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QUESTIONS

40 questions - 338 marks - 2 sub-topics

SUB-TOPIC P4.5a

INTEGRATION BY SUBSTITUTION & BY PARTS

Sub-topic P4.5a - 17 questions - 138 marks - lowest tariff first
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1. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
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Question 1 continued

(Total for Question 1 is 5 marks)
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6. Use the substitution # = v/x” +1 to show that
I9_xsdx o ) (£ A) e
Vil +1

where k and A4 are constants to be found and ¢ is an arbitrary constant.
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Question 6 continued

(Total for Question 6 is 5 marks)
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1. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

Find, by algebraic integration,
3
I 2xIn (3x)dx
1

giving the answer in the form AIn3 + B where 4 and B are integers.
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Question 1 continued

(Total for Question 1 is 5 marks)
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6. Use integration by parts to show that
J e cos3xdx = pe”'sin3x + ge’ cos3x + k
where p and ¢ are rational numbers to be found and £ is an arbitrary constant.
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7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Use the substitution x = 4 sin @ to find the exact value of

23
;3 dx
2 (16—x2 )7
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Question 7 continued

(Total for Question 7 is 6 marks)
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7

7. (a) Show that the substitution © = tanx transforms

tanx + tan3 X

—— dx
(4 + sec” x)°
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where k and n are integers to be found.

“
(b) Hence find

tanx + tan’ x
(4+sec” x)’
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Question 7 continued

(Total for Question 7 is 6 marks)
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6. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

VA

o8
oy

Figure 2

Figure 2 shows a sketch of the curve with equation

16sin2x

S L 0<x<
Y7 B+ 4sinx)? *

T
2

The region R, shown shaded in Figure 2, is bounded by the curve, the x-axis and the line

T

with equation x = G

Using the substitution u =3 + 4sinx, show that the area of R can be written in the form
a + Inb, where a and b are rational constants to be found.
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Question 6 continued
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Question 6 continued
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Question 6 continued
Q6
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5. In this question you should show all stages of your working.

Solutions relying on calculator technology are not acceptable.

Using the substitution # = 3 4+ +/2x —1 find the exact value of

13
4
—F—dx
J: 3+42x-1

giving your answer in the form p + ¢In2, where p and ¢ are integers to be found.
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Question 5 continued

(Total 8 marks) —]

INZ]
21



ANSWER >

Leave
blank

4. Use algebraic integration and the substitution u = Jx to find the exact value of
4 10
——dx
-[ 1 5x + 2x\/)_c
Write your answer in the form 41n(%) , Where a and b are integers to be found.

(Solutions relying entirely on calculator technology are not acceptable.)
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Question 4 continued
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Question 4 continued
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Question 4 continued
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-
5. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.
(a) Use the substitution x = 2sinu to show that
1 P
3x+2 3 1
3 dx = (—secutanu + —sec’ u) du
(4 — x?)? 2 2
0 0
where p is a constant to be found.
O
(b) Hence find the exact value of
1
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3 dx
(4=
0
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Question 5 continued
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Question 5 continued
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4. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

2
f) = 5+17x —10x 1
x1-x)2x+1
(a) Write f(x) in the form
A B C
x 1-x 2x+1

where A, B and C are constants to be found.

3)
(b) Hence, use algebraic integration to find the exact value of
4
J f(x) dx
2
Write your answer in the form pIn2 + gln (%), where p and ¢ are integers to
be found.
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Question 4 continued
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 8 marks)
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4. (a) Using the substitution u = +/2x + 1, show that

12
J V8x + 4 eVl dx
4

may be expressed in the form

b
J ku*e" du

a

where a, b and k are constants to be found.

C))
(b) Hence find, by algebraic integration, the exact value of
12
I \8x + 4 ¥+ dx
4
giving your answer in simplest form.
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Question 4 continued
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(Total for Question 4 is 9 marks)
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5. (i) Find

2
x“e"dx

C))
(ii) Use the substitution = +/1 —3x to show that
27x 3
——dx =-2(1-3x)’(Ax+B) + k
N
where 4 and B are integers to be found and £ is an arbitrary constant.
(6)

900000 0.0 0 00 00 0000909 009
TRttt Tetetotetotetotetetotetels

(0
Patatetetotete e

OO0
de%etetetelet

paods

O
2025

&
o

(X
QK

QRIS

INZ]
38




ANSWER >

Question 5 continued
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Question 5 continued

(Total for Question S is 10 marks)
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7. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

(a) Show that the substitution u =¢" — % transforms

" o4t —2
s (26" = 1)

to

12u +5
————du
LU Qu+l

where a and b are constants to be found.

)
12u + 5

m in the form

(b) Find an expression for

A
2

u

B C
+ =
u

+—
Qu+1

where 4, B and C are integers.

3
(c) Hence show that

In8

24e* -2

£ dx=p+n
(2e* — 1) prnd

In3

where p and ¢ are constants to be found.
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Question 7 continued
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Question 7 continued

(Total for Question 7 is 11 marks)
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7. (i) Using a suitable substitution, find, using calculus, the value of
5
J‘ 3x dx
L N2x =1
(Solutions relying entirely on calculator technology are not acceptable.)
(6
(i) Find
6x> — 16 .
(x+1DQ2x-13)
(6)
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Question 7 continued
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(Total 12 marks) |
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In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(i) Use the substitution u =¢*— 3 to show that

In7
4¢3

R
h15e

dx=a+bln2

where a and b are constants to be found.

(i1) Show, by integration, that

3e* cos2x dx = pe* sin2x + ge* cos2x + ¢

where p and ¢ are constants to be found and c is an arbitrary constant.
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Question 7 continued
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Question 7 continued
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(Total for Question 7 is 12 marks)
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3. In this question you must show all stages of your working.
Solutions based on calculator technology are not acceptable.

(1) Use integration by parts to find the exact value of

4
2.2
jxexdx

0
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%
e

giving your answer in simplest form.
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(i1) Use integration by substitution to show that
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 12 marks)
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SUB-TOPIC P4.5c

AREAS & VOLUMES OF REVOLUTION

Sub-topic P4.5¢ - 23 questions - 200 marks - lowest tariff first
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Figure 1

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 1 shows a sketch of the curve with equation

3x
=‘/— x>0
Y 3x* +5

The finite region R, shown shaded in Figure 1, is bounded by the curve, the x-axis and
the lines with equations x = J5 and x=5

The region R is rotated through 360° about the x-axis.

