y = 3a as long as there isn't a value for x coordinate (apart from 0).
Note that either of P =3a or (3a, 0) is BO unless y =3a is previously seen

(i)

B1: For either coordinate (a, 0) or (;a, ijhich may or may not be linked correctly to Q and R

. 7 . . .
Condone justx =a (x =1a) or x= ga as long as there isn't a y coordinate (that isn't 0).
Note that an answer such as Q = a or (0, a) is BO unless x = a is previously seen.

Likewise an answer such as R = ga or (0,7 a/ 3) is BO unless x =7 a/3 is previously seen

5
6

B1: For (a, 0) and (;a, Oj. Allow the coordinates to be given separately. They do not need to be linked to the

correct letter. Condone just x =a (x=1a) and x= %a as long as there isn't a y coordinate(that isn't 0).

SC: Q=aAND R =ga or vice versa is B1 B0

(iii)

5
B1: (Sa, —Za) . Allow this to be givenas x = ...,y = ...

RA
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(b)
M1: Attempts to solve one correct equation. It must be an equation without moduli and be found correctly
For example, look for

» Either taking both positive aspects of the modulus equation [3x—5a|—2a =|x—2a|

So 3x-5a-2a=Xx-2a orexact equivalent such as 3X—7a=x-2a = Xx=...
Condone for thismark = a=...
« Or taking both negative aspects of the modulus equation [3x—5a|—2a = |x—2a

So -3x+ba-2a=-x+2a or exact equiva|ent such as —3x+3a=—X+2a=>X=...

Condone for thismark = a=...
The 2a may be moved over first so it is possible to solve |3x—5a| =|x—2a|+2a

So both positive will give an equation 3x—5a = x—2a+2a or 3x—5a = x
or both negative would give —3x+5a=-x+2a+2ao0r -3x+5a=-x+4a
Al: One correct value of x which must be found from a correctly produced equation
dM1: Attempts to solve both of these equations.
There may be other equations which should be ignored for this mark
Al: Both correct values of x (coming from correct equations) with no other values given.
Also allow if 4 answers are found, for example, followed by the 2 correct answers being chosen and the other 2
incorrect answers discarded.
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Question Scheme Marks
Number
7 (a)()
Shape Bl
1
Vertex ga, 0| |B1
y intercept(0,a) | Bl
(a)(ii)
Shape | B1ft
1
Vertex Ea, -b || B1ft
y intercept(0, a—b) | B1ft
(6
(b)
Attempts to solve —3x+a—-b=5x=>x=... Ml
(2)
(8 marks)

Note: accept both diagrams on the same sketch as long as the information for each is clear.
If two graphs are given unlabelled, treat their first as part (a)(i) and their second as part (a)(ii).
(@)
B1: A V shaped curve sitting on the positive x-axis and appearing in at least quadrant 1. Don't be too
concerned about the graph being non symmetrical unless it appears wildly incorrect
. iy : : 1 1 :
B1: The vertex is on the positive x- axis and is marked Ea’ 0 | but condone (x =)§a which may be

seen as the intercept on the graph. May be scored from an incorrect shape for the graph, but must
have a single vertex on the x-axis.

B1: The graph passes through the positive y-axis at (0, a ) but condone ( y =)a which may be seen as
the intercept on the graph.

SC If a “Y” shape is given, if part is dashed ignore the dashed line, if all are solid withhold the first B
but allow BOB1BI if vertex and positive intercept are correct.
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(a)(ii)
B1ft: A V shaped curve with vertex in quadrant 4 or follow through a V shape that is a translation down
from their answer in (a)(i)
o« . . n 1 " . . . .
B1ft: The vertex is in quadrant 4 and is marked ga ,—b |, which may be indicated by appropriate

labelling on the graph. Follow through on their x intercept of the vertex in (i) (which must have
been on positive the x-axis)

B1ft: The graph passes through the positive y-axis at (0, "a "—b), following through on their y intercept

from (i), but condone ( y =)a —b which may be seen as the intercept on the graph.

