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HOW TO USE THIS BOOKLET
Questions are grouped by sub-topic and run from the lowest to the highest mark tariff, then oldest paper first.

Click any row below to jump straight to that sub-topic or question.

On every question page, click ANSWER in the top-right corner to jump to its mark scheme; < QUESTION brings you back.
A gold bar in the left margin marks exactly where the question sits on the original page.

Diagrams, graphs, grids and tables are printed exactly as they appear in the original papers.

Each question is filed under its main topic; longer questions may also test skills from other topics.
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QUESTIONS

21 questions - 158 marks - 1 sub-topic

SUB-TOPIC P3.5a

INTEGRATING EXPONENTIALS, 1/X &

TRIGONOMETRIC FUNCTIONS

Sub-topic P3.5a - 21 questions - 158 marks - lowest tariff first
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1. Find

2—
Jx 35dx x>0
2x

giving your answer in simplest form.
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5 Question 1 continued

(Total 3 marks) —]
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( Leave\
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9. Find
) [ 3x-2
) J3x* —4x+5
(2)
* 2x
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5 Question 9 continued

(Total 4 marks) 7
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ANSWER >

e
5. Find
(i) J‘sin2 3x dx
(2)
. 3
(i) Ix(x2 +4)2dx
(2)
Y
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Question 5 continued

(Total for Question S is 4 marks)
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8. Find, in simplest form,

(2cosx — sinx)2 dx
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Question 8 continued

(Total for Question 8 is 5 marks)
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ANSWER >

( Leave |
blank
5. (i) Find, by algebraic integration, the exact value of
4
j S B,
2 (2x = 3)°
O
(i1) Find, in simplest form,
7
jx(xz + 3) dx
2
. J
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Question 5 continued
Q5
(Total 6 marks) —]
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( Leave |
blank
3. (i) Find, in simplest form,
J.(2x -5) dx
(2)
(i1)) Show, by algebraic integration, that
[ g =
o 1+ 2cosx
where a is a rational constant to be found.
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Question 3 continued
Q3
(Total 6 marks) —]
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ANSWER >

( Leave |
blank
3. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
Given that £ is a positive constant,
(a) find
J 29 T dx
3"+ k
(2)
Given also that
5
J X gx=1n8
2 3x“ +k
(b) find the value of £
C))
. J
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Question 3 continued
Q3
(Total 6 marks) —]
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ANSWER >

7

3. (a) Using the identity for cos(4 + B), prove that

cos24=2cos’A— 1
)

(b) Hence, using algebraic integration, find the exact value of

8
(5 — 4cos” 3x)dx
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ANSWER >

Question 3 continued

(Total for Question 3 is 6 marks)

S
<

o8
R

%
KX
KX

%

18



ANSWER >

10.

0 a

=

Figure 4

Figure 4 shows a sketch of part of the curve with equation
y=(1+2cos2x)’
(a) Show that
(1 +2cos2x)’=p + gcos2x + rcos4dx

where p, ¢ and r are constants to be found.
2

The curve touches the positive x-axis for the second time when x = @, as shown in Figure 4.

The regions bounded by the curve, the y-axis and the x-axis up to x = a are shown shaded
in Figure 4.

(b) Find, using algebraic integration and making your method clear, the exact total area
of the shaded regions. Write your answer in simplest form.

)
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blank
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Question 10 continued
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Question 10 continued
Q10
(Total 7 marks) T
TOTAL FOR PAPER IS 75 MARKS
END
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ANSWER >

d .
3. (i) Find aln(sm2 3x) writing your answer in simplest form.
. . d > 6
Find —(3x" -4
(i) (a) Fin dx( X )

(b) Hence show that
V2

x(?,x2 - 4)5dx =R

where R is an integer to be found.

(Solutions relying on calculator technology are not acceptable.)
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Question 3 continued
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(Total for Question 3 is 7 marks)
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-
-
2x* —5x+8
2. g(x) == - -
x—-2
%%
(a) Write g(x) in the form .;
1%
c
Ax+ B+ —— &
x—=2 4
&3
bos
where 4, B and C are integers to be found. 54
X
@ |
(b) Hence use algebraic integration to show that
8
g(x)dx =a + fIn3
4
where o and f are integers to be found.
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Question 2 continued
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Question 2 continued
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Question 2 continued

(Total for Question 2 is 7 marks)
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ANSWER >

( Leave\
blank
5. (a) Show that
sin3x = 3sinx — 4sin’x
“
(b) Hence find, using algebraic integration,
3
J sin®x dx
0
©))
. J
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5 Question 5 continued

(Total 8 marks) —]
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ANSWER >

Leave
blank

3. (i) Find

giving your answer in simplest form.

2
(i) (a) Write dx+3 in the form
A+ where A4 and B are constants to be found
X+
(b) Hence find, using algebraic integration, the exact value of
Cax+3
J' x+3

L XT2

giving your answer in simplest form.
(6)
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Question 3 continued
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Question 3 continued
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Question 3 continued

(Total 8 marks) —]
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ANSWER >

Va

/

Figure 1

In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

Figure 1 shows a sketch of part of the curve C with equation y = g(x) where

3x3 —=5x2+7x -5

x2 +1

g(x) =

Given that

3x3 —5x2+7x -5 Cx+D
=Ax+ B+
x2 +1 x2 +1

(a) (1) find the values of the constants 4, B and C

(ii) show that D=0
C))

The finite region R, shown shaded in Figure 1, is bounded by C, the x-axis and the lines
with equations x=2 and x=3

(b) Find the exact area of region R using algebraic integration.
Give the answer in the form a + Inf where a and £ are constants to be found.

(C))
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Question 4 continued
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 8 marks)
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ANSWER >

( Leave |
blank
1. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
f(x) = 2x* —4x —15
x) x*+3x+4
(a) Show that
C(2x+3)
f(x)=Ax+B+ —F~
x*+3x+4
where 4, B and C are integers to be found.
C))
(b) Hence, find
5
J. f(x)dx
3
giving your answer in the form p + Ing, where p and ¢ are integers.
6
. J
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Question 1 continued
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Question 1 continued
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( LeaveN
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Question 1 continued
Q1
(Total 9 marks) —]
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ANSWER >

vA /

Figure 3

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

QK
RRRLLS

<
dasrsadesoress

(%

Figure 3 shows a sketch of part of the curve with equation
y=+4x-7

The line /, shown in Figure 3, is the normal to the curve at the point P (8, 5)

X

(a) Use calculus to show that an equation of / is

X

Sx+2y-50=0

%%

(©))

%

XX $9.%%%
SRLLEELES

The region R, shown shaded in Figure 3, is bounded by the curve, the x-axis and /.

(b) Use algebraic integration to find the exact area of R.

(C))
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Question 6 continued
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 9 marks)
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ANSWER >

7

4. Given that

3 2
4x” + 2x +3x+85Ax+B+Cx+D

x*+4 x'+4

(a) (i) find the values of the constants 4, B and C

(i1) show that D=0

C))
(b) Hence, using algebraic integration, find
44x3 +2x° +3x+8
> dx
: x"+4
giving your answer in the form p + ¢ In2, where p and ¢ are integers.
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Question 4 continued
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 9 marks)
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( Leave\
blank
8. (i) Find, using algebraic integration, the exact value of
)
2
J. dx
giving your answer in simplest form.
4
B 2x3 = 7x* +8x + 1
(i1) h(x) = ) x>1
(x=1
) C
Given h(x) =Ax + B + 7 where 4, B and C are constants to be found, find
Jh(x) dx
(6
g J

A
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Question 8 continued
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Question 8 continued
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Question 8 continued

(Total 10 marks)

LeaveN
blank

Q8

INZ]
53




ANSWER >

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.
(a) Show that

cos2x N sin2x

nmw
- = cosecx X#F—=— netl
sinx  cosx 2
3)
T
(b) Hence solve, for 0 < 6 < B
cos20 sin20Y’
—t =6cotd—4
sin 6 cosf
giving your answers to 3 significant figures as appropriate.
)
(c) Using the result from part (a), or otherwise, find the exact value of
4(cos2x  sin2
(co's x  sin x)cotxdx
Z\ sinx  cosx
(2)
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Question 9 continued
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Question 9 continued
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(Total for Question 9 is 10 marks)
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e ™)
7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
The curve C has equation
16 k
y=——— X # =
9(x - k) 3
where £ is a positive constant not equal to 3
(a) Find Y giving your answer in simplest form in terms of k.
dx @)
The point P with x coordinate 1 lies on C.
Given that the gradient of the curve at P is —12
(b) find the two possible values of &
3
Given also that £ < 3
(c) find the equation of the normal to C at P, writing your answer in the
form ax + by + ¢ = 0, where a, b and ¢ are integers to be found.
3
(d) show, using algebraic integration that,
3
Jde = AIn10
9(3x — k)
1
where 4 is a constant to be found.
“
\ y,
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Question 7 continued
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Question 7 continued
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Question 7 continued

(Total for Question 7 is 12 marks)
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Figure 5

Figure 5 shows a sketch of part of the curve C with equation y = f(x) where

6x" +4x -2 1
f(x)= ———— >_=
()= o T
(a) Find f'(x), giving the answer in simplest form.
3
The line / is the normal to C at the point P(2, 6)
(b) Show that an equation for / is
16y +5x =106
3
. . D
(c) Write f(x) in the form Ax + B + o1 where 4, B and D are constants.
X
3)
The region R, shown shaded in Figure 5, is bounded by C, / and the x-axis.
(d) Use algebraic integration to find the exact area of R, giving your answer in the
form P+ Qln3, where P and Q are rational constants.
(Solutions based entirely on calculator technology are not acceptable.)
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Question 9 continued
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Question 9 continued
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Question 9 continued
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Question 9 continued
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(Total for Question 9 is 14 marks)

TOTAL FOR PAPER IS 75 MARKS
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MARK SCHEMES

official mark schemes, in the same order as the questions
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MARK SCHEME - IAL P3 (WMA13) - January 2021 - Q1 P3.5a Integrating exponentials, 1/x & trigonometric functions < QUESTION

General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:
1. Eactorisation

(x* +bx+c)=(x+ p)(x+q), where‘pq‘ = ‘c

, leadingtox=...

(ax’ +bx +c) = (mx + p)(nx +q), where|pg| = |c| and |mn| = |a

, leadingtox = ...

2. Formula
Attempt to use correct formula (with values for a, b and ¢).

3. Completing the square
Solving x* +bx+c=0; (xi%)2 tgte, q#0, leadingtox=..

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (¥" = x" ")

2. Integration
Power of at least one term increased by 1. (x" = x"")

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent examiners’
reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small mistakes in the
substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct working with
values, but may be lost if there is any mistake in the working.

Exact answers
Examiners’' reports have emphasised that where, for example, an exact answer is asked for, or working with
surds is clearly required, marks will normally be lost if the candidate resorts to using rounded decimals.

