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QUESTIONS

32 questions - 255 marks - 2 sub-topics

SUB-TOPIC P4.4a

IMPLICIT DIFFERENTIATION

Sub-topic P4.4a - 16 questions - 131 marks - lowest tariff first
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blank
1. The curve C has equation
X =xty+6 x#0 y#0
Find an equation for the tangent to C at the point P(2, 3), giving your answer in the form
ax + by + ¢ = 0 where a, b and ¢ are integers.
(6)
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Question 1 continued
Q1
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ANSWER >

In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

A curve C has equation
2x+ 47 =6+3e”
The point P(%, 0 | lies on C.

Find an equation of the tangent to C at P, giving your answer in the form
ax + by + ¢ = 0 where a, b and ¢ are integers.
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Question 5 continued

(Total for Question S is 6 marks)
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6. A curve C has equation
y= xsinx x>0 y> 0
. . . . dy .
(a) Find, by firstly taking natural logarithms, an expression for ar in terms of x and y.
)
(b) Hence show that the x coordinates of the stationary points of C are solutions of the
equation
tanx + xlnx =0
2
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Question 6 continued
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Question 6 continued
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Question 6 continued

(Total 7 marks) T
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1. The curve C has equation
-4’ +3x"y=4x"+8

The point P (3, 2) lies on C.

Find the equation of the normal to C at the point P, writing your answer in the form

ax + by + ¢ =0 where a, b and ¢ are integers to be found.

)

. J

INZ]
11



ANSWER >

( LeaveN
blank
Question 1 continued
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X=p x=gq
Figure 2
Figure 2 shows a sketch of the curve with equation
2 _ 2
y =2x"+ 15x + 10y
d
(a) Find & in terms of x and y.
dx
“4)
The curve is not defined for values of x in the interval (p, ¢), as shown in Figure 2.
(b) Using your answer to part (a) or otherwise, find the value of p and the value of g.
(Solutions relying entirely on calculator technology are not acceptable.)
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Question 5 continued
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Question 5 continued
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(Total for Question 5 is 7 marks)
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7

3. The curve C is defined by the equation

8x’ —3y° +2xy =9
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9%
SSe%ee!

Find an equation of the normal to C at the point (2, 5), giving your answer in the
form ax + by + ¢ = 0, where a, b and ¢ are integers.
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Question 3 continued

(Total for Question 3 is 7 marks)
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ANSWER >

In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.
A curve has equation
16x° — 9kx’y + 8y’ = 875
where £ is a constant.

(a) Show that

dy _ 6kxy — 16x°
dx 8y — 3kx’
C))
Given that the curve has a turning point at x = %

(b) find the value of k&
@
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Question 4 continued
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Question 4 continued
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(Total for Question 4 is 8 marks)

INZ]
22



ANSWER >

7

2. The curve C has equation
3x + 5y +4x’y =10(2%) + 35
. . dy .
(a) Find an expression for o in terms of x and y

Curve C cuts the y-axis at the point P

(b) Find the exact value of the gradient of the tangent to C at P

y>0
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Question 2 continued

(Total for Question 2 is 8 marks)
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6. A curve has equation
4y +3x=6ye™
o dy
(a) Find —— in terms of x and y.
dx
)
The curve crosses the y-axis at the origin and at the point P.
(b) Find the equation of the normal to the curve at P, writing your answer in the form
y =mx + ¢ where m and ¢ are constants to be found.
C))
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Question 6 continued
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5. A curve has equation

y=ye¥—3x
(a) Show that
dy _ 2ye™+3
dx e* -2y

“@
The curve crosses the y-axis at the origin and at the point P.
The tangent to the curve at the origin and the tangent to the curve at P meet at the point R.

(b) Find the coordinates of R.
)
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Question 5 continued
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VA
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» East
0] X »
0
Figure 4 s
Figure 4 shows a sketch of the closed curve with equation g
(x + ) + 10)” = 108x
(a) Show that
dy 108 -3(x+y)’
dx 20y + 3(x + y)2
)
The curve is used to model the shape of a cycle track with both x and y measured in km.
The points P and Q represent points that are furthest north and furthest south of the
origin O, as shown in Figure 4.
Using the result given in part (a),
(b) find how far the point Q is south of O. Give your answer to the nearest 100 m.
4
\ y,
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Question 11 continued
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(Total for Question 11 is 9 marks)
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Figure 1
The curve C, shown in Figure 1, has equation
YVx+3y=4x+k y>0

where k is a constant.

(a) Find % in terms of x and y

The point P(p, 2), where p is a constant, lies on C.
Given that P is the minimum turning point on C,
(b) find

(i) the value of p

(i1) the value of k&
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Question 3 continued
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 9 marks)
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VA
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C
Figure 2

Figure 2 shows a sketch of the curve C with equation
37 +2)° —4xy +8 —11=0

The point P has coordinates (1, 2).

(a) Verify that P lies on C.

¢y
.o dy |
(b) Find — in terms of x and y.
dx

6

The normal to C at P crosses the x-axis at a point Q.

(c) Find the x coordinate of O, giving your answer in the form a + bIn2 where a and b

are integers.
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Question 4 continued
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 9 marks)
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3. The curve C has equation
3y — 11x” + 11xy =20y — 36x + 28
o dy .
(a) Find, in simplest form, . in terms of x and y.
X
)
The point P(4, k), where £ is a constant, lies on C.
Given that £ <0
(b) find the value of the gradient of C at P
)
. J
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Question 3 continued
Q3
(Total 10 marks)
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VA

=V

Figure 1
Figure 1 shows a sketch of part of the curve C with equation
2" —4xy+y’ =13 y=0

The point P lies on C and has x coordinate 2

(a) Find the y coordinate of P.
2

(b) Find % in terms of x and y.
)
The tangent to C at P crosses the x-axis at the point Q.
aln2+b

(c) Find the x coordinate of O, giving your answer in the form 2t d where a, b, ¢
and d are integers to be found. clnz+
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Question 2 continued
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Question 2 continued

(Total for Question 2 is 10 marks)
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5.
yA
y=x
C
9 X
Figure 2
Figure 2 shows a sketch of the curve C with equation
Vi —xt+4x’y =k £
where £ is a positive constant greater than 1
.o dy |
(a) Find — in terms of x and y.
dx
6
The point P lies on C.
Given that the normal to C at P has equation y = x, as shown in Figure 2,
(b) find the value of . £
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Question 5 continued
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Question 5 continued
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Question 5 continued

(Total for Question S is 10 marks)
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SUB-TOPIC P4.4b

PARAMETRIC DIFFERENTIATION & RATES OF

CHANGE

Sub-topic P4.4b - 16 questions - 124 marks - lowest tariff first
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7

2. A spherical ball of ice with radius »cm is melting.

The volume of the ball of ice, ¥'cm’, is decreasing at a constant rate, kcm’ per second,
where £ is a constant.

4
Given that V' = 3 7, show that the rate of decrease of the radius of the ball of ice with

respect to time is inversely proportional to the square of the radius.
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Question 2 continued

(Total for Question 2 is 4 marks)
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ANSWER >

Figure 2

A cone, shown in Figure 2, has
* fixed height 5cm
* base radius » cm
* slant height / cm

(a) Find an expression for / in terms of r

1)
Given that the base radius is increasing at a constant rate of 3 cm per minute,
(b) find the rate at which the total surface area of the cone is changing when the radius
of the cone is 1.5cm. Give your answer in cm’ per minute to one decimal place.
[ The total surface area, S, of a cone is given by the formula S = mr° + nrl]
C))
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Question 4 continued

(Total for Question 4 is 5 marks)
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ANSWER >

xcm

Figure 1

Figure 1 shows a cube which is increasing in size.
At time ¢ seconds,

» the length of each edge of the cube is xcm

+ the volume of the cube is V'em’

Given that the volume of the cube is increasing at a constant rate of 5cm’s '

(a) find iig giving your answer in terms of x.
t

(©))

(b) Hence find the value of ? when V' = 64
t
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Question 2 continued

(Total for Question 2 is 5 marks)
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~
4.
Figure 1 shows a sketch of a segment PORP of a circle with centre O and radius 5 cm.
Given that
* angle POR is 6 radians
* @ is increasing, from O to 7z, at a constant rate of 0.1 radians per second
« the area of the segment PORP is Acm’
(a) show that
a4 =K (1 — cos 0)
do
where K is a constant to be found.
)
(b) Find, in cm’s ', the rate of increase of the area of the segment when 6 = %
4
\ y,
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Question 4 continued

(Total for Question 4 is 6 marks)
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30cm

Figure 3

Figure 3 shows a container in the shape of a hollow, inverted, right circular cone.
The height of the container is 30 cm and the radius is 12 cm, as shown in Figure 3.
The container is initially empty when water starts flowing into it.

When the height of water is /2 cm, the surface of the water has radius »cm and the
volume of water is V'cm’

(a) Show that

v Anh®
75

[The volume V of a right circular cone with vertical height h and base radius r is

given by the formula V = 1 wr’h]
: @

Given that water flows into the container at a constant rate of 2zcm’s ™

(b) find, in cms™', the rate at which 7 is changing, exactly 1.5 minutes after water starts
flowing into the container.

@
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Question 5 continued

(Total for Question S is 6 marks)
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blank

20cm

Figure 2
A bowl with circular cross section and height 20 cm is shown in Figure 2.
The bowl is initially empty and water starts flowing into the bowl.

When the depth of water is 2cm, the volume of water in the bowl, 'em?, is modelled by
the equation

1
V=§h2(h+4) 0<h<20

Given that the water flows into the bowl at a constant rate of 160cm?s™', find, according
to the model,

(a) the time taken to fill the bowl,
2

(b) the rate of change of the depth of the water, in cms™, when 42 =5
)
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Question 3 continued
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Question 3 continued
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Question 3 continued

(Total 7 marks) —]
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xcm

Figure 1

Figure 1 shows a cube which is increasing in size.
At time ¢ seconds,

» the length of each edge of the cube is xcm

« the surface area of the cube is Scm’

« the volume of the cube is Vem’

Given that the surface area of the cube is increasing at a constant rate of 4cm’s™

(a) show that % = K where £ is a constant to be found,
X

C))

dv » .
(b) show that m =V" where p is a constant to be found.
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Question 2 continued

(Total for Question 2 is 7 marks)
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blank
Figure 1
A regular icosahedron of side length xcm, shown in Figure 1, is expanding uniformly.
The icosahedron consists of 20 congruent equilateral triangular faces of side length xcm.
(a) Show that the surface area, 4 cm?, of the icosahedron is given by
A4=53x
2
Given that the volume, Vcm?, of the icosahedron is given by
V= i(3 ++/5 )x3
12
3+5)x
(b) show that 3L = (+5)x
4~ 83
3
The surface area of the icosahedron is increasing at a constant rate of 0.025cm?s™!
(c) Find the rate of change of the volume of the icosahedron when x = 2, giving your
answer to 2 significant figures.
3
J
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Question 4 continued

INZ]
68



ANSWER >

Leave
blank
Question 4 continued
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Question 4 continued
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(Total 8 marks) —]
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p

Figure 1

A tablet is dissolving in water.
The tablet is modelled as a cylinder, shown in Figure 1.

At t seconds after the tablet is dropped into the water, the radius of the tablet is x mm
and the length of the tablet is 3x mm.

The cross-sectional area of the tablet is decreasing at a constant rate of 0.5mm’s ™'

dx

(a) Find

when x =7
@

(b) Find, according to the model, the rate of decrease of the volume of the tablet
when x =4

(C)

Q\?ﬂ
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Question 3 continued
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(Total for Question 3 is 8 marks)
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s

10. A spherical ball of ice of radius 12 cm is placed in a bucket of water.
In a model of the situation,
» the ball remains spherical as it melts
* ¢t minutes after the ball of ice is placed in the bucket, its radius is 7cm

 the rate of decrease of the radius of the ball of ice is inversely proportional to the
square of the radius

e the radius of the ball of ice is 6 cm after 15 minutes
Using the model and the information given,

(a) find an equation linking » and ¢,

(b) find the time taken for the ball of ice to melt completely.

(c) On Diagram 1 on page 27, sketch a graph of » against .
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Question 10 continued
r A
12 ¢
0 g
Diagram 1
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Question 10 continued
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Question 10 continued
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(Total for Question 10 is 8 marks)
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-
1. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.
The curve C has equation
2y* —6xy = 7> +13
. . . |-
The point P with x coordinate 5 lies on C.
(a) Find the two possible y coordinates of P.
2
Given that P lies above the x-axis,
(b) find an equation for the tangent to C at P, giving your answer in the form
ax + by + ¢ =0 where a, b and c are integers.
(6)
.

Q\?ﬂ
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Question 1 continued

(Total for Question 1 is 8 marks)
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yA

=V

o

Figure 1

Figure 1 shows a sketch of the curve C with parametric equations

x =3sin’0 y =1+ cos20 -2<0<

(SR

r
2
(a) Show that

Q=kcosec6 0+0
dx

where £ 1s a constant to be found.
3)
The point P lies on C where 0 = %

(b) Find the equation of the tangent to C at P, giving your answer in the
form ax + by + ¢ = 0 where a, b and c are integers.

3
(c) Show that C has Cartesian equation

8x* =9(2-y) -g¢<x<yq

where ¢ is a constant to be found.

3
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Question 3 continued
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 9 marks)
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7

5. The curve C has parametric equations

3+ 2¢
X =—"

=1-¢£ t#1
1-1¢ Y

The point P, where ¢ = 2, lies on C.

(a) Use parametric differentiation to find the equation of the normal to C at P. Give
your answer in the form ax + by + ¢ =0 where a, b and ¢ are integers to be found.

)
(b) Show that a Cartesian equation for C can be expressed in the form
S PGy
(x+7r)
where p, g, r and k are integers to be found.
“
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Question 5 continued
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Question 5 continued
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Question 5 continued

(Total for Question S is 9 marks)
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Leave
blank

|

4.2 metres

*

hmetres

T

<+——— 8metres —p

Figure 4

Figure 4 shows a cylindrical tank that contains some water.

The tank has an internal diameter of 8 m and an internal height of 4.2 m.
Water is flowing into the tank at a constant rate of (0.67) m* per minute.
There is a tap at point 7 at the bottom of the tank.

At time ¢ minutes after the tap has been opened,

» the depth of the water is #metres
+  the water is leaving the tank at a rate of (0.157/)m’® per minute

(a) Show that

dh 12— 3h

dr 320

C))
Given that the depth of the water in the tank is 0.5 m when the tap is opened,

(b) find the time taken for the depth of water in the tank to reach 3.5 m.
(6)

Q\?ﬂ
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7. The volume ¥ecm® of a spherical balloon with radius »cm is given by the formula

4 3
V=—unr
3

(a) Find ((ll—V giving your answer in simplest form.
r

0))

At time ¢ seconds, the volume of the balloon is increasing according to the
differential equation

ar 900
dt (21 +3)
Given that /=0 when =0
(b) (i) solve this differential equation to show that

- 300¢
2t+3

I
KR XKLL ELIEL

2020205 % % %%

o%

(i) Hence find the upper limit to the volume of the balloon.

%
el

)

<
RS

(c¢) Find the radius of the balloon at ¢ = 3, giving your answer in cm to
3 significant figures.

3

(d) Find the rate of increase of the radius of the balloon at 7 = 3, giving your answer to
2 significant figures. Show your working and state the units of your answer.

(©))
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Question 7 continued
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Question 7 continued
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Figure 2

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 2 shows a sketch of the curve C with parametric equations

. T T
x=2cos2t y=sin’t —§<t<5

where ¢ is a parameter.

The point P lies on C where ¢= %

The line /, shown in Figure 2, is the tangent to C at P.

(a) Use parametric differentiation to show that
(1) % = ksint where k is a constant to be found

(i) an equation for /is 3x + 16y —5=0
(6)

The line / intersects the curve C again at the point Q.

(b) Using algebra and showing detailed reasoning, find the exact coordinates of Q.

()
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Question 9 continued
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Question 9 continued
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MARK SCHEMES

official mark schemes, in the same order as the questions
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< QUESTION

General Principles for Pure Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation
2
(x"+bx+c)=(x+p)x+q), Where|pq| = |c| , leadingtox=...

(ax* +bx +c) = (mx + p)(nx +q), Where|pq| = |c| and |mn| = |a| , leadingtox = ...

2. Formula
Attempt to use correct formula (with values for @, b and ¢).

3. Completing the square
2
Solving X tbxte=0. (xx3)tgte, ¢#0 leading tox = ...

>

Method marks for differentiation and integration:
1. Differentiation

n n—1
Power of at least one term decreased by 1. (¥ —> X )

2. Integration
n n+l
Power of at least one term increased by 1. (¥ =¥ )

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent examiners’
reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small mistakes in
the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct working
with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for, or working
with surds is clearly required, marks will normally be lost if the candidate resorts to using rounded
decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give details of what
happens in particular cases. General policy is that if it could be done “in your head”, detailed working
would not be required. Most candidates do show working, but there are occasional awkward cases and if
the mark scheme does not cover this, please contact your team leader for advice.