Use integration to find the exact volume of the solid generated. Give your answer in the
form alnb, where a is an irrational number and b is a prime number.
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Question 3 continued
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(Total for Question 3 is 5 marks)
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ANSWER >

Figure 1

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The curve shown in Figure 1 has equation

x>-2

y=x+2

The region R, bounded by the curve, the y-axis, the x-axis and the line with
equation x = 8 is shown shaded in Figure 1

Region R is rotated through 360 degrees about the x-axis.

Use calculus to find the exact value of the volume of the solid generated,
writing your answer in simplest form.
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Question 1 continued

(Total for Question 1 is 5 marks)
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YA

y= eO.Sx _2

Figure 1

Figure 1 shows a sketch of part of the curve with equation y = e*** -2
The region R, shown shaded in Figure 1, is bounded by the curve, the x-axis and the y-axis.
The region R is rotated 360° about the x-axis to form a solid of revolution.

Show that the volume of this solid can be written in the form aln 2 + b, where a and b are
constants to be found.

(6)
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Question 3 continued

(Total 6 marks) T
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In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

VA

1
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Figure 2

Figure 2 shows a sketch of part of the curve with equation

124/x

YT +3)"

The region R, shown shaded in Figure 2, is bounded by the curve, the line with
1
equation x = E , the x-axis and the line with equation x = £.
This region is rotated through 360° about the x-axis to form a solid of revolution.

Given that the volume of this solid is g™ use algebraic integration to find the

exact value of the constant £.
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Question 5 continued
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Question 5 continued
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VA
0] X
Figure 3
(a) Find J. 1n—j‘dx
x 3
Figure 3 shows a sketch of part of the curve with equation
=3+2x2+1nx 505
X
The finite region R, shown shaded in Figure 3, is bounded by the curve, the line with
equation x = 2, the x-axis and the line with equation x = 4
(b) Use the answer to part (a) to find the exact area of R, writing your answer in simplest
form.
“
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Question 5 continued
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Question 5 continued
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Question 5 continued

(Total 7 marks) T
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R
2 | x
Figure 2
(a) Find J‘e” sin x dx
)
Figure 2 shows a sketch of part of the curve with equation
y = e**sinx x>0
The finite region R is bounded by the curve and the x-axis and is shown shaded in Figure 2.
e+l
(b) Show that the exact area of R is
(Solutions relying on calculator technology are not acceptable.)
2
J
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Question 7 continued
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Question 7 continued
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Question 7 continued

(Total 7 marks) —]
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VA Diagram NOT
drawn to scale

=V

Figure 1
Figure 1 shows a sketch of part of the curve with equation

__ 9 3
YT x -3y )

The finite region R, shown shaded in Figure 1, is bounded by the curve, the line with
equation y =9 and the line with equation x =6

This region is rotated through 27z radians about the x-axis to form a solid of revolution.

Find, by algebraic integration, the exact volume of the solid generated.

)

INZ]
77



ANSWER >

Leave
blank

Question 2 continued

(Total 7 marks) —]
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8. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

Figure 3

(a) Find J.x2 Inxdx
3
Figure 3 shows a sketch of part of the curve with equation

y=xlnx x>0

The region R, shown shaded in Figure 3, lies entirely above the x-axis and is bounded by
the curve, the x-axis and the line with equation x =e.

This region is rotated through 2z radians about the x-axis to form a solid of revolution.

(b) Find the exact volume of the solid formed, giving your answer in simplest form.
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Question 8 continued
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Question 8 continued
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Question 8 continued
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(Total 7 marks) —]
. J

INZ]
82



ANSWER >

~
In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
yA A
I 20cm
acm
C
R
> v
0] 20 X
Figure 2 Figure 3
The curve C has equation
1
2x+3 )2
=12 ——
7 (xz +3x + 5)
The finite region, R, shown in Figure 2, is bounded by the curve C, the line with
equation x = 20, the x-axis and the y-axis.
The region R is rotated through 27z radians about the x-axis to form a solid, S.
(a) Use algebraic integration to find the exact volume of S.
Give your answer in the form kInA where & and A are constants.
©))
Figure 3 shows a hollow vase with identical shape to solid S.
The vase is made of glass, which has negligible thickness.
When the vase is full of water,
volume of water in the vase = volume of S
When the vase contains 360zcm’ of water, the depth of the water is acm, as shown in
Figure 3.
(b) Use algebra to find the value of ¢, giving your answer to one decimal place.
3
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Question 9 continued

(Total for Question 9 is 7 marks)
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1
f(x)=—(4 —x)e"
(W)= 5 (4
2cm ¢ ‘
1
[9) 4 x
+“—>
4cm
Figure 3 Figure 4
Figure 3 shows the design of a doorknob.
The shape of the doorknob is formed by rotating the curve shown in Figure 4 through 360°
about the x-axis, where the units are centimetres.
The equation of the curve is given by
1
f(x)=Z(4—x)e" 0<x<4
(a) Show that the volume, V'em?, of the doorknob is given by
4
V= KJ. (x* = 8x +16)e> dx
0
where K is a constant to be found.
3

(b) Hence, find the exact value of the volume of the doorknob.

Give your answer in the form px(e? + r)cm?® where p, ¢ and r are simplified rational

numbers to be found.

)
y,
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7

7. (a) Using the substitution u = 4x + 2sin2x, or otherwise, show that

2 . 1
4x+2sin2 2 2
"B oos? xdx = — (e —1)

)

Figure 3

The curve shown in Figure 3, has equation

2x+sin2x

y = 6e COSs X

QO
RHXLL

%

The region R, shown shaded in Figure 3, is bounded by the positive x-axis, the positive
y-axis and the curve.

%

(%

%

QX
RRSBIIK,

The region R is rotated through 27z radians about the x-axis to form a solid.

(b) Use the answer to part (a) to find the volume of the solid formed, giving the answer
in simplest form.

(©))

$%%%

%

XX $9.%%%
SRLLEELES
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Figure 4

Figure 4 shows a sketch of part of the curve with equation

_3x-1
x+2

y x> -2

(a) Show that

3x—lEA+ B
x+2 x+2

where A and B are constants to be found.

2

The finite region R, shown shaded in Figure 4, is bounded by the curve, the line with
equation x = 4, the x-axis and the line with equation x = 1

This region is rotated through 2z radians about the x-axis to form a solid of revolution.

(b) Use the answer to part (a) and algebraic integration to find the exact volume of the
solid generated, giving your answer in the form

n(p+qln2)

where p and ¢ are rational constants.