N
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< QUESTION

Question
Number Scheme Marks
9(1) _
23x—zdx=lln(3x2—4x+5)(+c) M1, Al
3x"—4x+5 2
)
(i) . |
e . -2
———dv=——(e"~1) " (+c) M1, Al
oy
(2)
Total 4
(i)

M1: Integrates to a form & In (.’)x2 —4x+ 5) where « is a constant . Condone a missing bracket.
Do not accept & 1n(3x2 —4x+ 5)+ f(x),e.g. ln(3x2 —4x+ 5) +2x
If the substitution u = 3x” —4x + 5 is attempted, the mark can be awarded for kInu
It is unlikely but aln S (3)62 —4x+5 ) and aln (3)62 —4x+ 5)/i are also correct

Al: %ln (3x2 —4x+ 5) o.e. with or without the + ¢. A bracket or modulus must be present.

ISW after a correct answer.
ln(?’x2 —4x+5)

2

Do not penalise or In (L’»x2 —4x+ 5) /2 if the intention is clear

. o , 1n(3x2—4x+5)dx
Penalise spurious incorrect notation for the A mark only. Sodonotallow *  /
2

(i)
M1: Integrates to a form S (ez" —1)72 where (3 is a constant .
Do not accept ﬂ(ez" - 1)72 +g(x),eg. ﬁ(e” - 1)72 +e¥

Allow substitutions. So for example,
if the substitution u = e** —1is attempted, the mark can be awarded for ku

-2
if the substitution u = e*is attempted, the mark can be awarded for k(u2 - 1)

if the substitution u =™ is attempted, the mark can be awarded for k(u—1)~

1 - . . .
Al: —Z(ez" - 1) ’ or exact equivalent with or without the + ¢

ISW after a correct answer. Need not be simplified

Penalise spurious incorrect notation for the A mark only. So do not allow J-—%(ez" - 1)_2




MARK SCHEME - IAL P3 (WMA13) - June 2025 - Q5 P3.5a Integrating exponentials, 1/x & trigonometric functions < QUESTION

Question
Number Scheme Marks
2(a) R=25 B1
tana=2—2>a=... M1
7
a=1.287 Al
3)
(b)(i) Min 5
" 90—3x"25"><(—1) M1
1
=33 Al
(b)) (2X+"1.287") = 7,.. = X =... M1
x:—”_"12'287" =0.927 Al
(4)
Total 7
Notes:
@

B1:  Correct value. May be seen embedded in e.g. (f (x) :)25cos(x+...).

Condone e.g. R=/7? +(—24)2 =25
Do not allow £25 unless the —25 is rejected.

24
their R their R leading to a value for a.

If no method is shown it may be implied by their value for « as awrt 1.3 rads or awrt 74°
Al:  Awrt 1.287 Isw once the mark is awarded. Must be in radians.

May be seen embedded in e.g. (f (x) :)...Cos(x+1.287).
Apply isw if correct R and « are seen followed by e.g. (f (x) :) 25c0s(x—1.287).
Mark (b)(i) and (ii) together.

M1: Allow for: tana:ig, tana:i%, COSazii, sina ==

(b)()
M1: Award for m
May be implied by their value (which may be a decimal) and may be seen embedded in e.g. coordinates
r-1287 1 . . y
5 '33 which would score (i) M1 Al and (ii) M1

Al:  For L only.
33

Note that both marks are available in (b)(i) even if their « is incorrect.
(b)(ii) Note that (b)(ii) can be marked independently.
M1: For an attempt to solve 2x+"1.287" = to obtain a value for x. May be implied by awrt 0.927
Condone a sign slip but the order of operations must be essentially correct e.g.
2X+"1.287"=7 = 2Xx=n%"1.287"= x = %
Condone an attempt to solve e.g. 2x+"74°"=180° but not mixed units e.g. 2x+"1.287" =180
Al:  Forawrt 0.927

RA
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< QUESTION

(lg\luestlon Scheme Marks
umber
2
3@) log,, y=+—1Ilog,, x-2 M1
3.5
4
log, y= - log,, x—2 Al
(2)
Notes:

M1: Obtains an equation of the form log,, y = 13—25I0g10 X—2 oee.g. log,,y= —;Iog10 X+ log,,0.01

Note y =—;x—2 or yziélog10 x—2 or log,, y=—;x—2 score MO

If this is attempted via simulténeous equations e.g. 0=-3.5m+c, —2=c it is scored for reaching a
gradient of i% which may be implied by awrt 0.57 and then log,, y = J_r3—i_)logm X—2 as above.
Condone log or Ig for log,, but not In or any other incorrect base.

Al: Correct equation log,, y = —; log,, Xx—2 or equivalent.
e.g. 7log,, y+4log,, x+14=0, log,y= —; log,, x+log,, 0.01

2 . .
Condone log,, y = “3s log,, Xx—2 and isw once a correct equation is seen.

Condone log or Ig for log,, but not In




MARK SCHEME - IAL P3 (WMA13) - June 2025 - Q5 P3.5a Integrating exponentials, 1/x & trigonometric functions < QUESTION
b 4
(b) Iogloyz—?logmx—Z:
4 lo xig—z 4
——logyo x-2 [ Y10 ] —logyy X

yzlo( ! ) or y=10 or y=10 7 " x102
or e.g.
G0 M1

log,, y=log,, X " —2=1log,, L‘l =-2
Xi?
ore.g.
4 4
log,, y =—log,, x " —2=log,, yx" =-2
[l‘)gm Xigfz] _img1 X _4

y=10 or y=107 " x10%=y=x "x107
ore.g. dM1

|0910% 4 4

10 *7 =107 = L =10 or 10™* =102 = yx =102
X 7
_4
y= 1 X 7 oe Al
100
@)
Total 5

Do not allow marks for part (a) to be scored in part (b)

Main method: Starting from an equation of the form log,, y = mlog,, x+c¢ where m and c are non-zero.
M1: Correctly applies 10™ =10™ to their log,, y = mlog,, X +c including the use of 10"%’ =y

e.g. log,, y =mlog,, Xx+¢ =y =10""%"* or log,, y = mlog,, X +¢ = y =10™** x10°

or combines their log,, y and mlog,, x correctly to obtain log,, yx" =+c or equivalent e.g.

lo =mlog,, Xx+c=>lo =log,, x"+c=lo —log,, x"=c=1lo l:ic
10 10 10 10 10 10 10

m

May be implied by their work. Note that e.g.

10 X

o
IOglO yz_glogm Xx-2=y=10 7% —10? scores MO

dM1: Depends on the previous method mark.
Complete and correct work to obtain an equation in x and y only or for obtaining values for p and g
which must not involve logs.
You can condone sign slips with their constant term but the log work must be correct.
4 4 4

Al:  Correct equation in the form required y:ﬁxf7 ore.g. y=0.01x 7 ore.g. y=102x 7 ore.g.

4

7

X . 8 2
=—— from correct work. Allow equivalent exact values for g e.g. g=—-— butnote.g. q=———
y 100 q 4€9. 9 14 g-9 35

Note that the correct answer does not imply the method marks and you need to check carefully.
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Alternatives for part (b):
Way 2:
M1:  Starts with y = px* and obtains log,, y =log,, p+log,, x* oee.g. log,, y =log,, p +qlog,, X
dM1: Depends on the previous method mark.
Correct attempt at p and g by comparing their equation of the form log,, y = mlog,, x+c from part (a)
or e.g. identifies the gradient and y-intercept from the sketch to obtain values for p and g not involving
logse.g. log,, p=c= p=10° and log,, x* =qlog,, Xx=q=m
4
ore.g. y=102x 7 from

4

Al: Correct equation in the form required y:ﬁx 7 ore.g.y=001x

~Ns

correct work. Allow equivalent exact values for g e.g. q= —% butnote.g. q= —%

Note that correct values for p and g with no incorrect work seen scores M1dM1
Note that a correct equation with no incorrect work seen scores M1dM1A1
Way 3:
M1:  7log,, y+4log,, x=-14=log,, y'x* =-14= y'x* =10

Multiplies up to obtain integer coefficients, combines the log terms correctly then applies 10™ =10™

14
dM1: y'x* =10" =y :47’104
X

Complete and correct attempt to obtain y in terms of x.
4

~Nis

_4
7

Al: Correct equation in the form requiredyzﬁx T oor e.g.y:O.lef ore.g.y=10"x or e.g.

4

7 . 2
y= X" from correct work. Allow equivalent exact values for g e.g. q = —% butnote.g. q= Y

Way 4.
M1:  (log, X, log,,y)=(0,-2)=x=1 y=10°= p=10"

Uses (0, —2) correctly to establish the value of p.
dM1: (log,, X, log,y)=(-350)=y=1 x=10*°=1=107x10"* = -2-350=0=q=...

Uses (—3.5,0) correctly with their value of p to obtain a value for g.
4

Al: Correct equation in the form required y:ﬁxf7 ore.g. y=0.01x

ore.g.y=107x

~Nia

4
7 ore.g.

4

7

. 8 2
=— from correct work. Allow equivalent exact values for g e.g. g=—— butnote.g. q=——
V=10 q qeg. q=-o 9-9="35

Fully correct answer in (b) with no working scores full marks in (b).
Partially correct answer in (b) with no working scores no marks.
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Question

Scheme Marks
Number
4(a) 49x 7x 49X+ 7x(x—3)
+ =
X*+x-12 x+4 (x+4)(x-3)
ore.g. MI1AL
49x(x+4) TX(X*+x-12)  49x(x+4)+7x(x* +x-12)
+ =
(x2+x—12)(x+4) (x+4)(x2+x—12) (x+4)(x2+x—12)

49x+7xX(x—3) _49x+7x* —21x _ 7x*+28x
(x+4)(x=3)  (x+4)(x=3) (x+4)(x-3)
X (x+4] 7, AL

(A (x-3)_ (+=3)

Do not allow a mis-read of the numerators of the fractions e.g.

(©)

X 7 49x 49
as or — as —
X+4 X+4  xX"+x-12  x"+x-12
M1: Factorises the denominator of the first term to obtain (x+4)(x+3) and attempts to combine the two
49x N 7X . X+.X(x*3)

X>+x-12 x+4 (x+4)(x*3)

Alternatively multiplies numerator and denominator of both fractions by suitable expressions and

attempts to combine the two fractions e.g.

49x(x +4) 7x(x2+x—12) ...x(x+4)+...x(x2+x—12)
+ =
(x2+x—12)(x+4) (x+4)(x2+x—12) (x+4)(x2+x—12)

Al: Foracorrect unsimplified fraction.

Condone missing brackets if they are recovered.

Al*: Achieves the printed answer with sufficient working shown.
The factorisation required for the cancelling needs to be seen within their fraction so that e.g.

49X + Tx (X — 2
49x 7x  A9x+7x(x-3)  7x*+28x _  7x scores MALAG*

X rx—12 x+4  (x+4)(x—3) (x+4)(x—3) (x-3)

fractions using a common denominator to obtain

X
Do not allow just ﬂ without the printed answer written down.