MARK SCHEME - IAL P4 (WMA14) - June 2025 - Q5 P4.4a Implicit differentiation < QUESTION
Question Scheme Marks
Number

2(a) dv M1
v 3x? (B1on
X EPEN)
dx dx dv 5
Rk S A dM1A1
dt dv dt 3x°
(©)
Alternative 1
Todx 1,2 M1
_ 3 —_\/3 = 3
V=x=>x=V de 3V (Blon
EPEN)
dx _dx dv_ 5 _ 5
PR M 1 dM1A1
dtdv dt o3 3x?
Alternative 2
M1
d—V=5:>V=5t+c (Blon
ot EPEN)
3 3 2 dx
V=x"=x>=5t+c=3x d—:5
or dM1
V=x*=x*=5t+c=3x* =5ﬂ
dx
dx 5
2o Al
dt  3x*
(b) dx 5 5
—= =— M1A1
dt  3x4° 48
)
(5 marks)
Note this is now being marked as M1dM1A1 not BIM1Al
(@) Ignore any units associated with any of the expressions/values in this question.
M1: Differentiates V = x* to obtain (Z_V =..x* (seen or implied)
X
. . Y dv
dM1: Attempts to use ax = %xd—v or equivalent e.g. v = %xd—v with their — and — where
dt dv dt dt dt dx dx dt
dv V. . .
M =kx* and C:j—t is a constant to obtain an expression of the form % oe.
May be implied by their working.
Depends on the previous mark.
. 5 . L
Al: j—f = 312 or equivalent e.g. 3 X2 or 5x 3% Apply isw once a correct expression is seen.
X X

N
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< QUESTION

Alternative 1:
1 dX 2
M1: Differentiates x =V 3 to obtain WZ'"V 3 (seen or implied)

dM1: Attempts to use %zd_x av or equivalent e.g. v =% av with their d—and GI—there
dt dv dt dt  dt dx dv dt

d\); kv 3 and d\t/ is a constant and changes back to x to obtain an expression of the form x_
oe. May be implied by their working.
Depends on the previous mark.
Al: ?jﬁ: 352 or equivalent e.g. %x or 5x 3)1( Apply isw once a correct expression is seen.
Alternative 2:

M1: Uses (ii_\t/ =5 and integrates wrt t to obtain V =5t+c or V =5t

. . . . dx dt
dM1: Replaces V with x* and differentiates wrt t or wrt x to obtain ax? P B or ax’ = ,6’&

Depends on the previous mark.

Al: dx_ i or equivalent e.g. E X or 5x 31 Apply isw once a correct expression is seen.
x?

dt  3x?
(b)

M1: Substitutes x = 4 into their expression for 3—):

Al: % or the exact equivalent. Ignore any units, correct or incorrect, and just look for the value.

Do not allow e.g. 0.104... unless the correct exact value is seen previously, then apply isw.




MARK SCHEME - IAL P4 (WMA14) - June 2025 - Q5 P4.4a Implicit differentiation < QUESTION
Question Scheme Marks
Number

3 dy —wa Y’ Y iy —
8yd—x_xe —>.|'8ye dy_Ix dx B1
2 X2
4eY :E (+C) M1A1
2
4=2+c=c=. dM1
217
y =In| 2= Al
8
(5 marks)

B1:

M1:

Al:

Al:

dM1:

Separates the variables correctly with some indication of integration.

’ _J‘ j ’ _1.'- . _J-X
—dy = | x dx, e’ dy == | x dx, —dy = dx
] ye'dy =1 ‘e*y y=1g

Award for any of the above with at least one integral sign. If there are no integral signs then
there must be an attempt to integrate at least one side.
Condone the omission of dx or dy as long as the intention is clear.

For integrating ...yeyZ correctly to obtain e

Allow any correct separation e.g. BI

May be implied by a substitution e.g. u =y’ = _[Byeyzdy = Jg—ye“du =4e" (+c)
y

Incorrect attempts to integrate ...yeyz e.g. by parts will generally score no more marks.

Fully correct equation with or without a constant of integration e.g.
2

2
4" :X? (+c), 8e = x2 (+c), e :% (+c) etc.

Depends on the first method mark.
Substitutes in y =0 and x=5 and proceeds to find a value for c.
2

Correct equation: y* = In(X :7] oe e.g.

y? = In[%z—%j, y? = In%(x2 -17), y* =In(x* -17)-In8 etc.

2

2 p—
Brackets must be present if necessary e.g. in y* = In[%—%j butnotine.g. y>=In X 17

Apply isw once the correct answer is seen.
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MARK SCHEME - IAL P4 (WMA14) - June 2025 - Q5 P4.4a Implicit differentiation < QUESTION

Question Scheme Marks
Number
4(a) 1 :
42(L+§xj2 B1
4
1 L), G
(1 5 jz (1}(5 ] 2 ) 2 (5 jz 2)L 2)0 2 (5 T M1A1
x| =14 S| Sx [+ A Sx | 2 24 S x|
4 2)\4 2! 4 3! 4
1
L 1
4214 2% 22425252 125 AlAl
4 4 64 512
(©)
(a)
1 1 1 1
B1:  Obtains 42 (1+..x)2 ore.g. 2(1+...X)2 ore.g. \/Z(1+...x)5 which may be implied by
subsequent work.

1
M1:  Attempts the binomial expansion of (1+kx)2 to get the third or fourth term unsimplified with
an acceptable structure.

The correct binomial coefficient must be combined with x* or x* which may be unsimplified.
1(1i-1 1(1_1)(1-2
Look for 2(22|)"'X2 or 2(2:2'(2)

..x% 0.e. (you do not need to be concerned with their

% which may be 1 or e.g. if they have a negative sign in front of the whole term)

1 1
Do not allow notation suchas | 2 |, | 2 | or %Cz, %C3 unless interpreted correctly in further work.
2 3

May be implied by correct coefficients with x° or x*

Al: Correct third or fourth term unsimplified for (1+% x)z e.g. with the correct sign.

R R

- 5 5 _
Do not condone missing brackets e.g. sz or Zx3 unless they are implied by subsequent work.

25 , 125
— X,_

= x> which may be listed.
64 512

Al: Two correct simplified terms of %x,

Condone %xl for this mark.

Condone coefficients given as decimals e.g. 1.25x, —0.390625x?, 0.24414...x°
Al: 2+ % X —g x? + % x* which may be listed and isw once a correct answer is seen.

Condone coefficients given as decimals e.g. 2+1.25x —0.390625x” +0.244140625x°

Do not condone %xi for this mark and do not condone ...+ —? X% +...

1
Note that if their “42” is incorrect they can score a maximum of BOM1A1A0AQ
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MARK SCHEME - IAL P4 (WMA14) - June 2025 - Q5 P4.4a Implicit differentiation < QUESTION

(a) Alternative by direct expansion:

(4+5X)% = 4% +(%j4_; (5x)+w4_g (5X)2 + (%)(%_1)(%_2) 4'2 (5X)3 4

1
Bl: For42+..0r yJ4+.. 0or 2+..
1
M1:  Attempts the binomial expansion of (4+5x)§ to get the third or fourth term unsimplified with

an acceptable structure.

The correct binomial coefficient must be combined with x* or x* and the correct power of 4

which may be unsimplified.
1(1 3 1

1(i- 3 1V(1_1)(L_
Look for 2(22|1)4 2 x% or M

5
4 2..x* o.e. (you do not need to be concerned

3!
with their 5 which may be 1 or e.g. if they have a negative sign in front of the whole term)
1) (1
Do not allow notation suchas | 2 |, | 2 | or %Cz, %C3 unless interpreted correctly in further work.
2)\3

Al: Correct third or fourth term unsimplified e.g.
1 1 3

(2)(22_1) 42 (5x)2 or (%)(%—1)(%—2) 4’2 (5x)3

3!
Do not condone missing brackets e.g. 5x* or 5x° unless they are implied by subsequent work.
Al:  Two correct simplified terms of Ex, —§x2, 125 s which may be listed.
4 64 512

Condone %xl for this mark.

Condone coefficients given as decimals e.g. 1.25x, —0.390625x°, 0.24414...x°
Al: 2+§x—§x2 +%x3
4" 64

Condone coefficients given as decimals e.g. 2+1.25x —0.390625x> +0.244140625x°

which may be listed and isw once a correct answer is seen.

Do not condone %xi for this mark and do not condone ...+ —? X% +...

Any attempts to use a Maclaurin series should be sent to review.

N
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< QUESTION

(b) 4
X Er R — Bl
| 5
D
©0) 5 25, 125
2-Sx—-—=xP =X
4 64 512 Bift
(1)
©() 25 25 25
n2n+u2|l+||__|lX2 +||__||X2 =4__X2
64 32 M1AL
(2)
(9 marks)
(b)
Bl |x|,, g or |x|< g or accept strict or non-strict inequalities at either end e.qg.
4 4 4 4 4 4 4 4 4
LX< =, = X< =, m= <X,y =, =>X>——, X>——andX<—
5 5 5 5 5 5 5 5 5 5
. . (44)[44}{44)(44}
orinterval notatione.g. | ——, = |,|-——=, =|, |-—=, = |, | =, =
55 5 5 55 55
(©)(i)
B1ft: 2-2x— 225~ 1255 tollow through their (a))

4 64 512
For their A+ Bx+Cx*+Dx® in part (a) they must obtain A—Bx+Cx* —Dx> where A, B, C and
D are non-zero for this mark even if they make a re-start.

(c)(ii)
M1: Adds their A+ Bx+Cx* + Dx® from part (a) to A—Bx+Cx* —Dx’ to give a+bx? or obtains

values for a and b.
May be implied by their answer/values if no incorrect working is seen.

Al:  Caoandcso 4— 22 o, e.g. -5 Allow 44-2¢2
32 64 32

This must follow fully correct work in (a) and (c).
Apply isw once the correct answer is seen.




MARK SCHEME - IAL P4 (WMA14) - June 2025 - Q5 P4.4a Implicit differentiation < QUESTION
Question Scheme Marks
Number

> 4y? — 8yd—y M1
dx
e” —>(y+xd—yjeXy or e.g. exy—>ye*y+xd—yexy M1
dx dx
2+8yd—y:3(y+xd—yjeXy Al
dx dx
9 dy dy 4
2=3x=—x—"-=>—=—
2 T dx 27 M1
-4 x—g = 4x-27y-18=0 dM1A1
y 27 2 y
(6)
(6 marks)
M1: Differentiates 4y’ to obtain y%
M1: Differentiates 3¢ to obtain ...(y+ xg—yjexy or equivalent.
X
Do not condone missing brackets unless they are implied by subsequent work.
Al: Fully correct differentiation 2 +8yj—y = 3(y + xg—yj e or equivalent.
X X
Condone e.g. dy = 2+8yd—y =3 y+ xd—y e where the «dy =" is their intention to
dx dx dx dx
differentiate.
M1: Substitutes x = % and y = 0 and proceeds to find a value for d_y_
If no substitution is seen then their value must be correct for their j—y
X
Must be a constant but may be in terms of e or may be a decimal.
v _
Note that they may attempt to make dy the subject first e.g. d_y = 3ye” -2
dx dx 8y-3xe”
You do not need to be concerned with the details of the rearrangement.
It is dependent on having exactly two g—y terms so if they had e.g.
X
@ _ 2+8yd—y =3 y+ xd—y e” and use all 3 dy terms, this scores MO
dx dx dx dx
dM1: Uses their gradient at (% 0) with x = % and y = 0 with the values correctly placed, in a correct
straight line method for the tangent at P. Their gradient must be non-zero and must exist so do
not allow methods leading to e.g. % where « is then used for the gradient.
If they use y = mx + ¢, they must reach as far as a value for c.
It is dependent on the previous method mark.
Al: cso 4x—27y—-18=0 or any integer multiple of this equation.

Note that incorrect differentiation can lead to the correct gradient and the correct answer so this
mark must follow correct work and all previous marks must be awarded.
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Question

Number Scheme Marks
4(a) | AandBarewhere £ —4t=0=1(t’-4)=0=>¢t=20r-2 Ml
Substitutes r=2,x=2x4-6x2=-4 Hence A4=(-4,0) Al
When ¢=-2,x=2x4-6x-2=20,(y=0)Hence B=(20,0) * B1*
3
d
(b) d_y_ﬁ_%z_—4 MIA1
dx‘d)/ C4t-6
dt

. dy 3t'—4 . ( 4)
Sub t=-2into —= dient = |—= M1

u into —=——¢ = gradien 7

Uses their (—;) and (20,0) to produce eqn of tangent = 7y +4x—-80=0%* | M1 A1*

6))
(c) Substitutes x=2¢* —6¢, y=¢"—4¢,into 7y+4x—80=0
= 7(¢* —4t)+4(2 - 6¢)-80=0 Mi
=7 +8*-52t-80=0 Al
= (t+2)*(7t=20)=0
t="£":>x=.... dM1
7
40
= Al
T
C))
(12 marks)

(a)
MI1: Sets ' —4t=0=>t=... toreacht=2 or -2
Al: Substitutes t=2= x=2x4-6x2=—4 and states coordinates of 4=(—4,0)

Accept t =2 = A =(—4,0) provided the M1 has been awarded
B1*: Show that the coordinates of B =(20,0)
Possible ways of this are
1) Solves #* —4¢ =0= t =2 and substitutes into 2¢> —6¢ = x = 20 = B =(20,0).
This is a show that and there must be some evidence for the "20", not just sight of # =-2
Look for 2x(=2)" =6x(=2)=>x=20 or 8+12=x=20




< QUESTION

General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:

1. Factorisation
(X* +bx+c)=(x+ p)x+q), where|pq| = |c| , leadingtox = ...

(ax® +bx +c) = (mx + p)(nx +q), Where|pq| = |c| and |mn| = |a| , leadingtox = ...

2. Formula
Attempt to use the correct formula (with values for a, b and c).

3. Completing the square
2
b
Solving x> +bx+c=0: (Xiij tq+c=0, g#0,leadingtox=...

Method marks for differentiation and integration:

1. Differentiation
Power of at least one term decreased by 1. (x" — X" )

2. Integration

Power of at least one term increased by 1. (x" — x"*")

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent
examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct
working with values but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for,
or working with surds is clearly required, marks will normally be lost if the candidate resorts
to using rounded decimals.




MARK SCHEME - IAL P4 (WMA14) - January 2023 - Q5 P4.4a Implicit differentiation < QUESTION

Question Scheme Marks
Number
2 2 dy dy
5(a) y© =2X +15x+10y:>2y&:4x+15+10& M1 Al
dy dy 4x+15
(2y—10)&_4x+15:>&_2y_lO oe M1, Al
(4)
(b) | Deducesthat 2y—-10=0=y=5 B1ft
Substitutes y =5 into y* = 2x* +15x+10y = 2x* +15x+25=0 and ML
solves for x
5
(pz)_s, (q=)_E Al
@)
(7 marks)
Notes:
(@)
. : - " dy dy
M1: Correct differentiation of one of the y terms, ie y* — Zyd— or 10y —>10d—.
X X
. . - dy dy
Al: Fully correct differentiation Zy& =4x +15+10& o.e.
M1: Rearranges to make g—ithe subject. The differentiated expression must contain exactly two g—i
terms - one from each y term, not an extra g—i =...
_dy 4x+15
AL 5= 2y-10
(b)
B1ft: Deduces that 2y —10=0= y =5. Follow through on a denominator of formay +b, a,b=0
. This deduction may arise from use of the symmetry of a hyperbola.
E.g. x=0=y°-10y=0=y=0,10 s0 p,q wheny=5
M1: Substitutes their y=5 into y* = 2x* +15x +10y(: 2x° +15x+25= O) and solves for x
(usual rules, if no working shown (by calculator) they must give correct values for their quadratic).
Al: ( p :)—5,( q :)—% Correct values, do not be concerned about the labels and accept if they
give as the end points of the interval (ie accept if they give (—5, —2] as their answer).

X2
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< QUESTION

(b) Alt method 1

y? =2x% +15x+10y = y* —lOy—(2x2 +15x) =0
B1: Deduces that roots for x don't exist when 100 + 4><(2x2 +15xj <0

M1: Solves their 2x* +15x+25<0

Al: ( p =)—5, (q =)—g Correct values, see note on main scheme.

(b) Alt method 2
Bl y=0=2x"+15x=0=>x= 0,—% Correct values found for x wheny = 0

M1: Full method to use symmetry to deduce the required values of x. E.g. by symmetry, values
required are one third and two thirds way between these = x = %x—%,%x—%

Al: ( p =)—5, (q =)—g Correct values, see note on main scheme.

£
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MARK SCHEME - IAL P4 (WMA14) - June 2024 - Q3 P4.4a Implicit differentiation < QUESTION

General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(X* +bx+c) = (x+ p)(x+0), where|pq| =c| leading to x = ...
(ax® +bx +¢) = (mx + p)(nx +q), where|pg| =|c| and |mn| =|a| leading to x = ...
2. Formula

Attempt to use correct formula (with values for a, b and )
3. Completing the square

Solving X* +bx+c=0: (x£5)*+q+tc, =0 leading to x = ...

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1 (X" — X" ™)
2. Integration

Power of at least one term increased by 1 (X" — x"™)
Use of a formula
Where a method involves using a formula that has been learnt, the advice given in
recent examiners' reports is that the formula should be quoted first.