SC If a “Y” shape is given, if part is dashed ignore the dashed line, if all are solid withhold the first B
but all BOB1B1 if vertex and positive intercept are correct.

(b
M1: Attempts to solve —3x+a—b =5x = x =...There may be other equations attempted

Al: x= aT—b or exact equivalent only. If multiple values are found the incorrect ones must be rejected

or this correct answer clearly indicated as their final answer (e.g. by underlining). Ignore any
reasoning given, mark the value.




< QUESTION

Number Scheme i
6.(a) |(25,3) oe B1 Bl
2
(b) Attempts one solution usually 4x-10+3=3x-2=x=5 M1 Al
Attempts both solutions —4x+10+3=3x-2=>x= ; dM1 Al
“4)
(¢) Attempts to solve y =kx+2 with x=2.5,y =3 or states that k£ <4 Ml
2
e Al
k 5
2
States §<k<4 Al
A3)
9 marks
(a)
Bl For one correct coordinate, either x=2.50r y=3
Bl  For (2.5,3). Allow x=...,y=... Allow exact equivalents
If a candidate reverses these and just writes down (3,2.5) score SC 10
(b)
M1  For a correct method of finding one point of intersection. The signs of the terms must be correct
Accept2(2x—5)+3 =3x-2=x=.. oe or —2(2x—5)+3 =3x-2=>x=..0¢
Note that equations such as 2(2x -5 ) +3=-3x+2 = x =...are incorrect and score M0
Al For 5 or g Ignore any reference to the y coordinate
dM1 For a correct method of finding both intersections
Al For both values 5 and g (with no extra solutions)
Ignore any reference to the y coordinates or x = %within the body of their solution.
(c)
M1  Attempts to solve y =kx+2 with THEIR x =2.5,y =3 to find & or deduces that k£ <4
An equivalent is attempting to set k equal to the gradient between (0,2) and (2.5,3)
Al Finds that & =% is a critical value
Al % <k<4
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Oy Scheme Marks
Number
5 (i) States x =2 Bl
J3secx+2=0 :>cosx:—§:>x=... M1
Y4
X =— Al
6
@)
(i) | Attempts to use cos26 =1—2sin’0 M1
6sin’6 +10sind —3=0 Al
-5+
sing = S‘Tm(: -1.926...,0.2595...) = 6 = arcsin(...) M1
6=15.0°, 165° Al
(4)
(7 marks)

Notes

()

Bl States X =2. May be seen anywhere in (i) and don’t be concerned where it comes from.

M1  For a correct process to solve </3secx+2=0E.g. secx = Flsx = COSX = —? = x=... Allow
slips in rearranging but must attempt to solve cosx =k, |k |<1 or secx =k, | k |>1 Degree value (
150°) following a correct equation implies the M mark. Note some may use sec’ x =1+tan’ x and
form a quadratic in tan x. These will need a correct identity, correct method to solve a quadratic
(which may be by calculator) and attempt to solve tanx =k, k =0

Al X= 5%[ and no other extra solutions in the range. Accept awrt 2.62 (and isw).

(i)
M1

Al

M1

Al

Note that </3secx+2=0—>Xx=

Question required working to be shown x =

5 . . L
Fn can score M1A1 as no incorrect work is seen, method implied.
57

5 without seeing at least~/3secx+2 =0 extracted first is

MOAO.

Attempts to use cos260 =+1+ 2sin’0 to forma quadratic equation in sin @ . If using alternative
forms for the identity, must also use cos® @ =1-sin’ @ before gaining this mark.

Correct 3 term quadratic equation Bsin’0+10sin#—3=0 or a multiple of this. Alternatively may

be scored for 65in29 +10sin 6 = 3 if followed by completing the square on LHS to solve.

Full attempt to find one value for & from a quadratic in sind. Must involved

e correct method to solve the quadratic in sing (usual rules, may use calculator) to produce a
value for sing

o use of arcsin(..) to reach the value for 8 (you may need to check the values if arcsin(...) is not
shown). Radian answers can imply the mark (awrt 0.263, 2.88 if correct).