(34 (x-3)

For reference if they take the more complicated method, the correct working to reach the printed could be as

follows:
_49x(x+4)+7x(x2+x—12)_ 7x(X* +8x+16) O Tx(x+4)(x+4)  Tx
o (x+4)(4x-12)  (x+4)(x+4)(x=3)  (x+4)(x+4)(x=3) (x-3)
A
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(b) 7x (x=3)x7-7xx1
f(x)= =>f'(x)=———5——
(¥) x-3) (x) (-3 M1
7X 21
f(x)= =f'(x)=-
2
(b) ALT 7X 21 , 21
f(x)= =7+—=f'(x)=-
(x) -3 "33 (x) x-a M1AL
Total 5
(b)
M1: Attempts to differentiate using the quotient rule or product rule.
For the quotient rule it requires achieving f'(x) = a(Z(——S))—Zﬁx a, >0
x—3
- 3
If they use a substitution then similar conditions apply e.g. u=x-3=f'(u)= w a, >0
u

For the product rule it requires achieving f'(x) = A(x—3)'1 - Bx(x—3)_2 AB>0
If they use a substitution then similar conditions apply e.g. u=x-3=f'(u)=Au"-B(u+3)u? AB>0

Al: Correct simplified expression. Allow simplified equivalents e.g. —21(x—3)’2

21 -1
Allow —————— ore.g. —21(x* —6x+9
Xt bx19 o ( )
Isw once a correct simplified answer is seen.
Alternative:
7x Yij . . L B
M1: Expresses as o+ and differentiates to obtain > oreg. @ +— whereu=x-3
(x-3) (x—3) (x-3) u

and differentiates to obtain —
u
Al: Correct simplified expression. Allow simplified equivalents e.g. —21(x—3)_2

Allow —ZL ore.g. —21(x’ —6x+9)71
X

-6x+9
Isw once a correct simplified answer is seen.
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Question Scheme Notes
Number
8 . . .
I(Zcos X —sin x)2 dx = I(4cosz X —4sin Xcos X +sin? x)dx M1

J-4sin X CO0S X dx :J.ZSin 2Xdx =—-c0s2x

or M1

J4sinxcosxdx:—20032x or 2sin’x

I(4cosz X +5in? x)dx =J'(1+3cos2 x)dx = J‘[1+3(%X+1Ddx

or M1

j(4cosz X +5sin? x)dx:1[4(C0522X+1j+1—cc2)52xjdx

J‘(Zcosxfsin x)2 dx = %sin 2x+c052x+gx(+c)

or
J.(Zcosx—sin x)2 dx =%sin 2x + 2cos? x+§x(+c) AlA1l
or
2cos x —sin x)? dx =§sin 2x —2sin? X+EX +C
4 2

(5)
Total 5

Condone changes in variables throughout this solution as long as the answer is given in terms of x
M1: Expands to the form pcos® x+qgsin xcos X+ rsin® x
M1: Correct strategy for integrating qsin xcos x (i.€. 0btains kcos2x or ksinx or kcos?x)
M1: Correct strategy for rewriting pcos® x +rsin® xinto a form that can be integrated.
Score for one of
+1+cos2x
2
+1+cos2x
2
e writes both sin® x and cos® xin terms of cos2x with at least one of these via use of a

L. +1+cos2x +1+C0s2X
correct/allowable form. That is sin® x = T or cos? x = T

e writes in terms of just sin® x and then uses sin® x =

e writes in terms of just cos® x and then uses cos’ x =

Al: Integrates and achieves 2 correct terms (of the 3 required terms)
NB: An unsimplified expression is acceptable for this mark so please check carefully. e.g. 2x+....+1 X counts

as one correct term.
Al: Correct simplified integration (+ ¢ not required).

An alternative solution is via "R cos" or "R sin" but the last two marks are unlikely to be achieved due to the fact
that an exact answer is difficult to arrive at.
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Surmber Scheme otes
8 J.(Zcosx—sin x)2 dx:j5cosz(x+0.464)dx M1
:I5{cos(2xzo.927)+1} dx M1
53|n(2x+0.927)+§x ML

4 2
33Ir12X+cost+gx+c AlAL
(5)
Total 5

M1: Writes 2cosx —sin x in the form R cos(x J_ra) 0.e. and squares.
Requires a full method so for the form Rcos(x + a)
e requires R'=2"+1
e requires tana = J_r% = « =... in radians but condone in degrees
MZ1: Correct strategy for writing cos’ (Xi a) into a form that can be integrated using the double angle formula

+1+ cos(Zx + Za)

2
a should be in radians but condone in degrees

+1+ cos(2xi a)
—

2 2
cos (xia)—> but condone cos (xia)—>

M1: Correct strategy for writing cos’ (x + a) into a form that can be integrated using the double angle formula

+1+ cos(2x + Za)

2
a should be in radians but condone in degrees

M1: It is for integrating cos(2x4_ré$) - J_rsin(2x4_r8)following use of an acceptable double angle formula

+1+ cos(2x4_r a)
—

2 2
cos (xia)—> but condone cos (xia)—>

3sin2x

Al: 2 correct terms of +C0S 2x+gx+c

5sin(2x +2arctan 0.5
AL: Fully correct and simplified (+ ¢ not required) or (2x+ 2 ) +gx




< QUESTION

?\ltﬁtggp Scheme Notes
8 I(ZCosx—sin x)zdx=j55in2(x—1.107)dx M1
=J‘5{1—cos(§x—2.21)} dx M1
in(2x-2.21
=5)(_55|n( X ) M1
2 4
:gx+33m2x+c032x+c AlAL
®)
Total 5
A
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Number Scheme e
1. (a) Sx S5x 5x+5x(x+3)
> + = M1 Al
X +7x+12 x+4  (x+3)(x+4)
5x +20x Sx(x+4) Sx
= = = Al*
(x+3)(x+4) (x+3)(x+4) x+3
3
b
(®) y:(x5j3):>xy+3y=5x:>5x—xy=3y M1
3y -1 3x
= — f =

=>x 5- So (x) 5 Al

Domain 0 <x <5 Al

3

(o) (i) S5x , 5(x+3)-5x 15
f(x)= = (f'(x) =) ( )2 = ; MI Al
(x+3) (x+3) (x+3)
(ii) States (f'is an) increasing function with a suitable reason
E . 2. . Al
.g. Since (x+3) is positive
3
(9 marks)

(@)

Ml

Al

5x 5x

Attempts to combine the two fractions using a common denominator.

Allow errors on the numerator but at least one of the terms must have been adapted.
Usual rules apply for factorising the quadratic denominator.

Condone invisible brackets and slips on the numerator when combining the two
fractions.

Allow the two fractions to be written separately with the same denominator.

For a correct un-simplified fraction with a quadratic numerator and denominator (which
may be implied)

3 +
x +7x+12 x+4

Al*

(b)
M1

_5x(x+4)+5x(x2+7x+12) 5 +40x +80x  x(5x+20)(x+4)  x(5x+20)
(x2+7x+12)(x+4) (x2+7x+12)(x+4) (x2+7x+12)

S5x
Correctly achieves the given answer of showing intermediate steps (cso). Expect
X

+3
to see the two fractions combined and then both the numerator and denominator
factorised before cancelling terms to achieve full marks. In the case of forming a cubic
numerator and denominator you must see the terms collected before factorising. Bracket
errors at some point in their working is A0*

5x 5
Attempts to change the subject on y = T3 (or x= y_i;3 ). Look for cross

multiplication with an attempt to collect terms. Do not follow through on their answer
to part (a)

RA
79



< QUESTION

Al f_l (x) = o or f_l (x) _—_3x Must be in terms of x. Condone f™' =... (or
5-x x—5 . =...

f' =y=..)but do not allow just y=... or f': y=_.
Al Correct domain 0 < x <5

(c) Mark (i) and (ii) together

M1 Attempts to use the quotient rule or product rule. Look for an expression of the form

A(x+3)—5x 4 o 2
—————— or 5x(x+3)" = B(x+3)" £5x(x+3)" where 4 and B are non-
(x+3)
zero constants.
15
Al (f'(x) =) = or 15(x+3)7 or ZL Do not allow SR >
(x+3) X +6x+9 x+3 (x+3)

this mark.

Al They achieve (f'(x) 2)% and states
X+

e (that fis an) increasing function

. 2, g
e since (x+3) is positive

Alt methods in (a)

Taking out common factors
S5x 5x 1+(x+3) 5x | 1+(x+3)

MIAL x2+7x+12+x+4:Sx{(x+3)(x+4)} or:(>€+4){ (x+3) }

Methods where candidates "split up" fractions.

Ml Attempts —;

3 by partial fractions
X +7x+12 X +7x+12

N 5x S5x + S5x
x+3 x+4 x+4
AT* X Vou would expect to see X Xy ding to th
— w X] - re pr in
++3 Youwouldexpect to see ———=————+——— before proceeding to the
given answer.
Alt method in (b)
Sx k
Ml Writes y = 13 as y=5ix+ 3 and then attempts to make x the subject.

-1 15 .
Al f (x) = m—3 or equivalent
Al 0<x<5

Alt method in (c)
Sx
M1 Writes y = 13 as y=5+ 3 and attempts the chain rule to get * (x+ 3)2
Al (f'(x) =) = or exact equivalent
(x + 3)




< QUESTION

General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:

1. Factorisation
(x> +bx+c)=(x+p)x+q), where|pq| = |c| , leadingtox = ...
(ax® +bx +c) = (mx + p)(nx +q), Where|pq| = |c| and |mn| = |a| , leadingtox = ...

2. Formula
Attempt to use the correct formula (with values for a, b and c).

3. Completing the square
b2
Solving x* +bx+¢=0: (xiaj tg+tc=0, g#0,leadingtox=...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (x” — x"")
2. Integration

Power of at least one term increased by 1. (x” — x"*')
Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent examiners’
reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small errors in the
substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct working
with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for, or working
with surds is clearly required, marks will normally be lost if the candidate resorts to using rounded
decimals.




< QUESTION

Question
Number Scheme Marks
1 y= (2x + 5) e
dy 3x 3x
=26 +(2x+35)3¢ M1 Al
dy 17
3~ 0= 2+3(2x+5)=0=x=—— dMIALl
C))
(4 marks)
. dy 3x 3x
MI1: Attempts the product rule and achieves a form el Ae +B (2x + 5) e where 4 and B are

positive constants. Condone missing/poor bracketing

3x 3x d 3x 3x 3x
Note that this could be attempted from y =2xe +5¢ = Ey =Ae +Bxe +Ce

d X 3x
Al: Correct ay = 263 + (2x + 5)3C o.e. There is no requirement to simplify this

dM1: Dependent upon the previous M, it is for using a correct strategy to find a value for x.

o d . 3 . o
E.g. Sets or implies Y 0, cancels or factorises out the € term and solves a linear equation in

dx

In most cases where Ins are used it will be MO
Example of MO

" (6x+17)= 0=In(e” (6x+17)| =In( 0) = 3x(6x+17) =..
Example of M1
¢ (6x+17)= 0= (6x+17)=0, (¢ =0}

X=..

17 L 3x .
Al: x= e o.e. only. If an extra solution is given, e.g. from ¢ =0 ,itis A0

Condone awrt —2.83 following a correct equation. Ignore any attempt to find y
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General Principles for Pure Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(x? +bx+c) = (x+ p)(x +0), where|pg| =c

, leading to x= ...
(ax? +bx +c) = (mx + p)(nx+q), where|pg| =|c| and |mn| = a

, leading to x= ...