Q)

Q\?ﬂ
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10.
YV A
Figure 5
Figure 5 shows a sketch of the curve with parametric equations
2 . - T
x =3t y = sint sin2¢ 0<t<5 2
The region R, shown shaded in Figure 5, is bounded by the curve and the x-axis. o
(a) Show that the area of R is
2 .,
k| tsin“tcostdt
0
where k is a constant to be found.
3
(b) Hence, using algebraic integration, find the exact area of R, giving your answer in
the form
prtg
where p and ¢ are constants.
)
.
INZ]
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Figure 3

The curve C, shown in Figure 3, has equation

1
i

Y= \/m (arctan\/;)

The region R, shown shaded in Figure 3, is bounded by C, the line with equation x = 3,

1

the x-axis and the line with equation x = 3

The region R is rotated through 360° about the x-axis to form a solid.
Using the substitution tanu = Jx

(a) show that the volume V of the solid formed is given by

b
1
k| — du
-[ a u2
where k, a and b are constants to be found.
(©)

(b) Hence, using algebraic integration, find the value of V in simplest form.

(©))

Q\?ﬂ
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Figure 3
Figure 3 shows a sketch of part of the curve with parametric equations
x = tan@ y = 2sin20 60=>0

The finite region, shown shaded in Figure 3, is bounded by the curve, the x-axis and the
line with equation x = NG)

The region is rotated through 2z radians about the x-axis to form a solid of revolution.

(a) Show that the exact volume of this solid of revolution is given by

jok p(1 - c0s20) 0
where p and & are constants to be found.

Q)

(b) Hence find, by algebraic integration, the exact volume of this solid of revolution.

&)

Q\?ﬂ
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=V

Figure 3

Figure 3 shows a sketch of the curve C with parametric equations

x =2cos2t y =4sint 0<r< %

The region R, shown shaded in Figure 3, is bounded by the curve, the x-axis and the y-axis.

(a) (i) Show, making your working clear, that the area of R = j4 32sin?fcost dt
0

(i1) Hence find, by algebraic integration, the exact value of the area of R.

Q)

(b) Show that all points on C satisfy y = +ax+ b, where a and b are constants to
be found.

(&)
The curve C has equation y = f(x) where f is the function
f)=Jax+b  2<x<2
and a and b are the constants found in part (b).
(c) State the range of f.
0y
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blank
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Figure 2

Figure 2 shows a sketch of the curve with parametric equations

t3

NG ING)

9
The curve touches the x-axis when #=0 and meets the y-axis when ¢ = "
The region R, shown shaded in Figure 2, is bounded by the curve, the x-axis and the y-axis.

(a) Show that the area of R is given by

9
KJ“‘ L4
——/
o, V81 —16¢*

where K is a constant to be found.
(C))
(b) Using the substitution u =81 — 16#2, or otherwise, find the exact area of R.

(Solutions relying on calculator technology are not acceptable.)

Q)

Q\?ﬂ
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In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

20cm

A
A

YA

Figure 2 Figure 3

Figure 2 shows the curve with equation

1

y=10xe 2 0<x< 10

The finite region R, shown shaded in Figure 2, is bounded by the curve, the x-axis and
the line with equation x = 10

The region R is rotated through 27z radians about the x-axis to form a solid of revolution.

(a) Show that the volume, V, of this solid is given by

10
V= kJ. x'e ™ dx
0

where £ 1s a constant to be found.

2
(b) Find [x’e™ dx
3)
Figure 3 represents an exercise weight formed by joining two of these solids together.
The exercise weight has mass 5kg and is 20 cm long.
Given that
density — mass
Y olume
and using your answers to part (a) and part (b),
(c) find the density of this exercise weight. Give your answer in grams per cm’ to
3 significant figures.
)

£
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Figure 1
Figure 1 shows a sketch of a closed curve with parametric equations
x=5cosd y=3sinf—sin26 0<0<2r

The region enclosed by the curve is rotated through 7 radians about the x-axis to form a
solid of revolution.

(a) Show that the volume, V, of the solid of revolution is given by
B
V= 57rJ- sin’ #(3 — 2 cos 0)2 do
where o and f are constants to be found.

C))

(b) Use the substitution « = cos@ and algebraic integration to show that V' = kx where k&
is a rational number to be found.

Q)

Q\?ﬂ
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YA

Figure 2

Figure 2 shows a sketch of part of the curve C with parametric equations

1
t 7 t

The curve C intersects the x-axis at the point Q.

(a) Find the x coordinate of Q.
@

The line / is the normal to C at the point P as shown in Figure 2.
Given that =2 at P

(b) write down the coordinates of P

(0))

(c) Using calculus, show that an equation of / is

3x+5y=15
3)

The region, R, shown shaded in Figure 2 is bounded by the curve C, the line / and the
X-axis.

(d) Using algebraic integration, find the exact volume of the solid of revolution formed
when the region R is rotated through 2z radians about the x-axis.

)

Q\?ﬂ
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In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

8cm

Figure 1 Figure 2

Figure 1 shows a sketch of part of the curve C with equation

1 .
= cosX + —€
4 5

The finite region, shown shaded in Figure 1, is bounded by C, the y-axis, the x-axis and
the line with equation x = 4

The region is rotated through 27 radians about the x-axis to form a solid S.
(a) Show that the exact volume of S is given by

4
nJ (A + Bcos2x + Ce* cosx + Dez")dx
0

where A, B, C and D are constants to be found.

@

(b) Find Ie" cosx dx
)

Figure 2 represents a paperweight formed by joining two of these solids together.
The paperweight is 8 cm high.

(c) Using the answers to parts (a) and (b), find, by algebraic integration, the volume of
the paperweight, giving your answer to 2 significant figures.

(O]

Q\?ﬂ
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Figure 2
Figure 2 shows a sketch of the curve defined by the parametric equations

2

2
x =i+ 2 -z
TN

a<t<b

where a and b are constants.
The ends of the curve lie on the line with equation y =1

(a) Find the value of a and the value of b
2

The region R, shown shaded in Figure 2, is bounded by the curve and the line with
equation y =1

(b) Show that the area of region R is given by

b
M_k.[ &dt
at(3_t)

where M and k are constants to be found.
&)
. Lo t+1 . .
(c) (i) Write ——— in partial fractions.

13- 1)

(i1) Use algebraic integration to find the exact area of R, giving your answer in
simplest form.

