uideVyGrades

YOUR GOALS. OUR EXPERTISE. =

EDEXCEL INTERNATIONAL A LEVEL MATHS: QUESTIONS BY TOPIC

Differentiation (P3.4)

28 questions - 223 marks - Mark schemes included
Past papers January 2020 - June 2025 - 3 sub-topics

guidemygrades.com
@Guidemygrades
@Guidemygrades
@Guidemygrades
info@guidemygrades.com

Piccadilly Business Centre, Unit C, Aldow Enterprise Park
Blackett Street, Manchester, M12 6AE



HOW TO USE THIS BOOKLET
Questions are grouped by sub-topic and run from the lowest to the highest mark tariff, then oldest paper first.

Click any row below to jump straight to that sub-topic or question.

On every question page, click ANSWER in the top-right corner to jump to its mark scheme; < QUESTION brings you back.
A gold bar in the left margin marks exactly where the question sits on the original page.

Diagrams, graphs, grids and tables are printed exactly as they appear in the original papers.

Each question is filed under its main topic; longer questions may also test skills from other topics.

QUESTION SOURCE MARKS PAGE
P3.4a CHAIN, PRODUCT & QUOTIENT RULES 7 Qs - 60 marks 2
1. Q6 IAL P3 (WMA13) October 2022 6 3
2. Q5 IAL P3 (WMA13) October 2023 7 7
3. Q6 IAL P3 (WMA13) June 2025 8 9
4. Q8 IAL P3 (WMA13) October 2020 9 13
5. Q8 IAL P3 (WMAL13) June 2023 9 17
6. Q7 IAL P3 (WMAL13) October 2024 10 21
7. Q4 IAL P3 (WMA13) January 2020 11 25
P3.4b  TANGENTS, NORMALS & STATIONARY POINTS 11 Qs - 85 marks 29
8. Q1 IAL P3 (WMA13) January 2022 4 30
9. Q1 IAL P3 (WMA13) June 2022 6 32
10. Q1 IAL P3 (WMA13) June 2021 7 34
11. Q3 IAL P3 (WMAL13) October 2022 7 36
12. Q6 IAL P3 (WMAL13) January 2024 7 38
13. Q6 IAL P3 (WMA13) October 2021 8 42
14. Q9 IAL P3 (WMAL13) January 2025 8 44
15. Q9 IAL P3 (WMAL13) October 2021 9 48
16. Q7 IAL P3 (WMAL13) January 2023 9 52
17. Q7 IAL P3 (WMAL13) June 2025 9 56
18. Q9 IAL P3 (WMA13) January 2023 11 60
P3.4c  DIFFERENTIATING X = F(Y) & CONNECTED RATES 10 Qs - 78 marks 64
19. Q7 IAL P3 (WMA13) June 2021 5 65
20. Q4 IAL P3 (WMAL13) October 2022 5 67
21. Q2 IAL P3 (WMAL13) October 2024 5 69
22. Q10 IAL P3 (WMAL13) January 2022 7 71
23. Q10 IAL P3 (WMA13) June 2023 8 74
24. Q3 IAL P3 (WMA13) June 2025 8 77
25. Q10 IAL P3 (WMA13) January 2025 9 81
26. Q10 IAL P3 (WMA13) January 2021 10 84
27. Q9 IAL P3 (WMA13) June 2024 10 87
28. Q9 IAL P3 (WMA13) June 2025 11 90
A



QUESTIONS

28 questions - 223 marks - 3 sub-topics

SUB-TOPIC P3.4a

CHAIN, PRODUCT & QUOTIENT RULES

Sub-topic P3.4a - 7 questions - 60 marks - lowest tariff first
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ANSWER >
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6.
2+ 3sinx
cosx + sinx
Show that
dy atanx+ bsecx +c
dx secx + 2sinx
where a, b and ¢ are integers to be found.
(6)
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Question 6 continued

A



ANSWER >

Leave
blank
Question 6 continued
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Question 6 continued
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ANSWER >

7

5. The curve C has equation

_ In(x* + k)

X +k xelk

where k is a positive constant.
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(a) Show that

OO
LKL

dy _ Ax(B-1n(x* +4))
dx (2 +k)
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where 4 and B are constants to be found.

3
Given that C has exactly three turning points,
(b) find the x coordinate of each of these points. Give your answer in terms of &
where appropriate. s
®
(c) find the upper limit to the value for k.
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Question 5 continued

(Total for Question S is 7 marks)
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ANSWER >

BZ

Figure 2
Figure 2 shows a sketch of the curve with equation y = f(x) where
f(x) = (2x —3)’e™ ?

(a) Show that

f'(x) =2(Px + Q)(2x — 3)"e" "’

where P, Q and n are constants to be found.

“
(b) Hence find
(i) the x coordinates of the stationary points on the curve with equation y = f(x),
(ii) the range of the function g defined by

3 4x-2 3

g(x)=8(2x-3)e x<5
(Solutions relying entirely on calculator technology are not acceptable.)
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Question 6 continued
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 8 marks)
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8. (i) The curve C has equation y = g(x) where
g(x) = e sec2x i< E
4 4
(a) Find g'(x)
2
(b) Hence find the x coordinate of the stationary point of C.
3
(i) A different curve has equation
4
x = In(sin y) 0<y<5
Show that
&y _ e
dx  f(x)
where f(x) is a function of e* that should be found.
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Question 8 continued
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Question 8 continued

(Total 9 marks) —]
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ANSWER >

VA

Figure 3

Figure 3 shows a sketch of the curve C with equation y = f(x), where
f(x)=2x+ 1)’e ™
(a) Show that
f'(x)=AQ2x+ 1)’ (1 —4x) e ™

where A4 is a constant to be found.

“
(b) Hence find the exact coordinates of the two stationary points on C.

3
The function g is defined by

g(x)=8f(x-2)
(c) Find the coordinates of the maximum stationary point on the curve with equation
y=gx.
2
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Question 8 continued
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(Total for Question 8 is 9 marks)
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ANSWER >

~
7.
y A
C
@ X
P
Figure 3
The curve C has equation y = f(x), where
f(x)=x Va4x+7 x}—%
(a) Show that
F() k* (2x + 3)
¥y = — =227
Vax +7
where £ is a constant to be found.
“
The point P, shown in Figure 3, is the minimum turning point on C.
(b) Find the coordinates of P.
2
(c) Hence find the range of the function g defined by
7
g(x) =—4f(x) x>-7
(2
The point Q with coordinates (%, %) lies on C.
(d) Find the coordinates of the point to which O is mapped when C is transformed to
the curve with equation
3
=40f|x—=1| -8
g (x 2)
(2
\ y,
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Question 7 continued
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Question 7 continued
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Question 7 continued

(Total for Question 7 is 10 marks)
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2
4. () fry = XT3 x#3
x=3
: : P(x) : :
(a) Find f'(x) in the form @ where P(x) and Q(x) are fully factorised quadratic
expressions.
(b) Hence find the range of values of x for which f(x) is increasing.
)
(i)
g(x) = x+/sin4x 0 <x<%
The curve with equation y = g(x) has a maximum at the point M.
Show that the x coordinate of M satisfies the equation
tandx + kx =0
where £ is a constant to be found.
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Question 4 continued
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Question 4 continued
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Question 4 continued
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SUB-TOPIC P3.4b

TANGENTS, NORMALS & STATIONARY POINTS

Sub-topic P3.4b - 11 questions - 85 marks - lowest tariff first
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ANSWER >
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1. Find, using calculus, the x coordinate of the stationary point on the curve with equation

y=Q2x+5)e"
“4)
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Question 1 continued
Q1
(Total 4 marks) 7
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1. The curve C has equation
y=0Cx-2)
dy
Find ——
(a) Find dx
2
Given that the point P (%, 1) lies on C,
(b) find the equation of the normal to C at P. Write your answer in the form
ax + by + ¢ =0 where a, b and ¢ are integers to be found.
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Question 1 continued
Q1
(Total 6 marks) —]
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1. The curve C has equation
5 1
Y =Xx"cos Ex 0<x<r

The curve has a stationary point at the point P.

(a) Show, using calculus, that the x coordinate of P is a solution of the equation

x = 2arctan| —
X

“
Using the iteration formula
4
X, = 2arctan(—) x, =2
xn
(b) find the value of x, and the value of x,, giving your answers to 3 decimal places.
3
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Question 1 continued

(Total 7 marks) —]
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In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
VA
A
_— »
19) (2,0) x
Figure 1
Figure 1 shows a sketch of part of the curve with equation y = f(x) where
f(x)=(@x-2)e" xeR
The curve has a maximum turning point at 4 and a minimum turning point at (2, 0)
(a) Use calculus to find the exact coordinates of A.
)
Given that the equation f(x) =k, where £ is a constant, has at least two distinct roots,
(b) state the range of possible values for .
(2)
y,
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Question 3 continued
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y=1fx)

\

Figure 1

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
Figure 1 shows a sketch of the curve with equation y = f(x), where
f(x) =2¢>"" cosx 0< x<2n

The curve intersects the x-axis at point R, as shown in Figure 1.

(a) State the coordinates of R

1

The curve has two turning points, at point P and point Q, also shown in Figure 1.

(b) Show that, at points P and Q,

asin® x + bsinx +¢ =0
where a, b and ¢ are integers to be found.

4

(c) Hence find the x coordinate of point O, giving your answer to 3 decimal places.
2
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Question 6 continued
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 7 marks)
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6. (i) The curve C, has equation

y=3InG*—5) -4 +15  x>5

Show that C| has a stationary point at x = Tp where p is a constant to be found.
O

(i) A different curve C, has equation
y=4x—12sin’x

(a) Show that, for this curve,
d
& A+ Bsin2x
dx

where 4 and B are constants to be found.

(b) Hence, state the maximum gradient of this curve.
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Question 6 continued
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ylk

v

Figure 1
Figure 1 shows a sketch of part of the curve C with equation y = f(x) where
f(x) = 6~/x In(4x) x>0
The curve cuts the x-axis at point P

(a) State the x coordinate of P
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1
The point Q, shown in Figure 1, is the stationary point on C
(b) Use calculus to find the exact coordinates of O 8
®
(c) Hence find the range of the function g(x) where %
g() = -2£(x)
@ g
o
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&
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Question 9 continued
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Question 9 continued
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Question 9 continued

(Total for Question 9 is 8 marks)

S
<

o8
R

%
KX
KX

%

47



ANSWER >

( Leave | -
blank
9.
VA
/
y=1)
0 >
X
P
Figure 3
Figure 3 shows a sketch of part of the curve with equation y = f(x), where
1
f(x) =x(x* —4)e ?
(a) Find f'(x).
2
The line / is the normal to the curve at O and meets the curve again at the point P.
The point P lies in the 3rd quadrant, as shown in Figure 3.
(b) Show that the x coordinate of P is a solution of the equation
1 e
X =-— 2
5 16 +¢
4
(c) Using the iterative formula
1 x :
Y=oVt Wit =2
find, to 4 decimal places,
(i) the value of x,
(i) the x coordinate of P.
3
\ y,
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Question 9 continued
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Question 9 continued
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Question 9 continued
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7

7. The curve C has equation
x = 3tan y—% xeR —§<y<—7r

(a) Show that
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where @ and b are integers to be found.
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“
The point P with y coordinate % lies on C.
Given that the tangent to C at P crosses the x-axis at the point Q.
(b) find, in simplest form, the exact x coordinate of Q.
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Question 7 continued
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Question 7 continued
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Question 7 continued

(Total for Question 7 is 9 marks)
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7. A continuous curve has equation

y= e “sin3x 0<x<

WYy

The curve has a stationary point at the point P.

(a) Show, using calculus, that the x coordinate of P is a solution of the equation

o2
X = —arctan| —
3 2x

C))
Using the iteration formula

X, = leurctan 3 x, =04
3 2x

n

(b) find the value of
@ x,
(i1) x,

giving your answers to 4 decimal places.

(©))

(c) Using a suitable interval and a suitable function which should be stated, show that
the x coordinate of P is 0.430 correct to 3 decimal places.

2
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Question 7 continued
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Question 7 continued
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Question 7 continued

(Total for Question 7 is 9 marks)
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Figure 3

Figure 3 shows a sketch of part of the curve C with equation

y=\/3+4e"2 x>0

(a) Find %, giving your answer in simplest form.

2
The point P with x coordinate « lies on C.
Given that the tangent to C at P passes through the origin, as shown in Figure 3,
(b) show that x = a is a solution of the equation
4x%e” —4e” —3=0
3
(c) Hence show that « lies between 1 and 2
2
(d) Show that the equation in part (b) can be written in the form
v=1a43e7
2 (1)
The iteration formula
Xyl = % V4 + 3e_x"2
with x; =1 is used to find an approximation for a.
(e) Use the iteration formula to find, to 4 decimal places, the value of
(1) x;
(i) «
3
\ y,
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Question 9 continued
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Question 9 continued
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Question 9 continued

(Total for Question 9 is 11 marks)
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SUB-TOPIC P3.4c

DIFFERENTIATING X = F(Y) & CONNECTED RATES

Sub-topic P3.4c - 10 questions - 78 marks - lowest tariff first
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7. Given that

xX=6sin*2y 0<y<%

show that

dy 1

dx  AJ(Bx - x?)

where 4 and B are integers to be found.
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Question 7 continued

(Total 5 marks) —]
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4. y=log, (2x +1)

(a) Express x in terms of y.