2. Formula
Attempt to use correct formula (with values for g, band q).

3. Completing the square
Solvingxz"‘bx"‘czoz (x£8)*+q+c, q=0, leading to x= ...

Method marks for differentiation and integration:
1. Differentiation

-1
Power of at least one term decreased by 1. (Xn - X" )

2. Integration
. n n+l
Power of at least one term increased by 1. (X' = X )

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent
examiners' reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from
correct working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for,
or working with surds is clearly required, marks will normally be lost if the candidate resorts
to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give details
of what happens in particular cases. General policy is that if it could be done “in your head”,
detailed working would not be required. Most candidates do show working, but there are
occasional awkward cases and if the mark scheme does not cover this, please contact your
team leader for advice.
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< QUESTION

QNTﬁfftife’? Scheme Marks
1(a)
M1A1
(:_y :) 6x3(3x—-2)° (=18(3x—2)%)
X
(2)
(b)
"18"(3x1-2)* =-18 M1
-18 > 1
18 M1
L1 1 " 1
y-1= 3153 dMm1
Al
3x—54y+53=0
(4)
(6 marks)
(@)

M1  Applies the chain rule to achieve a form of A(3x—2)°> which may be unsimplified.
The index does not need to be processed for this mark.

Alternatively, multiplies out the brackets to achieve an expression of the form

Ax® + Bx® + Cx* + Dx® + Ex? + Fx + G (where all coefficients do not need to be simplified)  and

reduces the power by 1 on at least one of the terms. You will need to check this carefully to make sure it is
the relevant term where the power has decreased

eg Bx* —>..xBx*
Condone slips in their expansion.

(The actual expansion is 64 —576x + 2160x* —4320x> + 4860x"* — 2916x° + 729x°)

Al (g—i :j 18(3x—2)° or unsimplified equivalent eg 6x3(3x —2)° but the index must be processed. If

they have multiplied out then accept —576 + 4320x —12960x? +19440x® —14580x" + 4374x°.
Accept X* for x




< QUESTION

(b)

. 1. dy . 5 .
M1 Substitutes X = § into their &whlch must be of the form A(3x—2)° (or accept a polynomial

) dy
of degree 5) and finds a value for &
M1 Finds the negative reciprocal of their gradient. May be implied by the equation of their line. It
cannot be scored for setting 3—y =0, solving to find x and then taking the negative reciprocal of this.
X
. . wl 1

dM1  Attempts to find the equation of the normal. Look for y—1= E X —5 (must be a changed

gradient from their tangent gradient). It is dependent on the first method mark. If they use

y =mx+c they must proceed as faras ¢ =... [: :_2)

Al 3x—54y+53=0 or any integer multiple of this with all terms on one side of the equation eg
—6x+108y—-106=0 You must see the =0

isw after a correct answer is seen. Eg if they proceed to state values for a, b and ¢ which contradict
their equation then take their equation as their final answer.




< QUESTION

?\Ilfjerztti)g? Scheme Marks
2(a)
5_"3“ 2 Ml, Al
fgB) =fR)=——, =—
g( ) ( ) 3X||3n+2 11
)
(b) ,
_ 5-2x
P0=ga M1A1
XxeR, x # —1 B1
3
@)
(©
5—% B1ft
2 _=2(a+3)-7
3x1+2
_1
St =2(a+3)-7=4a’-a-2=0 M1A1
3x1+2
Al
1++/33
(as) =5
(4)
(9 marks)
(@)

M1 Correct order of operations applying g before fon 5
Allow an attempt to substitute x =5 into fg(x) = S=x=7)
3(2x-7)+2

proceed to find a value.

This may be completed in two steps so allow for an attempt at g(5) = A—>f(A) =...

Condoning arithmetical slips and bracket errors/omissions.

2 X ..
Al a or exact equivalent. Accept 0.18 but not eg 0.18 or 0.18....

condoning slips. They must

(b)
- - =
M1  Changes the subject of y = =X —>X= 2y or X= >y y= 2X
3x+2 +3y+.. 3y+2 +3x+
‘\'/.
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Al (X)) = ST f'(x)= 2X75 o exact equivalent expressions suchas ~ f(x) = Sz
3x+1 ~3x-1 3( 1)
X+=
3
. 5-2x a 1 .
Accept f~: x> ] Condone f= =... (or f~ =y=...) butdo not allow just y =... or
X+
fliy=..
B1 X # —% . The omission of x € R is condoned.

5-2t
3t+1

variable is used consistently to score M1A1B1. If another variable is used other than x it must be
fully defined eg f *(t) =... not just f* =...

1
Note: It is also acceptable to define f in any variable eg as ™ (t) = t = —5 as long as the

(©)
_1 wEn moufo.
Blft  Sets i =2(a+3)-7 ortheir1=f‘1(2a—1): 1_75"-"2"(2a-1) (2a-1)
3)(%-’-2 a a ||3n(2a_1)+ulu

(may be in terms of x). Follow through on their f™(x).
May be implied by later work if they  have invisible brackets.

M1 They must start with an equation of one of these forms (which may be in x):
1

A+— 1
. TazDaJrE or equivalent so typically look for 51 a_—2(a+3)-7
Bx—+C 3x5+2
a

+
(may be manipulated to Aatl =Da+E)
B+Ca

1_AatB

a Ca+D
Rearranges their equation of an allowable form to a 3TQ. They must be attempting to

or equivalent

solve f (Ej =g(a+3) so it cannot be awarded for an attempt to solve f (a) =g(a) or
a

(a)-(3)
a a
Do not be concerned with the mechanics of their arrangement and condone invisible
brackets.
Al 4a® —a—2=0 or equivalent equation involving 3 terms. Eg 4a®> —a=2 (may be in terms
of x). May be implied by awrt+0.843 and the = 0 may be implied by their attempt to solve

their quadratic equation.

1+/33 1+/33
8

3 or exact equivalent. Do not accept rounded decimals. Condone X =

Al (a=)

X2
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< QUESTION

MARK SCHEME - IAL P3 (WMA13) - October 2023 - Q3 P3.5a Integrating exponentials, 1/x & trigonometric functions
Question Scheme Marks
Number

2(a) 9. "9%"+3
ff(e):f("—"]:—z...; =15 M1; Al
2 ) "9/ 4
2
(¢
b 4x+3
(b) f(x) = X+ M1A1
x-1
xeR, x=#1 Bl
®)
(©)
E.g. (”jj +5-7 or a—+3_(+)\/ M1
X j—
=X —22x+23=0=x=.. or (a+3)=(¥)2(a-4)=a=.. dm1
(a=)11+72 oe Al
@)
(8 marks)
Notes
(@)
M1: Substitutes x=6 into f and substitutes the result back into f to find a value for ff(6)
(x+j)+3
Alternatively substitutes x=6 into ff(x) = )):T condoning slips.
—=|-4
(X—4j
Al: 15
(b)
X+3 y+3 WXt3 ..y£3
M1: Changes the subject of y=—— or X—— to y= or X=
Al:  Achieves f'(x)= ;(—+13 .Accept f*=... ory=...instead of f™(x)=....
B1: X #1 . The omission of xeR is condoned. Accept alternative notations.
(c) Note this is M1A1A1 on epen but is being marked as M1dM1AL.
2
M1:  Correct attempt to set up an equation in x or a. This will usually be (ijj +5=7 but
X —_
f(a)=g7'(7) may be used first. Score when a suitable equation is set up and allow if a minor
slip or miscopy is made if the intention is clear.
dM1: Proceeds to solve for x or a, e.g. forms a 3TQ and solves, or take the 5 across, square roots,
cross multiplies and makes a the subject, condoning e.g. sign slips when rearranging.
Alternatively, uses (f(x))’+5=7=f(x) = (+)+/2 and their part (b) leading to
a=f" (\/5 ) 4f +3 . In this method both M’s may be scored together.
42+3 —4\2-3
Al 11+72 or 21 Accept 11+/98 or \/_ . Common factors should be cancelled.
Ignore labelling of x or a. Condone e.g. if 11_7\/5 is also given as a solution but AOQ if any
other extra solutions are included.

&
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< QUESTION

Question
Number Scheme Marks
10.(a) | (1+2cos2x)” =1+4cos2x+4cos’ 2x
Uses cos4x=2cos’ 2x—1= (1+200$2x)2 =1+4cos2x+2cosdx+2 M1
=3+4cos2x+2cosdx Al
2)
o | a=2E Bl
3
j3+4cos2x+2cos4xdx:3x+25in2x+%sin4x MI Al ft
27
3
Area = [3x+2sin2x+%sin4x} =272'—%\/§ dM1 Al
0
(&)
(7 marks)
(a)

M1 Attempts to multiply out (1+2cos 2x)2 =1+...cos2x+...cos’ 2x and use
cos4x =2cos’ 2x—1to obtain (1+2cos 2x)2 in the form p+qgcos2x+rcos4x.

Condone slips in the rearrangement of cos4x = 2cos’ 2x —1 but it must be clear that
the identity was correct originally otherwise MO.
Beware of candidates who write (1+2cos2 x)2 =1+4cos2x+4cos” 4x whichis

MOAO
Al 3+4cos2x+2cosdx

(b)

2z
Bl Deduces that a = 3 (allow 120° for this mark). If more than one angle is found, then

look for which one is substituted into their integrated expression.
M1  Integrates g cos2x+rcos4dx — £...sin2x£...sin4x

. ro.
Alft Integrates p+¢qcos2x+rcosdx - px+ 4 sin2x+—sin4x unsimplified where p,

2 4
gandr #0

2z
dM1  Substitutes 0 and a = 3 (or awrt 2.09) (or equivalent) into a valid function (M1 must

have been scored) and subtracts either way around. Note ¢, » # 0 but they do not need a
px term.

b4 ir
Also allow a = 3 (orawrt 1.05) or a = 3 (or awrt 4.19) @ must be in radians to

evaluate correctly.




< QUESTION

This mark cannot be scored without a value for a. You do not have to explicitly see 0
substituted in and their answer may imply a correct substitution into their integrated
expression.

3
Al 27— Z\/g or simplified equivalent

A
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< QUESTION

Question
Number Scheme Marks
1.(a) 9(3)=-265, g(4)=3104 M1
States change of sign, continuous and hence root in [3, 4] Al
@
(b) X, =£/1000-2x3 =3.1591 M1 Al
(a=)3.1589 Al
(©)
(5 marks)
Notes
(a)

M1  Attempts the value of g at 3 and 4 with one correct (accept any value for the other as an attempt).
Note narrower ranges are possible but must contain the root and lies in [3,4].

Al Both values correct with reason (Sign change (stated or indicated) and continuous function) and
minimal conclusion (root)

(b)
M1  Attempts to substitute X =3 into the formula. Implied by sight of expression, awrt 3.159

Al awrt 3.1591

Al (a :)3.1589 cao - must be to 4 d.p. Do not be concerned about the labelling of the root (x or &
etc), mark the final answer of (b)(ii). (Note sight of this value implies the M1 even if x, is not
seen).