Normal marking procedure is as follows:
Method mark for quoting a correct formula and attempting to use it, even if there are
small mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from
correct working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked
for, or working with surds is clearly required, marks will normally be lost if the candidate
resorts to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give
details of what happens in particular cases. General policy is that if it could be done
“in your head", detailed working would not be required. Most candidates do show
working, but there are occasional awkward cases and if the mark scheme does not
cover this, please contact your team leader for advice.
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< QUESTION

Question Scheme Marks
1 . .
jxcos3xdx:%xsm3x—%J'sm3xdx M1
1 . 1 dM1
= =Xsin3X +—=c0s3X
3 9 Al
: :
XCcos3xdx = 1xsin3x+lcos3x =1£sin£+1cosz— O+1 M1
. 3 9 , 36 2 9 2 9
1 Al
18 9
®)
(5 marks)

M1: Applies integration by parts in the correct direction to achieve axsin3x J_rﬁJ.sin 3x dx

So do not penalise the appearance of a ‘“+’ sign unless they state Ivu "dx =uv+J.uv'dx 0.e.

dM1: Completes the process by integrating the sin3x term, achieving taxsin3x+ 3 cos3x

Al: Correct integration which may be left un simplified. E.g. %xsin 3x—%(—%cos3x]

. L1 1 .
May have been done in stages (allow if gxsm 3x and +50053x are seen on separate lines.)

Ignore spurious notation as long as the intention is clear.
M1: Applies both the limits to their integral which must be of the form +axsin3x+ Scos3x. The
substitution must be seen, or clearly implied by the correct evaluation of their +axsin3x+ £cos3x

If embedded limits are not seen first, then [+axsin 3xchos3x]0% =(..)-0isMO
Condone the subtraction being done either way around.

. -2
Al: Correct simplified answer. ISW after a correct answer. Allow 7[1_8

Alt methods may be seen. E.g. D & | method

Differentiation Integration
X
-~ 4 C0s 3X
! \ 1sin 3x
~ _ 3
1
0 ——C0S3X
9

Score M1 dM1 for sight of +axsin3x+ S cos3x

Lo
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< QUESTION

Question Scheme Marks
2 7 -2 a
OA=| 2 AB=| 4 oC=| 5
-5 3 -1
(@) - 7 -2
OB=0OA+AB=| 2|+| 4|=.. M1
-5 3
5
=| 6] ,5i+6j—2k or(5,6,—2) Al
-2
(2)
(b) - a 5
BC=0C-"OB"=| 5|-"| 6|"=... M1
1) =2
a a->5
OC."BC"=0=| 5" -1 "=0:>a(a—5)—5—1=o dM1
1 1
a2—5a—6:0:>(a—6)(a+1)=0:>a:... ddMm1
a=-1, 6 Al
4
(6 marks)
(a)

M1: Attempts to add OA and AB, which may be implied by two correct coordinates out of three if there
is no direct statement as in the main scheme.
Al: Correct coordinates, in either vector or Cartesian form. (See main scheme).

Withhold the mark for hybrid versions such as (5i, 6j,—2k) but isw after you have seen a correct answer

(b)
M1: Attempts BC by subtracting their OB (look at their answer to (a)) and OC , subtracted either way
round, which may be implied by two correct coordinates out of three following through on their (a).
dM1: Applies the scalar product with OC and their BC, sets equal to 0 and forms a quadratic  equation
in a. Dependent upon the previous M.
An alternative method is via Pythagoras’ theorem OC” + BC*> =0B* =
(a®+5°+17)+((@a=5)*+1° +1°) =5" +6° + (-2)° = 2a° ~10a-12=0
ddM1: Depends on both previous Ms. Solves their 3- term quadratic equation (which must have real
roots) by any valid means including a calculator (check roots if done this way).
Al: Correct values for a. If the candidate goes on to reject a value it is AQ.




< QUESTION

3 8x° —3y? +2xy =9
Either 3y2—>kyd—y or 2xy—>ay+,6’xﬂ M1
dx dx
2 dy dy
Both 3y° > ky—= and 2xy »> ay+ fXx— dMm1
dx dx
3 2 2 dy dy
8X* -3y +2xy =9 > 24x" -6y —+2y+2x—=0 Al
dx dx
dy dy dy 53
2,5):96-30—+10+4—==0=>—"T=..|=—
(2.5) dx+ i dx 2dx ( 13} M1
dy 53 ok 18 At
dx 13  dy 53
. w13,
Normal: y—5= 53 (X—Z) M1
13x+53y—291=0 Al
@)
(7 marks)
A
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MARK SCHEME - IAL P4 (WMA14) - June 2022 - Q4 P4.4a Implicit differentiation

< QUESTION

Question Scheme Marks
2(a)
! = A +i:> 1=A(l-x)+B(1+3x) B1
(L+3x)(1-x) 1+3x 1-x
when x=1 =1=4B=B=... or when x:—% :>1ng:> A=.. M1
3 N 1
41+3%)  4(1-x) Al
3)
(b) Icotydy:j...dx:"lnsiny":j...dx M1
3 1
=" et "ldx=...In(1+3x) +...In(L-
J( 4030 + 209 J X=..In(L+3x) +...In(L-x) (+c) M1
Insiny:%In(1+3x)—%In(1—x) (+c) oe Alft
(7)1 1) 1 1 1
Insm(ij_Zln[1+3x§j—zln[1—§j+c:>c_...[——zln5j dmi
kinsiny=mIn(...) =sin“y=.." or kinsiny=...=sin* y =exp(...) M1
sin® y = 1+3x Al
 5(1-x)
(6)
(9 marks)
Notes
(a)

B1: For a correct suitable identity without fractions, such as 1= A(1l—x) + B(1+3x), seen or implied.
M1: Attempts to find one of the constants by either substitution or equating coefficients. May be implied by a
correct value for A or B via cover up rule.
. 3
1: +
4(1+3x) 4(1-x)
correct partial fractions see in (b).
(b)
. d .
M1: Attempts to separate variables to form cot yd—y =g(x) (oe for cot y) and integrate COtY . Accept any
X
changed function for the attempt but must be attempting to integrate cot y (oe).

oe allow values for A and B to be stated following a correct partial fraction form, or if

M1: Attempts to integrate their partial fractions from (a) so award for ( —...In(1+3x) or ...In(4+12x)

+3x)

and ———..In(L—x) or...In(4—4x) oe
1-x

Alft: Correct expression (any equivalent) (both sides). Follow through on their constants for the partial
fractions. Condone the absence of the constant of integration.

dM1: Depends on second M, and must have attempted to integrate both sides. Uses the initial conditions in an
equation with a constant of integration. May integrate between limits to achieve this. (Accept if a value for
¢ cannot be reached from their equation.)

M1: Attempts to rearrange their equation by correctly using log work to reach the required form sin" y =f(x).
Must have had kin siny = ... (k may be 1). Not dependent - may be gained before finding the constant if In A
is used, and allow if the constant is missing.

Al: sin*y= L+ 3

(oe in correct form)
51-x)

X2
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MARK SCHEME - IAL P4 (WMA14) - January 2025 - Q2 P4.4a Implicit differentiation < QUESTION

General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:

1. Factorisation

(X* +bx+c)=(x+ p)x+q), Where‘pq‘ = ‘c ,leading to x = ...

,leading to x = ...

(ax® +bx +¢) = (mx + p)(nx +q), where‘pq‘ = ‘c‘ and ‘mn‘ = ‘a

2. Formula
Attempt to use the correct formula (with values for a, b and c).

3. Completing the square
b 2
Solving x* +bx+c=0: (xizj tq+tc=0, ¢#0,leading tox = ...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1.(x" — x"")

2. Integration

Power of at least one term increased by 1. (x" — x"*)

Use of a formula

Where a method involves using a formula that has been learnt, the advice given in
recent examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there
are small errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication
from correct working with values, but may be lost if there is any mistake in the
working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is
asked for, or working with surds is clearly required, marks will normally be lost if
the candidate resorts to using rounded decimals.
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< QUESTION

%‘;ﬁ%ﬁ? Scheme Marks
2(2) BA.BC =—6x2+2x5-3x8=(-26) Ml
Uses ﬂ.%=|ﬂ”ﬁ|cosl9:>—26:\/Ex\/9_30050:>0=... dM1

0=112.65° Al

(3)
(b) Attempts to use ‘ﬁ‘ ‘ﬁ"sin ¢ with their & M1
Area = awrt 62.3 Al

@

(5 marks)

(a)

M1: Attempts the scalar product of +A4B. +BC condone slips as long as the intention is clear

Or attempts the vector product +ABx+BC (see alternative 1)

Or attempts vector AC (see alternative 2)

dM1: Attempts to use +AB.BC = |E||B_C;| cos @ AND proceeds to a value for
Expect to see at least one correct attempted calculation for a modulus.
For example v/2° +5° +8° (= \/ﬁ) or V6’ +27+3° (= 7)

Note that we condone poor notation such as: cosé = % =67.35° Depends on the first mark.
7

Must be an attempt to find the correct angle.
Al: @ =awrt112.65° Versions finishing with 6 = awrt 67.35° will normally score M1 dM1 A0

Angles given in radians also score A0 (NB 8 =1.9661... or acute 1.1754...)

Allowe.g. 8 =67.35°= 60 =180—-67.35°=112.65 and allow cosé = 26 =6=112.65

7493

1. Alternative using the vector product:

6 2 =31
M1: Attempts the vector product +ABx+BC =+| -2 |x| 5 |=+| —42 | condone slips as long as the intention is
3 8 34

clear
dM1: Attempts to use +ABx BC = |E| |B_C”| sin @ AND proceeds to a value for 6

Expect to see at least one correct attempted calculation for a modulus on rhs and attempt at the modulus of the
vector product

For example 22 +52+8 or v62+22+3% and v/312 +422 + 342 (=«/3881)

Lo
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< QUESTION

V3881

Note that we condone poor notation such as: sin g = T =67.35° Depends on the first mark.

Must be an attempt to find the correct angle.
Al: @ =awrt112.65° Versions finishing with € = awrt 67.35° will normally score M1 dM1 A0

2. Alternative using cosine rule:
MI1: Attempts +4C=+ (E + Rf) == (8i +3j+1 lk) condone slips and poor notation as long as the intention is

8i
clear e.g. allow | 3j
11k

dM1: Attempts to use AC* = AB* + BC* —~2AB.BC cos@ AND proceeds to a value for 0

Must be an attempt to find the correct angle.
Al: 8 =awrt112.65°

(b)
MI1: Attempts to use |ZB| |Rf| sin @ with theirf. You may see %|E||R‘| sin @ found first before it is doubled.
or attempts the magnitude of their vector product e.g. /3881

Al: Area = awrt 62.3. If this is achieved from an angle of @ =awrt 67.35° full marks can be scored

Note that there are other more convoluted methods for finding the area — score M1 for a complete and correct
method using their values and send to review if necessary.




< QUESTION

"
N Scheme T
3 States the largest odd number and an odd number that is greater M

E.g. odd number n and n + 2

Fully correct proof including
e the assumption: there exists a greatest odd number "n"
e acorrect statement that their second odd number is greater than
their assumed greatest odd number Al*
e aminimal conclusion " this is a contradiction, hence proven"

You can ignore any spurious information e.g. n> 0, n +2 > 0 etc.

@)
(2 marks)

M1: For starting the proof by stating an odd number and a larger odd number.
Examples of an allowable start are
e odd number "n" with "n + 2"

odd number "n" with "n*"
"2k + 1" with "2k + 3"
"2k + 1" with "2k + 1)*"

o "2k + 1" with "2k +1+ 2&"
Note that stating » = 2k , even when accompanied by the statement that "»" is odd is MO

Al*: A fully correct proof using contradiction
This must consist of
1) An assumption  E.g. "(Assume that) there exists a greatest odd number #"
"Let "2k + 1" be the greatest odd number"
2) A minimal statement showing their second number is greater than the first,
E.g. If "n" is odd and "n + 2" is greater than n

If "n" is odd and n2 >n
2k+3>2k+1
2k +2k+1>2k+1

Any algebra (e.g. expansions) must be correct. So (2k + 1)2 =4k” +2k +1 would be A0

3) A minimal conclusion which could be
"hence there is no greatest odd number", "hence proven", or simply v’




< QUESTION

(12\1111161181%2? Scheme Marks
4(a) k=2orx>2 Bl
PO SN s M1 Al
2 7 T3
2 _x-2-2 ?vln
3+ . 3(x-2)+1 (M1 on
EPEN)
x—4
= Al
RETRY
5
b 1
(b) _2<g<§ MI Al
2
7
marks)

(a)
B1: States that k = 2 or else states that the domain is x > 2. Must be seen in part (a).
M1: Attempts to find # in terms of x and substitutes into y.

Condone poor attempts but you should expect to see ¢ = f(x) found from x = %+ 2 substituted into

t . .
y= condoning slips.
3+t

Al: A correct unsimplified equation involving just x and y
A1(M1 on EPEN): Correct numerator or denominator with fraction removed (allow unsimplified)
Al: y= x4 or g(x):x—_4(must bey=... or g(x)=... but allow this mark as long as the y = ... or
3x-5 3x-5
g(x) = ... is present at some point)

Alternative 1 for part (a)

MI: Assume g(x)= ax+b
ex+d

. . 1
and substitute in x =—+2
t

Al: g(x)=a+(b+2a)t

c+(d+2c)
A1(M1 on EPEN): Correct numerator or denominator
Al: y= x—4 or g(x)=x—_4(must bey=... or g(x) =... but allow this mark as long as the y = ... or
3x-5 3x-5
g(x) = ... is present at some point)

Alternative 2 for part (a)




< QUESTION

M1: Attempts to find 7 in terms of y and substitutes into x.

substituted into

Condone poor attempts but you should expect to see ¢ = f(y) found from y = 13_ 2:
+

x=l+200ndoning slips. (NB t=1_3y:x= y+2
t y+2 1-3y

+2)

Al: A correct unsimplified equation involving just x and y

A1(M1 on EPEN): Correct numerator or denominator

;_45 or g(x)= %(must be y=... or g(x) =... but allow this mark as long as the y = ... or
x— X —

g(x) = ... is present at some point)

Al: y=

(b)

M1: For obtaining one of the 2 boundaries (just look for values) e.g. —2 or % or for attempting g(2) for their

heira

g or for attempting t . Note that for this mark they must be attempting values of y (or g(x)).

theirc

1
Al: Correct range: Allow —2<g<§, —2<g(x)<%,—2<y<%, (—2,%), g>-2andg< 3




< QUESTION

Question
Number Scheme Marks
5 2
=3) +1
u=3+x/2x—1:>x:u:>£:u_3
2 du
or M1 Al
du 1 1 1 1
u=3+2x-1=>—=—(2x-1) 2x2= =
dx 2( ) J2x—1 u-3
4 4
———dx=| —x(u«-3)du Ml
j 3+4/2x—1 J. u ( )
jix(u—3)du=.[(4—£)du dM1
u u
12
J‘ (4——Jdu=4u—121nu or k(4u—12Inu) ddM1 Alft
u
13 4
——  _dx=[4u-12Inul =(4x8-12In8)—(4x4—12In4
[ et (a2 (oo
or M1
13
4 13
J.-g:giidex=[4(3+J2x—1)—12m(3+J2x-4)1 =(4x8-12In8)—(4x4-12In4)
=16—-12In2 Al
(8 marks)

M1: Differentiates to get % in terms of x and then obtains (;E in terms of u
u

1
Needtoseed—u:k(2x—1)7 _)d_u: ! orﬁzatﬁb
dx dx au+b du

or

Attempts to change the subject of u =3+~/2x—1 and differentiates to get (;ﬂ in terms of u
u

+3)’ +1
Need to see x=—(u ) —>£=au+b
2 du
Al: ﬂ:u_?, oce.g. d_u:L’ du :ﬂ, dx:(u—3)du
du dx u-3 u-3

MI1: Attempts to write the integral completely in terms of u.

Need tosee | —x theirE du with or without the “du” but not e.g. Zx L du
u du u dx

du
1
u

dM1: Divides to reach an integral of the form j(A + Bx J du. Depends on both previous M’s

dM1: Integrates to a form Au + BInu. Depends on the previous M.

An alternative for the previous 2 marks is to use integration by parts:




< QUESTION

E.g. jix(u—3) du =4(u—3)1nu—j41nu du=4ulnu—-12Inu—4ulnu+4u=4u—-12Inu
u

Score dM1 for“‘ﬁx(Au +B) du=k(Au+B)lnu —J-k]nu du and dM1 for integrating to a form Au+ Blnu.
u

Alft: 4u—12Inu or k(4u—12lnu) following through on (;E=k(u—3) only.
u

M1: Substitutes 8 and 4 into their 4u —121Inu and subtracts or substitutes 13 and 1 into their 4u —121Inu with
u =3++/2x —1 and subtracts. This mark depends on there having been an attempt to integrate, however

poor.
Al:16-12In2

£
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< QUESTION

%‘;llenslté(:: Scheme Marks
6(a) 4y’ +3x=6ye ™"
dy
4y* +3x >8y—=+3 BI
Y Y dr
—2x -2x —2x dy
6ye™ > —12ye " +6e " — MI Al
dx
12ye ™ +3
8yd—y+3=—12ye‘2"+6e‘2"d—y:>d—y=y_f— oe M1 Al
dx dx dx 6e -8y
&)
b
®) Sets x=0 in 4y2+3x=6ye"2":>y=%oe Bl
dy 12ye™+3 (7
Substitutes (O,Ej in their 9 % = (—) Ml
2 dv  6e -8y -2
m __l;ﬁl": _"_"x_'_"é" dMl
VT T
—gx+i oee —£)c+i Al
SRS TR
“
(9 marks)
(a)
. . 2 . dy o dy
B1: Differentiates 4y~ +3x to obtain 8 ya + 3. Allow unsimplified forms such as 4x2 ya+ 3
MI1: Uses the product rule on 6ye " to obtain an expression of the form Aye™* + Be™* %

Al: Differentiates 6ye™" to obtain —12ye " +6e " %

M1: Collects two terms in % (one from attempting to differentiate 4)” and one from attempting to

-2x

differentiate 6y ™) and proceeds to make % the subject.