May be scored from an incorrect identity as long as a quadratic is achieved. Accept arcsin

expression for the M

6 =awrt 15.0°, 165°and no other solutions in the range. Accept just 15° for 15.0° (but not awrt

15° if it does not round to 15.0°)

Condone a different variable used than 0 throughout.

N
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Question
Number Scheme Marks
6. | (2-10) B1B1
)
(b) ff(0)=f(-4)=.. M1
=8 Alcso
)
(c) Attempts to solve —3(x—2)—10:5x+10: X=.. M1
X > —% only Al
)
16
d =— B1
) x(or |x|) 3
Attempts 3(| X| —2)—10 =0=|x|=k, k>0
or 3(-x-2)-10=0=x =k M1
or 3(x-2)-10=0=>x=k = x=—k
X= (% andj —% with no other values Al
@)
(9 marks)
Notes
(a)

B1 For one correct coordinate
Bl For (2, —10). Allow x=...,y=... Do not accept e.g. 6/3 unless 2 has been seen/identified with

this.

(b)

M1  Forafull attempt at f f (0) . Can be scored for f (—4). Allow for use of their f(0) even if incorrect
as long as the process is clear, e.g. f(0) = .. stated or calculated first then used. May be scored by
first attempting ff(x) before substituting. This mark is for showing the correct process of
composites, so may be scored if there are slips or errors with modulus if the intent is clear.

Alcso ff(0)=8 only. A0 if other values given.

(©)

M1 Attempts to solve —3<x - 2) —10=5x+10= x=... Allow with equality or any inequality for the

M mark.
Alternatively, rearranges to | x—2| = ax+b, squares both sides and solves the quadratic.

Al X > —% (oe) only. If another inequality or value is given and not rejected withhold this mark.

(d)

Work for (d) must be seen or referred to in (d). Do not accept for work attempted in earlier parts but not

used in (d).

Bl For x= % . Allow when seen even from incorrect working as it could be verified. May be seen on
16

sketch as long as referred to in (d). Allow also for | x| = 3

N
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?\llaenitgg? Scheme Marks
8@) Starting with the LHS: 2cosec?20 (L cos 20) = 2‘_2;2’—02592‘9 M1
si
o
_2-2(-2sin" ) M1dM1
4sin“ @cos” 0
=sec’f=1+tan’0=RHS * Al*
4)
(b) sec® X—3seCX—4=0=>SeCX=... M1
COS X = % (ignore —1) Al
1
cosx=Z:>x=... dM1
X =75.5°, 284.5° Al
4
(8 marks)

Notes

(8 The most common method and where to award marks is as follows:

M1: Uses cosec20 = (oe) at some stage in the proof to convert the cosec into sine.

1
sin 260
M1  Attempts to use one of cos26 =+1+2sin?@ or sin20=2sindcosd but condone

sin?26 =2sin?@cos* @ as an attempt at squaring.

dM1: Depends on previous M. Attempts to use both cos260 =1-2sin?@ oe and sin26 =2sindcos o

Al*: Achieves the RHS with no mathematical errors seen and all stages of working shown. Must see
the sec’ @ before the final answer. Condone minor notational errors (e.g. a missing 6) but not
consistent poor notation throughout. There will be other solutions but if they work from both
sides then they need a conclusion at the end.

For other methods or variations apply scheme as follows:

M1:  Uses a correct identity for either cosec 26 or cosec?26 or cot?24 to get the equation in terms of
sin and cosine only or to introduce cosec2é if working in reverse. Condone the 2 becoming %.

M1:  Attempts to apply a double angle identity correct up to sign errors, e.g. cos26 =+1+2sin’6

dM1: Depends on previous M. Use of at least two correct double angle identities and/or Pythagorean
identities to progress sufficiently towards the goal (e.g. reduces all terms to single argument
form in cosine or sine only, or identify an appropriate factor to cancel to such, or to get all
double arguments if working in reverse with the sin 26 identified). There may be algebraic slips,
but all trig identities used up to this point must be correct (e.g. see stag reach in main scheme).