MARK SCHEME - IAL P3 (WMA13) - June 2024 - Q2 P3.5a Integrating exponentials, 1/x & trigonometric functions < QUESTION

General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(x* +bx +c) = (x+ p)(x+0), where\ pQ‘ = ‘C‘ leading to x = ...
(ax® +bx +c) = (mx + p)(nx +q), where |pg| =|c| and |mn| = |8 |eading to x = ...

2. Formula
Attempt to use correct formula (with values for a, b and c)
3. Completing the square

Solving X2 +bx+c=0: (x+2)°+q+c, =0 leading to x = ...

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1 (x" — x"™%)
2. Integration

Power of at least one term increased by 1 (x" — x"™)
Use of a formula
Where a method involves using a formula that has been learnt, the advice given
in recent examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:
Method mark for quoting a correct formula and attempting to use it, even if
there are small mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication
from correct working with values, but may be lost if there is any mistake in the
working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer
is asked for, or working with surds is clearly required, marks will normally be
lost if the candidate resorts to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will
give details of what happens in particular cases. General policy is that if it could
be done “in your head”, detailed working would not be required. Most candidates
do show working, but there are occasional awkward cases and if the mark
scheme does not cover this, please contact your team leader for advice.

N
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< QUESTION

Number Scheme ek
4(a) ff(6) =£(13)=-1 M1 Al
2
(b) Attempts 21+2(2—-x)=5x=>x=... or 21-2(x-2)=5x=>x=... Ml
X =— onl Al
2 only
?
(c) Either k <2lor k2>17 M1
17< k<21 Al
(¥))
1
@ |a=2b=4 B1 BI
?
(8 marks)
(a)
M1  For attempting f "twice". Award for sight of f(13) or 21— 2|2 - (21 - 2|2 - x|)| followed by a value.
Al For —1
(b)

Ml Attempts 21+2(2-x)=5x=>x=...

25
Al For x = 7 only. Do not isw if students go on to find additional solutions unless they identify this as the only
answer by rejecting others.
(c)
M1 For either k <2lor k>17 Condone for this mark k<21lor k >17

Alt: Allow for both £ =17 and k£ =21 identified as critical values even if no inequalities are given.

Al 17< k <21 May be written as separate inequalities. Accept alternative notations for the range such as [17, 21)
Do not accept 17 <f(x) <21

(d)
B1 Either a=%or b=4

1 1
Bl Both a= 7 and b=4 Allow both marks if y = 7f(x —4) is given.




< QUESTION

Question
Number Scheme Marks
5(a) sin3x =sin(2x + x) = sin 2xcos x + cos 2x sin x M1
E25inxcosxcosx+(1—25in2x)sinx M1
52sinx(1—sin2 x)+(1—2sin2 x)sinx ddM1
=3sinx—4sin’ x * Al*
“)
5 531
(b) J. sin xdx:I Zsmx—zsm?axdx Ml
0 0
= —icosx+icos3x : dM1 Al
4 12 )
= i Al
24
“)
(8 marks)

(a)

M1  Uses sin3x =sin(2x + x) = £sin 2x cos x £ cos 2xsin x

M1  Uses the correct identity for sin2x = 2sin x cosx and any correct identity for cos2x

ddM1 Dependent upon both previous M's. It is for using cos’ x=1-sin’ x to get an equation in only sin x

A1*  Fully correct solution with correct notation within their proof. Examples of incorrect notation include use of
sinx” instead of sin” x or use of sin instead of sin x and so on. Penalise in the A mark only for such.

Note: The ddM mark and final A mark may be score by substituting sin” x =1—cos” x into the right hand side of the
equation to reach an identical expression to an expanded left hand side (“working from both sides”), with the A
mark then awarded for correct work leading to identical expressions and an minimal conclusion given (e.g. /)

Note You may see use of De Moivre’s Theorem from an FP3 candidate. This can score full credit if carried out
correctly. If there are errors or you are unsure then send to review.

If attempted in reverse:

M1 3sinx—4sin’ x =3sinx—2sin” xsin x —2sin x(1 - cos” x) =smx—2s1nx5(1—cos2x)+sm2xcosx

Uses sin’ x =sinxxsin” x with either sin’ x = E(l —c0s2x) OR sin’ x =1-cos” x and 2sin x cos x =sin 2x

Ml Uses both steps above to get to an equation with sin2x and cos2x
ddM1 Gathers terms to reach = cos2xsin x +sin 2x cos x
Al Completes the proof uses cos 2xsin x +sin 2xcos x = sin 3x with no errors seen.

(b)

M1 Attempts to use part (a) to simplify. Accept j sin® x dx = I Asin x+ Bsin3x dx

dM1 I Asinx+ Bsin3x dx - acosx +bcos3x

3 1
Al —Zcos x+ Ecos 3x oe (not a multiple of this (unless recovered))
Al CSO = i
24




< QUESTION

Note an answer of Al pY with no supporting working scores no marks as algebraic integration is specified. But

alternative methods of integration are permissible. Two alternatives are:

(12\11111?1%2? Scheme Marks
50 3 3 z
Al(ti j Sin3xdx='[ sinx(l—coszx)dx=j sinx—sinxcoszxdx Ml
0 0 0
N
=|—-cosx—| — 0; d dM1A1
0
5
51 Al
24
“
z 1
b d , 3 2
Alfz) u=cosx2—u=—s1nx:I s1n3xdx=j uz—ldu M1
dx 0 :
1
3 2
= u__u dM1 Al
3
1
=i Al
24
(C))
(8 marks)

Notes: First three marks as follows (final A is as main scheme).

Alt 1
MI:  Splits as sin’ x =sin xsin” x and applies sin’ x =1—cos” x to get the integrand into and integrable form.

dM1  for sinx — +cosx and sinxcos? x = K cos® x

3

COS X
Al —COSX—| — 3

oe (not a multiple of this (unless recovered))
Alt2

du .
Ml Sets u = cos x, finds a =tsinx and makes a full substitution using both of these to get an integral in terms of
u only. (Limits not needed for this mark).

dM1  for au® —b— Au’ —bu

3

X
—COSXx

. u . . L. . S . Cos
Al For reaching | ——u | including correct limits or for undoing the substitution and reaching

3




MARK SCHEME - IAL P3 (WMA13) - June 2021 - Q3 P3.5a Integrating exponentials, 1/x & trigonometric functions < QUESTION

General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:

1. Factorisation

,leading to x = ...

(XZ +bx+c)=(x+p)x+q), Where‘pq‘ = ‘c

(ax* +bx+c) = (mx+ p)(nx +q), Where‘pq‘ = \c\ and \mn‘ = ‘a ,leading to x = ...

2. Formula
Attempt to use the correct formula (with values for a, b and c).

3. Completing the square
b 2
Solving x* +bx+c=0: (xizj tgtc=0, g#0,leading to x = ...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1.(x" — x"™)
2. Integration

Power of at least one term increased by 1. (x" — x"*')

Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent
examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct
working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for,
or working with surds is clearly required, marks will normally be lost if the candidate resorts
to using rounded decimals.

N
RA
96



< QUESTION

Question
Number Scheme Marks
1(a
@ (%:)hcos(%x}—%f sin(%xj MI Al
dy 1 4 4
Sets —=0=tan| —x |=—=> x =2arctan| — |* dMI1 AT*
dx 2 X X
“
(b) 4
X, = 2arctan 5 Ml
x, =awrt 2.214 X, =2.155 cao Al, Al
3
(7 marks)

(a)
M1: Differentiates using the product rule to obtain an expression of the form Axcos [% x) + Bx* sin [% x)

If the product rule is quoted it must be correct.
Al: For a correct simplified or unsimplified derivative.

dM1: Sets their % =0 and proceeds to an equation involving tan [%x] . This may be implied by their working.
The M1 must have been scored.

AT*: Correctly achieves the given answer of x = 2arctan (;J

1 sin (2 pe ) 5
An intermediate line of tan (Ex) = T or TN Y must be seen
2
cos (2 x) > x
Note that some may work backwards having differentiated e.g.

x =2arctan i :fzarctan i = tan X :i:xsm(i):434cos X = xsin X
x) 2 x 2) x 7 cos(3) 2 2

x) 1, .(x x) Lo, (x)_
:Zxcos(zj—zx s1n(2j:>2xcos[2j 2x s1n(2J—0

Score M1 for a complete method to reach % =0and Al if correct with (minimal) conclusion.

(b)

M1: Attempts to use the given iteration formula. Award for x, = 2arctan [%) or awrt 2.21

Note that this mark may also be implied by awrt 127 if they are using degrees and no working is shown.
Al: X, =awrt 2.214

Al: Xy =2.155 (Note that this is not awrt)




< QUESTION

?\Eﬁiﬁg? Scheme Marks
1(a) 2, -4 BI1, Bl
)
(b) (8, 6) BI, Bl
2)
(© (-2, 6) Bl
@
(5 marks)
Notes:

1. Candidates may build up their answer in stages.

E.g. (6, —=2) > (8, —2) —> (8, 6) In such cases you mark the final coordinates only
2. Condone the omission of brackets. So, allow 8, 6 for (8, 6)

3. Allow for example, x =2 for (2,...)and x =2, y =—4for (2, —4)

4. There are no marks for transposed coordinates i.e (6, 8)for (8, 6)

(a)

B1: For either (2,...) or (...,—4)

BI: (2, —4)

(b)

B1: For either (8,...) or (...,6)

BI1: (8, 6)

(©
Bl: (-2, 6)




< QUESTION

?\Ilii;tt;(;? Scheme Marks
2.(a) | f(1)=4x1’+2x1>=12=-6 AND f(2)=4x2"+2x2>-12=28 Ml
States change of sign, continuous and hence root Al
(2)
() | 4 +2x" -12=0=x"(4x+2)=12 Ml
x2 = L = L xX= 6 Al
4x+2 2x+1 V2x+1
()
[x :\/E:IA...], x, =1.2519 M1, Al
(©) () 2 2+1 } ’
(i) | x=12934 Bl
3)
(7 marks)
(a)
M1: Attempts the value of f(x) at 1 and 2 with at least one correct.
Candidates who state f(1) <0, f(2) > 0 without finding the values will score M0, A0
A smaller interval could be chosen but unlikely. The root must lie within the interval
Al: Both values correct with reason and minimal conclusion (root)
For the reason accept, for example,
e ‘Sign change and continuous function’
e ‘f(1)=-6<0, f(2)=28>0and cts’
For the minimal conclusion accept, for example
e Root
o« vV
e QED
e Hence « in the range 1 to 2
(b)
M1: Either writes 4x° +2x° —12 =0 OR states f(x) =0 with 4x’ +2x* =120..

and ‘correctly’ reaches one of the following factorised forms
X (4x£2)=+12

X’ (2x£1)=16
2% (2x+1)=+12

Alternatively, they reach 4x> +2x* =12 with evidence as stated above in line 1.

12
e and then divide each term by 2x? giving 2x +1= — 0.€

Al:

2x
The key step in the above is an attempt that isolates the 2x +1 or 4x+2 term
Shows each of the following steps in correctly showing x = 3 6 I
X+




< QUESTION

e States or sets f(x)=0
12
o X (4x+2)=12 o.e. for instance 2x+1=—
2x
2 2 12
° = or = 0.
2x+1 4x+2
6
[ ) =
2x+1
Alt (b)

It is possible to do this backwards

M1: States x =, ;2 k | Sduares and cross multiplies to x* (2x+1) =k
X+

Al: Compares 4x’ +2x* =12 = 0with 2x’ +x° —k =0 o.c and states that f(x)=0when k=6

©

M1: Attempts to use the iteration formula at least once with x =1. Follow through on their &

It cannot be scored form a made-up value for £.