)

. . d
(b) Hence, giving your answer in terms of x, find d—y
X
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Question 4 continued
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(Total 5 marks) —]
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Figure 1
Figure 1 shows a sketch of the curve with equation
x=2"+5y-6
dy
a) Find —— interms of y.
(a) & y
2
The point P lies on the curve and is shown in Figure 1.
Given that the tangent to the curve at P is parallel to the y-axis,
(b) find the coordinates of P.
3)
L
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Question 2 continued

(Total for Question 2 is 5 marks)
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10. VA
C
0 X
Figure 3
Figure 3 shows a sketch of the curve C with equation
x=ye” velR
(a) Show that
Y__ v
dx x(1+2y)
C))
Given that the straight line with equation x = k, where £ is a constant, cuts C at exactly
two points,
(b) find the range of possible values for k.
3)
. J
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Question 10 continued
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Question 10 continued
Q10
(Total 7 marks) j
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Figure 4
Figure 4 shows a sketch of the curve with equation
_ 246
T
(a) Find @ giving your answer as a fully simplified fraction.
@
The tangents at points P and Q on the curve are parallel to the y-axis, as shown
in Figure 4.
(b) Use the answer to part (a) to find the equations of these two tangents.
“4)
.
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Question 10 continued
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(Total for Question 10 is 8 marks)
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7

3. The curve C has equation

4y* -3
2y +1 2

(a) Find % in terms of y, giving the answer in simplest form.

C))
A point P lies on C.
Given that
» the gradient of the tangent to C at P is %
* the point P lies above the x-axis
(b) find the coordinates of P.
(Solutions relying entirely on calculator technology are not acceptable.)
“
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Question 3 continued
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 8 marks)
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B e ™)
10.
y A
P(a, b)
0 X
Figure 2
Figure 2 shows a sketch of the curve with equation
T
x=3cos2y -3<x<3 0<y<5
o
(a) Find d in terms of y.
2
(b) Hence show that
v k
dx 9—x*
where £ is a constant to be found.
3
The point P(a, b) lies on the curve and is shown in Figure 2.
Given that
1
» the gradient of the curve at P is ~2
* both a and b are positive
(c) find the exact values of a and b.
C))
\ y,
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Question 10 continued
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Question 10 continued
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(Total for Question 10 is 9 marks)
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10. The curve C has equation
2 71.
x = 3sec” 2y x>3 0<y<z
(a) Find :12 in terms of y.
4 2
(b) Hence show that
y__r
dx  gxJx -3
where p is irrational and ¢ is an integer, stating the values of p and ¢.
3
(c) Find the equation of the normal to C at the point where y = %, giving your answer
in the form y = mx + ¢, giving m and ¢ as exact irrational numbers.
)
. J
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Figure 5

The curve shown in Figure 5 has equation

x=4sin’y — 1 0<y<

oY

The point P(k, %) lies on the curve.

(a) Verify that k=2
ey

(b) (i) Find ? in terms of y
Y

. dy 1
i1) Hence show that — = ———+——
) dx  2Jx+143-x
(6)

The normal to the curve at P cuts the x-axis at the point .
(c) Find the exact area of triangle OPN, where O is the origin.

Give your answer in the form ax + bz’ where a and b are constants.

3
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Question 9 continued
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7

Question 9 continued

(Total for Question 9 is 10 marks)

TOTAL FOR PAPER IS 75 MARKS

INZ]
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ANSWER >

V4

.
/C
B

N

Figure 2

Figure 2 shows a sketch of the curve C with equation

X = gsin 3y + r i <y <
3 y 4 y
The curve intersects the y-axis at the points 4 and B as shown.
(a) Find the exact value of the y coordinate of

e point 4

e point B

(b) Show that

(&) -7
dx p—qx’

where p and ¢ are integers to be found.

The normal to C at 4 and the tangent to C at B intersect at the point D.

Using
» the answer to part (b)
» the sketch of curve C in Figure 2

(c) find, in simplest form, the exact x coordinate of D.

(©))

(O]

(C)

Q‘\’/ﬂ'
a0




ANSWER >

Question 9 continued
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ANSWER >

7

Question 9 continued
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ANSWER >

Question 9 continued

(Total for Question 9 is 11 marks)

S
<

o8
R

%
KX
KX

%

93



MARK SCHEMES

official mark schemes, in the same order as the questions
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MARK SCHEME - IAL P3 (WMA13) - October 2022 - Q6, Q4 P3.4a Chain, product & quotient rules < QUESTION

Question Scheme Marks

1(a) 2x° —4x-15=(Ax+B)(X* +3x+4) +C(2x+3) = A=... or

2X...
x2+3x+4>2x3+0x—4x—15 M1
2 ...
A=2 Al
B=-6C=3 AlAL
4)
© | [0 a5 sl e
| f(x)dx="A St B"x+"C In(x +3x+4) o
f(x)dx = x* —6x+3In (X" +3x+4)
@5
f(X) dx=(5° ~6x5+3In (5 +3x5+4)) (3 ~6x3+3In(3* +3x3+4)) =.. dm1
3
44
=—5+3In44+9—3|n22=4+3In(§J M1
=4+In8 Al
®)
(9 marks)
Notes:
@

M1: A correct method leading to at least one of the constants. May attempt long division getting the term A,
or multiply through and compare coefficients or substitute values. Note that achieving A = 2 implies this
mark.
Al: A=2 May be seen in the long division or in the expression.
Al: Either B=-6 or C =3 Stated or as part of the expression
Al: Both B=-6 and C =3Stated or as part of the expression
(b) Note: use of letters A, B and C can score max 3 marks M1A1ftdMOM1AO.
M1: Attempts to integrate their answer to (a), look for x" — x™* at least once and
2x+3
x* +3x+4
Alft: Correct integration following through their A, B and C (or with letters).
dM1: Applies the limits to their integral and subtracts. Must have numerical values for this mark..

M1: Uses correct log laws to combine the log terms into a single log term. (Need not have used the power
law at this stage, unless earlier error leads to mismatch of coefficients.) Allow if letters used, so 3CIn(44/22)
can score this mark.

Alcao: Correct answer in the form specified.

—kIn(x?*+3x+4) Allow with letters used if values have not been found.

~'/‘
RA
95



< QUESTION

Question Scheme Marks
2(a) Either f(x) <5 or f(x)...3 M1
3, f(x)<5 Al
)
(b) i :S—L:L:S— :i:3x+2:>x:...
My 3X+2  3x+2 y 5-y M1
(f‘l(x))=1(i—2j oesuchas — 4 2 or 2X=6 Al
3(5-x 15-3x 3 15-3x
(ii) Domainis 3,, x<5 B1ft
(©)
© fg(-z)=f 4sm(—£+£] =f 4sin(—£] =f(2)=... M1
3 6 6
4 9
:5—_:_
6+2 2 Al
)
(7 marks)
Notes:
(@)

M1: One correct end of range, though allow with ,, or < and ... or > (in correct direction) at the respective
ends, and accept with y instead of f(x), or even with x for the M1.

Al: Correct range, allow with y instead of f(x) or with other correct set notation (but use of x is A0 unless in
formal set notation). Accept as two separate inequalities.

(b)(¥)

M1: Attempts to make x or a swapped y the subject of the equation. Allow sign slips, but there should be a
correct order of operations.

Al: Correct rule, must be in terms of x, accept equivalents and isw after a correct answer is seen. Do not be
concerned with the Ihs (accept y = ... and even condone f(x) =...)

(b)(ii)

B1ft: Follow through on their answer to (a). Accept intervals or set notation answers. Do not accept e.g.

3,, f(x)<5 orwithy

(©

M1: Attempts to evaluate g at —z and substitutes into f. (Allow even if a negative value is found.)
Evaluation of g(—7) must be attempted, not just substitution into the expression. They may find the
expression for fg(x) first and substituted, in which case the trigonometric expression must be evaluated before
the mark is awarded.

Al: Correct answer. Accept as decimal. Dot not isw if they try to change to degrees.




< QUESTION

3@ | f(x) = 2(x-2)xe™ +(x—2)" x3e™ 'X'll
f'(X) =0=e™(x-2)(2+3(x-2))=0=>x=.. M1
4
X=— Al
—*73
4, (44 4)
=— SOAis | —,—e
y 9e ( (3 9 Al
(5)
(b) k>0 or k,, their 464 orwith ... or < respectively. M1
- 4 4
0<k,, the|r§e Alft
)
(7 marks)
Notes:
(@)

ML1: Differentiates using the product rule reaching the form a(x—2)xe* + (x— 2)2 x e

Al: Correct derivative, need not be simplified.
M1: Sets their derivative equal to zero and attempts to cancel or factorise out the exponential term and the
(x—2) term (or multiple thereof) and solve for x. Alternatively, they may expand to a 3 term quadratic

(3x2 —10x+8) and attempt to solve this via correct method. Allow recovery on slips in the exponent for this

mark (and the A’s if a correct quadratic expression is solved).

Al: Correct x value.

Al: Correct simplified y value. Allow if seen in part (b). Isw, after a correct answer, but the follow through in
(b) will not apply on an incorrectly simplified answer if this mark has been awarded.

(b)

M1: Identifies one correct boundary for k (the direction of inequality must be correct). Accept in terms of y
or f(x) for this mark.

Alft: Correct range for k following their positive y coordinate in (a). Must have correct inequalities. Accept
awrt 24.3 for the upper bound. Allow as separate inequalities, or set or interval notation.

£



< QUESTION

4(a) y=log,,(2x+1) =10" =2x+1=> X =... M1
y_
oy 107 -1 AL
2
2
(0) % = i10y In10 M1
dy )2
dy _Jdx_ 1
dc Sy Ligringg M1
2
ﬂ B 2
dx (2x+1)In10 Al
®3)
(5 marks)
Notes:
()

M1: Correctly undoes the logarithm and attempts to rearrange to make x the subject.

Al: Correct expression for x. Apply isw after a correct answer.

(b)

M1: Attempts to differentiate 10 . Accept @10’ — £10” In10 (ignore any extra terms). Do not be concerned
about the Ihs for this mark.

M1: Applies reciprocal g—i =]/ (dj; . Variables must be consistent.

Al: Correct answer. Accept equivalents in terms of x, e.g. with 109 jsw after a correct answer.

Alt for (b): Allow use of change of base formula.

In(2x+1
M1l: y= (In—lo) (effectively a B mark via this method)

M1: d_y= L>< 1 x... Attempts to differentiate using the chain rule.
dx (In10 /2x+1

Al: Correct answer.

Note: Candidates who write d_y = Lx... or d—y = i><... with no In 10 term can score MOM1AO under
dx 2x+1 dx 10Y

the Alt.
Alt 2: Implicit Differentiation

M1: As main scheme, attempts to differentiate as part of their work, so @10’ — £10” In 10:—1

M1: Makes g—y the subject.  Al: Correct answer.
X

£



< QUESTION

5@) | pg =4_—1+§|n(3) =-0.828
W="5"2 7 (=-0.828...) M1
P(1) =-0.828... (which is negative so a loss of £0.828 million,) so approximately £830 AL*
000 loss.
)
(b) P(6)=-0.08799... and P(7)=0.1975... M1
There is a sign change and hence as P is continuous on [6,7], so the root for t lies in Al
[6,7]1.
)
C _
© P=0:>M=—§In t+12 =>t= M1
10 4 | (2t+1)
10 —3In{ ”12] 1 .
4 ((2t+]) 130, [ t+1
=>t= =—+—In| ——
4 4 16 (2t +1) Al*
2
1,15 (2t+1) |
4 8 t+1
2
(d) 1 15, (13
t,==+=—In| — |=...(=6.219978...
24 8 | 7 ( ) M1
t, =awrt6.220 Al
t; =6.314 Al
@)
(e "6.3..."x12 =...months, or repeated iteration to root 6.31487 gives 75.7785... or allow M1
"0.314..."x12="3.768..."
So it will take 76 months.  (Accept 75 or awrt 76 months) Al
2
(11 marks)
Notes:
(@)
M1: Attempts to substitute t = 1 into the given formula. Allow if there is a slip but an attempt at substitution
is seen, or allow for sight of awrt —0.828...
Al*: Correct value for P(1) seen to at least 2.s.f. if substitution has been shown, or at least 3 s.f. if no
substitution was shown, followed by suitable conclusion that it is a loss of approximately £830 000, though
accept awrt £830 000. Must mention “loss” and include units (£ or pounds). Negative value given is A0.
(b)
M1: Attempts both P(6) and P(7) with at least one correct to 1 s.f. rounded or truncated. A tighter interval
could be used but must contain the root (6.31487)
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< QUESTION

MARK SCHEME - IAL P3 (WMA13) - October 2023 - Q5 P3.4a Chain, product & quotient rules
Question Scheme Marks
Number

2(a) 9. "9%"+3
ff(a):f("—"J:—z...; =15 M1; Al
2 ) "9/ 4
2
(¢
b 4x+3
(b) f(x) = X+ M1A1
x-1
xeR, x=#1 Bl
®)
(©)
E.g. (”jj +5-7 or a—+3_(+)\/ M1
X j—
=X —22x+23=0=x=.. or (a+3)=(¥)2(a-4)=a=.. dm1
(a=)11+72 oe Al
@)
(8 marks)
Notes
(@)
M1: Substitutes x=6 into f and substitutes the result back into f to find a value for ff(6)
(x+j)+3
Alternatively substitutes x=6 into ff(x) = )):T condoning slips.
— -4
(X—4j
Al: 15
(b)
X+3 y+3 WXt3 ..y£3
M1: Changes the subject of y=—— or X—— to y= or X=
Al:  Achieves f(x)= ;(—+13 .Accept f*=... ory=...instead of f™(x)=....
B1: X #1 . The omission of xeR is condoned. Accept alternative notations.
(c) Note this is M1A1A1 on epen but is being marked as M1dM1AL.
2
M1:  Correct attempt to set up an equation in x or a. This will usually be (ijj +5=7 but
X —_
f(a)=g7'(7) may be used first. Score when a suitable equation is set up and allow if a minor
slip or miscopy is made if the intention is clear.
dM1: Proceeds to solve for x or a, e.g. forms a 3TQ and solves, or take the 5 across, square roots,
cross multiplies and makes a the subject, condoning e.g. sign slips when rearranging.
Alternatively, uses (f(x))’+5=7=f(x) = (+)+/2 and their part (b) leading to
a=f" (\/5 ) 4f +3 . In this method both M’s may be scored together.
42+3 —4\2-3
Al 11+72 or 21 Accept 11+/98 or \/_ . Common factors should be cancelled.
Ignore labelling of x or a. Condone e.g. if 11_7\/5 is also given as a solution but AOQ if any
other extra solutions are included.