Al*:  Fully correct proof with sufficient stages shown including use of sec’§ =1+tan*@ or
equivalent identity (e.g. other Pythagorean relation), and if necessary, a conclusion given.

1 2 . S
For example 1+tan®@=sec’d=—7—= 2" M1, use of a suitable double angle identity
cos“6# 1+cos26
2(1-c0s26) _ 2(1-cos26) 2(1-cos20)

= = 5 =— 3 dM1, correct initial double angles
(1+c0s26)(1-c0s26)  1—cos’20 sin?20

identity and Pythagorean identity used to identify the sin in the denominator, all identities correct

=2cosec’26(1-cos20) 1% M1, use of correct identity for cosec?20. (Al if all correct)
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< QUESTION

(b) Note: allow with x or ¢ and allow recovery of mixed variables in this part.

M1:  Uses part (a) to forms a 3 term quadratic in SeCX or cos X, solves their quadratic and finds cos x
=... orsec x =... for at least one solution. For reference the quadratic in cos is
4c0s® X +3c0sx—1=0

1 . . N
Al: cosx= 2 (ignore any reference to cos X =—1) Must have a correct cosine or implied by a
correct answer after reaching a secant if no incorrect working seen. May be implied if not seen
explicitly.
dM1: Correct method to find a value for x from cos x = k where |k| < 1 as a solution for their equation.
May be implied by one correct angle from secx =Kk or cosx=Kk. Note radian answer awrt 1.3
implies dML1.

Al:  awrt 75.5° and awrt 284.5° Allow with or without 180° included, but there must be no other
angles in given interval. All previous marks must have been scored. Ignore answers outside the

domain.
(b)Alt 1+tan® x =4+3secx = 9sec’ x = tan* x —6tan’ X +9 = tan‘ x—15tan’ x=0 M1
=tan’*x=...(#0)
tanx:(i)Jl_S Al
tanx=k#0=>x=... dmM1
x=75.5° 284.5° Al
(4)

Notes

(b) Alt

M1: Makes sec x the subject, squares and solves the resulting quadratic in tan? x leading to a value for
tan? x. Note there may be variations on this approach, such as 1+tan® x = 4+3+y1+tan’ x being
used before squaring, or solving for “I+ tan? x”. Score for a correct approach leading to a value
for tan? x.

Al:  Correct value for tan x. Need not give both values.

dM1: Solves from their tan x =k, k # 0 to find a value for X

Al:  Both correct values obtained and no invalid solutions in the range (ignore 180° as main scheme).
Must reject extra solutions.

Note: other methods or variations may be seen, which can be marked according to the same principles,
first M for correct approach to find a value for a trig ratio, Al correct non-trivial value, dM1
solves for x.

N
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MARK SCHEME - IAL P3 (WMA13) - October 2023 - Q9 P3.1c Modulus functions & transformations
Question Scheme Marks
Number

9(a) k=-1 B1
. @)
(b)(i) f(0)=[2-4In(0+1)|=2-0=2 B1
(ii) o N
0=2 4In(x+1):>|n(x+1)_2:>x_e +0 M1
1
x=e2-1 Al
3
(© 2—-4In(x+)=3=In(x+Y)=... or -2+4In(x+D)=3=In(x+1)=... M1
2-4In(x+)=3=>x=.. and -2+4In(x+1)=3=>x=... dM1
1 5
CVs e“-1 e*-1 Al
1 5
"1"<x<et-1or x>e‘-1 ddM1A1ft
®)
(9 marks)
Notes
(@)
B1: For (k=)-1.Accept x=-1oreven x>-1
(b) (1)
B1l: For 2 seen as the y coordinate. May be identified as y or f(0) or (0, 2).
(i)
M1: Sets 0=2-4In(x+1), rearranges and proceeds to X=... of the correct form e” +q, q=0. May

be implied by awrt 0.65.
1

2

Al: x=e?-1 oraccept /e —1 oreven e*—1 May be seen as part of a coordinate pair.