Look for x, = but it is implied by x, = V2 or awrt 1.4... for correct k

x1+1
Also implied by x, =awrt 1.25 for correct k
Al: x,=awrt 1.2519

Bl: a=1.2934 CAO following evidence of some iteration (and must follow k = 6)
Accept as sight of iteration any decimal answer in the range (1, 2) for an intermediate value




< QUESTION

Nomtber Scheme Marks
sy(2y+1)-2(4y" -3
y(2y+1)-2(4y -
3.2 | &_ . MI Al
dy (2y+1)
2y+1)
dy _ (2y+) dM1, Al
dx 8y’ +8y+6
C)]
(2y+1) 1
®) | Sets P rgyr6 3 Y
:>(2y—1)(2y+3)=0:>y=%,x=... dM1
1
P=(—1, —j only Al
2
C)]
(8 marks)
(a)

Ay(2y+l)—B(4y2 —3)

M1: Attempts the quotient rule to achieve > A>0,B>0.
(2 y+ 1)
Product rule attempts may be seen
Condone missing brackets and ignore the LHS, so gmay be %

b 8y(2y+1)—2(4y2 —3)
Cdy (2y+1)2

with both left-hand and right-hand sides correct (unsimplified)
. dx -1 2 -2
Via the product rule you should see W 8y(2y+1) - 2(4y - 3)(2y +1)
ly

dM1: Uses % = 1+% . It is dependent upon the previous M1

dy  (2p+1) 2
Al: —y=(2y—)o.e such as w ISW after a correct answer.
dx 8y°+8y+6 8y +8y+6

d 2y+1) 4y 4y
Allow partially factorised forms such as 2 L but Y = Ay —4y-l is A0

de 2(2p+1) +4  dx -8y'-8y-6

Alt via division

M1: Divides (4 ¥y - 3) by (2y+1)to achieve 2y +a + 3 s . and then differentiates to
v+
)

24—
(2y+1)




< QUESTION

and then differentiates to

Al: Divides (4y2 —3)by (2y+1)to achieve 2y—1—2 2

y+
ﬁ = 2 + LZ
dy (2y+1)
2y+1)’
dM1: Requires & =2+ Lz with attempt to find the reciprocal to reach Y = #
dy (2y+1) dx  2(2y+1) +5
dy  (2y+1) :
A1l: Simplifies to LA (2 4 ) or 4y2 tdy+l
dx 8y'+8y+6 8y’ +8y+6
(b)
2y+1)
M1: Sets their % = "%" =% and proceeds to a simplified quadratic equation in y.
2
Alternatively sets their dx = w =3 and proceeds to a simplified quadratic equation
dv  (2y+1)
iny.

Al: Correct 3TQ E.g. 4y” +4y—3=0 but allow variations such as 4)° =3-4y

dM1: Solves quadratic via a correct method, finds a positive y value and the associated x coordinate.
Allow the quadratic to be solved via a calculator but it must be the simplified 3TQ
It is dependent upon the previous M mark.
This can be awarded if they find both values and cross out the correct answer.

Al: P= [—1, %) only. Allow x=-1, y = % ISW after a correct answer

If they find both values (—1, %) and (—3, - %) AND don’t reject (—3,— %j they will lose the last

mark only
The demand is that solutions relying on calculator technology are not acceptable.

2y +1)
If a candidate uses their calculator to solve a correct (zy—) = 1 o.e they can be awarded M1
8y +8y+6 3

for

y :% and Al for x=-1, :%foratotal of 1100 in (b)

For candidates who have studied WMA 14 you may see versions of implicit differentiation

dy dy
E. 2xy+x=4y" —-3=2y+2x—=+1=8y—
g Xy Yy y dr ydx
dy  2y+1
dx 8y—-2x
2y +1Y’
Then substitute x = into d_y= 2y+1 = 2y+12 = (2y )
dx 8y-2x 4y -3 8y +8y+6
8y—2x
2y+1
‘yl



< QUESTION

Score M1 for an attempt at both product and chain rule on xyand y” terms

Al for a correct % in terms of both x and y
dM1 for the substitution and attempt at simplification
Al Fully correct and simplified

Note that part (b) can be attempted from 82y +1

1
y—2x 3

=>x=y —% o.¢ which can then be substituted

into the equation of the curve.

Q‘\’/ﬂ'
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MARK SCHEME - IAL P3 (WMA13) - October 2022 - Q1 P3.5a Integrating exponentials, 1/x & trigonometric functions < QUESTION

General Principles for Pure Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(x* +bx+c) = (x+ p)(x+0), where|pa| =[c|, jeading to x= ...
(ax? +bx +c) = (Mx + p)(nx+ (), where|pg| =|c| and |mn| =|a

, leadingtox=...

2. Formula
Attempt to use correct formula (with values for a, b and ¢).

3. Completing the square
Solving X*+bx+c=0. (xxb)’tqxc, q=0 leading to x = ...

’

Method marks for differentiation and integration:
1. Differentiation

n n-1
Power of at least one term decreased by 1. (X = X" )

2. Integration
. n n+1
Power of at least one term increased by 1. (X = X" )

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent examiners'
reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct
working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for, or
working with surds is clearly required, marks will normally be lost if the candidate resorts to using
rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give details of what
happens in particular cases. General policy is that if it could be done “in your head”, detailed working
would not be required. Most candidates do show working, but there are occasional awkward cases
and if the mark scheme does not cover this, please contact your team leader for advice.
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MARK SCHEME - IAL P3 (WMA13) - June 2024 - Q6 P3.5a Integrating exponentials, 1/x & trigonometric functions < QUESTION
Question Scheme Marks
Number

5@ |f'(22=2+5Inx=22=Inx=4=(x=) e’ M1 Al
)
6x—2 6(2x+1)—2(6x—2)
b 9(x) = =0'(x)= M1 Al
(b) 2x+1 (2x+1)°
, 10 . .
States (g'(x) =) ———— >0 hence increasing * Al*
(2x+1)
3
X_
c = =6x— —6x=-y- M1
(c) y 2X+1:>2xy+y B6X—2=2xy—6x=-y-2
_—y-2 1oy —X=2
:>X_2y—6 So g (X)_—ZX—G o.e. Al
Domain 0<x<3 Bl
@)
(d) Range fg is fg<2+5In3 M1, Al
2)
(10 marks)

@

M1:

Al:

(b)

M1:

Al:

Sets 2+5Inx =22 and rearranges to Inx =... (may be implied by further work)

Alternatively, may attempt to find f~(x) and substitute 22 into the expression. i.e. f *(x)=¢e 5 .

Maybe implied by awrt 55.
Condone sign slips only in their rearrangement.
e* (must be simplified and exact) isw once a correct answer is seen.

Either
A(2x+1)-B(6x-2)
(2x +1)2
B are both positive. Do not award this mark if the quotient rule is applied the wrong way round.
e attempts to use the product rule proceeding to the form

(6x—2)(2x+1) = +C(6x—2)(2x+1)  +D(2x+1) "

e attempts to use the quotient rule proceeding to the form 0.e. where A and

e writes g(x) as S_ZLl =3-5(2x+1)"" and attempts to use the chain rule proceeding to the
X+

form E(2x+1)?
In all methods invisible brackets can be recovered or implied by further work.

6(2x+1)—2(6x—2)

> or —2(6x—2)(2x+1) " +6(2x+1) " or 10(2x +1)2
(2x+1)

Correct unsimplified e.g.
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MARK SCHEME - IAL P3 (WMA13) - June 2024 - Q6 P3.5a Integrating exponentials, 1/x & trigonometric functions < QUESTION

Al*. Requires
e areason as to why the expression is always positive e.g. by finding (g’(x) :) ﬁ >0
x+1
e aminimal conclusion

. , 10 . - . - . .
e.g. writes g'(x) as (—2 and deduces > 0 with minimal conclusion e.g. “it is an increasing
2x+1

function” or “hence increasing” Condone use of >
They may consider just the denominator separately, but they would still need to simplify the

numerator to 10 and state e.g. (2x +1)2 >0 o.e. with a minimal conclusion
Do not accept the conclusion g'(x) is an increasing function if stated instead of g(x) .

Note that they cannot just state e.g. “—2(6x —2)(2x +1)72 +6(2x +1)71 >0 so increasing” as it is not

clear from the expression that this will be the case.
Do not withhold this mark if invisible brackets are recovered but A0* if there are errors in the
method.

(©)
M1:  Attempts to change the subject. Look for cross multiplication with an attempt to collect terms
achieving the form +2xy +6x=+y+2 or £2xy+6y =+x=+2. May be implied by further work.

If they start from their y=a + s look for an alternative rearrangement to i:2x +1 (or
2x+1 yta
B
=2y+1
Xta y+1)
S 1
_ Loy —X— . Loy X+2 LN 3-x
Al: ¢ (x)—T_6 or equivalent such as g (x)—m or may be seenas g (X)= o or
g 5
g (X)zm—O.S
a X+2

Accept g‘l:x—>XL2 Condone g™ =... or g* =y =... but do not allow just y =—=———
6—2x 6—2x

B1l: Correct domain 0<x<3 0.e. e.g. 0<xnx<3or]0,3[ butnot 0<y<3or 0<g_1(x)<3

t+2
62t
the variable is used consistently to score M1A1B1. If another variable is used other than x it must
be fully defined e.g. g™'(t) =... not just g™* =...

Note: It is also acceptable to define g™ in any variable e.g. as g™ (t) = 0<t<3 aslongas

(d)
M1:  2+5In3found. Allow awrt 7.5 instead of 2+5In3 for this mark only. Do not be concerned by the
direction of the inequality if seen.

Al:  Fully correct. (—oo <) fg<2+5In3 0.e. 5In3 must be exact. Do not be too concerned by
alternative notation to fg as long as it is not x. There are many alternatives including y < 2+5In3
or (—oo, 2+5In 3) but not [—oo, 2+5In 3} as requires a strict inequality at the upper bound. Do not

allow f< 2+5In3 or g< 2+5In3
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Question
Number Scheme Marks
dy  4(x+3) =2(4x+1)(x+3
s & _4x+3) ~2dr+1)(x+3) ol Al
dx (x+3)
Solves their 4(x+3)2 -2(4x+1)(x+3)=0
:>(x+3)(10—4x):0:>x:... Ml
Critical value of % ; Critical value of -3 Al; Bl
Ci . dy 5
increasing when —>0= -3 <x <= — Al
dx 2
(6 marks)

Note this appears as MIAIM1AIMI1A1 on epen but is being marked as MIAIM1A1B1A1
M1: Attempts the quotient rule and achieves

d_y: a(x-l—3)2 —b(4x+1)(x+3)
dx (x+3)4

They may attempt to multiply out the (x + 3)2 first which is fine as long as they reach a quadratic

a,b>0 condoning slips

Product rule may be attempted, look for % =A(x+3)" —B(4x+1)(x+3)73 ,AB>0

Note: Only the numerator is required for this problem, and this mark can be awarded if a student
attempts just u#'v—uv'=0. If the denominator is considered it must be treated correctly.