Cdy 12ye™ +3

dy 2e7x6y+3 dy 12y+3e™
6c> 8y Tt 8y dr 6-8yc"

or equivalent e.g. — =
d Bl 6t -8y dx 6-8yc"

" at the start and allow )’ for %

Al

You can ignore any spurious

(b)

. 6 .
B1: Uses x = 0 to obtain y =% oce.g. 1 (ignore any reference to y = 0)

ud_y_
dx

MI: Substitutes x = 0 and their y at x = 0 which has come from substituting x = 0 into the original equation into

dy 12ye™ +3
their ay = % to find a numerical value. Working is normally shown here but you may need to
e

check for evidence. Use of x =0 and y = 0 is MO.




< QUESTION

%ﬁ;ﬁg? Scheme Marks
1/x20" x 24
3@ Attempts to find AT =20 seconds MI Al
()
dv
(b) Attempts —— a Y h Ml
dv dV dh 8 dh
Attempts to use O dt =160= (h +—= h] T Ml Al
. 40\ dh __dh 96
Substitutes 2 =5= 160 = (5 +—] O = T3 (42)cms- dM1 Al
5)
(7 marks)

(a)
M1: Attempts to find the volume, using the given formula, at 2 =20 and dividing by 160. Implied by 20
Condone slips. For example they may have incorrectly multiplied out/calculated the expression for V'
Al: 20 seconds. This requires the correct units as well
(b)
M1: For an attempt to differentiate
Scored for an attempt to multiply out and then differentiate term by term to achieve a —ah' + ph

dh

or via the product rule to achieve V = %hz (h+4)=—=—=(h+4)x ph+qh’

4
dn

dr dV dv dv
MI: Attempts to use —— TR T d (or equivalent) with v =160 and their —— T
A1l: Correct expression involving % and2  E.g. 160= (h + 2 h) ((11]:

. . o . dh
dM1: Dependent upon the previous M only. It is for substituting 4 = 5and proceeding to a value for T

. 96 . . .
Al: Either 73 O awrt 4.2 cm s ! There is no requirement for the units here




< QUESTION

Question Scheme Marks
4. J‘4 10
—Fdx
. 5x+2x/x
u=\/;:>x=u2:>£=2u Bl
du
10 g | = 2udu MI Al
Sx+2x/x Su” +2u
S (RPN P [ S aM1 Al
Su+2u u S5+2u
=4Inu—-4In(5+2u) ddMm1
Limits=[41nu —4In(5+2u)]) =4In2-4In9+4In7=... Ml
=41n(ﬂj
9 Al
(8 marks)
dx du 1
. " — —_x 2 1
B1: For W 2u or o -ar or equivalent

MI1: Attempts to write all terms in the integral in terms of u (inc the dx)

Condone slips for this mark BUT the dx CANNOT just be replaced by du.

Look for either x —>u” or xv/x — 1’ with either dx — f(u)duor dx > kxdu, k=1

10
- 3 2udu

2

Al: Correct integrand in terms of just # which may be unsimplified. E.g I
Su +2u

dM1: Attempts to use PF and writes their integrand in terms of its component fractions.

Look for an integral of the form .[ Ldu - I L, 9 g4y
QOu+ Ru’ u Q+Ru

. 4 8
Al: Correct PFJ ;—m(du)

ddM1: For ...Inu =£...In(5 + 2u) but follow through on their PF's which must be of a similar form
M1: Uses the limits 1 and 2 within their attempted integral. The integration may be incorrect.

Alternatively substitutes u =+/x and uses the limits 1 and 4 within their attempted integral

Al: 41n(£]
9




< QUESTION

Question
Number Scheme Marks
d v d -2x
5a) ZyEyze ’ ay—2ye "3 BIMI Al
—2x
o 2 2 +3
(e2 —Zy)d—y=2ye2 +3= %’z{’fx—* Al*
dx e -2y
©))
(b) Puts x =0 into the equation of the curve = y=y = y=1 Bl
Attempts tangent at (0,0) or (0,1) y=3x or y=-5x+1 M1 Al
13
Solves y =3x with y:—5x+1:>R=(§,§j dM1 Al
6
(9 marks)

(a) Originally scored M1 B1 Al Al, now Bl M1 Al Al
. . . . d
B1: Correct differentiation using the chain rule y2 -2 yay .

. L 2x . axd 2x
M1: Attempts to apply the product rule of differentiation on ye "o give e ’ ayi ye ’

-2x d —2x
Al: Correct differentiation 2 y%} =’ %—2 ye *_3

Allow 2ydy=e dy—2ye  dv—3dx

AT*: Proceeds to the given answer via an intermediate line equivalent to (efzx -2 y)% =2 yefzx +3 with

correct bracketing.

(b)

B1: Deduces or implies that x =0, y =1at P . May state or use coordinates of P (0,1)
M1: Scored for an attempt to find the equation of the tangent at O or the equation of the tangent at P

—2x
E.g. Substitutes (0,0) into % = y = S and states y = fix
e -2y
dy 2ye 43
Alternatively substitutes (0, "1") into ay = )_)zex— — "k"and attempts y—1="k"x or equivalent
e -2y

Al: Achieves a correct equation for either tangent. Look for either y =3x or y=-5x+1 o.e.

dM1: Correct attempt at both tangents with an attempt to solve simultaneously.
For the attempt to solve accept y=3x , y=—Sx+1=>x=..,y=...

Al: Correct coordinates for R = (%,%} oe




MARK SCHEME - IAL P4 (WMA14) - October 2022 - Q11, Q10

P4.4a Implicit differentiation

Question
Number Scheme Marks
2-2 —4+5u
9 8424 |=| -1+4u
10+34 2+8u
Attempts to solve any two of the three equations
. 2-A=-44+5u 3 3
Either (1) and (2 SA=—5, U=+
() and (2 8+2k=—1+4p} 24772
2-A=-4+5
(1) and (3) “}3 :%,ﬂzg
10+3L=2+8u M1, Al
8+2A=-1+
@) and (3) Wl = 10,= M
10+3A =2+8u 4
Substitutes their values of A and x into both sides of the "third" equation dmi
. 11 .
Eg A= —g into 10+34 =5 and u = g into 2+8u =14
Concludes that lines don't intersect with correct calculations and minimal Al
reason
-1 5
Additionally states that | 2 | is not parallel to | 4 | with a minimal reason AL
3 8
So lines are skew CSO *
(%)
(5 marks)
Notes:

Main method seen
M1: Attempts to solve two of the three equations.
Accept as an attempt, writing down two of the three equations (condoning slips) followed by

values for

both 2 and u
Al: Solves two of the three equations to find correct values for both 4 and g, Allow equivalent

fractions

dM1: Either: Substitutes their values of A and x into both sides of the third equation....or into the

equations of both lines to find both coordinates
Al: Having achieved correct values for 2 and g, the values for the third equation are found to

enable a comparison to be made. E.g. solving equations (1) and (2) and using equation (3) stating

10+3x —g #2 +8xg is sufficient. If the values are found they must be correct.

Important: Additionally, to score this mark, a minimal statement must be made that states
that the lines do not intersect /cross. Condone statements such as 1 # |2

Stating that the lines are skew at this point is not sufficient to score this mark
In the alternative stating that “as the values are not the same, the lines cannot intersect" is sufficient.

Al*: CSO . Hence all previous marks must have been scored.
In addition to not intersecting there must be a statement, with a minimal reason, that the lines are
not parallel and hence skew. Accept statements like, not intersecting, not parallel (with reason),

hence proven.
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5 -1
Reasons could be | 4 |#k| 2 | o.esuchas 5=-5x-1 but 4=2x2 so they are not parallel.
8 3 = -

Accept an argument based around the scalar product of the direction vectors. If parallel cosd =1
5 -1

A reason for the lines not being parallel cannotbe | 4 |=#| 2
8 3

Note: Other methods are possible and it is important that you look at their complete attempt at
proving that they don't intersect.
Alternative 1
For example it is possible to solve equations (1) and (2) to find just A
then solve equations (1) and (3) to find just A
and then conclude that "as the two values are not the same, the lines don't intersect"

M1 dM1 marks are scored together. Both aspects have to be attempted
Attempts to solve two of the three equations to find A (or u«)

Attempts to solve a different pair of equations to find A (or )
Al: Correct values for A (or ).
Al: conclude that "as the two values are not the same, the lines don't intersect"

If you see something that you feel deserves credit AND that you cannot mark, then please send to
review
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Question
Number Scheme Marks
10 (a) dr 1 dr k
—oct—of —=+—
States or uses T 2 or gt 5 B1
ar_ J_rL = | rédr = | +kdt
dt r2
13
3 r =tkt+c M1 Al
Substitutes t=0,r =12=c= (576)
AND t =15, r =6 and their ¢ = (576) = k = (+33.6) M1
5r°=-336t+576 or r' =-1008t+1728 oee. Al
(®)
(b) Sets r =0 = —100.8t +1728 =0 M1
% minutes or awrt 17.1 minutes Al
)
(©) r
12 1
B1
O i
1)
(8 marks)
(@)
dr 1 dr k dr 1
B1: Statesoruses — «ct—, ——=+— or —— =+— Accept K <> 4 or other constant. Condone
dt P2t r2 dt kr
ar_ 1
dt r
M1: Integrates to achieve an expression of the correct form = ...t(+c) 0.e
There is no requirement for + ¢
Al: Correct integration with two different unknown constants. E.g. look for %re' =tkt+c o.e
So if for example % = —iz = % r’ =—t+c the score would be B1, M1, AO then dMO, AO
r
M1: Uses both boundary conditions to form an equation involving r and t. For this to be awarded
there must be two different unknown constants that are initially correctly placed.
It is dependent upon having achieved ...r" =+"k"t+"c" which may have been achieved from
an
. . dr 2
incorrect assumption. E.g. T tkr
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Al: Correct equation. E.g. %rs — _33.6t+576 or r =—100.8t+1728 0.e. such as

t—_ir3+@
- 504 7

(b)

M1: Sets r =0=>-100.8t +1728=0=t =.... Follow through on their equation. Condone if this
produces a negative value fort. Altsets V=0 tofindt=...

Al: Awrt 17.1 minutes. Must include the units. Also allow 17 minutes 8 seconds or 17 minutes 9

seconds
(c)
B1: For the correct shaped curve only in quadrant 1 starting at (0,12), ignoring value of t.
dr k
As T —— the gradient should appear to get increasingly steeper.
r

If there are two curves given on the axes, both need to be correct for this mark to be awarded
Do not be concerned if it is not infinite at the t axis.

12 The curve on the left would be at the limit of what we would
allow
as the gradient on the left hand side does appear to increase.
We condone its appearance as it approaches the t- axis.
It does not get less steep

o b\\ ¢
- . . dr k
Note that it is possible to use V = gms = (:j_\r/ = 4zr” with i +— to set up and solve
r
c:j—\: =+47k or%—\: =44  Inthis case the equation becomes V = 230472'—(@}[
@)
. av . S
B1: States or uses either yT 4 or its exact value which is %—\: =— 201156” 0.e such as
dv 672z
d =~ 5
M1: For ?j_\t/ =+8 =V =+pt+cand attempts to find the values of £ and c using the given
conditions.
It is dependent upon knowing that V = ar’and using this to find V at r = 6 and 12 witht = 15
andt=0
Al: V = 23047 —[%Jt

ML: Substitutes V = ar" to form an equation linking r’ with t.
It is dependent on the previous M1 in this method

Al: Achieves %ﬁr3 = 2304%—(%}
(b)

M1: SetsV =0 o.e and finds t
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Question

Number Scheme Marks
11 @) | (x+y) +10y? =108«
Differentiates 10y? to 20yg—i Bl
Differentiates (x+ y)sto 3(x+ y)2 1+d—y M1
dx
3(x+y)’ (1+g—yj+20ydy 108 Al
2 dy dy 2
3(x+Y) i +20yd =108-3(x+Y) dM1

dy 108-3(x+ y)

i > AL*
X 20y+3(x+y)
()
(b) Deduces that P and Q are where 108—3(x+ y)2 =0=(x+ y)2 =36 M1
Attempts to substitute (x+y)=16 into (X+ y)3 +10y* =108x to form dML
an equation iny (or x)
Solves 216+10y” =108(6—y)and finds the negative root ddm1
Awrt 13900 metres Al
(4)
(9 marks)
(@) Allow use of y' for % . This is a proof. Look carefully for evidence of candidates working

backwards.

B1: Differentiates 10y? to ZOyS—i

M1: Attempts to differentiate (x+ y)3 Via the chain rule look for k (x + y) (1+ g—yj See **

Alternatively you will see attempts where (x+ y)3 is multiplied out. Terms may not be
collected but

3 2 2 » dy 2 2 dy 3 2 dy
look for 3of x*—..x*, ..x°y—2xy+Xx P A +2xy& and y° — 3y I
differentiated to the correct form.
Al: Correct differentiation 3(x + y) (1+g—yj+20ygy 108
or 3x* +3(2xy+x2 dy]+3(y +2xy dyj+3y2 dy +20y dy _108
. . dy
dM1: Collects the terms in o
Look for either g—i being factorised out of the relevant terms
or the terms in g—i being set on one side of the equation and the other terms on the other side

It is dependent upon BOTH the B and M marks.
Al*: Proceeds to the given answer.
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In the approach 3x? +3(2xy+ X2 g—ij+3(y2 +2xy gy)+3y2 gy +20y Sy =108 itis

acceptable

to go from (3x* +6xy +3y” + 20y)% =108—3x? —6xy —3y? straight to the given answer

Watch for candidates who use the given answer and work backwards **.
dy 108-3(x+y)’
dx 20y +3(x+ y)2
Therefore candidates who start with

3(x+y)2 gy+20ygy_108 3(x+y)2 or indeed 3(x+y)2%+3(x+y)2+20y%=108

without any other working or evidence can only score B1 M0 A0 MO A0

= 3(x+ y)2 gy +20ygy =108-3(x+ y)2

M1: Deduces that P and Q are where 108—3(x+ y)2 =0=(x+ y)2 =36
This is implied if there is a statement that (x+y)=
dM1: Attempts to solve (x+y)=+6 and (X+ y)3 +10y? =108x simultaneously to form

a quadratic equation in y or x.
ddM1: Solves 216+10y* =108(6—y)and finds the negative root. Allow if both roots are found

Note that (X+Y)=6 must have be used.
If an equation was set up in x, then look for an attempt to find the larger root of
216+10(6- x)2 =108x which should then be used to find a negative y value

Al:  Awrt 13900 metres or awrt 13.9 km with the correct units. Condone answers like —13.9 km
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General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(X* +bx+c) = (x+ p)(x+0), where|pg| =c| jeading to x = ...

(ax® +bx+c) = (mx+ p)(nx+q), where |pg| =|c| and [mn| =|a| |eading to x = ...
2. Formula

Attempt to use correct formula (with values for a, b and c)
3. Completing the square

Solving x* +bx+c=0: (x+3)*£q£c, q#0 |eading tox = ...

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1 (X" — x"™)
2. Integration

Power of at least one term increased by 1 (x" — x"*)
Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent
examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct
working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for, or
working with surds is clearly required, marks will normally be lost if the candidate resorts to
using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give details of
what happens in particular cases. General policy is that if it could be done “in your head”, detailed
working would not be required. Most candidates do show working, but there are occasional
awkward cases and if the mark scheme does not cover this, please contact your team leader for
advice.
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< QUESTION

Question Scheme Marks
Number
2 Assume that C, and C, do intersect so that x* +10x* +8=2x*—7 B1
(and has real solutions).
X' +8x* +15=0= (X" +5)(X’ +3)=0= X" =...
or
_ +4/ 2 _
x4+8x2+15=03x2:w M1
or
X! +8x2 +15=0=>(x2 +4) ~1=0=>x*=...
x*=-5 -3 Al
e.g. The two values of x? < 0 (so x* +8x?+15=0 has no real roots) which is not
possible so C, and C, do not intersect Al
(4)
Total 4
Note that BOM1A1AL is possible
B1: Sets up the contradiction by
¢ making a statement assuming that the two curves intersect e.g. let/assume/suppose C, and

C,/ the curves intersect/meet/cross

e equating the curves i.e. x* +10x* +8=2x*—7 0.e. (the equation must be correct)
Condone no reference to the equation having real solutions.

M1: Attempts to solve a three-term quadratic equation in x? by any valid (non-calculator)
method. Usual rules apply. If the roots are just stated then MOAOAO follows.