()

Q\?ﬂ
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0 k x
Figure 3
Figure 3 shows a sketch of the curve C with parametric equations
x=6f-3sin2t  y=2cost ogtgg
The curve meets the y-axis at 2 and the x-axis at &, where £ is a constant.
(a) State the value of £.
ey
(b) Use parametric differentiation to show that
Y = Acosec?
dx
where 4 is a constant to be found.
“
The point P with parameter ¢ = % lies on C.
The tangent to C at the point P cuts the y-axis at the point N.
(c) Find the exact y coordinate of NV, giving your answer in simplest form.
3
The region bounded by the curve, the x-axis and the y-axis is rotated through 2z radians
about the x-axis to form a solid of revolution.
(d) (i) Show that the volume of this solid is given by
a
I B(1—cos4r)ds
0
where o and f are constants to be found.
(il) Hence, using algebraic integration, find the exact volume of this solid.
(6)
y,

£
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MARK SCHEME - IAL P4 (WMA14) - June 2024 - Q1 P4.5a Integration by substitution & by parts < QUESTION

General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(X* +bx+c) = (x+ p)(x+0), where|pq| =c| leading to x = ...
(ax® +bx +¢) = (mx + p)(nx +q), where|pg| =|c| and |mn| =|a| leading to x = ...
2. Formula

Attempt to use correct formula (with values for a, b and )
3. Completing the square

Solving X* +bx+c=0: (x£5)*+q+tc, =0 leading to x = ...

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1 (X" — X" ™)
2. Integration

Power of at least one term increased by 1 (X" — x"™)
Use of a formula
Where a method involves using a formula that has been learnt, the advice given in
recent examiners' reports is that the formula should be quoted first.

Normal marking procedure is as follows:
Method mark for quoting a correct formula and attempting to use it, even if there are
small mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from
correct working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked
for, or working with surds is clearly required, marks will normally be lost if the candidate
resorts to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give
details of what happens in particular cases. General policy is that if it could be done
“in your head", detailed working would not be required. Most candidates do show
working, but there are occasional awkward cases and if the mark scheme does not
cover this, please contact your team leader for advice.

N
RA
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< QUESTION

Alt(b) I Solving the differential equation % = % and then using t =90
2 2
B1- [\ _ 127h _ 4rzh
dh 75 25
M1:  Attempts dn = ﬁ><O|—V (: 7—52) to achieve an expression in h, attempts to solve their
dt dv dt 6h

differential equationj‘ﬁh2 dh= I?S dt=2h*=75t+c o.e.anduses t=0,h=0=¢c=0

1
(you may not see the working for ¢) to find h=f(t) (h= (37.5t)5). Do not be concerned by
the mechanics of the rearrangement.

2
M1:  Attempts % (:%\3/37.& 3] and substitutes t =90 = % =..

Al: Asabove in main scheme

Alt(b) 11 Equating volumes, rearranging to h=... and then using t =90

Bl. V=2xt

3

1
M1: Equates their 2zt equal to 4rh and rearranges to h=1(t) (h=(37.5t)§). Do not be

concerned by the mechanics of the rearrangement.

2
M1:  Attempts % (=%§/37.5t 3} and substitutes t =90 = % =..

Al:  Asabove in main scheme




< QUESTION

MARK SCHEME - IAL P4 (WMA14) - October 2024 - Q6 P4.5a Integration by substitution & by parts
Question Scheme Marks
Number
6 u=+/x*+1=u?>=x +1:>2u3—i 3x?

or
u=+x*+1=u2=x*+1=2u =3x23—x
u
or Bl
u=+x3 1= —(x +1) 2 x 3x2
dx
or
1 2
= dx 2 -
2 2
x=(u —13:>—:—u u--1:3
(-1 a0 (u-1)
e.g. J- gizud =I6x3du=6j(u2—1)du
VX +1
M1A1
5 ’
e.g. ox° dx = O 2Nx +1 6x%du :6"‘(u2 —1)du
Jx +1 U1 3¢
3
6-“(u2 ~1)du=2u° -6u (+¢) =2(x*+1)? —6(x’ +1) (+c) M1
1 1
=2(x3+1)5[(x3+1)—3]+c=2(x3+1)5(x3—2)+c Al
(©)
Total 5
B1: Any correct equation involving d_ or d_ or du and dx separately. May be implied by
X u
further work.
9x . . .
M1: Attempts to fully change J‘ﬁ dxinto an integral with respect to u. There must be no x’s
xX*+1
anywhere. Must include an attempt at replacing dx to get du so MO if there is no du term
present (unless implied by further work) or dx becomes du without an attempt at connecting
them first. (i.e. there must have been an attempt at 2_u or dX ). Condone no integral sign for
X u
this mark.

Al: Reaches 6J-(U2 —1)du 0.e. Condone the omission of the integral sign but they must have a du
or implied by further work.

M1: Attempts to integrate their expression in terms of u only (usuaIIyJ‘(Au2 +B)du) and
attempts to reverse the substitution so that the expression is completely in terms of x (with or
without the constant of integration). For the integration look for a correct method to integrate
atermi.e. ..u" —>..u" or B—Bu or %—> Inu at least once. Just seeing + ¢ is not an
example of integrating.

Al: Correct expression in the required form including the + ¢

RA
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MARK SCHEME - IAL P4 (WMA14) - June 2025 - Q1 P4.5a Integration by substitution & by parts < QUESTION

General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(x* +bx+c) = (x+ p)(x+0q), Where‘DQ‘ :‘C‘ leading to x = ...
(ax® +bx+c) = (mx+ p)(nx+q), where|pq| =|c|and |[mn =& |eading to x = ..
2. Formula

Attempt to use correct formula (with values for a, b and c)
3. Completing the square

Solving x? +bx+c=0: (x£5)°£q£¢, 4#0 |eading to x = ..

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1 (x" — x"*)
2. Integration

Power of at least one term increased by 1 (x" — x"**)

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent
examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct
working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for, or
working with surds is clearly required, marks will normally be lost if the candidate resorts to
using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give details of
what happens in particular cases. General policy is that if it could be done “in your head”,
detailed working would not be required. Most candidates do show working, but there are
occasional awkward cases and if the mark scheme does not cover this, please contact your team
leader for advice.
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< QUESTION

Question Scheme Notes Marks
Number
5(a) 4424 =13+5u
4-31=—1+u For writing down any 2 of these M1
S464=4-3y equations.
E.g.
4422 =13+5u
4-31=—1+u Full method for finding 4 or Ml
=>A=..0r u=..
A=2, u=-1 Both correct values Al
—5+64=-5+12=7 Shows that the parameters satisfy the
4-3u=4+3=7 third equation and makes a Bl
So lines intersect conclusion.
A=2—>(4+4)i+(4-6)j+(-5+12)k
or Uses their A or g to find A4. Ml
p=-1-(13-5)i+(-1-1)j+(4+3)k
8i—2j+7k Correct vector or coordinates Al
()
(b) 2 5
“3le| 1]=10-3-18=+27+3>+67/5> +1>+3* cos® i
6) \-3
Full attempt at the scalar product between the direction vectors
11 Correct magnitude for cos @ (may be
cosf == implied by e.g. §=105.4... or Al
735 74.6...
0="74.6° Awrt 74.6 Al
. . . . (3)
(© | 2i-3j+ 6k| 213168 =7 1;?}(115 the magnitude of the direction M
35+7=5=1=5
8i—2j+7k+5 (2i _3j+ 6k) Correct strategy for one of the points | M1
(18,-17,37) or (-2,13,-23) One correct point (ignore labels) Al
P (1 8,—17, 37) and Q(—Z, 13, —23) Correct points with correct labels Al
“
Total 13