Al: For a correct (unsimplified) % or u'v—uv' (if this is all that is considered). By the Product rule
% =4(x+3)" —2(4x+1)(x+3)"

M1: Solves their numerator/their % = 0 (or with any inequality, and the “=0" may be implied) to

obtain at least one critical value from a non-calculator method. If the numerator is expanded to a
quadratic a method of solution must be shown (e.g. factorisation or completing the square or
formula seen applied) They may be working with equalities or inequalities for this mark. Note this

means students who cancel the (x + 3) and lose the second critical value can still score M1.
Al: Critical value of % (allow equivalent fractions) found provided the previous M has been scored.

B1: Finds or identifies —3 as the other critical value (no need for method shown).

Al: Depends on first M. For —3 < x <§ or 3<x, % or equivalent set notation, e.g.

% or -3, x< % Must be simplified fraction. Allow split

5
xe(—.’),z} Condone -3, x

inequalities —3 < x and x < %, condoning “or” or a comma between but if set notation used it
must be intersection not union.
. dy . . .
Note: If the denominator of Ey is incorrectly treated but the numerator is correct, a correct answer

may be achieved. In such cases award SC M0 A0 M1 A1l B1 Al if the subsequent marks are
earned.

Note: answers relying on calculator technology where roots appear from an unsimplified
derivative can score maximum M1AIMOAOB1A1
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< QUESTION

(@)

Nomber Scheme Herke
. 2 2
8.(i) I mdx=§ln(3x—1) M1 Al
) 2 2 25
“)
3 2
(i) 2x" —Tx +28x+1=2x+B+ C i Bl
(x-1) (x-1)
Full method to find values of 4, B and C Ml
3 2
2x"=Tx +28x+1=2x_3+ 4 i Al
(x - l) (x - 1)
C
h(x)dx= | Ax+B+ > dx
(x-1)
1 5 C
= Ax +Bx_—(x—1) MI Al ft
4
2
= —3 —_—
x —3x =) (+¢) Al
(6)
10 marks
(i) Alt T : :
first 3 2x3—7x2+8x+1:Ax(x—1) +B(x—1) +C
marks
Anyof A=2,B=-3,orC=4 Bl
Either substitution or equating coefficients to get two values Ml
All values correct A=2,B=-3,C=4 Al
3)
(ii) Alt IT 2x-3
first 3 x2—2x+1) 2x° —7x* +8x+1
marks
4
Likely to be 2x | Bl
For attempt at division | M1
Correct quotient and remainder | Al
3)




< QUESTION

M1  Integrates to kln (3x - 1) condoning slips. Condone with a missing bracket.
Please note that & 1n(3ax - a) where a is a positive constant is also correct

If a substitution is made, i.e u =3x—1, then they must proceed to kInu where £ is a constant

2
Al ZIn(3x-1)

2 . . . 2

Also accept §h1(3ax —a) where a is a positive constant is also correct or glnuwhere u=3x-1,
Do not allow with the missing bracket unless subsequent work implies that it is present

dM1 Substitutes in both limits and applies one In law correctly. May be subtraction law or power law.

If a substitution has been made then the correct limits must be used. With u they are 125 and 8
Al In ? or simplified equivalent such as In25—-1In4, 2In5-2In2 or 2 ln%
ISW if followed by decimals

(i)
Bl Any correct value of 4, B or C seen or implied.
Ml A full method to find values of 4, B and C.
If they attempt 2x° —7x" +8x+1= Ax(x— 1)2 +B(x— 1)2 +C via this route, this

expression must be correct.
If they attempt by division then they must proceed to a linear quotient but may get a linear remainder.
Al Correct A, B, C or correct expression. This may be implied by a correct quotient and remainder.

P
Ml '[ > dx — 9  o.e. where P and O could be the same
(x-1) (x-1)

P
Award for J.—z dx - % where they have previously set u = x—1

(x=1)

Alft IAx+B+ CzdleAx2+Bx— <
(x-1) 2 (x—1)

or unsimplified equivalent.

So allow %sz +Bx + —El(x - 1)71 with the indices processed

Also allow with non-numerical values.

dx = lez + Bx _< where they have previously set u = x—1
u

C
(x— 1)2 2

+c) or exact simplified equivalent with or without the +c

Also score for I Ax+ B+

Al x> —=3x—

4
el

So allow x —3x—4(x—1)71 (+c)
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MARK SCHEME - IAL P3 (WMA13) - June 2023 - Q9 P3.5a Integrating exponentials, 1/x & trigonometric functions < QUESTION

Question
Number Scheme Marks
8.(@ | f'(x)=6(2x+1)e™ —4(2x+1)'e™ M1 Al
=2(2x+1) e {3-2(2x+1)} dM1
—2(2x+1)" (1-4x)e Al
4
) | sets F'(x)=0=x=—1 1 B1
- 24
Either f(—%jz or f(%jz M1
1 1 27
Both [—E,Oj and (Z,gj Al
3
9 27
(c) (Z,?j B1ift Bift
(2
9 marks
Notes
(@)

M1  Attempts the product rule to achieve P(2x+1) e™ +Q(2x+1)’e™
May also be attempted by the quotient rule - equivalent form after e terms cancel.
Al f'(x)=6(2x+1) e* —4(2x+1) e which may be unsimplified
dM1  Correctly takes out a common factor of (2x +1)2 e from their expression with an intermediate

step before the final answer. Allow if there are minor slips in the (2x+1)2 e as a factor (such as

(2x +)2 e ") if recovered - look for the correct remaining terms in the bracket { }. Allow going
from an expanded cubic to a factorised form for this mark:

e (2— 24x° —32x3) —2(2x +1)2 (L-4x)e .

Al  Achieves 2(2x +1)2 (1—4x)e41x with no incorrect algebra. Accept with the brackets in either
order.

(b)

Bl x=11

~517 0& Both required.

M1  Attempts to substitute one of x = i%, J_r% into f(x). If substitution not seen may be implied by

either of (—%,Oj or (%E—Zj 0.e (accept awrt 1.24 for this mark) or by either of (%e%j (awrt

1.08) or (—%gj (awrt 0.340) o.e.

Al  For (—%,Oj and (%%} 0.e. must be exact but isw after exact coordinates given.
Allow asx =..,y=... as long as clearly paired.
Allow the M and A marks if seen in part (c) - mark (b) and (c) together.
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< QUESTION

(©)

B1ft One correct aspect applied correctly to one of their points. So for either 2 added to one of their x

coordinates, or a non-zero y coordinate multiplied by 8. E.g. either (%J or (%j or follow

II1 n n 27 n
through on ( ) +2,...) or (...,8x % ) etc.

4 4 8e
point is given. Accept awrt 9.93 for second ordinate but note 9.92 is a correct follow through on

B1ft (2,2?7) only or follow through on the y coordinate only so (E,SX EJ (oe) only. BO if another

1.24. Allow as x = %,y=... .

SC allow B1BO if coordinates given wrong way round.
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MARK SCHEME - IAL P3 (WMA13) - June 2023 - Q9

P3.5a Integrating exponentials, 1/x & trigonometric functions

< QUESTION

Question
Number Scheme Marks
9(a) cqs 2X sin2x _ cqs 2X  2sin xcos X (One Correct identity) B1
sinx ~ cosx  sinx COS X
1-2sin’x  2sin xcesX M1
= - +
sin x cesX
1  2sin /7 X . 1
= = —= * Al*
sinx sin% +2sin X Snx COSeC X
@)
(b) E.g. Equation is cosec @ = 6cotd—4=>1+cot” 6 =6cotd—4 M1
Eg. cot’—6cotd+5=0 Al
E.g. tanG:%,l dMm1
9:0.197,% Al, Al
()
i -
() cosecxcot x dx = [—cosecx]j M1
% 6
=2— ﬁ Al
)
10 marks

Notes

@) There are lots of ways of proving this statement. In general score as follows

B1 For applying at least one CORRECT double or compound angle identity during the proof or for
forming a CORRECT single fraction initially.

M1  Foracorrect overall strategy, e.g. applying double angle identities to reduce terms to single angle
arguments and cancelling down terms to eliminate cos x terms (score at the stage cos x terms could
be eliminated), or attempting a single fraction and applying relevant identities to achieve single
angle argument with common factor cos x in the numerator. Allow slips in signs, such as
cos2x =1+ 2sin® x for the M but otherwise identities used must be correct.

Al*  Fully correct proof showing all necessary steps, though the left hand side may be implied (and
may follow initial lines of aside working). Must see the i — cosec x during the proof . Do not

sin x
penalise minor notational slips such as missing an x in one term.

(b)

M1  Correctly applies the result of (a) and attempts to use relevant identities, allowing sign errors e.g.
+14cot’d = cosec 6 to produce an equation in cot@ or other single trig term only. An
alternative is
L6559 4 1-6sinOcoso—4sin® 0= (1+4sin? 9)' =36sin O(1-sin® 0)
sin“ @ siné

Al  Correct quadratic cot’0—6cotd+5=0 or 5tan’0—6tand+1=0. In the alternative, a correct
quadratic in sin?6 or cos?d e.g. 52sin* @—28sin” @+1=0. The “=0” may be implied by an
attempt to solve. May be implied by correct solutions following an unsimplified quadratic.

dM1 Attempts to solve quadratic to find at least one value for their trig term used. Usual rules, may use
calculator.

Al  One correct value for 8 following from a correct value for the trig term they are working in —

must have solved a correct quadratic in the dM. Accept awrt 0.197 or 0.785. Degrees answer are
AOQAOQ.
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MARK SCHEME - IAL P3 (WMA13) - June 2023 - Q9 P3.5a Integrating exponentials, 1/x & trigonometric functions < QUESTION
Question
Number Scheme Marks
. T
Al Both values correct and no other values in the range. Accept awrt 0.197 and 7 only (must be
exact but isw after correct value seen).
Note: Allow if a different variable used (such as x). For mixed variables allow the M’s but only allow
the first A (and final A’s) if recovered.
Note Answers without working score no marks.
(c) _ o _ o _ _
M1  For using part (a) and achieving +k cosecx oe for the integral (limits not required for this mark.
May arise from longer methods, but must achieve the correct form.
Al 2—./2 Must have scored the M - answer only with no integration shown is MOAO.
COS2X SiN2X  COS2XCOS X +Sin 2xsin X . )
(@) - + = - Correct single fraction B1
ALTI sinx  cosx sin xcos x
cos x| 1—2sin” x |+ 2sin xcos xsin X Single fraction with single
arguments and common factor | M1
= Sin X cos X COs X in numerator
cosX
=—————=—"—=C0SeC X * Al* (3
sinxcesX sinx ©)
COS2X SiN2X _ C0S2XCOS X +Sin 2Xsin X . )
@ - + = - Correct single fraction Bl
ALT I sinx ~ CcosX sin X cos X
_ Applies identity to reach single fraction
= M with single arguments and common factor | M1
SIN XCOs X COs X in numerator
cosX 1
=————=——=C0SeC X * Al* (3
sinxcesX  sinx ®)
Note cos (X —2x) is equally correct for the M1.
a cos2x sin2x _ cos’ x—sin’ x  2sin xcos x o
AL(T)I T — + = - + Correct identity Bl
sinx ~ CcosSX sin x COS X
Single fraction with single
_cos® x—sin® xcos X + 2sin” X cos x arguments and common factor | M1
= Sin X COS X COS X in numerator
2 =2
cos” x+sin“ x)cesX 1
= ( - ) =——=CO0SecXx * Al* (3)
Sin xcesX sin x
KA
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MARK SCHEME - IAL P3 (WMA13) - January 2024 - Q7 P3.5a Integrating exponentials, 1/x & trigonometric functions < QUESTION

(@)

Bl:  3x*+7x—20=(3x—5)(x+4) seen or used

M1: Combines fractions with a correct common denominator and the order of terms in the
numerator consistent with their common denominator.