Al: x*=-5-3.Allowe.g. m*=-5-3

Do not condone e.g. y = —5, —3 without reverting back to x? = ... or making valid deductions

about e.g. x* being negative

Al: This mark can only be scored provided the previous M1A1l has been scored.
Acceptable conclusion which

e refersto x* being negative which is not possible or the equation has no real roots or
x*=-3,—-5 but x*..0
o refersto C, and C, not intersecting

e Correct use of inequalities throughout e.g. x*..0 (not just x*>0)
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Alternative considering the sign of each term / the expression

B1:

As above in main scheme notes

M1: Either one of:

Al:

Al:

e considers the sign of one side of an equation or inequality which includes either an x? or x*
term. e.g. x*+8x*..0 e.g. X' +8x*+15>0 Allow to compare with 0 e.g. x> +3 #0

e considers the sign of x* or x* e.g. x*..0

e considers separately at least one part of the product of two terms. e.g. x*(x*+8)>0 or
(x*+8)>0

o considers the range of values using their completed square form e.g. (x2 +4)2 ..16 or

X +4..4
Do not be concerned by > or ...

Correct three-term quadratic in x? and correct deductions that e.g. x*...0 and x*..0

depending on their expression (condone > 0)
This mark cannot be scored if the expression they use to make their deductions is incorrect.

e.g. X*(x* +8) is positive (or zero) since x*and (x2 +8) are both greater than (or equal to)
zero is Al

e.g. X" +8x%..0 since x* and x* are both ...0 is Al

e.g. X’ +4..4 since x*..0 is Al

e.g. X' +8x*..0 is A0

This mark can only be scored provided the previous M1A1 has been scored.
Acceptable conclusion which refers to
o the equation x* +8x*+15=0 gives no solutions o.e. e.g. x* +8x? +15 cannot equal zero,

e.g. x* +8x’ cannot equal —15 e.g. x> +4 cannot equal —1

e C, and C, not intersecting

e Correct use of inequalities throughout e.g. x*..0 (not just x*>0).
Do not accepte.g. —3,, 0
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Question Scheme Marks
Number
3(a) x:3sin36::—2=93in29c050 0.e. B1

dy  —2sin26
dx  9sin®&cosé M1
d—y=_4_s'280050:—fcosec¢9 Al
dx 9sin“ dcosd 9
®3)
(b) :
H:Z:ﬂ:"—g',x:S 1 :...,y:1+l:... M1
6  dx 9 2 2
3 8 3
3=l Mt
16x+18y—-33=0 Al
@)
(C) . 3 . X X %
eg. Xx=3sin"f=sinf=3 3 = y=1+c0s20=1+1-2sin’f= 2—2(§j M1
2 2
y:2—2(§j3:>2[§j3:2—y:8x2:9(2—y)3* AL*
g=3 B1
©)
Al Jeg. 8xt =72sin0, 9(2-y) =9(2-c0s20-1)° =9(1~(1-2sin* 6)) M1
72sin° 0 =9x8sin 9 = 8x* =9(2-y)'* AL*
g=3 B1
Total 9
(a)
B1l: Correct expression for % which may be part of their expression for jl Condone poor
X
labelling/notation provided the intention is clear. Must be in terms of @
May use identities before differentiating using the product rule e.g. sin 9(%)
M1: Correct method for v They must be attempting @x& 0.e. condoning copying slips and
X
condoning poor differentiation, labelling /notation provided the intention is clear.
Al: Achieves dy _ _gcosecewith no errors but condone invisible brackets and poor notation

dx
. . . 4 d . -
being recovered. Allow equivalent fractions to e Note d_y = may be seen in an earlier line
X

of their solution which is acceptable.
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Alt () Implicit differentiation — note that some candidates may find the cartesian equation
and differentiate implicitly or explicitly.

B1: A correctly differentiated cartesian equation. (Do not be concerned with where the cartesian
equation has come from for this mark)
e.g. 16x =9x3x (-1)x (2 -y)? xg—y

X
M1: Substitutes in for x and y into their differentiated equation and rearranges to achieve an
expression for jl in terms of @. Condone poor differentiation.
X
Al: Achieves % = —gcosece with no errors but condone invisible brackets and poor notation
X
being recovered. Allow equivalent fractions to —%. They must have shown correctly how
they found the cartesian equation. i.e. they cannot just use the given result in (c).
(b)
M1: Attempts to find ;Ly x and y when ¢ :%. Must achieve values for all three which may be
X
implied by further work. Condone slips but if values are only stated then their ?Ty must be
X
correct for their k (look for 2x their k) and one of x or y must be correct.
. . 16x . -
Note that they may use their Y i terms of xandy | ="-———="| by either finding the
dx 27(2-y)
differentiated equation in (a) or by converting in (b).

dM1: Complete method for the tangent using their values. It is dependent on the previous method
mark. Condone one sign error when substituting in the coordinates. If they use y=mx+c
they must proceed as faras c=...

Al: 16x+18y-33=0 or any integer multiple of this equation. Must have = 0.

(©)

M1: A complete method to eliminate 6. Any identities used must be correct when substituted in.
Do not allow the parametric equations to be expressed as € = and equated. May also be
awarded if seen in (a).

Al*: Correct proof with no errors including brackets although condone missing trailing brackets if
it does not affect the expression. Must be seen in (c).

B1: Correct value of g. Do not accept x =3 Can be scored for the domain —3,, X,, 3 which must
be in terms of x

Alt(c)

M1: A complete method to express Ihs and rhs both in terms of sin 8 only or both in terms cos 26
only. Any identities used must be correct when substituted in. They cannot proceed from
9(2—y)® =72sin® @ without an intermediate stage but condone 8x° = 72sin® @

Al*: Fully correct work showing lhs = rhs and gives a conclusion. There should be no errors
including brackets but condone missing trailing brackets if it does not affect the expression.

B1l: Asabove in the notes for (c)
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Question
Number Scheme Marks
4(a) Xx=1y=2=3x*+2y’ —4xy+8 -11=3+8-8+8-11=0* B1*
1)
(b) 8 —>8*In8 Bl
4xy—>4xd—y+4y or y2—>2yd—y M1
dx dx
6x+4yﬂ—4y—4xd—y+8xln8=0 0.e. Al
dx dx
dy x dy
2L (4y-4x)=4y—6x—-8In8=—L =...
o (B mAX) =4y —6x-8"In8= "/ M1
dy 4y-6x-8*In8 dy 6x+8*In8-4 dy 4y-6x—e"Ing
O _2y-0X=9 MO e eg X _XHOMOAY o q W _2YZ0XZE MO 1y
dx 4y—4x dx 4x—4y dx 4y—4x
(©)
(c) dy 8-6-8In8 L, 4 3
L2)->5 "% Y 2 Emsa XY M1
4
y-OzO—Z-m(X—l):X—... M1
x=2-12In2 Al
3)
Total 9
(a)

B1*: Substitutes x =1 and y = 2 and obtains 0 with no errors.

(b)
B1:

M1:

Al:

Minimum required without evaluating each term e.g. 3x1+2x2? —4x1x2+8'-11=0. We just
need a correct equation which evaluates as 0.

Alternatively, substitutes in x = 1, forms a quadratic iny i.e. 2y>—4y =0 o.e. and
solves to find y via any method:
3+2y*—4y+8-11=0=2y*-4y=0=>y =2 (ignore the other solution 0)
They may at this stage substitute iny = 2 to get 0.

In any of the approaches a conclusion is not required.

xIn8

Correct differentiation of 8*. Award for sight of In8x8” or e*"® xIn8. Do not be concerned

with the use of modulus signs around In8
For y? » kyd—y or 4xy — am 3 By
dx dx

Fully correct differentiation. Condone the omission of =0 or may be implied by further
work. Accept 6x+4yﬂ—4y—4xﬂ+ex'”8 In8=0
dx dx

Ignore if they start their differentiated line with e.g. :_y =
X

RA
141



< QUESTION

M1: Attempts to make g_i the subject with 2 terms in 3_3(' coming from the correct places. i.e. they

must have two terms (one of each) of the form axg—y and ﬂyg—y where «, f are non-zero
X X

constants.
Al: Any correct expression for g—i Allow y'=... 0.e. isw after a correct answer is seen
Condone poor dividing lines which do not go quite far enough provided an incorrect method
4y—-6x—-8*In8
4y—4x
(c) Note that an incorrect derivative in part (b) can score maximum 110 in part (c)
M1: Attemptstouse x =1 andy =2 in their g—i to find the gradient at P (condone if this is a

was not seen. E.g.

decimal) and attempts to form the equation of the normal at P using the negative reciprocal
gradient. Condone one sign slip when substituting in the coordinates into the straight line
equation.

They may set y =0 at this stage such that —2= (x—1) which is acceptable.

4
8In8-2
If they use y=mx+c they must proceed as faras c=...

M1: Statesy =0 or substitutes y = 0 into their straight-line equation using a changed gradient from
their j—i and rearranges to find x. Do not be concerned by the mechanics of their

rearrangement.

Al: Correct expression in the required form
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General Principles for Pure Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(x* +bx+c) = (x+ p)(x +q), where|pg| =|c

, leadingtox=...

(ax” +bx +¢) = (mx + p)(nx + q), where‘pq‘ = ‘c‘ and ‘mn‘ = ‘a , leadingto x = ...

2. Formula
Attempt to use correct formula (with values for a, b and c).

3. Completing the square
Solving Xabr+c=0. (x4 ’tqtc, ¢#0 leading to x = ...

Method marks for differentiation and integration:

1. Differentiation
n n-1
Power of at least one term decreased by 1. (X =¥ )

2. Integration
n n+l
Power of at least one term increased by 1. (¥ —> X " )

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent examiners’ reports is that
the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small mistakes in the
substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct working with values, but
may be lost if there is any mistake in the working.

Exact answers
Examiners’ reports have emphasised that where, for example, an exact answer is asked for, or working with surds is
clearly required, marks will normally be lost if the candidate resorts to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give details of what happens in
particular cases. General policy is that if it could be done “in your head”, detailed working would not be required.
Most candidates do show working, but there are occasional awkward cases and if the mark scheme does not cover
this, please contact your team leader for advice.
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Question
Number Scheme Notes Marks
1(a) 2 2
9-2
S -~
or Obtainsv9—-2x =3 (1—...) B1
1
. il
2 _5(9-2)> :2x1(1—2x] ’
9-2x 3 9
1
2 )V 4D, e DA,
(1_9xj St ()3 T ) (~2x) +..
M1: Attempts the binomial expansion of (1 + kx)" to get the third and/or fourth term
with an acceptable structure. The correct binomial coefficient must be combined with | M1 A1
the correct power of x and the correct power of 2.
Al: Correct simplified or unsimplified expansion
1 1 5
(NB simplified is =1+—x+—x" +——x" +...)
9 54 1458
2 2 2 1 5 2 correct simplified terms Al
=317 +—1x2 7 S
9-2x 3 27 8 87 All correct Al
(6]
(b) il 2 2,2 1.5
9-2 3 27 81 2187
21652 M1
=72+ 1652 " or 2><"w"
2187 1652
Substitutes x = 1 and divides into 2 or equivalent
=2.6477 Correct approximation Al
2
Alternative for (b):
- L 2.2 v s
N9 - 3 27 81 2187
2 2f 7] 7.,.1652, -
N * 2187
Substitutes x = 1 and multiplies by %
=2.6438 | Correct approximation Al
Total 7
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Question
Number Scheme Notes Marks
2(a) X
—=1 Cao Bl
@
(b) ¥ 3 ¥ 4
; ; Uses the y coordinate to obtain y in
y= or X = terms of x and y or uses the x coordinate | M1

z[xjﬂ Z(X}rl to obtain x in terms of y and x

y y

x 2, .3 3
=5 3:>y(2xy +y )=x
Xy +y .
Uses correct algebra to eliminate the
or . Ml
4 fractions
x
= =x(20°+y*)=x*
2xy3 + y4 ( vy )
X =2xy -yt =0%* Cso Al*
3
Total 4




< QUESTION

Question
Number Scheme Notes Marks
3(a) 3y* —11x* +11xp =20y —36x +28
= 6yd—y—22x+11xd—y+11y = 20d—y—36
dx dx dx
dy MIMIAL
Ml: y? =
y oAy
Ml: lbcy—>px%+qy
Al: All correct
(6y+11x—20)2 =22x-11y-36= d_y=
dx dx M1
Collects terms in % (must be 3 and from the appropriate terms) and makes %the subject
dy 22x-11y-36 . .
o = m Correct expression or correct equivalent Al
(6))
(b) . . .
x= 4253y 176+ 44y = 20y —144+28 Substitutes x = 4 into C to obtain a 3TQ M
iny
3)°+24y-60=0=>y=... Solves for y M1
y=-10 (,2) Correct value Al
Substitutes x = 4 and their negative y
(4,-10) » L _ 88+110-36¢ o dy Mi
dx -60+44-20 into their o
% =—% Correct value Al
3
Total 10
‘\’/.



MARK SCHEME - IAL P4 (WMA14) - June 2023 - Q2 P4.4a Implicit differentiation < QUESTION

Question Scheme Marks
Number
1(a) -3
(E—Exj *_8(1-2x) 2 B1
4 2
1 o TP [ T B
2 2 2 2 2 2 3
(1-2x) 2 :1+(—§)(—2x)+T(—2x) - 3 (-2x)"+.. | MLAL
G—;x) ® 84 24x+ 602 +140° +. Al Al
(5)
(b) n=2 B1
)
(© 2
(1—1xj St 1 e B1
4 2 16 4 4
1
[l—lsz :(i—1x+3x2j(8+24x+60x2 +140° +...)
4 2 16 4 4 M1
=8xi+24x><i+60x2xi—8x£x—24x><1x+8x1x2
16 16 4 4 4
L N Al
2 2 4
(3)
Total 9
(@

_3
B1: Takes out the correct and simplified common factor to obtain 8(1+...) ? Implied by an expansion 8 + ...

3
M1: Attempts the binomial expansion of (1+kx) 2 to get the third and/or fourth term with an acceptable structure.

The correct binomial coefficient must be combined with the correct power of x.
3 3 — S 3

————— 1 _31)(=2-2
Look for Z(ZIZ)(ikx)2 or Ho-(s )(J_rkx)swith or without the brackets on the kx

Even allow with k =1

3
AL: Correct simplified or unsimplified expansion for (1-2x) 2 . (NB simplified is 1+ 3x+%x2 +%x3

+...)

Al: Two correct and simplified terms of 8+ 24x +60x* +140x°
AL: All correct and simplified 8+ 24x+60x*+140x®  Ignore extra terms of x* and above

(b)

B1: Correct value, n = 2. Do NOT allow incomplete answers such as %
(c) Hence

2
B1: Correct expansion of (i—;xj , simplified or unsimplified

M1: Attempts correct strategy to find expansion.
Terms do not need to be collected. There may be other terms as well, for example terms in x3
Look for an attempt to find 4 or more terms from the following (condoning slips)

(A+ Bx+Cx2)(E+ Fx+Gx2 + Hx3+...): AE + AFX+ Aze + BEX+ BFx2 +CEx2 +...

Al: Correct simplified expansion. Ignore extra terms of x® and above

X2
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< QUESTION

(c) Otherwise: Applies binomial expansion to G—%sz
: 1
B1: Correct simplified expression (E_lx)z :1(1_2)()5
4 2 2

1

1(1_1 1(1_1
M1: Correct structure for 3rd term: %(—Zx)2 but allow %(ikx)2 with or without brackets. Even

allow with k=1

Al: =—=x—=x"+... Ignore extra terms of x3 and above

Direct expansion in ()

a2 ey By

B1: Obtains an expansion with a constant term of 8

M1: Attempts the binomial expansion of G—% XJ ’ to get the third and/or fourth term with an acceptable
structure.
Py o LR ey
—— |X| == - 2 —— | X == |X| ——= 2 3
Look for #(E] Z(ilx) or 2 2 2 (lj z(ilxj
2 4 2 3!
with or without the brackets on the [J_r%)(]

Al: Correct simplified or unsimplified expansion .
Expression at the top of the page is acceptable
Al: Two correct and simplified terms of 8+ 24x+60x* +140x°

Al: All correct and simplified 8+ 24x+60x* +140x>
Direct expansion in (c)
11 2_1% 1(1Y7( 1.}
B1: First two terms which may be unsimplified (Z’Exj ‘[Zj +§(Z) (’Ex] e
)
-=X
2
2

Al: Correct simplified expansion %—%x—%x +...

3
2

2z
Sl Z-1,, -
M1: Correct form for the third term %G)




MARK SCHEME -

IAL P4 (WMA14) - October 2023 - Q5 P4.4a Implicit differentiation < QUESTION
Question Scheme Marks
Number
1(a) =1 5x)72 8
2-5x) ==|1-—| oreg. ———
2
1 5x) (-2)x(-3) ( 5x}2 (-2)x(-3)x(-4) ( 5x)°
LZ=2+10X+EX2+125X3... Al
(2-5x) 2
(4
Alt (a) by -2
. 8x(2-5x)
direct
- - - —2x-3 - 2 —2x-3x—4_- 3
expansion =8x[2 2,+(_2)2 3(—5x)l+ 2; 32 4(—5x) +$2 5(—5x) ] Bl, M1A1
LZ=2+10X+EX2+125X3... Al
(2-5x) 2
(0) 2
‘x‘<§ 0.e Bl
1)
(5 marks)

(@
B1:

M1.:

For taking out a factor of 2‘Zor%from (2—5x)_2 to obtain e.g. %(11...)_2, 272 (li...)_z.