&
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MARK SCHEME - IAL P3 (WMA13) - October 2023 - Q5 P3.4a Chain, product & quotient rules < QUESTION
Question Scheme Marks
Number

3(a) (cos2A=)cos Acos A—sin Asin A= cos? A—(1—cos? A) M1
= C0s2A=2cos’ A-1 * Al*
_ @
(b) j (3—2cos6x) dx:3x—SInGX (+c) M1A1
i g sin(6xZ sin(6xZ -
3x_Sm6X 8: 3 z _M -3 i _M :lﬂ-_,_z \/E dM1A1
3 |z 8 3 12 3 8 6
12
4)
(6 marks)
Notes
(@)
M1: Writes (cos2A=)cos Acos A—sin Asin A and attempts to use (not just stated separately) the

Al*:

Note :

(b)
M1:

Al:
dM1:

Al:

identity +sin® A+cos? A=+1 Note going directly to cos2A = cos? A—sin? A is allowed M1 as
long as a use of the Pythagorean identity is clear. NB Watch out for answers which use double
angle identities in the proof (circular reasoning) and score MO if no Pythagorean identity is used.
Achieves the given answer with no errors seen (and no circular reasoning). Must see

cos2A =cos Acos A—sin Asin A and clear attempt at substitution of sin? A+cos® A=1 but
allow “LHS” for “cos 2A”. Going directly to cos2A=cos® A—sin® A in the first step would
score AO. Correct notation must used throughout but condone a missing closing bracket.
cos2A =cos* A—sin* A=2cos* A—1 with no further evidence scores MOAO as they are just
writing out known formulae.

Attempts to substitute in the given result in part (a) and integrates to the form ..x+...sin6x Must
be a full substitution in terms of x, cos2A — ksin2A is MO unless recovered, e.g by later
substitution may be implied by the limits substituted).

3y sin 6x

Shows evidence of substituting in both limits into an expression of the form ...x£...sin6x and
subtracts either way round to achieve an exact (not necessarily simplified but trig must be
evaluated) answer.

11 42
— T + R —
8 3 6

Correct answer e.g as scheme or or exact equivalent (and isw after a correct

answer).

RA
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< QUESTION

To score the A1* line it must be fully correct division
(a) Alternative method via identity

MI: Sets 3x° —5x* +Tx—5= (AerB)(x2 +1)+ Cx + D and finds values for 4, B, and C

B1: States 4 =3
This is an independent mark and can be awarded without sight of method
Al: B=-5and C =4 following the award of the M mark
A1*: This must be proven/shown and not just stated
For example:

Comparing terms in x°, -5=8B I
Comparing constant terms -5=B+D II
So D=0

Look for a pair of relevant and correct equations which are correctly solved
All previous marks must have been scored

Ml: I ZCX dx = kIn(x” + 1) where k is a constant. You may see k Inu where u = x* +1
x"+1
Allow this to be scored from

ch+Ddx:-‘- Cr dx+J D dx == klIn(x’ +1)+... where ... is not = mIn(x” +1)
X +1 X +1 X +1
2

4x

X +1

Alft: j3x -5+ dx = % —5x+21In(x” +1) but follow through on their 4, B and C (with D =0)

(3x-5)’
6

dM1: Substitutes 3 and 2 (o.e) into their integrated function (either way around) and correctly combines
the two log terms. The limits must be consistent with their variable, so 3 and 2 for x and 10 and 5

Also accept versions such as +2In(u) where u = x” +1

for u. It is dependent upon having integrated to a form f(x)+8In(x* +1) where f(x)is a

quadratic expression

Al: CSO %+ In4 Note that §+ 2In2 is AO as the form of the answer has to be @ +1n S




< QUESTION

?\E::EZ? Scheme Marks
dy .
5.(a) az—lOSmZx—240032x M1, Al
dy . (27 2
— =-10sin| — |[—24cos| — =—5\/§+12
dx|,_~ ( 3 ) ( 3 ) Al
3
@A)
(b) R=13 B1
12
tanaz?:a:awrtl.l% MI1ALl
3)
(c) Sets —26sin(2x+1.176) =6 Ml
sin(2x+"l.176")=—% Al ft
arcsin(—3) -1.176
x= 13 — awrt 2.44 dMl, Al
2
@
(10 marks)
(@)
dy

M1: Correct attempt at differentiation. Score for ™ = psin2x+gcos2x

There may be attempts in which the double angle formulae have been used.
For example, y = 5c0s2x —12sin2x = 5(+2cos* x +1) — 24sin xcos x

In such cases look for applications of the chain rule and product rules condoning slips in sign and
loss of coefficients.

Al: % =—10sin 2x — 24 cos 2x which may be left un-simplified

If the double angle is used you should see % = —20sin xcos x + 24sin” x — 24cos’ x

Al: Substitutes x = %into a correct % and achieves —5\/5 +12 o.e.

It must follow the award of M1, Al. ISW after a correct answer

(b)
B1: R=13. Allow for example 13.000 but not 12.99 followed by 13

Note that /169 or £13is A0 unless followed by 13

Ml1: tana = i%, tano = i%: a =... (Condone sina =12, cos @ = 5in the working)

. . 12 5
If R is used to find @ accept sina = i?or cosa =J_rE:> a=..

Al: a=awrt1.176 ISW after a correct answer so don’t penalise if they then write J13 cos(2x—1.176)




< QUESTION

(c) Using their answer to part (b) Working and method must be shown. Note: If they had o =1.176
but write the equation of C as y =13cos(2x —1.176) mark (c) as though a =-1.176
M1: Differentiates Rcos(2x+ ) to T'sin(2x + o) with their « (to at least 2dp) AND sets equal to 6

Alft: sin(2x+'1.176") = i% or decimal equivalent. Condone a sign slip on differentiation and follow

through on their « (to at least 3 dp) so score for sin (2x + their ) = J_r%

dM1: Complete attempt to find any pesitive value for x using a correct order of operations.
We now must be using correct differentiation including the sign but you can ft on their « ONLY
The following values are acceptable following intermediate working
E.g. sin(2x +awrt "1.18") = —% = 2x+"1.18"=awrt 3.37 = x = awrt w =..
E.g. sin(2x+awrt 1.18) = —% = 2x+"1.18"=awrt 6.05 = x = M =..

This dependent method mark may be implied by sight of calculations such as

3 arcsin(—j—l.lS
sin(2x +awrt 1.18) = BT = x =awrt 3 o.c., followed by 1.1 or 2.4

Al: awrt 2.44 following the award of M1, A1, dM1. It must be selected and not part of a list of values

Candidates who state —26sin(2x +1.176) = 6 o.e and follow this with the correct answer will score
1,0,0,0

Candidates who state sin(2x +1.176) = —% o.e and follow this with the correct answer will score

1,1,0,0

Candidates can use their answer to part (a) but will not score any marks until they put their derivative
into a form in which the equation can be easily solved. There is no follow through marks via this
route.

Use review if you feel unable to award the marks this way

Lo
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< QUESTION

Example I: 6 =—10sin2x —24cos2x
= 12co0s2x +5sin2x = -3

:cos(2x—0.395)=—% M1, Al
3
arcos| —— [+ 0.395
= x= 13 ,=2.44 dM1, Al

2
Example II: 6 =—-10sin2x —24cos2x
Uses a more round-about route

= 12cos2x+3 =—5\/1—cos2 2x

— 144c0s” 2x+ 72008 2x +9 = 25(1 —cos’ 2x)

=169cos” 2x +72c0s2x—16 =0 M1, Al
= cos2x = 0.1612,-0.5873

= x=awrtl.lor 2.4 dM1
= x=awrt 2.44 Al

Using their answer to part (a) which must be of the form
% = +10sin2x + 24 cos 2x the marks would be
M1: Equation in a single trig ratio which should be
26cos(2x+0.3947..) = 6 0.. following use of Rcos(2x +..)
or 26sin(2x +1.176) = +6 0.¢. following use of Rsin(2x+..)

Allow accuracy to 2dp or greater for the angle
Al: Correct equation, which is usually

cos(2x—0.3947..) = _%or sin(2x+1.176) = —%

Accuracy must be 3 dp or greater for the angle

dM1: Correctly solves cos(2x + 0,3947,,) = —% or

sin (2 x+ 1,176) = _2£6 and proceeds to a positive value for x.

As in the main method. It requires intermediate working

Al: awrt 2.44 only

&Q’/‘
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< QUESTION

%‘ﬁ;ﬁg? Scheme Marks
6. | f'(x=6(2x-3)e" +4(2x-3)¢" MI Al
= 2(2x-3)e 3+2(2x-3) =2(4x-3)(2x -3 e dM1 Al
“)
33
b) (i =—,— Bl ft
Mb)@ | x 22
3 3V 27 3
ii Attempts f| = |=| —= =——cec,>g|l—|=-27 M1, Al
(ii) empts (4) ( 2j € 2 € g(‘J e
_276,, g(x)” Og g s Al
)
(8 marks)
(a)
MI: Attempts the product rule and achieves f'(x) = a(2x—3)’ ey B(2x-3)’ e where
a>0,>0

Al: f'(x)=6(2x—=3)c" +4(2x—=3)'¢" which may be left unsimplified

dMI: Correctly takes out a common factor of (2x—3)’ e outof @ (2x-3) ey B (2x-3)’ e

Look for f'(x)=ar(2x -3¢ +p(2x-3 e =(2x-3F¢" {a+p(2x-3))

Al: 2(4x - 3)(2x - 3)2 e following M1, A1, dM1. The order of the terms is not important.
Allow the dM1 to be implied for candidates who go directly from
6(2x—3) ¢ +4(2x-3) ¢ —>2(4x-3)(2x-3) ¢

x—

Marks in part (b) can only be scored following a correct method of differentiation in part (a)
3 4x-2

So only allow if f'(x) was of the form o(2x-3)’ ey B(2x-3)e

They cannot be scored following made up values for P and Q.
They cannot just appear as this would be relying entirely upon a calculator.

(b))
BIft: x = % and % following £'(x) = 2(4x-3)(2x-3) ¢

4x-2

Alternatively, candidates can set

f'(x)=6(2x-3)’ - 4(2x-3)’ "’ = 0and solve to reach x = % and %

If part (a) is not correct follow through on their

e factorised 2(Px + Q)(2x - 3)2 e4x_2 following M1 and some attempt to combine the terms

(not necessarily correctly) in part(a), so award for x = % and — "%'
. , 4x-2 3 42 . . 3 3ﬂ 4
e solutionof &(2x-3)e ~+p(2x-3)'e =0 leading to the solutions x = 2725

Lo
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< QUESTION

(b)(iD)
M1: Attempts to find f ("%"j = (—%ej but allow decimal approximation e.g. AWRT -9.17

or attempts to find g("%") = (—27e) but allow decimal approximation e.g. AWRT —73.4.

The mark is implied by correct or rounded values following the correct method of differentiation

This can only be awarded following a correct method in part (a) and of finding the f (—"%j‘or

3

Al: Correct exact value for g (%J = —27e which must be exact

Al: Correct range for g. Look for —27¢, g, O¢or equivalent suchas ge [—27e, O¢ or

—27e, y, 0¢
Note that —27¢, g<<O@nd —27e < g<<(are incorrect




< QUESTION

Question
Number Scheme Marks
8(i)(a) g'(x) =3¢ sec2x +2¢”" sec2x tan 2x MI Al
@
) | g(x)=0= e sec 2x(3+2tan2x)=0 Mi
tan2x =-1.5= x=-0.491 dMI1 Al
3
ii x = In(sin ):> dr _ X COS B1
(i) M= 3= sy 08y
. x dy siny
Attempts cos y =4/1—sin’ y =y1-¢’ —=
empts y \/ y \/ or dx cosy M1
d
Henee == siny _ dM1 Al
cosy N
—e
C))
(9 marks)
(D)(a)
3x 3x
M1 Correct attempt at the product rule g'(x) = 4de” sec2x+ Be sec2xtan2x
A 2 3x B 3x L 2
For use of the quotient rule look for cos2xe 5 ¢ Smex
cos” 2x
Al g'(x)=3¢" sec2x +2¢” sec2xtan 2x Allow in any form and then isw
3 2 3x +2 3x 1 2
For use of the quotient rule look for coszxe > © Smex
cos” 2x
(D)(b)
M1 Sets g'(x) =0 = and takes out / factorises out e sec2x to identify a linear factor in tan2x
3x
For the quotient rule they should be factorising out s to leave a linear factor in cos2x and sin 2x
cos” 2x
dM1  Correct order of operations to x = ...
. sin 2x
For quotient rule approach they must use tan 2x = > (oe correct work)
cos 2x
You may need to check their answer if no method is shown. Accept awrt 2.s.f. for their tan 2x = .... in either
radians or degrees.
Al x =awrt—0.491 only in the range. If extra solutions arise from trying to solve sec2x = 0 then AO.