(c) Note this is MIA1A1M1AL on epen but is being marked as MIM1A1M1AL.

M1: Forms one valid equation with the modulus signs removed and attempts to solve at least as far as
In(x+1) . Accept with > or < etc instead of = for the M.

dM1: Both equations attempted, allowing for “=" or any inequality used, to achieve values (may be
decimals) for each via In(x + 1) =... and suitable attempt to undo In (raises to a base power, allow
an error with the base). For reference the decimals are —0.221 and 2.49 to 3 s.f.

Al. Both e%—l, e% _1 Must be exact.

ddM1: Chooses the outside region for their values. Allow with strict or non-strict inequalities. It is

dependent on both previous method marks and requires two distinct critical values. The left hand
1 5

bound —1 may be missing for this mark (i.e. allow for x<e -1 or x> e* —1) Allow with

decimal values for this mark. ddMO if the middle section is also included but isw if they choose
the correct outside region but later reject the left hand portion due to confusion with x > -1

Watch out for x> ... for both inequalities, which is ddMO.
1 5
ALft: v qn oy e 4_1 or x>e4_1 Orany equivalent form following through on their negative k

from (a). Must be exact (not decimals). Allow “and” instead of “or” — ie both regions are
identified as the solution. But use of M in set notation is AQ as it is incorrect.
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B1: Fully correct. Accept 5 < ff <22, (5, 22) . Allow with y or range but 5 < x <22 would be Bl

BO
Question
Number Scheme Marks
7
7 (a) —5,~10 Bl BI
2
1 1
(b) | Attempts to solve either 5(2)6 + 7) - 10...§x +1
Or —l(2x+7)—10 lx—i—l M1
3 -3
4
Both correct critical values x...— 8?7, TS Al
Selects outside region for their critical values dM1
4
Correct solution x < —8?7, X 275 Al
(C))
Bl
y Shape
Bl ft
Maximum
(c) o Bl
One correct minimum
13 Ca
> Fully correct Bi
4
(10 marks)
(a) Must be answered in (a). We cannot imply from work in (c)
14
B1: One correct coordinate. Allow as x = —%, y=—10 . Allow exact equivalents , e.g. x = vy
. 7 . 14
B1: Both coordinates correct. Allow as x = 5 y =—10. Allow exact equivalents , e.g. x = -7

(b)

M1: Attempts to solve a correct equation or inequality. They must proceed as far as x ...

Condone slips where they attempt to change the subject in an attempt to make | 2x+7 | the

subject.
1

. 1
So either of 5| 2x+7 |—10... 3

x+1:>|2x+7|=ax+b:>2x+7=ax+b

or %|2x+7 |—10...%x+1:>|2x+7|=ax+b:>—2x—7=ax+b are condoned for
the M1

.. 87 45 . . . .
Al: Correct critical values x...— < TWthh may be part of an incorrect inequality
dM1: Selects outside region for their critical values. Allow these to be written as one inequality. Allow
the strict inequalities here. It is dependent upon having attempted to solve one correct equation
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Question
Number Scheme Marks
10(2)(7) (y=)10+k B1
ii
i X = 10 o y=k B1
k
X = % and y=k B1
(©)
Remember to look for answers written within the question and on Figure 3.
If there is any contradiction, answers in the body of the script take precedence.
(@)(0)
B1:  Correct expression. The “y =" is not required and condone x=10+k or A=10+Kk

Allow e.g. (0, 10+k) and condone (10+k, 0)
Do not allow (y =)[-10|+k
(a)(ii)

B1:  One correct coordinate. May be seenas x = ... ory = ... or in coordinate form e.g. (% ) or (..., k)

Condone missing brackets e.g. % . OF Ly K

Do not condone e.g. P = k unless k is clearly identified as the y coordinate.
Do not condone coordinates the wrong way round unless they are correctly assigned first and then

apply isw.
B1: Both correct. May be seenasx=...andy=... orase.g. (% kj and no other points.