May be implied by a constant term of 2 or by e.g. 2(1i ...)_2

The “8” is likely to be present but it is not required for this mark.

For the form of the binomial expansion (1+ ax)’2

Requires the correct structure for either term three or term four. Allow a slip on the sign.
—3)x(-4)

So allow for either W(iax)2 or (=2)<( i (+ax)’ where a# 1, could be -5 but must

be the “a” in their "2" (1% ax)™2.

Condone missing brackets around the “ax” for this mark.

-2
Al: Any unsimplified or simplified but correct form of the binomial expansion for (1—5—2)()

Ignore the factor preceding the bracket for this mark and ignore any extra terms if found.

Score for 1+(—2)><[— S_ZXJJFMX(_QJZ + (=2)x(=3)x(=4) x[—zjg 0.6.

21 2 3! 2

2 2
Brackets must be present unless they are implied by later work. Allow [S—ZXJ for (—S—ZX) .

The simplified form is 1+ 5x+§x2 +%x3 +... Allow as a list of terms.

Al: cao 2+10x +§x2 +125x3... This must be simplified and allow as a list of terms.

N
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MARK SCHEME - IAL P4 (WMA14) - October 2023 - Q5 P4.4a Implicit differentiation

Allow equivalents for n e.g. 37.5 and ignore any extra terms.

Do not isw and mark the final answer. E.g. Fully correct work leading to 2+10x + ? x2 +125x3...

2

followed by = 4+ 20x + 75x° + 250x°... loses the final mark.

Alternative to (a) by direct expansion

B1: This is awarded for (2—5X)72 =27+.... which may be implied by a final answer of 2 + ...

M1: For the form of the expansion of (2 —5x)72
Requires the correct structure for either term three or term four. Allow a slip on the sign.

So allow for either (_2);(_3)(2)4(i5x)2 or M(z)'s(ﬂx)a

3!

Condone missing brackets around the 5x.

Al: Any unsimplified or simplified but correct form of the binomial expansion for (2 —5x)72
Ignore the factor preceding the bracket for this mark and ignore any extra terms if found.

Score for 2 +( 2)2 ( 5x)" +

2><3 2x3x4

27" (=5x) +

2 (5x)

Brackets must be present unless they are |mpI|ed by later work.

75 5 125 3

The simplified form is %+ i Xt X tg X +- . Allow as a list of terms.

16

Al: cao 2+10x +7—25x2 +125x3... This must be simplified and allow as a list of terms.

Allow equivalents for 7—25 e.g. 37.5 and ignore any extra terms.

Do not isw and mark the final answer. E.g. Fully correct work leading to 2+10x + ? X2 +125%°...

followed by =4+ 20x + 75x° +250x°... loses the final mark.

(b)

BL: ‘x‘

Note: Correct or partially correct answers with no working in (a) should be sent to review.

2 2 2 2 2 [ 2 2}
<= o0eeg —=<X<—=, X>——and x<—=, |-=, =

5 5 5 5 5’ 5'5
2 2 2 |5x 5x 5x
But not —§<‘x‘<§, x<§, - <1, 5 <l -1< ?<1
e
INA
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MARK SCHEME - IAL P4 (WMA14) - June 2025 - Q2, Q1 P4.4b Parametric differentiation & rates of change < QUESTION

General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(x* +bx +¢) = (x+ p)(x +q), where|pg| =|d eading to x = ...
(ax® + bx +¢) = (mx + p)(nx + q), Where‘pq‘ = ‘c‘ and ‘mn‘ = ‘a‘ leading to x = ...
2. Formula

Attempt to use correct formula (with values for a, b and c)
3. Completing the square

Solving x> +bx+c=0: (xt&)’tg+e, ¢=#0 leading to x = ...

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1 (x" — x"™)
2. Integration

Power of at least one term increased by 1 (x" — x"*")

Use of a formula
Where a method involves using a formula that has been learnt, the advice given
in recent examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if
there are small mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication
from correct working with values, but may be lost if there is any mistake in the
working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer
is asked for, or working with surds is clearly required, marks will normally be
lost if the candidate resorts to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will
give details of what happens in particular cases. General policy is that if it could
be done "“in your head”, detailed working would not be required. Most candidates
do show working, but there are occasional awkward cases and if the mark
scheme does not cover this, please contact your team leader for advice

N
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< QUESTION

1 (1-4x)" =Ji_3><4x4_r_3>2<_4(...x)2i%(...xfﬂ. M1
(L= 4%)° =1+ 3xax+ =% Caxy + X280 Cayye Al
=1+12X+96X* +640x° +... AlAL

“4)
(4 marks)

Notes:

M1: Attempts the binomial expansion of (1—4x)_3 with correct attempts at the (unsimplified, and

may be in terms of factorials) binomial coefficients for at least two of the X, x’, X’ terms. The “—4”
may be missing or have incorrect sign and allow for missing brackets. (May be scored if the x® term
is omitted.)

ALl: For a correct unsimplified expansion. (May be in terms of factorials.)

Al: Any two terms correct and simplified (of the four, so includes the 1). The M must have been
scored.

Al: Fully correct and all terms simplified. Ignore any higher order terms. ISW after a correct
simplified.

Note M1AOA1AO is possible e.g. if the x and x® terms have the wrong signs.

Note: listing terms can score maximum of M1A1A1AQ.




< QUESTION

2(a) 3x+4 A N B N C
(x-2)(2x+1)* x-2 2x+1 (2x+1)?
3x+4=A(2x+1)*+B(x-2)(2x+1) +C(x-2)
E.g.X=2—>10=A><25:>A=...0rX=—%—>%=Cx—g:>0=... M1
orx’:0=4A+2B,x:3=4A-3B+C,x°:4=A-2B-2C > A=...
2 4
Oneof A== B=——,C=-1
c z Al
= A=..,B=...andC=... M1
3x+4 2 4 1 2 4
= — — r :—,B:——,C:—l
(x—2)(2x+1)? 5(x—2) 5(2x+1) (2x+1)’ 5 5 Al
4)
(0) de:aln X—2) or g dx=glIn(2x+1
X-2 ( ) 2x+1 4 ( )
8x+9 8x+4 5 2 M1
Alt: dex= -+ 2dx=;/ln(2x+1)+
(2x+1) (2x+1)* (2x+1)
k dx = K M1
(2x+1)? 2x+1
12 3 4 " 2 " ||4|| II1II 2
X x| < In(x-2)- —><—In(2x+1)+ Alft
, (X=2)(2x+1) 5 4x+2
2 2 1 2 2 1
=| =In(10)—=In(25)+— |—| =In(5) —=In(15) +— |=...
(5 (10) ¢ In( )+50j (5 (5)- ¢ In >+30] DM1
2,10, 1 2,5 12 10x15 M1
5 25 50 5 15 30 5 25><5
2.6 1
=In=—=—(oe
5n5 75 (0e) Al
(6)
(10 marks)

£
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MARK SCHEME - IAL P4 (WMA14) - June 2025 - Q2 P4.4b Parametric differentiation & rates of change < QUESTION

General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(x* +bx+c) = (x+ p)(x+0q), Where‘DQ‘ :‘C‘ leading to x = ...
(ax® +bx+c) = (mx+ p)(nx+q), where|pq| =|c|and |[mn =& |eading to x = ..
2. Formula

Attempt to use correct formula (with values for a, b and c)
3. Completing the square

Solving x? +bx+c=0: (x£5)°£q£¢, 4#0 |eading to x = ..

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1 (x" — x"*)
2. Integration

Power of at least one term increased by 1 (x" — x"**)

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent
examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct
working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for, or
working with surds is clearly required, marks will normally be lost if the candidate resorts to
using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give details of
what happens in particular cases. General policy is that if it could be done “in your head”,
detailed working would not be required. Most candidates do show working, but there are
occasional awkward cases and if the mark scheme does not cover this, please contact your team
leader for advice.

N
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MARK SCHEME - IAL P4 (WMA14) - October 2024 - Q5 P4.4b Parametric differentiation & rates of change < QUESTION
Question
Number Scheme Marks
5(a) 2
e.g.r=12:>r:12h:>V=17rr2h=17r(2hj h M1
h 30 30 3 3 5
3
V- Azh® AL*
75
(2)
(b) Azh® dV  12zh* ( 4zh?
V= av _ 4 Bl
75 dh 75 25
V =1.5x60x27
3

1807r=%:h3=3375:h=...(15) M1

dh dh dVv 75

Tt Y S 2r=..

dt _ dv dt  12zx152 " M1

1 -1

— (cms

5 ( ) Al
(4)
Total 6

(@) _ _ _ _
M1: Uses the 12 and the 30 to find the ratio between h and r and substitutes into the volume

Al*:

(b)
B1:

M1:

M1:

Al:

formula to find V in terms of h. Condone poor bracketing / invisible brackets for this mark.

May just state r = %h

This mark cannot be for substituting in e.g. r :é instead of r = % h

Correct proof with no errors including brackets. There must be at least one intermediate

stage of working between establishing r = %h and proceeding to the given answer.

Note that substituting h=1.5 or h=90 will score MOMO in (b)
Correct expression for ?j_\; in any form

Attempts their volume (“ 2z xt ) after 1.5 minutes and uses this with the given result from
(a) to find h. They may find h by equating their expression for the volume to the given result
from (a) before substituting t =90and rearranging to find h. Do not be concerned by the
mechanics of the rearrangement. Condone slips.

Correct chain rule attempt using their h to find % . It is dependent on having used t =90

(or condone t = 1.5 ) when finding h.

Correct value. Allow awrt 0.0556 (cm s™1) Units not required for this mark.
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155



MARK SCHEME - IAL P4 (WMA14) - June 2021 - Q3 P4.4b Parametric differentiation & rates of change < QUESTION

General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:

1. Factorisation

(x> +bx+¢) = (x+ p)(x +¢q), where|pg|=|d, leading to x = ...

(ax® + bx +¢) = (mx + p)(nx + q), where‘pq‘ = ‘c‘ and ‘mn‘ = ‘a ,leading to x = ...

2. Formula

Attempt to use the correct formula (with values for a, b and c).

3. Completing the square

b

2
Solving x* +bx+c¢=0: (Xizj tqtc=0, ¢#0, leading to x = ...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1.(x" — x"™")
2. Integration

Power of at least one term increased by 1. (x" — x"*")

Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent
examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct
working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for,
or working with surds is clearly required, marks will normally be lost if the candidate resorts
to using rounded decimals.
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MARK SCHEME - IAL P4 (WMA14) - October 2023 - Q2 P4.4b Parametric differentiation & rates of change < QUESTION

General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(x* +bx +c¢) = (x+ p)(x+q), where|pg| =|c

, leadingto x = ...
(ax® +bx +¢) = (mx+ p)(nx +q), where|pg| =|c| and |mn| =|a

, leadingto x = ...

2. Formula
Attempt to use correct formula (with values for a, b and c).

3. Completing the square
Solving X’ +bx+c=0. (x£8)*+q+c, q#0 leading to x = ...

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1. (Xn - Xn71)

2. Integration
Power of at least one term increased by 1. (X" = Xn+1)

Use of a formula
Where a method involves using a formula that has been learnt, the advice
given in recent examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if
there are small mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by
implication from correct working with values, but may be lost if there is any
mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact
answer is asked for, or working with surds is clearly required, marks will
normally be lost if the candidate resorts to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes
will give details of what happens in particular cases. General policy is that if it
could be done “in your head”, detailed working would not be required. Most
candidates do show working, but there are occasional awkward cases and if
the mark scheme does not cover this, please contact your team leader for
advice.
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< QUESTION

2(a) SO
1+4x” P =1+—(..x7 )+... M1
(1) =152 (ox)
1 1(_2
(1+4x3 )5 =...+M(4x3)2 +... M1
2
=1+ix3+... or =...—Ex6 Al
3 9
1
(1+4x3)5=1+ix3—£x6+... Al
3 9
(O]
b 3 3 6
® 1+4x3=1+4x[l) =ﬂ or1+i(lj —E(lj M1
3 3\3 913
401y 16(1Y
BLa3x| 1+=| = | ——| = dM1
e 134 -5(3)
6869
=— Al
2187
3)
(7 marks)
Notes:
(a)

1
M1: For 1+ §(4x"' ) . Allow if the 4 and/or the power of x is incorrect/missing for this mark.

MI1: For the correct structure for the third term. Look for the correct binomial coefficient combined with the
i (-0,

3 (32_ 1) (4 X )2 but condone missing brackets e.g. ———=

correct power of 4x° e.g. 5

Al: For 1+§x3+... or for ...—%xé.

1 4
Allow mixed fractions e.g. lg for g but do not allow ‘“+-’ for ‘-’.

% +.... Ignore any extra terms.

Al: For 1+ix3 —Ex
3 9
(b)

3
1 31 . f 31 .
M1: Attempts 1+ 4x [5) and reaches - (this will usually be seen as e.g. 3 E ) or substitutes
x = E into their expansion from part (a).

1
dM1: Attempts 3 x (their expansion from part (a) with x = 5 substituted)

Allow if they have included more terms in their expansion for both M’s. You need to be convinced
that they have attempted this calculation and not just found the cube root of 31 on their calculator e.g.
3.1414...

Al: Cao. Correct fraction.




< QUESTION

3(a) x=3+2sint yzL “LaiE
7 +cos 2t 2 2
_ 6 M1
Y 1= 2sin’s
. x-3 6
sint = 3 =>y= 5 MIAL
8—2(Hj
2
12 12 .
= = = %
Y 16—(x—3)2 (4-x+3)(4+x-3) (7-x)(1+x) Mi1Al
(t=—£:>x=l,t=£:>x=550) p=1landg=>5 B1
2 2
(6)
(a) 6
6 M1
Way 2 Y 1 2sin’ ¢
12 12 MI1A1
YT 16—asin’s  (4+2sinr)(4—2sinr)
_ 12 = 12 * M1A1*
(4+x-3)(4=(x=3)) (7-x)(1+x)
([:—%:x=1,t=%:x=550) p=landg=5 B1
@) 12 12 M1
Way 3 YT (7=%)(1%x) " (4-2sin)(4+2sini)
12 M1A1
16—4sin’¢
~ 12
16_4(1—c052t] M1
2
_ 12 2 6 . AL
16—2+2cos2t 14+2cos2t 7-+cos2t
[t:—%:x=l,t=%:>x=580) p=landg=5 Bl




MARK SCHEME - IAL P4 (WMA14) - January 2022 - Q4 P4.4b Parametric differentiation & rates of change < QUESTION

(@) 6 . 6
Way 4 y=—""—=c0s2t=—-7=1-2sin"t=—-7 M1
y 7+cos2t ¥ y
2
sint:x—_3:>£—7:1—2[x_3j MI1Al
2y 2
3£=—x2+6x+7:>y: 212 = 12 * MIAL*
y —x+6x+7 (7—x)(1+x)
(t:_%ZWC:Lt:%:x:Ssoj p=landg=5 B1
®) - -4, 8 =>12=A(x+1)+B(7-x)=> A4=...B=... M1
(7-x)(1+x) 7-x 1+x
3 3
So (y= - oe
(v )2(x+1) 2(x-7) A1A1
3)
(9 marks)
Notes:

(a)

M1: Applies cos 2t ==+1+2sin’ f to get y in terms of sin £. This may be implied if they obtain cos 2¢ in
terms of x with no explicit sight of sin 7.

M1: Rearranges equation for x and substitutes into equation for y.

Al: Correct equation in terms of x and y only.

|
M1: Simplifies and factorises denominator (usual rules). May have the E left in the denominator, e.g.
y= 6 B 6 _ 6 B 6
o | > o 1, 9 1, 7 (11
8§——(x-3 8——x"+3x—— ——x"+3x+- | —x+—|(x-7

A1*: Correct result reached with no errors seen.
B1: Correct values for p and ¢ or correct inequality.
Can score anywhere in their response but do not allow 1 < 7 < 5
(a) Way 2
M1: Applies cos2¢ = +1+2sin” ¢ to get y in terms of sin ¢
M1: Uses the difference of 2 squares in the denominator
Al: Correct equation with the square completed
M1: Substitutes for sin ¢ in terms of x
A1*: Correct result reached with no errors seen.
B1: Correct values for p and g or correct inequality. Can score anywhere in their response.
(a) Way 3
M1: Substitutes for x in terms of # into the given expression for y
M1: Expands denominator.
A1l: Correct expression.
M1: Applies cos2¢ =1+ 2sin’ ¢ to get sin® £ in terms of cos 2¢
A1*: Correct result reached with no errors seen and minimal conclusion.
B1: Correct values for p and g or correct inequality. Can score anywhere in their response.
(a) Way 4 (similar to Way 1)
M1: Rearranges to get cos 2¢ in terms of y and uses cos2¢ = +1+2sin’ ¢

&
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< QUESTION

M1: Rearranges equation for x and substitutes to obtain and equation in x and y.

A1l: Correct equation in terms of x and y only.

M1: Simplifies and factorises denominator (usual rules).

A1*: Correct result reached with no errors seen.

B1: Correct values for p and g or correct inequality. Can score anywhere in their response.

(b)

M1: Correct overall method to apply partial fractions to the given fraction or equivalent correct
fraction and find at least one constant.

If no method is shown, one correct value can imply the method.