< QUESTION

(i)
d _
dy siny

Y
dr

Bl xcosy OR ex=cosy via €' =siny

M1 For one of the two operations needed to complete the proof

e Either an attempt to get cos y in terms of e" look for an attempt using sin’ y+ cos’ y =1 with sin y being

replaced by €' . Alternatively allow use of arcsin

d
e Or taking the reciprocal and making aythe subject (variables must be consistent)

d x
dM1  Applies both operations to obtain Yin terms of just e

dx

d y *
Al A or ¢ - Allow ! or states f(x)=~/1—e”* following a correct

dx \/l_e“ cos(arcsm e") \/1_(ex )2

d X
expression for v__¢ or similar.
cosy
Alt:
Bl x=In(siny)= y= arcsin(ex)
Ml :d—y=;2x... or :>d—y=;2xe"
o i-(e) de  J1-(.)

dM1 Dboth of these

Al

1—(@")2




MARK SCHEME - IAL P3 (WMA13) - June 2023 - Q8 P3.4a Chain, product & quotient rules < QUESTION
Question
N Scheme Marks
7.(a) States or implies that A= 2500 B1
10000 = 25008 =8k =In4 =k =... M1
=k= % In4 or awrt 0.1733 Al
3
dN ~06x5 )
(b) T 60000x—0.6e =-1792 So decrease is 1790 M1, Al
2
-0.6 0.1733
(© | 60000e " =25008 M1
24 =" 01733t 406t =IN24 =t =... dM1
T=411 Al
3)
8 marks
Notes
@

B1  States or implies that A=2500. E.g award for N = 2500¢"

M1  Attemptstouse N= Aek[ with t=8,N =10 000 and their A to set up and solve an equation in k.

Correct In work must be used to solve their equation.

Allow this mark for attempts to find k first by solving simultaneously if they use t =1 for the start
of the study: 2500 = Aek ,10000 = Ae8k = e7k =4=7k=In4 =k =... but the index and In work

must be correct.

Al k =awrt 0.1733. Accept the exact value %In 4 and isw after seen.

(b)

M1 dN

dt
they think they have found (L—T . Must be correct index (not kt).

—0.6x5

Al Awrt 1790 from a correct derivative. Condone awrt —1790

(©

M1  Sets 60000e = their 25008
60000 as 6000. Allow with k in place of their “0.1733” as long as they have a value for K in (a).

dM1 Proceeds to rearrange to €™ = D (D > 0) and applies In to find t. The In work must be correct,
though there may be slips in the coefficients or index work reaching e™ = D (D > 0) . May be
implied by a correct answer for their e™ =D
Alternatively, takes In of both sides first and applies correct In laws to proceed to make t the

subject; In (60000e°'6‘j =In (2500e0'”33tj = 160000 - 0.6t = In 2500+ 0.1733t = t =...

Al  awrt 4.11 Must be a value, not an expression in In terms for this mark.
Note Answer only scores no marks, method must be shown and the dM1 must be achieved in order to
access the A mark.

Ce — ... where C is a constant. Condone 60000e " —60000e " as long as it is clear

"t . . .
May use T or another variable instead. Allow a slip on e.g. the
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MARK SCHEME - IA

L P3 (WMA13) - June 2023 - Q8 P3.4a Chain, product & quotient rules
Question
N i Scheme Marks
8.(@ | f'(x)=6(2x+1)e™ —4(2x+1)'e™ M1 Al
=2(2x+1) e {3-2(2x+1)} dM1
—2(2x+1)" (1-4x)e Al
4)
) | sets F'(x)=0=x=—1 1 B1
- T 2'4
Either f (—%j =..orf (% ] = M1
1 127
Both [—E,Oj and (Z,gj Al
3
g ﬂ Bift B1ft
© 4’ e
(2
9 marks
Notes
(a)
M1  Attempts the product rule to achieve P(2x+1) e™ +Q(2x+1)’e™

Al
dM1

Al

(b)
B1

M1

Al

May also be attempted by the quotient rule - equivalent form after e terms cancel.

f/(x) = 6(2x+1) e —4(2x+1)’ e which may be unsimplified

Correctly takes out a common factor of (2x +1)2 e from their expression with an intermediate
step before the final answer. Allow if there are minor slips in the (2x+1)2 e as a factor (such as

(2x +)2 e ") if recovered - look for the correct remaining terms in the bracket { }. Allow going
from an expanded cubic to a factorised form for this mark:

e (2— 24x° —32x3) —2(2x +1)2 (L-4x)e .

Achieves 2(2x +1)2 (1—4x)e41x with no incorrect algebra. Accept with the brackets in either
order.

11

X = 37 0.e. Both required.

Attempts to substitute one of x = i%, J_r% into f(x). If substitution not seen may be implied by

Jorl

1.08) or (—%gj (awrt 0.340) o.e.

1 27

1
-=.0 =
4 8e

ither of
either o ( >

j 0.e (accept awrt 1.24 for this mark) or by either of (%e%j (awrt

1 1 27
For (—g,oj and (Z'g
Allow asx =..,y=... as long as clearly paired.
Allow the M and A marks if seen in part (c) - mark (b) and (c) together.

) 0.e. must be exact but isw after exact coordinates given.

X2
RA
111

< QUESTION
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Question
Number Scheme Marks
7(a) 3 , 2 3 =
F(X) =X VaAX+7 = F'(X) =3X VAX+7 +2X (4x+7) 2 M1, Al
3 (ax+7)+2¢
LX) =BT 42X X (X T)+2x dM1
Jax+7 Jax+7
7x° (2x+3)
=S (X)=——— Al
) Jax+7
(4)
() Substitutes x = —g into X°\Ax+7 = y=.. M1
(—E —gj Al
2" 8
2
© Attempts —4 x —% M1
27
[ Al
y 2
2
(d) (2,7) M1, Al
)
Total 10
(@
. 2 3 1 -
M1: Attempts the product rule to achieve f'(x) = Px’4x+7 +Qx (4x+7) 2 where P and Q are positive
constants.

Other methods are possible so look at each one carefully.

For example: f(X) =x'Vax+7 = f(x) = 4 + 7 = f "xX) = %(4x7 + 7x6) ? x (28x6 + 42x5)
The same principles for the main mark scheme can be applied

1
AL f/(x) =3x"V4x+7 +2x° (4x+7) 2 o.e. which may be left unsimplified
dM1: Dependent upon previous M1. It is for "correctly" producing a single fraction with a denominator of

VAX+T .
= Px2(4x+7)+Qx3
Look for f'(x) = PX*J/ax+7 + Qx’ (4x+7) 2 = 0.
® ($x+7) Nres:
7x° (2x+3)
Al f'(X) = ———=
) NAX+T

It is possible to attempt this by WMA14 methods using [f(x)]2 =X (4x+7)= ax + 7%
Score

M1, Al: 2f (X)F'(x) = 28X" + 42X

14X°(2x+5) 14X (2x+5) _7X (2x+5)

() 2 Jax+7 T

dM1, Al: f'(x) =




< QUESTION

Question

Number Scheme Marks
3.(a) Implies equation of line is of the form log vy = i%log1 ,Xt+4 Ml
2
States log y= —§1og10 x+4 o.e. Al
(0]

2

(d) | Applies one correct log law E.g log , y = —%log10 x+4—log, y=log, x  +4 | Ml
2 4 2 4

Full attempt to undo the logs  log,, y =log, x ’ +log 100 —y=x ’x10

2

5 y=10000x ° oe. | Al

dM1

Q)

5 marks

Note that other versions of log,  are acceptable. So allow log <> log and log <> Ig
(a)

2
M1 Implies equation of line is of the form log v = iglog10 x+4 oe

[\S]

(Eg allow for M1 A0 log j y=10.67log x+4) Condone "y"= _g"x"+ 4 here

Al log y= —%log10 x+4 oesuchas 3log  y+2log x=12
4
6

This may be implied by the constants if the full equation is used in part (b).
So marks in (a) can be awarded from work in (b).

Allow unsimplified equations such as log,  y=—-—log, x+4

(b) Main Method: Starting from log  y =alog  x+b and working towards y = px?
M1  Uses one correct log law. Look for either

log, y=alog x+b—log y=log, x +b

log,, y=alog x+b—log y=alog x+log 10"

alog, x+b

log  y=alog x+b—>y=10
dM1 A full attempt to get y in terms of x or values of p and ¢
Cannot be awarded from easier equations, e.g. where b =0
a b
Look for log y=alog x+b—>y=x x10
2 B 2
Al y=10000x ° butcondone y=10 x °

This requires the equation and not just the values of p and ¢
It is acceptable to just write down the answer, but it must follow a correct part (a)




< QUESTION

Method Two: Starting from y = px’ and working towards log, y=alog x+b.

M1 Takes log , of both sides and uses one correct log law

E.g. proceeds to log j y=log  p+log x’

dM1  Proceeds to log  y =log  p+qlog  xand finds p and q using log  p="4"and g = '—%’

2 2

Al »=10000x ° or y=10'x "’
Condone log,, <> log throughout

This requires the equation and not just the values of p and ¢

Alt (b) using the alternative equation in (a)
Method Three: Starting from alog  y+blog  x=c and working towards y = px?

M1  Uses correct log laws to combine the two terms on the lhs

Eg: 3log, y+2log, x=12=log y'x’ =12

12
dM1  Undoes the logs and makes y the subject = y’x” = 10° = yx' = 10” = y= 3/102
x
2 2
3 4 73
Al y=10000x = or y=10 x

Method 4: Using the coordinates
M1: Finds either p or ¢ using one of the coordinates.
Look for either

using (log,, x,l0g,, ¥)=(0,4) = x =1,y =10000 and then substituting into y = px* = p =10

Condone slips here for the method mark

Or using (log,, x,log,, y) =(6,0)=> x=10° y =1 and the substituting into

y=10"xx’ =1=10"x10 = ¢g=...  Condone slips here for the method mark
dM1  Finds both p and ¢ using both coordinates. (See above)

2

Al y=10000x °

Partially correct answers without any work

If you see any partially correct answers, e.g. y = 4x7§, without working, award SC 100.




< QUESTION

General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:

1. Factorisation
(x> +bx+c)=(x+p)x+q), where|pq| = |c| , leadingtox = ...
(ax® +bx +c) = (mx + p)(nx +q), Where|pq| = |c| and |mn| = |a| , leadingtox = ...

2. Formula
Attempt to use the correct formula (with values for a, b and c).

3. Completing the square
b2
Solving x* +bx+¢=0: (xiaj tg+tc=0, g#0,leadingtox=...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (x” — x"")
2. Integration

Power of at least one term increased by 1. (x” — x"*')
Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent examiners’
reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small errors in the
substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct working
with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for, or working
with surds is clearly required, marks will normally be lost if the candidate resorts to using rounded
decimals.




MARK SCHEME - IAL P3 (WMA13) - June 2022 - Q1 P3.4b Tangents, normals & stationary points < QUESTION

General Principles for Pure Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(x? +bx+c) = (x+ p)(x +0), where|pg| =c

, leading to x= ...
(ax? +bx +c) = (mx + p)(nx+q), where|pg| =|c| and |mn| = a

, leading to x= ...

2. Formula
Attempt to use correct formula (with values for g, band q).

3. Completing the square
Solvingxz"‘bx"‘czoz (x£8)*+q+c, q=0, leading to x= ...

Method marks for differentiation and integration:
1. Differentiation

-1
Power of at least one term decreased by 1. (Xn - X" )

2. Integration
. n n+l
Power of at least one term increased by 1. (X' = X )

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent
examiners' reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from
correct working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for,
or working with surds is clearly required, marks will normally be lost if the candidate resorts
to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give details
of what happens in particular cases. General policy is that if it could be done “in your head”,
detailed working would not be required. Most candidates do show working, but there are
occasional awkward cases and if the mark scheme does not cover this, please contact your
team leader for advice.

N
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MARK SCHEME - IAL P3 (WMA13) - June 2021 - Q1 P3.4b Tangents, normals & stationary points < QUESTION

General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:

1. Factorisation

,leading to x = ...

(XZ +bx+c)=(x+p)x+q), Where‘pq‘ = ‘c

(ax* +bx+c) = (mx+ p)(nx +q), Where‘pq‘ = \c\ and \mn‘ = ‘a ,leading to x = ...

2. Formula
Attempt to use the correct formula (with values for a, b and c).

3. Completing the square
b 2
Solving x* +bx+c=0: (xizj tgtc=0, g#0,leading to x = ...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1.(x" — x"™)
2. Integration

Power of at least one term increased by 1. (x" — x"*')

Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent
examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct
working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for,
or working with surds is clearly required, marks will normally be lost if the candidate resorts
to using rounded decimals.

N
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MARK SCHEME - IAL P3 (WMA13) - October 2022 - Q3 P3.4b Tangents, normals & stationary points < QUESTION

General Principles for Pure Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(x* +bx+c) = (x+ p)(x+0), where|pa| =[c|, jeading to x= ...
(ax? +bx +c) = (Mx + p)(nx+ (), where|pg| =|c| and |mn| =|a

, leadingtox=...