T
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< QUESTION

Question
Number Scheme Marks
7 dx
= 1 — Bl
x= 4sinf = 10 4cosb
J‘ 1 3dx=J. 4cosf 3d‘9=J. 4cos30 40 M1 AL
2\5 .2\ 64cos’ 6
(16-x) (16-16sin’ 0)?
= Ltan 0 dM1
16
Uses limits of % and g or 30° and 60° within their attempted integration
- x Ml
and subtracts the right way round e.g. f [?j —f (g) or £(60°)—f(30°)
:itanl_ital‘lZ:ﬁ Al
16 3 16 6 24
(6 marks)
Notes:

B1:  States or uses % =4cosf o.e.e.g. dx=4cosddO. This may be seen within the integrand.

3
M1: Simplifies (16 —x’ )E using the given substitution to k cos’ @ using the Pythagorean identity

This may be implied if the work is correct and they proceed correctly to e.g. %J‘cos2 0 deo

Al: ;3 dx = ﬂ d@ or exact equivalent e.g. i cos >0 dé or ;Zdﬁ
s 64cos’ @ 16 (4cosd)
(16—x )2

ore 4cosO 40
€ (4cos@)(4cos@)(4cosb)

Condone if the “d#” is missing but is otherwise correct.

dM1: For Jk 00539 df@=..tan@
cos’ 0

T o . . . .
M1: Uses limits of 2(30") and §(60 ) correctly with their attempted integration.

Condone poor integration here.

Al: 2_431 or exact equivalent e.g. 1

83




< QUESTION

Question
Number Scheme Marks
7(a) du )
u=tanx ->—=sec” x
dx B1
3
u’ =tan’ x=sec’ x—1— Lu“ X;z du M1dM1
G+u”)y 1+u
u *
&t A
@
(b) 1 1
J Graly +uu2)3 du = _Z(S +u’) P +e= _Z(S +tan® x) 7 (+c) MIAL
2
(6 marks)
(@)
. 1 .
Bl: % =sec’x orexact equivalent seen or used. For example, dx = 5 18 correct
dx u l+u

MI1:  Attempts to use +1+tan” x =sec” xin a correct place at least once. Implied by use of sec’ x =+1+u"

dM1: Fully substitutes u =tanx proceeding to an integral in terms of u only.
It is dependent upon the previous M

3 3
Look for w dx |—> Lﬂ x f(u) du seen on at least one line
(4+sec™x) 4x1tu’)

Condone a lack of an integral sign. You may never see the integral in terms of x. (It is in the question)

AT*: Proceeds with no errors in the body of their proof to J (5% du including the du .
+u

The dx’s and du’s must be present and correct for their stage of working throughout the proof.

(b)
M1: Attempts to integrate an expression of the form J ﬁ du — A(k+u’)™"" where 4 is a constant and
+u
nzl,neN
Al: —%(5 +tan’ x)” +c or equivalent e.g. —%(4 +sec” x) +c¢ . (condone omission of +c)

This must be in terms of x and you can ISW after sight of a correct answer.




< QUESTION

Question
Number Scheme Marks
3(a) Attempts a correct identity
3%’ +8x7 —3x— 6= (Ax+B)x(x+3)+ C(x+3)+ Dx oe. M1
Correct method for two constants e.g. x=0,x=-3= C=..,D=... dM1
Two correct constants e.g. C =—2 and D =2 Al
Correct method to find all four constants (e.g. by comparing coefficients) ddM1
A=3,B=-1,C=-2,D=2 Al
2 2 6))
b =3x-1-—+—
b) | gl)=3x—l-—+—7
, 2 2
=>gW=3+-—— M1 Alft
X (x + 3)
()
. . 2 2 2 2 ,
(© Explains that (ifx>0) —>——— so —————>0 and = g'(x) >3 Bl
X (x + 3) X (x + 3)
)
(8 marks)
3(a) e
ALT Via division
Attempts to divide 3x° +8x” —3x—6by x” +3x forming a linear quotient Ml
Correct method for two constants implied by quotient of 3x+... dM1
Correct quotient 3x—1 Al
Correct method to find all four constants (e.g. uses PF on rem ) ddM1
x(x+3)
A=3,B=-1,C=-2,D=2 Al
()




< QUESTION

(a)
M1: Establishes a method of starting the problem
e cither by attempting a correct identity

e or attempting to divide the cubic by x” +3xto obtain a linear quotient

Condone slips in the cubic expression but the intention must be correct
dM1: Attempts a correct method to find two constants. An attempt must be made at a correct equation
For the main method this could be via substituting both x =0,x =—-3 = Cand D
They may set up 4 simultaneous equations and solve to find two of the constants.
FYI the equations are 4 =3, 34+B =38, 3B+C+D =-3 and 3C=—-6
For division it will be arriving at a linear quotient of the form 3x = ...
Al: Achieves any two correct constants.
Allow 3x —1 as the quotient via the alt method. Condone this just written down, i.e 4 =3, B=—1
ddM1: Attempts a full method to find all four constants.
In the main method this may be achieved by substituting both x =0, x = -3 followed by comparing

coefficients of x° and x” for instance. Other methods can involve substituting other values of x.

remainder C D
In the alternative method it is for dividing and then setting ———=—+——
x(x+3) x x+3

before finding values of Cand D
Al: Correct values for all four constants 4 =3,B=-1,C=-2,D=2
Allow for these to be embedded within the identity
(b)
. . . c D
MI: Attempts to differentiate and achieves —+——= > —+—7
X x+ 3 X ( x+ 3)

D C

D
to A—————— following through on their constants.

x+3 X (x+3)

C
Alft: Differentiates Ax+ B +—+
X

Candidates should simplify their coefficients.
You may award as above with constants 4, C and D instead of the numerical values.
(c)

B1: This requires a correct part (a) and a correct (b). Look for a reason and a conclusion

Accept as a minimum — ————>0so0 g'(x) >3
¥ )
2 '
Or —>——= sog'(x)>3
7 )

2 2 2(6x+9) , .
Also 3+—-— =3+ and explains that this is 3+ (+ve) >3

X (x+3) X (x+3)




< QUESTION

Quatin s
4(a) 1-4x? =1—%><4x2 Bl
1 1 ) 1 1 5\
E><—§><(—4x ) .. zx—ix—jx(—4x ) Mi
2 3!
=1-2x" = 2x" —4x° +.. Al Al
O]
(b) 1 3 1Y (1 (1Y
Substitutes x =— into both sides of (a) e.g. \/: ~1-2x (_) - 2(_] - 4(_J Ml
4 4 4 4 4
3 ~1.7324 cao Al
2
(6 marks)
(a)

B1: Correct first two terms which does not need to be simplified, so 1+ % x —4x?is fine.