2 _ A4 B o ea(T-x)+B(x+1)= A= B=..
7-x)(A+x) 7-x 1+x
Al: At least one correct fraction in the required form e.g.

5. 3 3 i 3 -3
2(1+x)"  2(x=7)

ce.g - but not e.g.
unless a correct form is seen beforehand.

Score MO for

b

l+x’ x-7 2x+2 2x—14

Or a correct pair of values e.g. a :E,b =1or ¢ :E,d =lor a= —E,b =-7 or c= —E,d =-7
2 2 2 2
. . . 3 3 .
Al: Correct expression for y in the given form - ( there is no need for the “y ="

2(x+1) 2(x—7)
Accept as in scheme or any equivalents in the correct form, e.g. with 1.5 or equivalent as the

numerators.

Or all values correct e.g. (a =%,b=1 and c=—%,d =—7] or (a =—%,b=—7 and c=%,d =lj

Note that in (b) some candidates may change the form of y first:
12 B -12
(7-x)(1+x) (x=7)(1+x)
In such cases the marks can be applied as in the scheme provided the expression is correct.




< QUESTION

4@ Area of one face =lx><x><sin 60° =lx2£ oe M1
2 2 2
So surface area of icosahedron is 20><§x2 =53x% * Al*
2)
() dd _ a_15 2
dx_10\/§x and dx—12(3+J§)x M1
dr dv dx dVv d4
L EE L (0o M1
d4 dx d4 dx dx
2
=15(3+\/§)x =(3+\/§)x* AL*
12x104/3x 83
3)
© o025 Bl
dr
dv dv a4 (3+J§)x
D NN Sunialpit x0.025 =
dt d4 dre 83 M
drv 2(3+\/§)
When x =2, =———2%x0.025=
83
awrt 0.019 (cm’s™) Al
3)
(8 marks)
Notes:

(@)

M1: Any correct method to establish a surd form for the area of one face. Must evaluate trigonometric terms.

. 1 , (1Y 1 [3,
Alternatives include e.g. —xxx,[x*—| =x | =—x,[=x
2 2 2 V4

A1*: Correct result achieved after showing side area of one face.
Examples:

3

Area of one face =%x><x><sin 60° =%x2\/§ = S4A= 20><Tx2 =5\/§x2 scores M1 Al

SA=20x (% X X X xsin 60} = 5+/3x* scores M1 A0 for lack of working

(b)
d4 drv
M1: Attempts derivatives of both 4 and V' wrt x. E.g. (a =j ax and (a =J ﬁxz .

545

Note that %(3 + \/g ) x’ is sometimes expanded first as e.g. %x3 + FX3 and allow this mark

if either term is differentiated to Bx”

M1: Applies the correct chain rule with their derivatives. (Condone poor notation — see below)

£
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MARK SCHEME - IAL P4 (WMA14) - June 2022 - Q3 P4.4b Parametric differentiation & rates of change < QUESTION

General Principles for Pure Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(X* +bx+¢) = (x+ p)(x+0Q), Where‘ pQ‘ = ‘C , leadingto x= ...

(ax” +bx +c) = (mx+ p)(nx+q), where|pg| =|c[and [mn[=|a| | |eading to x= ...
2. Formula

Attempt to use correct formula (with values for g, band q).
3. Completing the square

Solving X +bx+c=0. (xt9)°+qtc, q=#0, leading to x= ...

Method marks for differentiation and integration:
1. Differentiation

n n-1
Power of at least one term decreased by 1. (X” = X )

2. Integration
. n n+l
Power of at least one term increased by 1. (X' = X" )

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent
examiners' reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from
correct working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for,
or working with surds is clearly required, marks will normally be lost if the candidate resorts
to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give details
of what happens in particular cases. General policy is that if it could be done “in your head”,
detailed working would not be required. Most candidates do show working, but there are
occasional awkward cases and if the mark scheme does not cover this, please contact your
team leader for advice.

N
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< QUESTION

Question Scheme Marks
1
@ N B1
9
1)
(b) nmn—2 — —
372"+ (-2)(%) + 2 () 1) or
2, B1
X: 3‘2(—2)(KJ(= —2—kj and x2: 322 (EJ _k
3 27 2 3 27
M(E) =3x(_2)(5j: K=k M1
) 3 3
k?+6k=0 = Al*
@)
(©)(0) K6 B1
(i 52 (A3 (—6) 3 MIAL
3! 3 9
©)
(7 marks)
Notes

Mark parts (a) and (b) as a whole.
(@)

B1: A=1
9
(b)

B1: Correct unsimplified coefficients for x and x> either in an expansion or separate for (3+ kx)_2 or for

-2
k2
[1+§J (accept the 32 missing or incorrect). May be implied. Accept B = —2—: and C= ? if they forget

2
the multiple outside. BO if brackets on (gj missing unless implied by recovery.

M1: Sets their coefficient of x* equal to 3 times their coefficient of x to produce a two term quadratic equation
in terms of k.

Al*: Achieves given answer from a correct equation, but condone if B and C both missed the 37 _May be
scored if A was incorrect.

(©)()
B1: k=-6 only. The k = 0 solution must be rejected.
(if)
M1: Substitutes their non-zero value for k into a correct expression for the coefficient of x*. Must include the
3—2
Al: g oe
9

Lo
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MARK SCHEME - IAL P4 (WMA14) - October 2024 - Q3 P4.4b Parametric differentiation & rates of change < QUESTION

General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(x* +bx+c) = (x+ p)(x+0), vvhere\ pQ‘ = ‘C‘ leading to x = ...
(ax* +bx+c) = (mx+ p)(nx+q), where|pg| =|c| and mn| = 4] leading to x = ...

2. Formula
Attempt to use correct formula (with values for a, b and c)
3. Completing the square

Solving X*+bx+c=0: (x£2)*+q+c, q=0 leading to x = ...

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1 (X" — x"™)
2. Integration

Power of at least one term increased by 1 ( X" — x"*")

Use of a formula

Where a method involves using a formula that has been learnt, the advice given
in recent examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:
Method mark for quoting a correct formula and attempting to use it, even if there
are small mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication
from correct working with values, but may be lost if there is any mistake in the
working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is
asked for, or working with surds is clearly required, marks will normally be lost if
the candidate resorts to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will
give details of what happens in particular cases. General policy is that if it could
be done “in your head”, detailed working would not be required. Most candidates
do show working, but there are occasional awkward cases and if the mark scheme
does not cover this, please contact your team leader for advice.
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MARK SCHEME - IAL P4 (WMA14) - October 2024 - Q3 P4.4b Parametric differentiation & rates of change < QUESTION
%ﬁ%ﬁ? Scheme Marks
1(a) 1

(8-3x) 3 :1(13 xj ’ B1
2 8
3\ 3 —1(_11 2 _1(_1_1)(=1-2 8
1-"x :1+(_%) ““xl+ 3( 3 )_7x n 3( 3 )( 3 )_7x n M1
8 2! 3!
L 1 1 7
8-3X)3 == +—X+—X +——X°
( X)3 2+16X 64X 1536X ALAL
4)
(b) 1 1(2) 1(2y} 7 (2Y 2851 .
2851
B e B I I R R T N/ Ll
2 16(3} 64(3) 1536(3) 5182 = V6 (5184} M1
_5184 12333 AL
2851 2851
2)
Total 6

1
Note a misread of (8—3x)3 can score a maximum of BIM1A0AO MOAO
(@

1

B1l: Obtains %(1:..x)‘%. 8 3 must be evaluated. May be implied by further work e.g. %i

provided this has not come from an incorrect method.
1
eg. (8-3x) 3= ! 1,1t ! .. is BO.

==+ +
(=30 2 A (3

M1:
an acceptable structure.

Attempts the binomial expansion of (1 + kx)" to get the third or fourth term unsimplified with

The correct binomial coefficient must be combined with x* or x°* which may be unsimplified.

Look for M » - —3(-3-1)(-3-2)
!

...x* 0.e. (you do not need to be concerned

with their —g which may be 1 or e.qg. if they have a negative sign in front of the whole term)

1 1

Do not allow notation such as
1 2

May be implied by correct coefficients with x* or x*

For 2 correct simplified terms of ix Ly 1

Al: , X
16 64

" 1536
may be listed.

Condone if coefficients are given as decimals i.e. 0.0625x, 0.015625x°, 0.004557...x°

Also allow for 1—§x 75—1+1x+ix2+ix3+
8 8 32 768

&
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< QUESTION

1 1 1., 7 .
§+ X+— X +——=x". Isw following a correct answer.

Al: —
16 64 1536

Condone the position of x" provided it is not clearly on the denominator. e.g. condone %

but not % Ignore terms with higher powers of x. Do not accept 1ix1
X

(b)

M1: Attempts to substitute x =% into their expansion from part (a) to achieve a fraction and

attempts to find the reciprocal of that fraction. May be implied by their fraction. You may need
to check this on your calculator. They may attempt to find an additional term which is fine. Do
not be concerned as to whether the fraction is correct for their binomial expansion if they have
shown the substitution. Condone slips including losing one of their terms.

Jo1(2) 1(2Y 7 (2Y. A_B
| 2+ = 24— = | "==—= = scores M1
2 16\3) 64\3 1536\ 3 B A

1 285% S ores M1
5184
L 3 = on its own scores MO
W1 1(2) 1(2 7 (2Y.
— | |+ = | +—
2 16\3) 64\3) 1536\3
AL 28 1@. Isw once a correct answer is seen. Correct answer scores M1AL.
2851 2851




< QUESTION

%llllensltg(e)? Scheme Marks
4(a) e.g. 5+17x—10x" = A2x +1)(1—x)+ Bx(2x+1)+ Cx(1-x)
= A=.., B=.., C=.. Ml
A=5 B4 C=8 = f(x)= >+ —2 8 AlAl
x (I-x) (2x+)1
3)
(b) 5 4 8
-+ + dx=5In|x|-4In[l-x{+4In2x+1| (+c
fx o @D || = 4In[1—x|+ 4In[2x+1] (+¢) MIALftAL
[5in[x|~4In[1-x|+4In[2x+1[];
=(5]n4—41n3+41n9)—(5]112—4]nl+4ln5)=51n2+41n[§j dM1Al
5
(8 marks)
(@

MI:  Sets 5+17x—10x" = A(2x+1)(1—x)+ Bx(2x +1)+ Cx(1—x) condoning slips on the coefficients of

5417x—10x" only and finds values for 4, B and C. The right-hand side must be correct. Do not be
concerned how the values are formed, e.g. via substitution or simultaneous equations. Just look for a
suitable identity followed by values for 4, B and C.

Al:  Two (out of three) correct values of 4=5, B=4,C=8

. 4
Al:  Accepteither A=5, B=4,C=8 or 3 + +———but condone 3. + 8 which is also
x (1-x) (2x+1) x (x=1D) (2x+1)

correct (but not in the form requested).

(b)
. . "5" "4" "8"
Ml1: Attempts to integrate their —+ + .
x  (I-x) (2x+1)
Score for any one i—)(len|x| L—>ﬂ1n|1—x| — SIn2x+1]|
X (1-x) 2x+1)

(Condone invisible modulus signs or invisible brackets if subsequent work implies them)
Condone AIn[l—x|— Bln|x—1| throughout (b)

. . 7 7 7 .
Be aware that if they incorrectly find C, e.g. C = —, then ——— — —In(4x + 2) is a correct follow through
2 (4x+2) 4
Alft: Two of 5In|x|-4In[l—x|+4In[2x+1| follow through their 4, B and C.

Allow use of brackets instead of modulus signs or allow further work to imply them.

Al: 5n|x|-4In|l—x|+4In|2x+1| with or without the +¢

Allow use of brackets instead of modulus signs or allow further work to imply them.

Lo
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< QUESTION

dM1: Substitutes in the limits, subtracts either way round and applies laws of logs correctly to achieve either an

pln2 termora qlnE term.

It is dependent on the previous M and having integrated to a form o In|x|+ B1n|l — x|+ & In[2x + ]
or aln|x|+ Bln|x -1+ 5n[2x +]|

This is most likely going to be scored via the In2 term.
The term in In2 must be found from aln4—aIn2 =aIn2 so the value of p and & must be the same

The term in ln(%) must be found from fIn3+256In3-51nS

Condone calculations such as In(-3) —In(-5) = 111%
Al:  CSO: 51n2+41n(%J

It cannot be scored following incorrect integration. ISW after sight of this




< QUESTION

Question
Number Scheme Marks
5(a) dx _20-0-(-DB+20) 5 ad Y,
dr (1-1)>° (B dt
12
Att=2:>d—y=( D ><(—2(2))=—£ MI1A1
dx 5 5
(=7,-3) Bl
y+3=%(x+7) Ml
Al
5x-4y+23=0
(6]
(b) x—3+2t—>t—x_3
1-t¢ x+2 Ml
2 2 2
yzl_(x—?)) _(x+2) —(xz—3) _ 10x—52 IMIAL
x+2 (x+2) (x+2)
x#-2 Bl
“)
(9 marks)
FYI x=FtH_ 3
1-t 1-¢

(a) Note: A cartesian approach in (a) can score a maximum of 1 mark (the B1) as it does not satisfy
the demand of the question.
dx

M1:  Attempts to find Y at ¢t =2by finding 7 .
dx dr dr

Condone slips when differentiating % and % but look for a minimum of

-+
& = o=+ pG+20) with & > 0 or equivalent using the product rule or division and chain rule

dr (1-1)
U d_y =*twt

dr

_ . dy dx . . .
e Substitution of ¢ =2into & +5 which may have been simplified incorrectly. Note that a
—2t(1-¢)’
simplified & = —( )
dx 5

Note that using the quotient rule the wrong way around ald —zvu would be MO
v
4 . L . 5
Al: -3 following M1. It may be implied by a normal gradient of 1
B1: (-7, —3) which may be implied from terms within an attempt at the equation of the normal
.&;



MARK SCHEME - IAL P4 (WMA14) - June 2025 - Q5 P4.4b Parametric differentiation & rates of change < QUESTION

M1: Attempts to find the equation of the normal at P. They must be using the negative reciprocal of their % at

t = 2 with their point P . It is dependent on having found % from (their j—yj + (their ;ﬂj Condone poor
t t

attempts at % and % or what they believe are % and % s0 0,0, 1, 1, 0 is possible. Condone one sign

slip when using their coordinate of P. e.g(—7, —3) —> (7, —3)
If the form y = mx + ¢ is used the method must proceed as faras ¢ = ...

Al:  5x—4y+23=0 or any integer multiple with terms on one side of an equation. The order of the terms is not
important. ISW after sight of a correct answer in a correct form

Other more complicated methods do exist so look carefully at what is attempted. For example, candidates could

find ? at ¢t =2by finding % + % and use the value of _&r as the gradient of the normal.
y

(b)
M1: Attempts to rearrange the parametric equation for x to make ¢ the subject. Expect to see cross multiplying
. . . f . L
(or equivalent) and collection of terms with ¢ = %where f(xx) and g(x) are linear functions in x.
g(x

dMI1: Substitutes their expression for ¢ in terms for x into the parametric equation for y and attempts to
manipulate the right-hand side into a single fraction. It is dependent on the previous method mark.

f(x)jz _ (g - ()’

For example, look for y =1 —(

g(x) (2(x)’
Al =107
(x + 2)
B1: x#—2 or k=-2 but must follow correct work. E.g. Sight of (x + 2) o.e. on the denominator of either the

expression for # or the expression for y.

Other more complicated methods do exist but are unlikely to lead to any success. If you see a solution that you feel
deserves credit please send to review and alert your TL.

3+241-
For example, if they start with 7 = \/l — y and then write down x = 1—1ythe first M mark will not be scored
—NI=Yy

until they make /1 — » the subject (in terms of just x) which reverts to the original method

&
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< QUESTION

%‘:}:cnslté(;? Scheme Marks
8 lenxdx—lx3]nx— lx3><ldx M1
@ =3 3Y %
=lx3 lnx—lx3(+c) dM1 Al
3 9
()]
2.2 1 5,2 1 5 1
(b) xXIn“xde==x"Inx—| =x x2lnxx—dx M1
3 3 X
_1 3, 2 2 1 3 1 3
—3xlnx 3(3xlnx 9x] Alft
Volume = 7x” In’x dx = 7z x lx3 lnzx —E(lf 1nx—lx3j dM1
! 3 313 9 .
5 3
202 Al
77 "
C)]
(7 marks)

(a) Note that no marks are available for integrating incorrect functions

1
MI: Attempts to integrate by parts the correct way around. Look for Ixz Inxdx=..x Inx— I...x3 X - dx oe

dM1: And then integrates again to a form px3 Inx-— qx3 where p and ¢ are positive constants.

1 ; | I .
Al: =x"Inx—=x"+c¢  Condone a missing + c.

3 9

3 4
1 1
Candidates who go on to write In x x % - §x3 =In % - §x3 o.e. withhold this final Al
(b)

2 1
MI: Integrates J‘ x" Inx dx by parts, the correct way around to reach a form ...x" In" x — I x' xInx X< dx
You may see a 7z or 27 in front of this expression which is fine.

1 2 2 .
Alft: Achieves I x* In’x dx =§x3 In"x -3 their answer to (a).