2. Formula
Attempt to use correct formula (with values for a, b and ¢).

3. Completing the square
Solving X*+bx+c=0. (xxb)’tqxc, q=0 leading to x = ...

’

Method marks for differentiation and integration:
1. Differentiation

n n-1
Power of at least one term decreased by 1. (X = X" )

2. Integration
. n n+1
Power of at least one term increased by 1. (X = X" )

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent examiners'
reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct
working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for, or
working with surds is clearly required, marks will normally be lost if the candidate resorts to using
rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give details of what
happens in particular cases. General policy is that if it could be done “in your head”, detailed working
would not be required. Most candidates do show working, but there are occasional awkward cases
and if the mark scheme does not cover this, please contact your team leader for advice.

N
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MARK SCHEME - IAL P3 (WMA13) - January 2024 - Q6 P3.4b Tangents, normals & stationary points < QUESTION

(@)

Bl:  3x*+7x—20=(3x—5)(x+4) seen or used

M1: Combines fractions with a correct common denominator and the order of terms in the
numerator consistent with their common denominator.

Al*:  Achieves the given answer with no errors seen but condone e.g. a missing trailing
bracket as long as it is “recovered”.

Sufficient working should be shown but allow to go from e.g.
Note that candidates may take a longer route:
2%% _32 8  (2x*-32)(3x-5)+8(3x*+7x~20)
—+ =
3x*+7x-20 3x-5 (3x* +7x-20)(3x-5)

o 6xX*+14x2-40x 2x(3x* +7x-20) B1
(3x2+7x—20)(3x—5) (3x—5)(x+4)(3x-5)
_ 2x(3x-5)(x+4)  2x
(3x—-5)(x+4)(3x-5) 3x-5
Or
2%% _32 8  (2x*-32)(3x-5)+8(3x*+7x~20)
3C+7x—20 35 (3¢ +7x-20)(3x—5)

* Al*

M1

6x° +14x% — 40x 2x(3x* +7x—20)

" (3 +7x=20)(3x=5) (3x*+7x—20)(3x-5)
In this case the B1 is scored for obtaining a factor of 3x? +7x—20 in the numerator and denominator
:i* Al*
3x-5
(b)

M1:  Attempts to differentiate using the product or quotient rule. Award for an expression

of the form W or a(3x—5)" - px(3x-5)?, a, >0

Condone attempts where (3x —5)” is expanded.

before differentiating using the

. . 2X B
Alternatively, attempts to write 3 as A+ 3
X

+
chain rule to obtain __k2
(3x-5)

Al:  Correct derivative simplified or unsimplified.

Alcso*: Requires a correct simplified derivative ﬁ and then statements that convey:
X —
e (3x—5)*>0 oe e.g. denominator is positive (condone (3x—5)* > 0)
o sof'(x)<0

e function is decreasing

&
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Al f_l (x) = o or f_l (x) _—_3x Must be in terms of x. Condone f™' =... (or
5-x x—5 . =...

f' =y=..)but do not allow just y=... or f': y=_.
Al Correct domain 0 < x <5

(c) Mark (i) and (ii) together

M1 Attempts to use the quotient rule or product rule. Look for an expression of the form

A(x+3)—5x 4 o 2
—————— or 5x(x+3)" = B(x+3)" £5x(x+3)" where 4 and B are non-
(x+3)
zero constants.
15
Al (f'(x) =) = or 15(x+3)7 or ZL Do not allow SR >
(x+3) X +6x+9 x+3 (x+3)

this mark.

Al They achieve (f'(x) 2)% and states
X+

e (that fis an) increasing function

. 2, g
e since (x+3) is positive

Alt methods in (a)

Taking out common factors
S5x 5x 1+(x+3) 5x | 1+(x+3)

MIAL x2+7x+12+x+4:Sx{(x+3)(x+4)} or:(>€+4){ (x+3) }

Methods where candidates "split up" fractions.

Ml Attempts —;

3 by partial fractions
X +7x+12 X +7x+12

N 5x S5x + S5x
x+3 x+4 x+4
AT* X Vou would expect to see X Xy ding to th
— w X] - re pr in
++3 Youwouldexpect to see ———=————+——— before proceeding to the
given answer.
Alt method in (b)
Sx k
Ml Writes y = 13 as y=5ix+ 3 and then attempts to make x the subject.

-1 15 .
Al f (x) = m—3 or equivalent
Al 0<x<5

Alt method in (c)
Sx
M1 Writes y = 13 as y=5+ 3 and attempts the chain rule to get * (x+ 3)2
Al (f'(x) =) = or exact equivalent
(x + 3)
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(i1) Alt method 2
M1: Applies double angle formula and multiplies through to achieve a quadratic in tan x (condoning

slips and not necessarily gathered)

2tan x °
—————tan70
1—tan” x =——:>16‘[anx—8tan70°(1—tan2 x)=—3(1—tan2x+2tanxtan70°)
2tanx o
I+————tan70
1—tan” x

(=7 (8tan70°=3)+£(16+6tan 70°) +3-8tan 70° = 0 (18.98¢* +32.48~18.98 = 0))

Al: A correct value for tan x, tan x = awrt 0.4604 or awrt —2.172
dM1: Applies arctan to achieve at least one value for x.
Al: As main scheme.

Alt (i) States or uses cosec 8 = ;0 (or equivalent identity) Bl
sin
1
3cosec O = 8cos O = 9Ycosec® O = 64 cos> @ and uses both cosec 6 = -
sin @ M1
L2 2
and sin B+cos 0=1 to get equation in one trig term
=9=64sin 0(1-sin’ 9):>sin29: 4igﬁ Al
+
= 9=arcsin[ 4_8ﬁ]=awrt 0.424,awrt 1.15 Ml Al
6))
B1: States or uses cosec 8 = — 7 or in variations a similar correct reciprocal identity (e.g.
sin
cotd = C?—SQ) during the proof.
sin @

M1: Squares both sides and uses both reciprocal identity and Pythagorean identity to set up an
equation in one trig term only.

.2 4+ .
Al: sin 0= note it is the same roots for cos? &

2

M1: Correct method of solving an equation of the form sin @ =k or cos>0 =k, 0<k <1to find at
least one value for §. May be solving in degrees for this mark (24.30°,65.70°)

Al: @ =awrt 0.424,awrt 1.15 and no other values in the range. Under this method the extra solutions

formed via squaring will need to be rejected to score this mark.




< QUESTION

Question
Number Scheme Marks
1
9.(a) |- Bl
4
(0]
b | f0= %ln(4x) +6ux x% MI Al
Sets %ln(4x) +6:/x x% =0= In(4x) =2 dM1
1 6
o [—2 =~ —J Al Al
4e €
(©))
(¢) Attempts —2 x y co-ordinate of O M1
12
Range g(x), - Alft
@
(8 marks)
(a)
B1: % or exact equivalent. May be seen as the x coordinate in a coordinate pair.
(b)
M1: Attempts to differentiate using the product rule and achieves f'(x) = %1n(4 x)+b/x % 1
X X
. 3 1 1 4
Al: f'(x) =—=In(4x) + 6/x x— . Note the — may be seen as —
Jx X x 4x

dM1: Sets f’(x)=0 and proceeds to In(4x) =k . The “=0" may be implied by the attempt to solve.
Condone attempts where multiplying through by /x occurs before setting equal to 0.

1
Al: x=— oe but allow awrt 0.034 following correct equation.

4e
Al: Q[41—2, —gj Both coordinates correct and simplified, but may be listed separately, x=...,y= ...
(5]

and allow if y is found in (c). Accept negative powers of e, but must be simplified coefficients and
simplified powers.

(©)

MI1: Attempts —2 x their y co-ordinate of Q. Also allow following decimal answer
Alft: Range g(x),, 12 following through on their negative y value for Q0. Accept with y instead of
e

g(x) and wtih negative powers or expression in e following their (b), e.g. y, 12¢™' Accept

decimals following a decimal answer to (b). Do not accept f(x).
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clz\ll:lenslg(enrl Scheme Marks
@ 3 _%x 2 2 1/ 3 3
f(x)=(x —4x)e :>f'(x):(3x —4)e —E(x —4x)e M1 Al
)
b 1
® £'(0) =—4 so equation of normal is y = =" M
y = %x Bl
1 ax 1 e
Sets —}fZ}é(xz—4)e P o —4==¢ Ml
4 4
1
* T
2=16262 = —\16+e> * Al
“)
(c) 1 %xfz
() x, =—§\/16+e =-2.0229 M1 Al
(i) (x=)-2.0226 Al
3)
(9 marks)

(@)
M1 Uses a valid method to differentiate. This could be:
1

(1) using the product rule on f(x) = (x3 - 4x)e ?" 5o score for an expression of the
L

form(f'(x) =) + A(x3 —4x)e : i(Bx iC)e * (4, B, C#0) Condone the

squared missing on the sz term

-4
(ii) using the quotient rule on f(x) = ol : al

so score for an expression of the form

1 1

te’ (Bx2 + C)— Ae’ (x3 - 4x)
(4, B, C#0) Condone the squared

(7))

2
missing on the Bx term or an attempt at (iii) f'(x) = uvw'+ uv'w+ u'vw which could look

like:




< QUESTION

1

L
N d[(x2 —4)e ? J N N N
(o —d)e > A== (7 —d)e 2 tx(.x)e 2 £.ox(x—4)e 2

Al Correct f'(x) but may be unsimplified. Isw after a correct unsimplified expression

1 1 |

_L

N N d| (x* —4)e 2 . : :

2 2* 1 3 2~ 2 —EX 5 _EI —Ex 1 5 _Ex
3x"—4|e -3 x —4x]e or (x“—4)e +xT:(x —-4)e 2 +x(2x)e —Ex(x —-4)e

(b) Note on EPEN it is M1A1M1A1 but we are marking this M1BIM1A1
M1  Full method to find the equation of the normal through O.

1

Look for an attempt at £'(0) followed by the equation y = —m b

Bl  Equation of normal is y = Zx (seen or implied) (which may follow an incorrect
f'(x) from part (a))

1
M1 Equates their ¥y = Zx (which must be a straight line through the origin) with

f(x)= x(x2 - 4) e >, divides through or factorises out the x term and attempts to make

x” (orallow 4x7) the subject

ATl* Full proof showing all steps. There is no requirement to justify the — sign. Note that
AT1* cannot be scored if AQ in part (a), unless they restart in (b).

(©)(@)
M1  Substitutes x =—2 into the iteration formula and finds x, . May also be implied by

—2.0228 or —2.0229
Al awrt —2.0229

(i)
Al (X =)—2-0226 correct to 4 dp




< QUESTION

Question
Number Scheme Marks
7(a) T dx /4
x=3tan| y—= |=> —=3sec’| y-= B1
(y 6} dy y 6
1
dx 35ecz[y—”j M1
6
1 B 1
- 2
3| 1+tan? —”j X dm1
[ (y GJ 3(1+[3
3
T X249 Al
4
(b) y=%:>x=3tan%=\/§ Bl
X:\/gzd_y:L2 or y:%:}%=;=
dx ( 3) +9 X 3secz(ﬂ-_ﬂ.) M1
3 6
y_%:%(x_\/g) dM1
y=0:>0—%:%(x—\/§):>x=... ddM1
x=3-22 Al
5)
Total 9
(@)

B1: Correct derivative, including correct lhs. Condone g_x =ksec® (y —%) where k is a constant.
y

%
dy
Don't be too concerned by the position of the constant, it is the function and variable that is important.

M1: Either (1) attempts to apply the reciprocal rule j_y =1+
X

Or (2) attempts to apply sec? [y - %j =1+ tan’ (y - %) with tan ( y— %) being replaced by g to get g_x in
y
terms of x

dM1: Attempts both (1) and (2) to obtain g_yin terms of x
X

Al: Correct answer

(b)

B1: Correct value for x. Condone awrt 1.73. This can be awarded from the sight of this value in an equation

M1: Uses a correct method to find the value of j—iwhich may be a decimal.




< QUESTION

Note that this can be scored either from answer to part (a) e.g X ="+/3

Or via their g_x =3sec? [% —%) followed by an attempt at the reciprocal
y

dM1: Correct straight line method for the tangent at («/5 %j using their correctly found m.