M1: Correct attempt at the binomial expansion for term 3 or term 4.

2 3

%x—%x(i4x2) %x—%x—%x(i—%cz)

Look for 5 or 3 but condone a failure to square or cube the 4
(i.e. missing brackets)

Also award this mark for candidates who mistakenly attempt the binomial expansion of

1 1 1 1 3
—X—= 7 o X—mX—— 3
v1—-4x to produce either 2 2 2 (i4x) or %(i4x)

3!

Al: Two correct and simplified terms of —2x7%, —2x*, —4x®

X —— 2 X —— X —— 3
Or +/1—x? to produce either 2—22(ix2J or M(ixzj

Al: 1-2x" —2x* —4x° or exact simplified equivalent suchas 1+(—2)x*+(-2)x* +(—4)x°
Ignore any additional terms. This may be given separately as a list. 1, —2x?, —2x*, —4x°

(b)

1
M1:  Substitutes x = 7 into both sides of (a) and achieves LHS of \/E or ﬁ
4 2

2 4 6
It would be implied by (ﬁ :) 2% their"[l Cox (i) B 2(%) _4{%) ]"

Al: 1.7324  Correct answer only here. This is not awrt
Note that the calculator answer is 1.7321

Alt (a) Itis possible to attempt part (a) as follows but it would be very unusual to get the terms up to x°
1 1 1 1 1 1

V1-4x* = (1—2x)2 x(1+2x)2 = l-x——x*—=x.. x| l+x—=x"+=x".... | =1
2 2 2 2

Score M1 for such an attempt and award the other marks as in the main scheme. As is the main scheme look for
a correct attempt at a term 3 or 4 in either bracket followed by an attempt to multiply out




< QUESTION

Question Scheme Marks
Number
dy d)/dt 16sec’ ttant
5(a) == = =8tant MI Al
dx d%t 2sec’ t
At x =3,tan f = —1= Gradient = -8 dM1 Al
@
2 2 (x -3 )2 Y
W) Attempts to use 1+tan" ¢t =sec” t = 1+ T -3 ML Al
y=2(x—5)2+8 Al
3
(©) 8, f, 32 MI Al
2
(9 marks)
(a)
o dy dv
M1: Attempts to use the rule ay = Wdt Condone incorrect attempts on d_Jt) and @
dr
2
Al: A correct expression for d_y = w or unsimplified equivalent. Note that there may be many
sec” t

different versions of this including ones that have used double angle formulae. Look carefully
dM1: Dependent upon the previous M. It is for

e either substituting tan¢ = —1into their % =g(t) to find the gradient

T

7 into their % =g(t) to find the gradient. Condone

e or substituting ¢ = —

t=awrt—0.785
Al: CSO Gradient =— 8. This cannot be awarded from differentiation of y = 2(x -5 )2 +8




< QUESTION

(b)
MI: Attempts to use +1+tan’ 7 = £sec’ ¢t with tans being replaced by an expression in x and sec’ ¢ being
replaced by an expression in y
2
(x=5) _y

=—= 0.€.

438
Al: y=2(x=5)"+8.  f(x)=2(x-5)"+8 isalso fine

d
NB 1: It is possible to use part (a), find ay = 4(x - 5) , and then integrate using a point such as (3, 16) to find

Al: A correct unsimplified equation 1+

n_n

4

NB2: It is possible to use points to generate f (x).
For the M1 you should expect to see f(x)= ax’ +bx+c , or equivalent, and the use 3 points to set up
3 simultaneous equations in a, b and ¢ which must be then solved. At least one of three points used must be

correct. Examples of possible points that can be used are (5, 8),(3,16) (5 - 2\/5 s 32) and (7,16)

For the A1 you need to see a correct equation, e.g. y = 2x" —20x+58

The final Al willbe y=2(x~5)" +8.
If you see a solution worthy of merit and you cannot see how to award the marks then send to review.

(c)
M1: One correct end found, condoning strict inequalities.
Look for the lower value of the range to be 8 (or their ¢) or the higher value to be 32

Al: 8, f, 32 orequivalent such as [8,32]




< QUESTION

%ﬁ;ﬁg? Scheme Marks
6 u=3+4sinx3d—u=4cosx Bl
dx

i i 2(u-3

J‘ 16sin2x : dx:J' 32smxcos;cdx:J’ (u )du M1 Al

(3+4sinx) (3+4sinx) u’
=I z—izdu=2lnu+g dMI1 Al
u u u

6 6 12 49

imi - D= tIln— M1 Al
Uses limits of 5 and 7 321n7+7 2In5 5 35+ln25

(7 marks)

du
B1: States or uses — =408 x o.e. This may be seen within the integrand.

dx

M1: Attempts to write all in terms of u.

i i w(ut3
Look for J- &mzdxzj wdx:ij‘ (“ )du
(3+4sinx) (3+4sinx) :

u
It is common to lose the square on the u” which would be MO,
Only the penultimate mark would then be available.

2(u-3) . _—
Al: Correct — du o.e. Allow this to be unsimplified.
u

Condone a missing du this can be implied by further work.

...(uir3)

duto ..Inuzx ; o.e Condone a missing du this can be implied by further work.
u

dM1: Integrates J‘

...(uiS) 2L
Note that —zdu—> .Inu i; is acceptable
u

You may see attempts using parts.

1 1 1 1
J. u—zx(2u—6)du:—;x(2u—6)—j —;deu:—;x(Zu—6)+21nu

6 2 6 1
Al: Correct 2Inu + o Note that Inu +; or ——x (Zu - 6) +21Inu is also completely correct

M1: Uses limits 5 and 7 within their attempted integral and subtracts . Condone poor attempts at the integration
Alternatively converts their answer in u back to x's using the correct substitution and uses the given limits

12 4 . 12
Al: —§+lng or equivalent such as ]111.96—§

ISW after a correct answer.