1 3. 2 2 .
Accept I zx’ In’x dx = §ﬂx In x —gx 7 x their answer to (@) or other incorrect factors such as

I 27x° In’x dx = %mf In’x —éx 7 x their answer to (a)

. 1 3, 2 2(1 3 1 3
FYI The correct answer is gx In x —g(gx lnx—gx j

dM1: Applies the limits 1 and e to a function of the form 7z x |:0(x3 lnzx - ﬂx3 Inx=+ ;(xs}
1

and subtracts where «, 3, ¥ are positive constants. The 77 must now be seen.




< QUESTION

Al: 25—772'6:3 —%ﬂ or exact simplified equivalent such as %(563 —2)
Alt (b)
(b) J X In’x dx=j Inxxx Inx dv
="(%x3 lnx—%fj"lnx —J‘ "[%f lnx—%f)"x%dx M1
= "(%)f lnx—%)f}"lnx —J. (%xz lnx—%xzj dx
= "(%f lnx—%f}"lnx —%"(%)f lnx—éx3j"+2—l7x3 Alft
Volume =
J‘le”xz In*x dx=7rx[[%x3 lnx—%x3Jlnx —%(%f lnx—%x3)+%x3}j M1
:25—77re3 —2—2771' Al
Q)

£
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< QUESTION

%‘:;ISEZ? Scheme Marks
9(a
@ States or uses V=7Z><42><h:>(31—12=167r Bl
States or uses (ii—lt/=0.67r—0.15ﬂh Bl
dv dV dh dh
= = g 671 —0. = — M1
Attempts to use 7 X i =0.6r—-0.157h =167 % &
dh _ 12-3h Rr
dr 320
O]
dh  12-3h dh 1
(b) —= = =|—d¢
dt 320 12-3h 320
1 1
——In(12=3h) = ——¢ + M1 Al
3 (12-3h) 370 t+c
1 21 1 1 1 21
Uses t—O, h=0.5 —EIH(TJ—C 2—§ln(12—3h)—mt—§ln(7j MI1 Al
. 1 3 1 1 21
Substitutes 4 =3.5 —EIH(EJ—mt—Em(TJSt—... dM1
208 minutes  cso Al
©
(10 marks)
(a)
B1: States or uses V = 7z><42 xh 2% =167 oe.
dv
B1: States or uses T 0.67-0.157h
MI1: Att ts t d—V_d—VX% ivalent with thei d—V dd—V
© Attempts to use —5- =, -X - or equivalent with their <~ and ~o-
dh 12-3h . . .
AT*: Proceeds to I = T from a correct statement with no errors seen. The main scheme is acceptable.
Note that the answer is given and there may be many "fudged" attempts.
dh 1 12-3h - . . . dr
If you see m = Ten X (0.67r -0.1 57Z'h) = or similar without any explanation or sight of w etc you
V4
can award B1 (implied), B1 (implied). M1 (implied), A0* (not fully shown)




< QUESTION

(b
M1: Separates variables and integrates both sides. Look for +aln(12—3%) =+bt + ¢ or equivalent.

Note that aln(4—h) =+bt +k is also correct. There is no need for a constant at this stage

) dt 320
Alternatively — = ———
dh 12-3h

Watch for variations on this such as ¢t =In(4—h)+k

=¢=..In(12-3h)+c

1 1 . )
Al: —gln(12—3h) = mt+c with or without the + ¢

M1:Uses t =0, h=0.5to find c.
Condone poor integration and poor attempts to re arrange the equation for this mark.
Al: Correct equation linking /4 and ¢.

This may be implied by an equation with /4 replaced by 0.5. E.g. In(12-3x3.5) = —%t +In10.5

Condone ¢ being a decimal (3sf) for this mark. So In(12-34) = —%t +2.35is fine

dM1: Substitutes % = 3.5 to find 7. Dependent upon previous M

3.5 T
1
Note that |:—§1n(12 - 3h)} = [mt} can score 3 marks at once provided they reach a value for T

05 0
Al: States 207- 208 minutes with correct units following correct work.

320
Accept any value between and including these. Condone Tln 7 minutes

##"W%e__.-. o This method is similar to
3w

== hln3h)onec sy T

| ) _ [—gln(lz—3h)} ={m }

0

0.5

.\M}\m h"m and can score 3 marks on the

“+ = _,Lig ’h .} -3l final line when they subtract
i g

when h-o.C

) 'tz:-‘;-' hn "';' -0

ti-t1= 207 Ghwmins,




MARK SCHEME - IAL P4 (WMA14) - January 2023 - Q7 P4.4b Parametric differentiation & rates of change < QUESTION

Question
Number Scheme Marks
7 (a) av. 2 B1
W =4rr (1)
(b) i) | dv 900 450
—=———>=V=-n——+¢ (08) M1 Al
dt (2t + 3)2 2t+3
t=0,V=0:>0=—4—§0+C:>C=... M1
_1en. 450  300t+450-450 300t *
vV =1%0 2t+3 2t+3 ~2t+3 Al
(i) 150 cm® B1
(®)
300x3
4 3 dM1 Alcao
1OO—§7zr =r=2.88cm 3)
@ O _dv i 50, 0
Gt~ dr At (prr3) dt M1
" « 900 2 dr _ dr
t=3,r="2.88 :>ﬁ—4nx2.88 i dm1
dr a1 Al
= T awrt0.11 cms @3)
(12 marks)
Notes: Mark the question as a whole. Penalise only once for missing/incorrect units in the question.
(a)
B1: cao See scheme.
(b)()
MZ1: Integrates to a form v = % (oe) with or without + ¢. Condone a sign error in 2t — 3.
.y 450 :
Al V= —m(-‘rc) (oe). There is no need for + ¢
MZ1: Substitutes V =0,t =0 and proceeds to find a value for c. There must have been an
attempt at integrating to achieve a function in V and t with a constant of integration.
Al1*: Correct integration and value for ¢ with at least one intermediate step with ¢ substituted
back in the equation before proceeding to the given answer.
(b)(ii)
B1: 150 cm®. Must include units.
(©)
M1: Attempts to substitute t = 3 into the equation for V. Allow if there is a slip in substitution.
dM1: Uses their Vin v :%ﬁr3to find a value for r
Al:cao r=2.88cm. Must be to 3 s.f.. Must include units unless already penalised in (b)(ii).
(d)
M1: Attempts to use (:j_\t/ = ?j—\:x% (oe) with the given formula for dd_\t/ and an attempt at
substituting their %_\: (allow if this substitution is not in the correct place if a correct chain rule
has been stated.)
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< QUESTION

dM1: Substitutes both t = 3 and their value for r and proceeds to find a value for % .Ifno

substitution shown, the answer must be correct for their r to imply the method (may need to check).
Al:awrt 0.11 cm s *. Must include units unless already penalised in (b)(ii) or (c).
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< QUESTION

2 2 2
Starting from | -1 |: | -1 +§Z§ or | -1 —%ZE
3 3 3
-2 -2 -2
Starting from 4 | "-3" |: |"=3" |+24B or |"-3"|-24B
4 4 4
"10" lllOH HIOU
Starting fromB | 3 |: 3 [+4B or 3 |-34B
1 1 1

Al:  One correct point (22,9, —2)or (—26,-15,10)
Condone if given as a vector e.g. 22i+9j—2k or —26i—15j+10k

dM1: Attempts a complete and correct method for finding both possible positions for D.
(May be implied by at least 2 correct or correct ft components)

Examples:
2 2 4 2 4
Starting from | -1 |: |-1|+5| 2| and | -1 |-7| 2
3 3 -1 3 -1
-2 -2 4 -2 4
Starting from 4 | "-3"|: |"-3"|+6| 2| and |"-3"|-6| 2
4 4 -1 4 -1
"10" "10" 4 "10" 4
Starting fromB | 3 |: 3 |[+3] 2| and 3 -9 2
1 1 -1 1 -1
Note that some candidates may use their AB rather than the direction vector e.g.
2 2 2
Starting from | -1 |: | -1 |+ %E and | -1 —%E
3 3 3
-2 -2 -2
Starting from 4 | "=3"|: | "-3"|+24B and |"-3"|-24B
4 4 4
"10" "10" "10"
Starting from B | 3 |: 3 |+4B and 3 |-34B
1 1 1

Al:  Gives both possible coordinates (—26,—15,10) and (22,9, -2)
Condone if given as vectors e.g. 22i+9j—2k and —-26i—-15j+10k




< QUESTION

Configuration in (d):

(25 _17 3)
D2(-26,-15, 10) A(-2,-3,4) B(10,3,1) D1(22,9,-2)
(2=-1) (2=2)
—
4
2

Note that there may be more convoluted methods in (d) e.g.

Area CAD =2 x Area CAB = AD =2+/12° +6> +3° = AD*> =4x189

2 4 (=2) (41+4
AD=|-1|+4| 2 |-| -3 |=|24+2
3 1) | 4 —A-1

(42+4) +(24+2)" +(-A-1) =756

=217 +424-735=0=>1=5,-7

2 4 2 4
OD=|—-1|+5| 2| or | -1]-7| 2
3 -1 3 -1

> (—26, —15, 10) and (22, 9, —2)
In such cases, marks can be awarded as above for:

e M1: A complete and correct method to find one position for D
(May be implied by at least 2 correct or correct ft components)

e Al: One correct position for D

e dM1: A complete and correct method to find both positions for D

(May be implied by at least 2 correct or correct ft components)
e Al: As main scheme

If you are in any doubt whether a method is sound or not use review.
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Can also be done via the area e.g.

Area CAB = %ABX ACsin@ = %\/189\/172 siné@

cosﬁzizsiné’ 278

V43421 “V903

AreaCAD:%ADxACsmG V189+4/172 273

43+4
AD=| 2442 .-.%\/(4,1+4)2+(2,1+2)2 —A-1)’ 172 /27 = Ji894172 /27
“a-1

= (42+4) +(22+2) +(-A-1)" =756

=214 +421-735=0=>1=5,-7

2 4 2 4
OD=|-1|+5| 2| or | -1|-7| 2
3 -1 3 -1

> (-26,-15,10) and (22,9,-2)
The same marking principles apply

e M1: A complete and correct method to find one position for D
(May be implied by at least 2 correct or correct ft components)

e Al: One correct position for D

e dM1: A complete and correct method to find both positions for D
(May be implied by at least 2 correct or correct ft components)

¢ Al: As main scheme

For this method it is unlikely that candidates will work in exact terms and will revert to
decimals.
This is acceptable but is unlikely to result in correct exact coordinates but the method marks
are available as long as the method is complete and correct.

If candidates do work in decimals and then round their inexact values for the
coordinates to the correct ones the A marks should be withheld.

N
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< QUESTION

Question
Number Scheme Marks
9(a)(i) d
dy _ ydt_3sin2tcost MIAL
dx dJ/ "~ —4sin2¢
dt
3sin’fcost 3sin’fcost 3 .
i = - =—=sin¢
—4sin 2¢ —8sinfcost 8
ore.g. Al
3. .
3sin? £ cost Esm2tsmt .
- = - =——sint¢
—4sin 2¢ —4sin 2¢ 8
(i) n 1
t 6 = x=1, y 3
3 Vs 3 1 3
" 8sm(6j TAREA SN Ti Ml
3x+16y—-5=0 * Al*
Q)
(b) 3(2c0s2¢)+16(sin*¢)-5=0 Ml
6(1-2sin’¢)+16sin’t-5=0 dM1
16sin’t—12sin’t+1=0 Al
. . . 1
(2s1nt—1)2(4s1nt+1)=0:>s1nt=—z ddM1
sint=—%:>x=20052t=.. and y=sin’t=... dddM1
7 1
Q(Z’ - a} Al
Q)
(12 marks)
Notes:
(@)(@) Note that (a)(i) is now being marked as M1A1A1 not M1dM1A1
dy
M1: Attempts to use the rule % = Wdt Condone incorrect attempts on % and %
dt
Note that x and/or y may have been adapted before differentiation.
Al: Correct %} in any form from correct work.
Al: Achieves % = —%sint from fully correct work so must follow M1A1 so M1AOAL1 is not
possible.
You may need to check the working carefully as the value of k£ can be deduced from the given
tangent equation.
3 . 3
eg 3x+16y-5=0=>m=——, m=ksin—=k=—=
16 6 8




< QUESTION

(a)(i1)
B1: Correct coordinates for P x =1,y = 3
M1: Correct method for tangent. It is awarded for:

I . o . d
e substituting ¢ = %mto their & sin¢ or their gyto find m
e using y—y=m (x —xl) where x, and y, are their values of x and y when ¢ = %or using

y =mx+c with their values of x and y when ¢ =% and proceeds to ¢ = ...

A1*: cso. Proceeds with a correct method and correct work to the given answer with sufficient
working. Note that this cso so that if —%sint has been obtained fortuitously or from incorrect
work in part (i), this mark should be withheld.

(b)

M1: Substitutes x = 2cos 2¢ and y = sin’ tinto 3x+16y—-5=0
Condone slips as long as the intention is clear.
dM1: Uses cos2t==*1+2sin’¢ or equivalent work to obtain a cubic equation in sint.

The equivalent work could be e.g. 6cos2t = 6(cos2 t—sin’ t) = 6(1 —sin’ ¢ —sin’ t) etc.

Al:  Correct cubic equation with terms collected and all on one side e.g. 16sin’ f—12sin*z+1=0
The “= 0” may be implied by later work e.g. by their attempt to solve.
ddM1: Solves cubic equation via any appropriate means including via a calculator to obtain sin¢ =«

where |a| <1l and o ¢%
dddM1: Substitutes their sinz = —% into both x = 2cos 2¢ and y = sin’ ¢ to obtain a value for x and y

This may be using appropriate identities for finding x or via a calculator e.g. x = 2005(2 sin”™' (—%D

7 1
Al: Q(Z’ —a) Allow any equivalent exact values and allow asx= ...,y = ...




< QUESTION

Note that it is possible to answer (b) by eliminating #:

1. Via x:

— —x )2
x=20082t=2(1—25in2 t):sin2t=%:y=sin3t=(24xj

> :
3x+16(2;x)2 —5:0:16(2;’“J2 =5-3r=4(2-x) =(5-3x)’

=4x’ —15x +18x-7=0
=>x= 7 =>y= L
4 64
Score as:
M1: Uses the x coordinate and cos2¢ =+1+2sin’¢ or equivalent work to find an equation

connecting

. . 2—-x . .
sinz and x e.g. sin’ ¢ = and uses this to find y in terms of x.

dM1: Substitutes their y in terms of x into 3x+16y—5=0 to obtain an equation in terms of x
only.
Al: Correct cubic equation with terms collected and all on one side e.g.
4x’ —15x" +18x-7=0
The “= 0" may be implied by later work e.g. by their attempt to solve.
ddM1: Solves cubic equation via any appropriate means including via a calculator to obtain a
value forx  where x #1
dddM1: Uses their value of x in 3x+16y—5=0 to find a value of y.

7 1
Al: Q(Z, —aj Allow any equivalent exact values and allow asx= ...,y = ...

2. Viay:
1 2
y=sin’t=sint =, x=2(1-2sin’t)=2-4)°
2 2
3[2—4y3j+16y—5=0:>12y3 =16y +1=>1728y" =(16y+1)’

= 4096 —960)° +48y+1=0

y=—Loyt
T 64 4

Score as:
1

M1: Uses the y coordinate to find an equation connecting sinz and y e.g. sinz = y* and
uses this to find X in terms of y.
dM1: Substitutes their x in terms of y into 3x+16y—5=0 to obtain an equation in terms of y
only.
Al:  Correct cubic equation with terms collected and all on one side e.g.
4096y —960y” +48y +1=0

The “= 0" may be implied by later work e.g. by their attempt to solve.
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ddM1: Solves cubic equation via any appropriate means including via a calculator to obtain a
1
value fory  where y # 3

dddM1: Uses their value of y in 3x+16y—5=0 to find a value of x.

7 1
Al: Q(Z’ —aj Allow any equivalent exact values and allow asx= ...,y =...

Note that some candidates are bypassing the cubic and clearly using the “solve” function on
their calculator. This is not satisfying the rubric of the question or the rubric on the front of
the question paper. These will be marked as special cases.

Examples:

3
. . 2— . 2—-x)?
x:200521‘:2(1—251n2t):>s1n2t:Tx:>y:sm3t:( 4xj

2—x

: 7
3x+16( j —SZODXZZ

7 1
3| = |+16y-5=0=>y=—-—
(4] d 4 64

Scores SC MIM1AOMOM1A1

1 X . 3[1 X
x=2c0s2t =t =—arccos—=> y =sin’ | —arccos—
2 2 2 2
.51 X 7
3x+16sin’| —arccos— |-5=0=>x=—
2 2 4
7 1
3| = [+16y-5=0=>y=——
(4) Y 7 64

Scores SC MIMOAOMOM1A1

In such cases award marks as follows:
M1: Uses the x coordinate and cos2¢ =+1+2sin’¢ or equivalent work to find an equation
connecting

2—x

sint and x e.g. sin’ ¢ = and uses this to find y in terms of x.

dM1: Substitutes their y in terms of x into 3x+16) —5=0 to obtain an equation in terms of x

only thatis  algebraic i.e. does not involve inverse trig functions.
A0:  Not available
MO: Not available
M1: Uses their value of x in 3x+16y—5=0 to find a value of y.

7 1
Al: Q(Z, —aj Allow any equivalent exact values and allowasx = ...,y = ...

N
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