Condone missing brackets e.g. % k

Do not condone coordinates the wrong way round unless they are correctly assigned first and then
apply isw
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(b)

kx—10+k=2k=x=...or -kx+10+k=2k=x=... M1
kx—10+k =2k = x=... and —kx+10+k=2k = x=... dM1
X,, % or x...loljk oe Al

(©)

(b) Alternative by squaring.

|kx—10]+ k = 2k = |kx 10| = k = k*x? — 20kx +100 = k?

M1
— k2x2 — 20kx+100—k? =0
ZOkJ_r\/4OOk2—4k2(1OO—k2)
k2x? —20kx+100—k*=0= x = -

2k dM1

104k

K
X, —1Ok_k or x...lol:k oe Al

(b)
M1:

dM1:

Al:

M1:

dM1:
Al:

Attempts to solve one of these equations to find one of the limits in terms of k.
Condone use of any inequality for either equation e.g. kx—10+k... 2k where ... is any inequality or “="
May be implied by one correct limit.
Attempts to solve both of these equations to find both limits.

Condone use of any inequality for either equation e.g. kx—10-+K... 2k where ... is any inequality or “=",
May be implied by both correct limits.
Correct range. Allow equivalent notation e.g. the inequalities written separately or e.g.

X 5y 1O_k, x...lo+k or —oo,M , lo+k,oo Condone x,, 10-k and x...loJrk but not
k k k k k
10-k 10+k
X, —— N X...
k k
Do not allow e.g. 1O|:k” X, 1Ok_k unless e.g. X,, % X ... lOI:k is seen first then apply isw.
Allow equivalent correct expressions for the limits
10 k-10 k-10_ 10-k 10 10+k
eg. —1- , for and — +1for etc.
k k -k k k

Alternative by squaring:

Isolates the |kx—10|, squares both sides, obtaining at least 3 terms on the Ihs and collects terms to obtain

a3TQ=0
Attempts to solve their 3TQ using a correct method to find both limits.
Correct range as above.
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© k>3 B1
Maximum value of k occurs when y = 3x + 1 passes through vertex e.g. when
“k"=3x“%"+1:>k=... M1
See below for alternative approaches.
2 = —_ = =
k?-k-30=0=(k+5)(k—6)=0=k=6 Al
So maximum K is 6
3<k<6 Al
(4)
Total 10

B1:  For the correct minimum value for k.
Condone k ...3 or “minimum value is 3”.

This may be seen embedded in an inequality but it must be identified as the minimum value.
M1: Correct strategy for the maximum value of k.

E.g. sets f(x) =3x+1, substitutes their x :% andy =k or their y from (a)(ii) and attempts to solve

for k.
An equivalent approach would be to substitute their x =% andy =k or their y from (a)(ii) into

y =3x+1 and attempt to solve for k
For this mark the value obtained may not be the maximum value for their range.
See below for alternative methods for finding the maximum value of k.
Al:  For the correct maximum value for k
Condone k ,, 6
This may be seen embedded in an inequality but it must be the maximum value.
Al:  Correct range in terms of k. Allow equivalent notation e.g. k>3 and k <6 or (3, 6) but not

k>3o0or k<6ork>3, k<6




< QUESTION

Alternative methods for finding the maximum value of k:

kx-10+k = 3x+1, —kx+10+k = 3x+1
11-k 9+k 11-k 9+k
X = , X= fe =
k-3 3+Kk k-3 3+k
=2k?*-2k-60=0=k=-5,6

or

kx-10+k = 3x+1, —kx+10+k = 3x+1
3x+11 9-3x

3x+11 9-3x
=k= k= = =
X+1 x-1 X+1 x-1
:>3x2+x—10=0:>x=§,—2
.
X===k= 5 =6 or 5 =6 or3[—)+1=6
3 24 1 3
3 3
or

kx—-10+k = 3x+1:>x=M

k-3
10_1-K ey 30-0=k=-56
K k-3

or
—kx+10+k =3x+1=k = 9-3x
9_3[1k°j
k=— K/ k2 _K_30=0=k=-5,6
)
k

These are some examples — there will be other correct methods.
If you are unsure if a particular approach deserves credit, use review

In general allow M1 for a complete overall method condoning slips.
Al can then be scored when k = 6 is seen as the maximum value.