It is dependent upon having found the gradient and x value using a correct method.
If they use the form y =mx+c they must proceed as farasc = ...

ddM1: Usesy = 0 to find x. It is dependent upon having scored the previous mark

. -4
Al: Correct value or exact equivalent for example MT”

Alt (a) via arctan

B1: x=3tan(y—£}: y=£+arctan(§J:>_=0+
6 6 3

x... where ... could be any values even 1

M1: ﬂ=0+ 1

d 2
X 1+(X)
3

x... where ... could be any value even 1

am: Yooy 1 1
dx (xj 3
1+ =
3
Al dy _ 3
dx x*+9

Alt (a) via compound angle identity they could pick up the first two marks

T T T T
3| tany—tan = 1+tan = tany |x3sec’ y—3| tan y—tan = |xtan = sec?
( y 6] dx ( 6 ij y ( y ij g Y
X=—7Z':>d_= 2
I+tan gany y (1+ tan %tan y)

2
T
1+tan—tan
dy (+ 6 y)
= — =

dx (1+ tan %tan yj><3sec2 y —3(tan y —tan ij tan %sec2 y
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(b) 7x (x=3)x7-7xx1
f(x)= =>f'(x)=———5——
(¥) x-3) (x) (-3 M1
7X 21
f(x)= =f'(x)=-
2
(b) ALT 7X 21 , 21
f(x)= =7+—=f'(x)=-
(x) -3 "33 (x) x-a M1AL
Total 5
(b)
M1: Attempts to differentiate using the quotient rule or product rule.
For the quotient rule it requires achieving f'(x) = a(Z(——S))—Zﬁx a, >0
x—3
- 3
If they use a substitution then similar conditions apply e.g. u=x-3=f'(u)= w a, >0
u

For the product rule it requires achieving f'(x) = A(x—3)'1 - Bx(x—3)_2 AB>0
If they use a substitution then similar conditions apply e.g. u=x-3=f'(u)=Au"-B(u+3)u? AB>0

Al: Correct simplified expression. Allow simplified equivalents e.g. —21(x—3)’2

21 -1
Allow —————— ore.g. —21(x* —6x+9
Xt bx19 o ( )
Isw once a correct simplified answer is seen.
Alternative:
7x Yij . . L B
M1: Expresses as o+ and differentiates to obtain > oreg. @ +— whereu=x-3
(x-3) (x—3) (x-3) u

and differentiates to obtain —
u
Al: Correct simplified expression. Allow simplified equivalents e.g. —21(x—3)_2

Allow —ZL ore.g. —21(x’ —6x+9)71
X

-6x+9
Isw once a correct simplified answer is seen.

N
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?\jlfjerf]ttl)g? Scheme Marks
5(1) cosz=l—25in23x:>sin23x=%—%cosz
11 M1
Isin23XdX=f(———COSGX)dX
2 2
1 1 .
_Ex—ﬁsm6x(+c) Al
(2
(ii) s s
X(x2+4)2dx==(x*+4)2(+c
(3" +4)2dx= 2 (x" +4) (+c) M1A1
2
Total 4
Notes:
()

M1: Uses cos6x ==1+2sin’3x in an attempt to obtain an integrable form.
An alternative would be to change I sin’3xdx to I (1—cos2 3x)dx and then use cos6x = +2cos* 3x +1
in an attempt to obtain an integrable form.
May be implied by an answer of a:x+ fsin6x(+c)

Al: Correct integration. Condone the omission of “+¢”

Condone spurious notation e.g. Isin23xdx == %x—ésin 6x dx
(i)
3 5
M1: Obtains x(x2 +4)2 dx = k(xz +4)2 (+c)

. > dy = 2 sy L
May be implied by e.g. J-X(XZ +4)2 dX=gX(X2 +4)2 x5(+c)

Note this may also be implied by an attempt at substitution e.g.
5

3 3 dx 31 1 32
u=x+4= | x(x*+4)7dx= | x(xX*+4)2 —du= | xu? =du=Zu?+c
du 2x 5
5
Score M1 for a complete method leading to ku?(+c)

Al: Correct integration. Condone the omission of “+ ¢”

without the x’s cancelled.

X(x* +4)2
5X

Allow equivalent correct expressions but do not allow

3 5

Condone spurious notation e.g. .“x(xz +4)7dx = %(x2 +4)7 dx

Lo
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gﬂ?nsggrn Scheme Marks
6(a)
0=751t=0=>75=21+A= A=... M1
A=54 Al
(2)
(b)
0 =21+54e™ = 25 =21+54e% M1
54e’5k=4:>e’5k=£:>—5k=|n£:>k=... M1
27 27
1 2
k=—=In—=0.521
c n > Al
3)
Notes:
@

M1: Substitutes # = 75 and t = 0 into the given equation, uses e’ =1 and proceeds to find a value for A.
Look for 75=21+ Axl1= A=...

Al: ForA=54
Sight of 54 with no incorrect working scores both marks.
(b)

M1: Uses @ =25and t=>5with their Ain 0 =21+ Ae™ soe.g. 25=21+54e™" isall that is required.
M1: Proceeds from an equation of the form e*** =« where & >0 to +5k =Ina =k =...to obtain a value
for k. Condone slips but the log work must be correct. Must be using In and not e.g. log,, which for

reference gives k = 0.226
May be implied by the correct exact value for k following through their A.
Al: Forawrt 0.521 from correct and sufficient work.

Allow the exact value e.g. —%In 2—27 and apply isw if subsequently rounded incorrectly.

May be seen embedded e.g. 6 = 21+ 54e ***"
4

Minimum for full marks in (b) is: 25=21+54e™>* =k = —%Ina

25=21+54e% = % = ;14 =k =0.521 scores M1dMOAO
25=21+54e"* = k =0.521 scores M1dMOAO

Note that some candidates are using & = 50 and t = 5 leading to k = 0.124 and this scores a maximum
of MOM1AOQ in (b)
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(© 0 =21+ 540 0% — (:j_ta _ _08.1. 05 ML
—28.1..°%%T = 9= % = —2891 =-0.521T =1In (2891 )
; 1. 1. ML
=T =In( j+—0.521
28.1...
=219 Al
@)
(©)
; : . de "

M1: Differentiates to obtain e ae™ where a £ A

dM1: Depends on the previous mark.
Sets their (:j_f =-9orsets —(theiri—f) =9 and proceeds to obtain a value for t (or T).

You do not need to be concerned about the processing as long as they reach a value.
For this mark they must have obtained d—f =ae™ with ¢<0andk>0

Do not condone work where candidates ignore/cross out signs to make their equation solvable.

Al: Forawrt2.19
Just look for this value so ignore any units, correct or incorrect, and apply isw once awrt 2.19 is seen.
Must follow M1dM1 previously.

Note candidates who used & = 50 and t = 5 leading to k = 0.124 in (b) who proceed correctly in (c)
will obtain T =-2.38 and can score a maximum of M1dMZ1AOQ in (c)

Note correct answer with no working scores no marks in (c).




< QUESTION

uestion
gumber Scheme Marks
7(a) y= e ¥sin3x = % =3e ¥ cos3x—2xe *'sin 3x M1A1
36 cos3x—2xe *'sin3x =0 =>3c0s3x—2xsin3x =0
:3cos3x=2xsin3x:>tan3x=2—3X aM1
1 3
X==arctan| — | * *
3 (ZX) Al
4
(b)() 1 ( 3 j
=0.4= x, = =arctan
% 23 2x0.4 M1
(x, =)0.4367 Al
(i) (x4 =)0.4307 Al
3)
Notes:
@

M1: Differentiates using the product rule to obtain ae™ cos3x+ ,Bxe’xzsin 33X, a,f#0
Al: Correct derivative in any form
dM1: Depends on the first method mark.

Sets their g_y = 0 (which may be implied), cancels e and rearranges to +tan3x=...
X

Al*: Correct proof with no errors seen.
1 3
Allow e.g. tan™* or e.g. artan for arctan and allow e.g. x = éarctan o
X

Ignore any reference or attempts to solve e =0
(b)
M1: Attempts to substitute x = 0.4 into the formula.
Allow if seen embedded in the formula or may be implied by x, =awrt 0.44
Al:  Awrt 0.4367
Al: 0.4307 cao not awrt 0.4307

Both values correct as defined with no working scores M1A1A1
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< QUESTION

(©

e.g. f(x)=x —%arctan (2—3)()

f(0.4305) = 04305 arctan [Lj(z 6.38x10°)
3 2x0.4305

f(0.4295) = 04295 arctan (LJ(: ~1.141..x107)
3 2x0.4295

ore.g.

f(x) =3 cos3x—2xe ™ sin 3x

f(0.4305) = 3¢ c0s3(0.4305) —2(0.4305)e***%'sin 3 (0.4305) (= —4.968...x10°*)

f(0.4295) =3¢ ****) c0s3(0.4295) - 2(0.4295)e *“**'sin 3 (0.4295) (=8.885...x10™°)

M1

Al
@

Sign change therefore x is 0.430 to 3dp

Total 9

(c)
M1: Chooses a suitable function and attempts its value at both 0.4305 and 0.4295
For the attempt we need to see embedded values as in scheme or one value correct to 1sf for their suitable

function.
The function they are using must be seen or implied by embedded values.

Allowable functions are:
1 3 . .
e X——=arctan o or multiples of this

o 3¢ cos3x—2xe ¥'sin3x or multiples of this following through on their j_y
X
3cos3x—2xsin3x or multiples of this following through on their j_y
X

Unlikely, but it is also acceptable to pick a tighter interval e.g. 0.4305 and 0.4301

Al: Requires correct differentiation (if g_y is used)
X

both values correct (rounded or truncated to 1sf)
a valid reason that includes a reference to the sign change e.g. <0, >0

a minimal conclusion which could be v/, QED, root

Note we condone the omission of a reference to continuity.

Attempts to use repeated iteration score no marks.
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P3.4b Tangents, normals & stationary points < QUESTION

estion
(I\glzmbler Scheme Marks
9(a) 2 2 l 2 _l 2
y =+3+4¢e :(3+4eX )2:>d—y:1(3+4eX ) ? x8xe” M1
dx 2
1
:4m*@+4&j2 Al
)
(b) \e
3+4e* )? 1
(—):4xex2 (3+4ex2) 2 M1
X
@+4e):4m% dM1
X
4x%e¥ —4e¥ —3=0%* Al*
@)
(© f(x)=4x’e" —4e” —3=f(1)=—3 AND f(2)=652-... M1
Change of sign and f (x) is continuous hence root in (1, 2) Al
)
(d) 2 2 )(2 7X2 2
4X2ex _4ex —3=O:>X2=4e _2|_3=4+3e :}X:lq’4+3e_x * B1*
4e* 4 2
. (@)
(€)() X1=1:>X2=%W M1
X, =1.0997 Al
(ii) o =1.1051 Al
®)
Total 11
(@)

1 1
M1: Differentiates using the chain rule to obtain kxe” (3+4eX ) ? OR ke (3+4eX ) 2

If they are using implicit differentiation accept kxe or
y

Al: Correct derivative in simplest form. Also award for i =
X

(b)

M1: Sets their d_y:
dx

y
dy

XZ

1
(3+4exz )5

X

Allow with another variable x - o

dM1: Multiplies up to eliminate the square root. Allow a consistent use of another variable x —> a

Dependent upon the

dy

o.e. simplified answer

1

or equivalent such as use of y =mx with m = their % and y = (3+ 4e* )E.
X

previous M1 and a suitable i that is one of the form that scored an M1 in part (a)

X
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Al*: Correct proof
An alternative method may be seen using the equation of the line with gradient g—i and point (a, V3+4e” )
ML1: For y—+/3+4e” ="g—y "(x—«) and sets (x,y)=(0,0)

X

X=a
dM1: Proceeds as the main method with the same condition on the gradient
Al1*: Correct proof. Condone with variable «

(©

M1: Attempts both f (1) and f (2) (or tighter) and obtains at least one value correct to 1sf rounded or truncated.

Condone f(2) =12¢*~3  If fory is not stated assume that f (x) = 4x%* —4e* —3
Al: Requires
e hoth values either correct or rounded/ truncated with accuracy to at least 1 sf

e areference to asign changee.g. f(1)=-3<0, f(2)=652>0 orf(l) X f(2) <0
e amention of continuity
e aminimal conclusion, e.g. hence root

(d)
B1*: Correct proof.
Look for the following evidence

o the line 4x%* —4e* —3=0 but may be implied by 4x%* =4e* +3 o.e.

2 2
4e* +3 4" +3 3
X2 = = x> =1+ = 4%% = = 4x? =4+
e theline 4" oe 4e or e’ oe e
e correct square root work leading to the given answer

(e)

M1: Attempts to use the iteration formula.

This may be implied by awrt 1.13 for X, or awrt 1.10 for x, or sight of a correctly embedded value.
It cannot be awarded for just the value of «

Al: awrt 1.0997

Al: 1.1051 cao following the award M1
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Question
Number Scheme Marks
7 . dx .
x =6sin 2y:>d—=24s1n2ycos2y MI1 Al
y
Attempts t & 1 d Ml
empts to use —— =1+—
P dx dy
Attempts to use both sin2y=\/§ and cos2y =+/l1-sin*2y = /1—% Ml
dx 24s1n2yc0s2y dx \/7 \/ 4\/6x x* Al
5)
Way 2 . dx .
x =6sin 2y=3—3cos4y:>d—=1251n4y MIA1
y
Attempts t Y d M1
empts to use —— =1+—
PRI ™ Ty
. 6x—x°
Attempts to use sin4y =% Ml
by 1 1 1
dx 12s1n4y Jox—x*  4J6x—x? Al
I YT
3
Way 3 ) i dx . .
y x = 6sin’ 2y=24sm2ycoszy:d—=48smycos3y—48s1n3ycosy MI1Al
y
Attempts t & 1 & M1
empts to use ——=1+—
PRI & ™ Ty
dy 1 1
dr 48sin ycos’ y—48sin’ ycos y 4851nycosy(cos y—sin y)
d_y_ 1 ~ 1 M1
24sin2ycos2y
dx sin2ycos2y 24)(\/;)(\/1_);
6 6
1
= - Al
4N 6x—x
(5 marks)
&
A
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In general, apply the following marking guidance for this question:

M1: Attempts to differentiate to obtain % in a correct form
Al: Correct derivative
M1: Attempt d—y—l*%

: pstousedx— 'dy’
M1: Change fully to a function of x.
Al: All correct

E.g.