Al*:  Achieves the given answer with no errors seen but condone e.g. a missing trailing
bracket as long as it is “recovered”.

Sufficient working should be shown but allow to go from e.g.
Note that candidates may take a longer route:
2%% _32 8  (2x*-32)(3x-5)+8(3x*+7x~20)
—+ =
3x*+7x-20 3x-5 (3x* +7x-20)(3x-5)

o 6xX*+14x2-40x 2x(3x* +7x-20) B1
(3x2+7x—20)(3x—5) (3x—5)(x+4)(3x-5)
_ 2x(3x-5)(x+4)  2x
(3x—-5)(x+4)(3x-5) 3x-5
Or
2%% _32 8  (2x*-32)(3x-5)+8(3x*+7x~20)
3C+7x—20 35 (3¢ +7x-20)(3x—5)

* Al*

M1

6x° +14x% — 40x 2x(3x* +7x—20)

" (3 +7x=20)(3x=5) (3x*+7x—20)(3x-5)
In this case the B1 is scored for obtaining a factor of 3x? +7x—20 in the numerator and denominator
:i* Al*
3x-5
(b)

M1:  Attempts to differentiate using the product or quotient rule. Award for an expression

of the form W or a(3x—5)" - px(3x-5)?, a, >0

Condone attempts where (3x —5)” is expanded.

before differentiating using the

. . 2X B
Alternatively, attempts to write 3 as A+ 3
X

+
chain rule to obtain __k2
(3x-5)

Al:  Correct derivative simplified or unsimplified.

Alcso*: Requires a correct simplified derivative ﬁ and then statements that convey:
X —
e (3x—5)*>0 oe e.g. denominator is positive (condone (3x—5)* > 0)
o sof'(x)<0

e function is decreasing

&
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MARK SCHEME - IAL P3 (WMA13) - October 2024 - Q9 P3.5a Integrating exponentials, 1/x & trigonometric functions < QUESTION

Question
Number Scheme Marks
8 (a) 52 b.p.m. Bl
1)
(b) 32 b.p.m. Bl
(@)
(c) dH 02 ~09
=l _-_8e " +18e M1, Al
dt
—0.2t —0.9t 0.7t
Sets 8¢ +18e =0=4e =9 dm1
:>0.7t=|n%:>t=... M1
T = 1.158 (minutes) Al
(©)
(d) . - - -0.9t
37=32+40e°'”—20e°‘9‘:>e°‘2‘=% M1
Deo'm:%:tzmn L—Ogt Al*
1+4e 1+4e
)
(e)
t2:5|n % = Ml
1+4e
(t,) = awrt 10.3947 Al
(M )= 10.3955 Al
@)
Total 12
(a)
B1: 52 b.p.m. Units are not required. Check for answer given in the body of the question
(b)
B1: 32 b.p.m. . Units are not required. Check for answer given in the body of the question
(c)
M1: Achieves (L—T -pe™” +Qe70'gt where P and Q are constants
dH —0.2t —0.9t
Al: —=-8e  +18e  putallow un-simplified versions

dt

-0.2t —0.9t 0.7t
dM1:Sets Pe +Qe =0=me

-0.7t
=Norme =n where mxn>0

MZ1: Solves an equation of the form me™ =n where mxn>0 using correct In work.
It must proceed from a correct form of the derivative (so the first M1).

+ + n n
Look for me “ =n=e “ =—:>ikt=|n(—j:>t=...
m m

Al: T = awrt 1.158 minutes following the award of all previous marks. You can ignore units

An alternative for the last three marks in part (c) are;

dM1: Pe . =Qe " = InP-0.9t =InQ—0.2t

MZ1: Collects terms in t and proceeds to t =... Under this method it is dependent upon both previous M’s
Al: T =awrt 1.158 minutes following the award of all previous marks. Units are not required
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< QUESTION

There may be answers produced from a calculator. In cases such as this we are going to apply the rule
‘answers without full working may not gain credit.’

dd_l;l - 8e " +18e ™ =0 =t =1.158 scores 1,1,0,0,0

(d)
M1: Sets H =37 and proceeds to make e the subject
Al*: Proceeds to the given answer showing all necessary steps.
Note that this is a given answer so the steps must be logical without huge jumps
Acceptable proofs:
Example 1

-0.9t —0.9t
37-32+40e " _20e " e tH o1t4e 489 — _02t=1In [—“ 483 ]

-0.9t
e e

2t=5|n L—Ogt
1+4e
o2t 1+4e 02t 8

37=32+40e"" 20 e’ = e = m:o.ztzln[ w}:t=5ln(WJ

Example 2

8 l+de 1+4e”

Unacceptable proof:

—0.9t -0.9t
37=32+40e % —20e " =" = % — 0.2t =1In (%J

2t=5|n L—Ogt
1+4e

They need to deal with 0.2 and —sign in separate steps

Alt (d) Ins can be taken earlier. The M1 is scored for making 0.2 t the subject. See below
37=32+40e  —20e

— 406" =5+20e " = IN40-0.2t = |n(5+ 20 e”‘gt): 0.2t =In40— |n(5+ 20 e“‘)

We would need to see three further steps. E.g.

0.2t=In Lﬂ =1t=5In Lﬂ =1t=5In L%)Qt
5+20e 5+20e 1+4e

O

M1: Uses the iteration formula once. Allow for the embedded 10 leading to a value or sight of t, =awrt10.4
AL (t,)=awrt 10.3947
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< QUESTION

Al: (M) = 10.3955 following some evidence of previous iterations, e.g. sight of
t, =5In[1 48%10 j =awrt10.4..... This is NOT awrt so just 10.3955 here
+4e
Question
Number Scheme Marks
9@ (2x+1)x(12x+4)~2(6x° + 4x 2]
f'(x) = > M1 Al
(2x+1)
12x* +12x +8
= Al
(2x+1)
@)
(b) 2
At x=2 3f,(x)=12><2 +12x22+8=(§] M1
(2x2+1) 5
Full method of normal y—6=—%(x—2) dm1
16y-96=-5x+10= 16y+5x=106 = Al*
@)
© Any correct value A=3,B = % orD= —g B1
6x° +4x—2=(Ax+B)(2x+1)+ D = Values of A, Band D M1
5,
3x+-+—22 oe Al
2 2x+1
@)
(d) _5
3x+1+—édx:§x2+1x—§ln(2x+1) M1, AL
2 2x+1 20 2 4 ft
Area under curve =
3.1 5 F (3..2.1_5 3 (1) 1 (1) 5 (5 dM1
[Ex +§x—zln(2x+1)Lf(§x2 +§x2—ZIn(5)]—[Ex(§J +§X(§]_Zln(§n
2
_ _5
Area of R = 3+t _L24 x+1x6x[@—2]
2 2x+1 2 5 M1
;
964 5
Areaof R==—"-"1In3
15 4 Al
()
Total 14
(2) o .
M1: Condoning slips, this is for an attempt using
(2x+1)x(Ax+B)-C(6x" +4x-2)
¢ the quotient rule to obtain f'(x) = 5 Must be ‘-’ on the numerator
(2x+1)
« the chain rule on 3x + A+ -2 — f'(x)=3+D(2x+1)”
2x+1
(6x° +ax—2)(2x+1)" = F/00 = (2x-+2) " x (Ax+ Es)—c(ex2 +4x—2)(2x +1)°
o the product rule on
where A,Band Care >0
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Al: Correct (unsimplified) expression for f'(x) . Look for
(2x+1)x(12x+4)-2(6x" + 4x 2]

- via the quotient rule
(2x+1)

o f(X)=

o f'(X)=(2x +1)’1 x(12x+4)+ (6x2 +4x— 2) x —2(2x +1)’2 via the product rule
) 3+5(2x+1)’2 following division. Condone an incorrect value for A.

2
4(3x +3x+2) 19x% +12% 4.8
(2x +1)2 x4 4x+1

AL: Simplified answers such as or 3+5(2x +1)’2 following correct A.

ISW following a correct answer

(b)
M1: Substitutes x = 2into their attempt at f'(x) .

If f'(x) is incorrect then look for correctly embedded 2’s or a correct value.

dM1: Full method for finding the equation of the normal at (2, 6). Look for y -6 = —%(x—z)

Al* y-6= —%(x—z)o.e with at least one correct intermediate line leading to 16y +5x =106

If y=mx+cisused look for 6= —£x2+C:> c _ 106 You can allow y = —ix+@ going straight to
16 16 16 16

the given answer. 1SW following sight of correct answer. It must follow a correct derivative in (a)

(©)
1 5

B1: Any correct value for A=3, B = > or D= 5

They may be embedded within an expression e.g. 3x in the quotient of a division sum
M1: Correct method for finding all three constants.
Via comparison/inspection look for 6x* +4x—2 = (Ax+B)(2x+1)+ D = Values of A, Band D

Via division look for a linear quotient and a constant remainder

_5
Al 3x+l+7é o.esuchas 3x+1___ 2 which may be seen within an integral in (d).
2 2x+1 2 2(2x+1)

It is not just for values of A, B and D.
ISW following a correct answer (e.g. they may go on to x2 but then the Al ft in (d) would be unavailable)

N
RA
118



< QUESTION

(d)

M1: Attempts to integrate their Ax + B + 5 D

T Look for two terms in the correct form, one of which must
X+

be the Interm.  Award for ..x° +...+kIn(2x+1) or ..+..x+kIn(2x+1)
Also note that k In(4x + 2) and any multiple of (2x +1) within the In is also correct

Alft: gxz +%x—%ln (2x+1) o.e. but follow through on their values of A, B and D

dM1: A correct method of finding the area under the curve using limits of % and 2 either way around.

Dependent upon the previous M mark. Award if the intention is clear.
M1: For a correct method of finding the area of R. It is scored for adding the area under the curve to the
correct calculation for the area of the triangle. The integration of f(x) need not be correct but the limits

must be applied the correct way around. The area of the triangle may be done by integration. Look for
2

1 106 2 1 106 1) 1 106
J-f(x) dX+§x6x(?—2)=[l(x)]%+Ex6x(?—2J: I(2)—I[§)+EX6X[T—2):...

1

where 1(x) is their attempt at jf(x) dx

Al %_glns

15
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