&Q’/‘
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< QUESTION

5@) | pg =4_—1+§|n(3) =-0.828
W="5"2 7 (=-0.828...) M1
P(1) =-0.828... (which is negative so a loss of £0.828 million,) so approximately £830 AL*
000 loss.
)
(b) P(6)=-0.08799... and P(7)=0.1975... M1
There is a sign change and hence as P is continuous on [6,7], so the root for t lies in Al
[6,7]1.
)
C _
© P=0:>M=—§In t+12 =>t= M1
10 4 | (2t+1)
10 —3In{ ”12] 1 .
4 ((2t+]) 130, [ t+1
=>t= =—+—In| ——
4 4 16 (2t +1) Al*
2
1,15 (2t+1) |
4 8 t+1
2
(d) 1 15, (13
t,==+=—In| — |=...(=6.219978...
24 8 | 7 ( ) M1
t, =awrt6.220 Al
t; =6.314 Al
@)
(e "6.3..."x12 =...months, or repeated iteration to root 6.31487 gives 75.7785... or allow M1
"0.314..."x12="3.768..."
So it will take 76 months.  (Accept 75 or awrt 76 months) Al
2
(11 marks)
Notes:
(@)
M1: Attempts to substitute t = 1 into the given formula. Allow if there is a slip but an attempt at substitution
is seen, or allow for sight of awrt —0.828...
Al*: Correct value for P(1) seen to at least 2.s.f. if substitution has been shown, or at least 3 s.f. if no
substitution was shown, followed by suitable conclusion that it is a loss of approximately £830 000, though
accept awrt £830 000. Must mention “loss” and include units (£ or pounds). Negative value given is A0.
(b)
M1: Attempts both P(6) and P(7) with at least one correct to 1 s.f. rounded or truncated. A tighter interval
could be used but must contain the root (6.31487)
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< QUESTION

Al: Both correct tol s.f. rounded or truncated with suitable conclusion made. Must mention sign change and
continuity as well as conclusion about root in the interval.

(©

M1: Attempts to isolate as from the 4;—81 after setting equal to zero.

Al1*: Correct work to reach the given answer with no incorrect work seen and at least one intermediate step
with either at =... reached or with the power law applied on the In term (need not see the power explicitly
used, but must have been applied correctly).

(d)

M1: Attempts to use the formula with t: =6. Accept with 6 embedded in formula followed by a value, or awrt
6.2 (or even 6.3) as implying the attempt.

Al: awrt 6.220 Accept 6.22.

Al: Correct and given to 3 d.p.

(€

M1: Multiplies their final root from (d) by 12, or uses repeated iteration to narrow further then multiplies by
12. Allow the method if they multiply the fractional part only by 12 and get, e.g., 6 years 3 months.

Al: Accept 75 or 76 months, or anything that rounds to 76 months.




< QUESTION

Question Scheme Marks
6 d : _
— (cosx+sin x) =—sin x+cos x B1
dy (cosx+sinx)(3cosx)—(—sinx+cosx)(2+3sin x) M1
dx (cos x +sin x)’ Al

_ 3008” X + 3SIAXTOS X +28in X +3sin® X — 208 X — 3SIAXTOS X

€0s? X + 2sin X cos X +sin® x

- M1

_ 3+2sinX—2C0s X

~ 1+2sinxcosx
=3+25inx—2003xxsecx=3secx+23ecxsinx—2 M1
1+2sinXCOSX  Secx sec X +2sin x
=2tanx+33ef:x—2 Al
Sec X+ 2sin x
(6)
(6 marks)

Notes:

B1: Correct differentiation of cos x+sin x — —sin x+cos x seen somewhere in the proof. This can be scored
if seen in workings for quotient rule, or even in the denominator of an incorrect attempt at u’/v’.