M1: Attempts to use the chain rule on the rhs to achieve ksin 2y cos 2y

Al: Fully correct derivative ;ﬂ =24sin2ycos2y

y
MI: Attempts t d—y—l*%
: Attempts to use - O
dx . d 24
Condone a slip on the coefficient. E.g. — =24sin2ycos2y = Y _
dy dx sin2ycos2y

. . dx . dy 1
Do not condone slips/errors on the variable. E.g. o =24sin2ycos2y = ™ = CY I ——
ly sin2x cos2x

M1: Attempts to change both sin 2y and cos 2y to functions in x.
Expect to see sin2y = p\/; and cos2y=,/1-gx

ly |
Al:CSO —=—F—
dr  4y6x-x*
Way 2
M1: Differentiates to obtain ksindy

Al: Fully correct derivative ;ﬂ =12sindy

y
MI: Attempts t by &
: Attempts to use — - o
) . dx . dy 12
Condone a slip on the coefficient. E.g. — =12sindy = —=—
dy sindy

M1: Attempts to change both sin4y to a function in x.
Expect to see sin4y = p\6x—x" or equivalent e.g. sindy = p, [9—(9— 6x+x2)

d 1
Al: CSO 2 =

dr  4y6x—x




< QUESTION

Way 3
M1: Differentiates to obtain Asin ycos® y+ Bsin® ycos y

Al: Fully correct derivative ;ﬂ =48sin ycos’ y—48sin’ ycos y
ly

dy dx
MI: Attempts to use —=1+—

dx dy
M1: Attempts to change both sin 2y and cos 2y to functions in x.

Expect to see sin2y = p\/; and cos2y=/l-gx

dy 1
Al:CSO —=—F—
dr  46x—x

A possible alternative:

x=6sin"2y =sin2y = \/7:>2y—sm \/7:>y——s1n \/;

M1: For a correct attempt to make y or 2y the subject

Al: Correct rearrangement
1

dv 1 1 1(x):2
—=—x x—| =
dx 2 J1-x 12(6

X
6

1
«.. MI:For ...xB(%J ’

M1: For

o=

dy
Al: CSO—=
4/6x — x*
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General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(< +bx+c) = (x+ p)(x+0), vvhere\ pQ‘ =‘C‘ leading to x = ...
(ax® +bx+c) = (mx+ p)(nx+q), where|pg| =|c| and [mn =|a| |eading to x = ..
2. Formula

Attempt to use correct formula (with values for a, b and c)
3. Completing the square

Solving x> +bx+c=0: (xt2)’+q+c, q=0 leading to x = ...

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1 (x" — x"*)
2. Integration

Power of at least one term increased by 1 ( x" — x"*)

Use of a formula

Where a method involves using a formula that has been learnt, the advice given
in recent examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:
Method mark for quoting a correct formula and attempting to use it, even if
there are small mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication
from correct working with values, but may be lost if there is any mistake in the
working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer
is asked for, or working with surds is clearly required, marks will normally be
lost if the candidate resorts to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will
give details of what happens in particular cases. General policy is that if it could
be done “in your head”, detailed working would not be required. Most candidates
do show working, but there are occasional awkward cases and if the mark
scheme does not cover this, please contact your team leader for advice.

N
RA
138



< QUESTION

Question
Number Scheme Marks
2y dx 2 2y
10 (a) x=ye = E:e +2ye M1, Al
dx
—==42
:>dy +2x
d_y_ 1
dx  x dM1
—+2x
dy_ ¥y oy .
T & xt2w  x(1+2y) Al
)
1
(b) Deduces yz—z Bl
Substitutes ——l:>x——L Range for k —i<k<0 M1, Al
B TS 8 2e :
3)
(7 marks)
(@)

M1: For attempting to differentiate with respect to y.

Uses the product rule on yezy = e2y +... yezy. The left hand side may be missing/incorrect

A1l: Correct differentiation E.g. % e’ 12 yezy

d
dM1: Full method to get ay in terms of just x and y .

This requires, in any order
e acorrect attempt to invert, e.g. not inverting each term in a sum of terms

2 2 x
o« ¢ being fully replaced. You should see € ybeing replaced by ; or equivalent and ye2y

being replaced by x
AT1*: Correct proof. All relevant steps should be shown and there should be no errors.
If you feel that it hasn't been fully shown then please award M1 A1 dM1 A0

(b) Now being marked B1 M1 Al. On epen it is set up M1 Al Al

B1: For deducing left hand end occurs when y = -3
1
M1: For attempting to find x when y = ) => x =... This may be implied by & = awrt —0.183 or —0.184
1 . 1 - 1
Al: TS <k <0 or exact equivalent such as e.g. —5¢ <k<0, k> —5¢ and k<0,

{k:k>—2ie}m{k:k<o}

This must be correct so the candidate cannot have two separate inequalities with an "or" between
This must be the range for & not x




< QUESTION

Alt via In's

x=ye2y =Inx=lny+2y oe.

1d d
MI1: Attempts to differentiate wrt x . Consider justths In y+2y — 4 + —y

ydx Tdx
. . . . . de 1
Alternatively attempts to differentiate wrt y . Consider both sides @ = ; +2
1 1d d ldx 1
A1l: Correct differentiation — = — LY or ——=—+2
x ydx dx  xdy vy
Alt via differentiating wrt x
2
x=ye o 1=e2y%+yx2ezy%

x dy dy

l=—-+2x—

yar o ax

12X +2xy \dy

= Ja

Y__r .
dx  x(1+2y)
M1: For attempting to differentiate wrt x.
d d
Uses the product rule on y ezy = ezy ay +... yayezy . The left hand side may be
missing/incorrect
¥ dy ¢’ —2xe” x%
Uses the quotient rule on y = - = R Ta— condoning slips on the coefficient
e

Al: Correct differentiation including the lhs

d
dM1: Full method to get ay in terms of x and y.

Pearson Education Limited. Registered company number 872828
with its registered office at 80 Strand, London, WC2R ORL, United Kingdom
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Question
Number Scheme Marks
2 4y(3y-3)-3(2y*+6
10 (a) x:2y +6:> %: ( ) (2 ) M1 Al
3y-3 dy (3y—3)
dx 6y*-12y—18 2y’ —4y-6 oe
v = : dMm1, Al
Vooey-y o s(y-)
(4)
(o) P and Q are where g—§:0 orwhere 2y’ —4y-6=0 B1
Solves 2y’ —4y-6=0=>2(y-3)(y+1)=0=y=3-1 M1
2
Subs y=-1 and 3 in x:2y +6:>x:.. dM1
3y-3
Achieves x:—g and x=4 Alcso
(4)
8 marks
Notes
(a)

Ay(3y—3)-B(2y* +6)

M1  Attempts the quotient rule. Condone slips on the coefficients - look for By 3
y —

AB>0. Allow a product rule attempt:

x:(2y2 +6)(3y—3)'1 :[g—;‘/ :) Ay(3y—3)‘1+(2y2 +6>><—B(3y—3)

-2

Al  Correct differentiation which may be unsimplified. Allow if the j_x is missing or called g—y for
y X

this mark. By product rule 4y(3y—3)71 +(2y2 + 6)><—3(3y—3)72 Condone missing brackets if
recovered.

dM1 Requires an attempt to get a single fraction with some attempt to simplify.
For the quotient rule look for a simplification of the numerator with like terms collected giving a
3TQ.
Attempts via the product rule will require a correct method to put as a single fraction.

2(y-3)(y+1)

2
Al [d_x —Jw or exact simplified equivalent such as — isw after a correct

dy )3y’-6y+3 3(y-1)
simplified answer. Common factor 3 must have been cancelled. Must be seen in part (a). AQO if
called g_y but allow Al if LHS is not stated.

X

Attempts at j—y can score the first 3 marks if correct. Allow use of x in place of y for the Ms.
X

(b)
. dx
Bl Indicates P and Q are where — =

dy 0 orwhere their 2y2—4y—6:0 (which may be the

denominator of g—y if they found this instead).
X

o _

M1  Solves their 3TQ from an attempt at dy

0 (or denominator of theirj—y:O), usual rules.
X

X2
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2
dM1 Substitutes both their solutions to 2y2 —4y—-6=0into x= 23y _+36 . Condone slips if the attempt
is clear. At least one should be correct if no method is shown.
Alcso Achieves x = —% and x =4 only. Must be equations not just values but isw after correct equations
seen as long as no contrary work is shown (such as giving horizontal lines). Accept equivalents. Must
have come from a correct derivative - though allow from an isw form if a numerical factor was lost in the
numerator. Must be exact.
Answers from no working score 0/4 as the question instructs use of part (a), so must see the attempt at
setting dy =0
2y +6 dx dx
Alt (a — = M1 Al
(@ 33 = 3xy—3x =2y’ +6:>3X+3ydy d 4y
dx _ 4y-3x
dy_3(y—1) dM1, Al
(4)
(b) First [ g
2 marks. States that P and Q are where Oy 0 orwhere 4y—-3x=0 Bl
2
ﬂyzzy +6:>4y2—4y:2y2+6:>asmainscheme M1
3 3y-3
y 2y’ +6 2y 2 8 :>dx 2 8
Alt 11 (a) TV R - T St e il S M1 Al
3y-3 3 3 3(y_1) dy 3 3(y—1)
d y-1) -8 2 -4 6
d—x = 2 ) y -4y dm1, Al
Yoos(y-) 3(y-1)
(4)
Notes
(a)
M1  Attempts long division or other method to achieve Ay+B+ 3yC 3 o€ and differentiates.
Al  Correct differentiation.
dM1 Attempts to get a single fraction and simplifies numerator to 3TQ or uses difference of squares to
factorise.
Al Correct answer.

X2
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General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:

1. Factorisation

(x* +bx+c) = (x+ p)(x +q), where|pg|=|d|, leading to x = ...

,leading to x = ...

(ax® +bx + ¢) = (mx + p)(nx + q), Where‘pq‘ = ‘C‘ and ‘mn‘ = ‘a

2. Formula
Attempt to use the correct formula (with values for a, b and c).

3. Completing the square

b

2
Solving x> +bx+c=0: [xizj tg*tc=0, ¢g#0,leading to x = ...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1.(x" — x"™")
2. Integration
)

Power of at least one term increased by 1. (x" —» x

Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent
examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are
small errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from
correct working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked
for, or working with surds is clearly required, marks will normally be lost if the
candidate resorts to using rounded decimals.

N
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?\Eﬁiﬁg? Scheme Marks
1(a) 2, -4 BI1, Bl
)
(b) (8, 6) BI, Bl
2)
(© (-2, 6) Bl
@
(5 marks)
Notes:

1. Candidates may build up their answer in stages.

E.g. (6, —=2) > (8, —2) —> (8, 6) In such cases you mark the final coordinates only
2. Condone the omission of brackets. So, allow 8, 6 for (8, 6)

3. Allow for example, x =2 for (2,...)and x =2, y =—4for (2, —4)

4. There are no marks for transposed coordinates i.e (6, 8)for (8, 6)

(a)

B1: For either (2,...) or (...,—4)

BI: (2, —4)

(b)

B1: For either (8,...) or (...,6)

BI1: (8, 6)

(©
Bl: (-2, 6)
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Question
Number Scheme Marks
10.(a) x=3cos2y3(%=)—6sin2y M1 Al
2
Bg L_ 6fiop’ or o1
(b) AT dx their9 Ml
dy
dy 1 _ 1 _ 1
& 6 1-cos’2y 6 1_(xj2 29— x’ dMI Al
3
(&)
Sets d_yz—;z—l
(© 2 4
2V9—x
x2=5:a=\/§ M1 Al
\/§=3cos2y:>b:%arccos[§j dMI Al
Alt(e) |gegs_ 1T _ 1
dx 6sin2y 4
. 2 1 . (2 MI1Al
=sin2y=—=>y=—arcsin| —
3 2 3
x=3c0s2y=3\/1—sin2(arcsin§)=x/§ dM1 Al
C))
(9 marks)

(a)

) dx .
MI: [% =Jksin 2y Alt: ¥= 3(2C05 y—l) = @ = |kcos ysiny (oe with sine identity etc)
dy

dx dr 12cos ysin y
Al: —l_6si Alt: | = |~
[3 —] 6sin2y dy
(b)
M1: Either
o Uses sin’2 v+ cos’ 2 ¥y =lwith x =3cos2y to find sin2y in terms of x (condone slips with the 3
when rearranging)
e Oruses d_y=1+£
dx dy

dM1: Uses both of the above to find % in terms of x.

&Q’/‘
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Al: Y =— ;2 including the d—yseen at some stage associated with the answer, may have the —1/2
2N9—x dr

in the numerator seen and isw attempts to take the 2 into the numerator.

Alt for first bullet point: Longer ways may be possible, but look for correct formulae used, allowing
algebraic slips simplifying, and must reach an expression for sin 2y in terms of x. E.g.

sin2y =2sin ycos y =2\/%(1—§)\/%(1+§]

Another alternative for finding sin 2y in terms of x is use of appropriate triangles, e.g.

To score the M they must proceed as far as identifying sin 2y in terms of x, here sin2y =

trig ratios and application of Pythagoras theorem must be correct.

Notes: The question says “hence” and so answer via arcos formula are not being credited any marks.
You may allow recovery of marks for part (b) if the work is done in part (¢) instead.

(©)

2
MI1: Sets % = —iand proceeds to x = p, p > 0. Condone slips in rearranging.

Al: a= \/g from a correct answer to (b) Accept x =...
dM1: Substitutes the value of x in x = 3cos 2y and uses arccos to find y (allowing decimal values — you

may need to check).

1 5
Al: b= Earccos [Tj following a correct answer to (b). Accept y =... Accept alternative notation such

lCOS7l —5
as 2 3 or €ven acos.