MARK SCHEME - IAL P4 (WMA14) - January 2021 - Q5 P4.5a Integration by substitution & by parts < QUESTION
Question
Number Scheme Marks
1(a) 1Y 1
(Z—SXJ =E() Bl
l G, )
=(1-20x)" = 1+[%)x(—20x)+%x(—20x)2 +23#x(—20x)3 MIAL
=%—5x—25x2—250x3+... Al Al
Special case:
If the final answer is left as %(1— 10x — 50x2 — 500x> + )
Award SC BIMIAIA1A0O
6))
Alternative by direct expansion
s (LY T | BIMIAL
() () () e 2 Y e
=l—5x—25x2—250x3+... AlAl
®) = =25 ! ’ =250 — ! ’
4 W E 100 100 100
£ 1789 1 1789 Mi
5 4000 ﬁ 4000
1789 1789
:>x/§z5><— or \/§z1+—
4000 4000
1789 4000
V5= or —— Al
800 1789
2
(7 marks)
(a)
B1: For taking out a factor of (%)E or % or 0.5 etc.
1
M1: Expands (1 + kx)i , k # £1 with the correct structure for the third or fourth term
) o 2D
e.g. iTX (kx) or iT X (kx) with or without the bracket around the kx
Al: For either term three or term four being correct in any form.
1(1_1 N 1(1_1 1(1_1)(L=2 11-1)(1=2
E.g. Mx(ZOx)h or %x (—20)6)2 or Mx (—20)()3 or —Mx (20)6)3

2! 3!
The brackets must be present unless they are implied by subsequent work. This mark is independent of the B mark.

3!

N
RA
158



< QUESTION

Al: Two terms correct and simplified of %— 5x —25x% —250x°. Allow if any of the ‘—* signs are written as “+—.

Al: All four terms correct and simplified of %— 5x—25x2 —250x°. Allow the terms to be listed.

Ignore any extra terms and apply isw if necessary. If any of the ‘—° signs are written as “+— score AOQ.
Alternative:
1
BI: For a first term of (%)2 or 1 or 0.5 etc.

1y
M1: For the correct structure for the third or fourth term. E.g. ZT

where k # £1
Al: For either term three or term four being correct in any form.

1(1_ (1 _1)(1—
e AUy (s or U2, (48 sy
The brackets must be present unless they are implied by subsequent work.

Al: Two terms correct and simplified of %— S5x —25x% —250x°. Allow if any of the ‘—* signs are written as “+—*.

Al: All four terms correct and simplified of %— 5x —25x% —250x>. Allow the terms to be listed.

Ignore any extra terms and apply isw if necessary. If any of the ‘—* signs are written as “+—* score A0.

(b)
M1: Attempts to substitute y = 1 into their part (a) and either multiplies by 5 or finds reciprocal.
100

1789 4000
Al: 5=)—— _—
(5 )800 1789




< QUESTION

1@ (1+k.x)E =1+(l)x(kx)+#x(kx)2+ 2 2 2 x(kx)S...
2 2! 3!
1 1 1

@ Ekz—:>k:

- MI1Al
8 4
) M)
2 2 21702 )7 2 M1 Al Al
A=—><"k"2 = 1 2 2 2 xuku3 — 1

(i) 2! 128 b= 3! 1024
5)
. 1 1 2 1 3
b — — _ _m_~ n__~ _
(b) Substitutes x =0.6 = +/1.15 1+8><O.6 28 x0.6 + To24 x0.6 =1.072398 M1 Al
()
(7 marks)
1(b) alt (1+kx)%=1+ D)x (i) = & |x (o) +[ = | ()’
2 8 16
Substitutes "kx"=0.15
MI1A1
o JTT5 = 144015 10,15 4 x0.15’ =1.072398
2 8 16
(2)
(a)(®)
MI: Sets %k =é or %kx = %x and proceeds to find £. Implied by a correct value for &

1 2
Al: k =g oe such as §or 0.25
(a)(ii)

() M)
M1: Correct attempt at 3rd or 4th term. Eg.  4x% = %x(kx)z or = \2 32' 2 x(kx)3 with

an attempt at substituting in their value for & to find a value for 4 or a value for B. Condone a missing
bracket around the kx terms so allow with & instead of k% or k* respectively. These may be simplified so

award for 4= —%x("k ")2 or g= %x("k"f again, condoning k instead of k% or &> respectively.

Al: A= —% o.e.  There is no requirement to simplify the fraction

. 3 C
Al: B= Tooa °© You may occasionally see B = mwhlch is fine.
(b)

M1: For an attempt to substitute
e cither kx=0.15 into an expansion of the form 1+ px (kx)+gx (kx)2 + r><(kx)3

e or x =(3'Tlfinto their 1+%x+"A"x2 +'B"x

Al:1.072398 Must be to 6 decimal places.




< QUESTION

Question
Number Scheme Marks
2 Achieves a lower limit of 2 Bl
81 =27
Attempts o y2 dx = aJ‘ ———sdx= ax———+ MI, Al
(2x-3) (2x-3)

Correct attempt at volume of solid generated under curve =

o vael ] ()

Volume =267 Al
Correct attempt at volume of solid = 7 x 9" x (6 -"2 ") -"26x" ddM1
=2987 Al

(7 marks)

B1: Finds the lower limit. This may be awarded anywhere. Accept on the diagram or in the limits of an

integral
M1: Integrates an expression of the form J‘ ————~dxand achieves ————~ oe
(2x-3) (2x-3)"
. . 2 81 . . =27
Al: Correct integration of o | y" dx = | ————zdx givingasolution ax———< o.e.
(2x-3)" (2x-3)"

following through on theirer. Typical values of a will be 1, m or 2xn. No need to simplify here

dM1: Attempts to find the volume of the solid generated by rotating the area under the curve.
6

Look for {W} =... Itis dependent upon the previous Ml1.
2x-3)°

X

The top limit must be 6 and the bottom limit must be their solution to ﬁ =9
2x-3)"

Al: Correct exact volume for the solid generated by rotating the area under the curve. Volume =267
This may be the second part of a larger/complete expression. E.g. ....— 267

ddM1: Correct method for the volume of the solid formed by rotating the area above the curve.
Accept 7 x 9’ x (6 —"2")—"267z "

It is dependent both previous M's
Al: 298r




< QUESTION

%ﬁ;ﬁg? Scheme Marks
1/x20" x 24
3@ Attempts to find AT =20 seconds MI Al
()
dv
(b) Attempts —— a Y h Ml
dv dV dh 8 dh
Attempts to use O dt =160= (h +—= h] T Ml Al
. 40\ dh __dh 96
Substitutes 2 =5= 160 = (5 +—] O = T3 (42)cms- dM1 Al
5)
(7 marks)

(a)
M1: Attempts to find the volume, using the given formula, at 2 =20 and dividing by 160. Implied by 20
Condone slips. For example they may have incorrectly multiplied out/calculated the expression for V'
Al: 20 seconds. This requires the correct units as well
(b)
M1: For an attempt to differentiate
Scored for an attempt to multiply out and then differentiate term by term to achieve a —ah' + ph

dh

or via the product rule to achieve V = %hz (h+4)=—=—=(h+4)x ph+qh’