M1: Differentiates using the quotient rule or product rule. For quotient rule look for
(cosx+sinx)(+acosx)—(+sin x+cos x)(2+3sin x)

(cosx+sin x)2

For product rule look for (cosx+sin x)'1 (+acosx)=*(cosx+sin x)'2 (£cos x£sin x)(2+3sin x)

Al: Fully correct derivative.

M1: Expands numerator or denominator and applies sin? x+cos® x =1 or other appropriate correct
Pythagorean identity at least once in the proof.

M1: Attempts to multiply through by sec x in numerator and denominator (to achieve the 2sin x term). Not
dependent and may be scored before the previous M.

Al: Correct answer. Terms may be in different order. Allow minor slips in notation (e.g. a single missing x)
and recovery from missing brackets if the intent is clear, but AO for persistent incorrect notation throughout
(e.g no X’s in the trig terms).

Lo
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< QUESTION

3
(ii) (0,-17) Bl
@)
(b) 5-(3x-22)=0=x=... and 5+(3x-22) =0=>Xx=... M1
x=9 and x= S Al
3
)
© 5 Correct U shape symmetric about y-axis B1
with vertex on negative y-axis.
A/ Graphs meet (9,0) with (-9,0) also B1
(~9.0) o 9.0) ¥
shown.
Intercept at (0,—9) stated or labelled. B1
®)
(d) Intersect at (9,0) Bl
Or when 5+3x—22=%x2—9 T M1
=(x-3)(x-24)=0=>x=... dmM1
Need smaller root x=3=y=... — dMm1
(3-8) Al
®)
(12 marks)
Notes:
(@)
Mark (a) and (b) as a whole
(i) B1: Correct coordinates. May be listed as separate coordinates, x= ...,y =...
(i) B1: Correct y intercept (and no other). Accept as coordinates, or stated as y = ... (allow without the x = 0)
or seen on graph as the y intercept. However just —17 on its own is BO.
(b)
M1: Attempts to solve both equations, though allow sign slips when expanding the brackets.
Al: Both values correct.
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MARK SCHEME - IAL P3 (WMA13) - October 2022 - Q7 P3.1c Modulus functions & transformations < QUESTION

(©

B1: Correct U shape symmetric about y-axis with vertex on negative y-axis. Allow a little tolerance with
shape, but the curve must not clearly bend back on itself, and the minimum should be clearly intended as on
the y-axis.

B1: Graphs meet at (9, 0) both x intercepts labelled or clearly stated (and no others). Shape need not be
correct for this mark e.g. inverted parabola may be shown). Must pass through the same point as the modulus
graph at (9,0).

B1: States or labels the y intercept at (0,—9) and intercept must be on the negative y-axis.

(d)
B1: Deduces one point of intersection is (9,0). Must be seen in (d), or clearly stated as the answer if parts are
not labelled, do not accept just this marked on the diagram.

M1: Sets up equation for the intersection of the quadratic with the positive gradient line segment, accept
543x+22 =%x2 -9

dM1: Solves their equation, any valid means. After the equation is seen you may see just the correct root, or
24, which implies the M. Alternatively, expanding and solving the quadratic by usual rules.

dM1: Depends on first M mark. Selects the correct (smaller) root of their quadratic and attempts to find the
y value (accept any y value appearing after choosing the correct root as an attempt). The larger root must be
rejected. Following a correct equation, if no working is shown for finding the root (see above) they must have
achieved x = 3 and go on to find y for this mark. From an incorrect equation/incorrect method to solve, if only
one root is given it must correspond to the smaller root of their equation/method.

Al: (3,-8)only

Alternative by squaring.

B1: As main scheme.

M1: Rearranges to ‘3x— 22‘ =a+bx? (z 14—;x2j and squares both sides to reach a quartic equation. If

correct itis — x* — 2992 1 130x 2880

81 9
dM1: Solves the resulting quartic (any means). If no method is shown, a correct value from the correct
equation will imply the mark.
dM1: Depends on first M mark Selects correct root (second of the four in ascending order) and finds the y
coordinate. If no method shown, but the quartic was correct, they must be using x = 3.
Al: As scheme.

X2
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