Alt method

M1: Sets % = —%and proceeds to sin2y = p,| p |<1. Condone slips in rearranging.

.2 1. (2
Al: b= EaI‘CSlIlE Accept y =... Accept alternative notation such as Esm (E or even asin

dM1: Substitutes the value of y in x = 3cos 2y and uses Pythagorean identity to find exact value of x.

Al: a=\/§ Acceptx =...
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dy

(b)

Question
Number Scheme Marks
10(a) e
— =12sec’2ytan2y M1, Al
dy
(2)
®) dx X dx x) [x
—=12(—j,/sec22y—13-:12(-) ——1 M1, Alft
dy 3 dy 3)V3
d_ 3 Al
dx 4xJx-3
3)
© y=1:>x=4 B1
12
il o o !
ly V3 dx (4) 4 Ml
12| — |, [——1
3 3
C t m 16 Al
orrec =——= 0.e
B
T 16
——=——7(x-4 Ml
=35 \/5( ) d
__16\/§x+64\/§+£ Al
3 3 12
S
Total 10
(@)

M1: Differentiates to a form on the rhs of asec’2ytan2y which may be written ...sec2yx...sec2ytan2y

Note that the same scheme can also be applied to students who adapt x =3 sec’ 2 yto x=43 tan’ 2 y+3

Al: dr _ 12sec’ 2y tan 2y . If the lhs is included it must be correct. So % =12sec’2ytan2yis M1 A0

Condone this to be unsimplified ;ﬂ =6sec2yx2sec2ytan2y ISW after sight of correct answer
34

MI1: For an attempt to
e replace sec’2y with ax

e use the identity +1+tan’ 2y =+sec’ 2y and replaces tan2y =bh\/+1+d x

. . dx .
to obtain an expression for d—or % in terms of x only.

34

The expression in part (a) must have had o as a function of both sec2yand tan2y o.c.
34

Alft: Requires a substitution of both sec?2y with g and tan2y = g—l to obtain a correct expression for T or
y

% in terms of x. Follow through on their ;ﬂ =asec’2ytan2y
y
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For a correct % it is awarded for d_y = 1

d dx f
4 4x %x—l

A1l: Correct answer in the required form.

343 P

. Form required is

12x/x -3 gx~x—3

Alt method for (a) and (b) which can be marked in a similar way

Allow equivalents e.g.

(a) M1 ALl: x=3(cos2y)_2 = ;ﬂ =12(0032y)_3 sin2y
34

(b) If x=3(cos2y)72 = cos2y=£

Jx

Score in a similar way to the main scheme

x-3

2y M1 Al: ﬁ_ 12sin2y _12 X

5 4 (cos2y) ( \Fj

Alt (b) via arccos
1 I dy 11 B
y—EarCCOS\/EDE—EjX X
)

Ml: For —=A———==x—x Al: Correct and unsimplied ~ Al: Correct and in the required form

©

B1: Correct value for x

M1: Attempts to find the value of ;ﬁ using their part (a) with y = %
Ly

the value of d—yfrom an inverted dr using their part (a) with y = z
dx dy 12

or the value of % using their part (b) with their value of x found using y = %

These may be called m or f' and not identified as ;ﬂ or &

Ly
Al: Correct normal gradient

dM1: Attempt at the equation of normal at y = %

The gradient should be either an attempt at the value of —;ﬂ at y=% for their (;ﬂ
y Ly

or an attempt at the negative reciprocal of their %at their "4" which must have been found from y = %

Al: Fully correct equation in the required form. ISW after a correct answer
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16 64 1 2
Allow equivalent exact forms e.g. y = —ﬁx +$ +%, y= —Tix +%

INZ]
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< QUESTION

Question Scheme Marks
Number
9(a) | (k=) 4sin2(%j—1=2 * B1*
@)
(b) (i) x=4siny-1= g—§:85in ycosy O.e. M1 Al
.. . . +x+£1 2 X+1
(ii) Attempts either sin“y = or cos y=J_r1J_rT (both for dM1) | M1 dM1
dy _ 1 1 .
dx  8sinycosy \/x+1 \/+1+X+1 T 2X+13—x ddM1 AL*
(6)
() At x =2, gradient of curve = % = gradient of normal is —2+/3 M1
Point N (base length of triangle) is solution of
¥-%=-28(x-2)=x=2+"= f (=23..) dM1
Area = 1>< 2+ 2 |xZ=Z ad Al
2 63 3 -3 36,3
@)
(10 marks)
@)
B1*: Verifies that k = 2with no errors seen. (Condone x =2) Do not allow this mark if rounded numbers

(b) ()
M1:

Al:

are seen in their solution for e.g. % They may work in degrees and substitute in 60° which is

2
acceptable. Look for as a minimum e.g. (k =) 4sin’ Z _1-2 Donotallow k = 4sin(%) -1=2

3

If they rearrange the equation to e.g. y=sin™ (‘ /XTH] and substitute in x =2 proceeding to e.g. %

then they must conclude that k =2 (or a preamble followed by a minimal conclusion e.g. QED, tick)
Differentiates to a form psinycosy or equivalent. Indices do not need to be processed for this mark.
e.g....sin”*ycosy
May use the identity cos2y =+1+2sin’y = x=4sin’ y—-1=1-2cos2y = % =qsin2y

y

Correct Ihs and rhs. For ax_ 8sinycosy or 4sin2y. Note that j_y =
X

.. IS AO. isw for this mark
dy

d
after a correct answer is seen. You may see — (or allow x’) on an earlier line which is fine for

this mark. May be seen at the start of (b)(il). Indices must be processed for this mark.
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(b)(ii) On EPEN this is M1IA1dM1AL1* we are marking this as M1dM1ddM1A1*
Note this is a given answer so full working must be seen.

M1:  Attempts to find either siny (or sin’y) or cosy (orcos2 y ) in terms of x (or possibly multiples of

+ [+x+
£ o siny = %‘1 Also allow e.g. 4sin’ y =+x+1

May attempt to use £sin® y£cos® y =+1=>c0s’ y =+1+sin’y =>cos’ y = +1+T1 or

+
these) Typically look for sin®y = =

cosy = ,/J_rliXTﬂ Ignore ++/... for this mark. (may be seen within their expression for % or ?)
X y

dM1: Attempts to find both siny (or sin’ y) and cosy (orcos2 y ) or possibly multiples of these in terms of
X. (See previous method mark for guidance) It is dependent on the previous method mark

ddM1: Full method to get of the form ; 0.e. in terms ofxeg
psinycosy vg "\/+x+1\/ N

Condone square root notation which does not fully go over any fraction provided it is implied by further work
which is not the given answer. Condone missing arguments for sin and cos provided the intention is clear or
implied. Condone missing brackets to be recovered before achieving the given answer. If they have
rearranged or simplified incorrectly forcosy before substituting, ddM1 can still be scored.

Al*: Achieves the given answer provided all previous method marks have been scored in (b) and no
errors. Look for

e acorrect expression for cos® y or cosy in x which has not already been simplified to ../3—x

e acorrect expression for sin’ y or siny in x which has not already been simplified to .../x+1

d—y (or y") may appear on an earlier line which is acceptable. Note that if they work backwards by
X

dy
substituting x = 4sin’ y into the given answer there must be a conclusion that — isw

dx 2\/x + \/

(©)

M1:  Full method for the gradient of the normal using the x or y value. Condone arithmetical slips but the
gradient must be the negative reciprocal of the gradient of the tangent to the curve.

Note that they may use an earlier incorrect line in part (b) for (or even :X ).
y

Allow use of an earlier line provided it is an attempt at a correct method substituting in x or y and

proceeding from e.g. % = o = gradient of the normal = -«
y

May be implied by awrt —3.5 If no method is shown where the gradient of the tangent or normal has
come from, then it must be correct.
dM1: Attempts to find the x coordinate of N. It is dependent on the previous method mark. Uses their

gradient of the normal with ( 3) sets y=0in y—y, =m(x—x,) and proceeds to find x. May also

use y=mx+c to find the equation for the straight line and then sets y =0 and rearranges to find x.

Do not be concerned by the mechanics of the rearrangement for this mark.
2

36[

| w| N

2
3 L
Al: or exact equivalent such as ZL A" 73 which is in the form az +bz?

3 108

N
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Question
Number Scheme Marks
9(a .
(®) x=0:zsm 3y+£ =O:3y+£=7r, 27,.. >y =.. M1
3 4 4
T I
=—0ry=— Al
y 4 y 12
T r
=—and y=— Al
y 4 y 12
@)

Condone any confusion about which point is which and just look for the correct values.
Look for answers given in the body of the question or on Figure 2
M1: Correct strategy to find y at A or B.

Requires an attempt to solve either 3y+% =7 or 3y+% =2

May be implied by at least one correct value and may be seen embedded e.g. (0, —j (0 —j

12
7
Condone e.g. (% Oj, (% 0]
T T T 2r

Allow equivalent work e.g. 3y+2 =0=y=——— =— 4= -4
q gy4y12y123123

May be implied by decimal answers e.g. awrt 0.79 or awrt 1.8

Al: One correct value. Allow simplified or unsimplified and may be seen embedded e.g. (0, —J (O Ej

Condone unsimplified for thismark e.g. y = L 7-Z | for Z ore. g.y _m for i
3 4 4 3 12 12

s V4 Tz
Al: Both correct and simplified and may be seen embedded e.g. (0, Zj (0, E)

7
Condone e.g. ( % O), (% OJ and condone unsimplified as long as they are single fractions e.g. %ﬂ

Alternative:

gsin 3y+Z =O:>gsin3ycos£+gc053ysin£=0:>tan3y=—1:>3y=3—7z,7—”
3 4 3 4 3 4 4 4

Score M1 for an attempt to solve either 3y = 3772 or 3y = 77” and then A1A1 as above.
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M1:

dM1:
Al:

b
() x:—sin(3y+%):>:—;:§x3cos(3y+%j(:Zcos(3y+%n B1
2
g_y: : :(%j - l - 1 M1
X 2003(3y+”} X 40032(3y+”] 4 1-sin?| 3y+~
4 4 4
B 1
- 2
4[1_ 3x) J dM1
2
-1 Al
4-9%°
(4)
B1l: Correct d_x or d_y in any form.
dy  dx

Do not condone missing brackets e.g. 20053y+% unless recovered or implied by subsequent work.

For any 2 of the following applied to their j_x:
y

o finds reciprocal (may have already happened if they find :—i)
e squares
e applies cos® (3y+%) =1—sin? (3y+%j

Note that this mark (and the next one) may be implied by equivalent work e.g.

, _ 2
x=gsin(3y+£):>sin[3y+£) 3—X:>cos(3y+£j 4-9x
3 4 4) 2 4

T2
2
dx _ Zcos(3y+£j =4-9x* = (d_y) _ 1 -
dy 4 dx 4-9x
2
Uses all 3 of the above correctly to obtain (j_y) in terms of x.
X

Correct answer.

You can condone e.g. missing trailing brackets within their working e.g.
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(b) Way 2 2 . ( 7[) T . 13X

X==sin| 3y+— |=3y+—=sin" —
3 y 4 y 4 2 Bl

3y+£:sin’l§:>3d—y:—1 W3
4 2 dx A gx? 2 M1

4
2

SRR T | o

1_9i 2 1_9i

4 4

1
~ 4-9x> Al
Way 2:

B1:  Correct equation in any form connecting y and sin™ 3?)(

T

2
dM1: Squares and makes (S—U the subject.

dy

M1: Differentiates to obtain — = or equivalent. Condone missing brackets around 37)(

Al: Correct answer.
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(c) - . . . .1
Identifies that one of the gradients is «"'4" or that one of the gradients is ﬁ
or B1ft
Identifies that one of the gradients is 2 or that one of the gradients is %
At A: y_u£|l:|l2|lx and AtB: y_..7_7z'..:ulux M1
4 12 2
Vs 1 r
"2UX+ ==X = X =
4 12 dM1
27
X=—
) Al
(4)
Total 11
Note that in this part the question says to use the answer to part (b) i.e. their 1 .
p—ax

If they use their 1 _ then the ft is available as shown.
p—0ax
dy

If candidates “start again” or e.g. use their g_x or — in terms of y with their y values from part (a) then
y X
the value(s) must be correct.
B1ft: Using the answer to part (b):
Award this mark for one gradient identified as \/B or % where p is their value from part (b).
p

or not using the answer to part (b):
One gradient identified as 2 or %

M1: Correct straight line method for the equation of the normal at A and the tangent at B.

They must have
e 2 values fory from part (a) (ignore how these were labelled)

e both gradients positive

For the normal at A this requires a gradient of \/B or 2 with x = 0 and their smaller value of y from part (a)
If they use y = mx + ¢ they must proceed as farasc = ...

For the tangent at B this requires a gradient of % or % with x = 0 and their larger value of y from part (a)
p
If they use y = mx + ¢ they must proceed as farasc=...

dM1: Correct method for both lines as defined above and solves simultaneously (may be via a calculator) to
find the x coordinate of D.
Depends on the previous mark.

Al: Cso. Correct value x = %Z

Ignore any attempts to find the y coordinate.
If they use part (b) then full marks can be awarded following an incorrect value for q provided all the

other work is correct.
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Beware: It is possible to obtain the correct answer in (c) from incorrect values in (a) e.g.

o - { = o A _
- - —— — ~ t’q“
When zao____ﬁ_i_f“é-'ﬁ"j—__ X
,ﬁ - - JI—-— ==
: R :

This scores BIM1dM1AO0

Diagram for reference:

£
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