4
dn

dr dV dv dv
MI: Attempts to use —— TR T d (or equivalent) with v =160 and their —— T
A1l: Correct expression involving % and2  E.g. 160= (h + 2 h) ((11]:

. . o . dh
dM1: Dependent upon the previous M only. It is for substituting 4 = 5and proceeding to a value for T

. 96 . . .
Al: Either 73 O awrt 4.2 cm s ! There is no requirement for the units here




MARK SCHEME - IAL P4 (WMA14) - June 2022 - Q5 P4.5a Integration by substitution & by parts

< QUESTION

Question Scheme Marks
2(a)
! = A +i:> 1=A(l-x)+B(1+3x) B1
(L+3x)(1-x) 1+3x 1-x
when x=1 =1=4B=B=... or when x:—% :>1ng:> A=.. M1
3 N 1
41+3%)  4(1-x) Al
3)
(b) Icotydy:j...dx:"lnsiny":j...dx M1
3 1
=" et "ldx=...In(1+3x) +...In(L-
J( 4030 + 209 J X=..In(L+3x) +...In(L-x) (+c) M1
Insiny:%In(1+3x)—%In(1—x) (+c) oe Alft
(7)1 1) 1 1 1
Insm(ij_Zln[1+3x§j—zln[1—§j+c:>c_...[——zln5j dmi
kinsiny=mIn(...) =sin“y=.." or kinsiny=...=sin* y =exp(...) M1
sin® y = 1+3x Al
 5(1-x)
(6)
(9 marks)
Notes
(a)

B1: For a correct suitable identity without fractions, such as 1= A(1l—x) + B(1+3x), seen or implied.
M1: Attempts to find one of the constants by either substitution or equating coefficients. May be implied by a
correct value for A or B via cover up rule.
. 3
1: +
4(1+3x) 4(1-x)
correct partial fractions see in (b).
(b)
. d .
M1: Attempts to separate variables to form cot yd—y =g(x) (oe for cot y) and integrate COtY . Accept any
X
changed function for the attempt but must be attempting to integrate cot y (oe).

oe allow values for A and B to be stated following a correct partial fraction form, or if

M1: Attempts to integrate their partial fractions from (a) so award for ( —...In(1+3x) or ...In(4+12x)

+3x)

and ———..In(L—x) or...In(4—4x) oe
1-x

Alft: Correct expression (any equivalent) (both sides). Follow through on their constants for the partial
fractions. Condone the absence of the constant of integration.

dM1: Depends on second M, and must have attempted to integrate both sides. Uses the initial conditions in an
equation with a constant of integration. May integrate between limits to achieve this. (Accept if a value for
¢ cannot be reached from their equation.)

M1: Attempts to rearrange their equation by correctly using log work to reach the required form sin" y =f(x).
Must have had kin siny = ... (k may be 1). Not dependent - may be gained before finding the constant if In A
is used, and allow if the constant is missing.

Al: sin*y= L+ 3

(oe in correct form)
51-x)

X2
RA
163



< QUESTION

Question Scheme Marks
3(a
@ dA =-05 B1
dt
A= = B ony B1
dx
dx dA dA "-0.5" -1
Pl =—— M1
dt dt dx "2zx" 47X
3—: =-0.011368... Alcso
(4)
(b) V = 7x2(3%) = 37x° B1
W gy B1ft
dx
WV X gy e (2 208y) M1
dt dx dt 47X
dv 3 o1
b 9 = (Rate of decrease =) 9 (mm®s™) Al
(4)
(8 marks)
Notes
(@)
dA N .
B1: o =-0.5 seen or implied from working
B1: 3—A =2zx seen or implied from working. Must be in terms of x, but allow recovery if in terms of r and
X
later work uses r = 7 to achieve a solution.
M1:  Attempts to use an appropriate chain rule with their A and A e.g. ax = A +d—A =..
dt dx dt dt dx
Al: awrt —-0.0114 or —% cso (must have the negative sign)
7T
(b)
Bl: V=xx*@3x) or V=37x
B1ft: %—V =97zx? or ft from their equation for V in one variable
X
. oav . dx dx . . . . .
M1:  Their M x their e Note the E must be in terms of x or with x = 4 substituted first, MO if they use
X
their answer to (a).
Al:  (Rate of decrease =) 9 (mm3 5‘1) (with or without the negative sign). May be scored following
dA .
—=0.5 inpart (a
” part (a)




< QUESTION

Question Scheme Marks
4@ 16x° —9kx?y +8y* =875
(8)y* —(8x)3y? % B1
2 o dy
—9kx’y —..kxy+...— 9kx* == M1
dx
48x2—18kxy—9kx2ﬂ+24yzﬂ=o:>ﬂ(z4y2—9kx2)=18kxy—48x2:>d—y=... M1
dx dx dx dx
dy _6kxy—-16x* .
dx  8y? —3kx? Al
(4)
(b) 2
q 5 6k(g)y—16(g)
—y=0,x=—:—2=0 or
6 e a(?)
y 5 M1
5 57 (Y
X=—=16| = | —9k| = | y+8y>=875
2 2 2
15ky —100=0 or 250—%|q+8y3=875 Al
3 2 3
Eq. 16(§j —9k(§) (@}8(@] 875k = (:ﬁ]:k:...
2 2) \ 3k 3k 27 M1
k=2 Al
3
4)
(8 marks)
\Q’/.



< QUESTION

Question
Number Scheme Marks
1(a) 2y* -3y=7+13=2)"-3y-20=0=>y=... Ml
5
y=-7 and y=4 Al
2)
(b) d

2y2—>4yay Bl
—6xy—>i...x%i...y M1

dy dy 221
4y——6x——6y=14¢™ Al

ydx dr y
P Ml
4(4)‘1—y—6[ljd—y—6(4):14e(2j Y
dx 2)dx dx
38 1
g _nZ"n - Ml
Y 13 (x 2)
Al
38x—13y+33=0
(6)
(8 marks)

(@)
M1: Attempts all of the following

e substitutes x =% into the equation for C (condoning slips),

e collect terms and forms a 3TQ in y (terms do not need to be on one side of the equation and the ‘=
0’ may be implied by subsequent working)

e solves their 3TQ in y using usual rules (including via a calculator) to find at least one value for y.
If a calculator is used, the values must be correct for their 3TQ

Al:  Achieves both values —%, 4 following the award of M1




< QUESTION

(b)
Bl: 2y — 4y% o.e. For example, accept 2> — 2x Zy%

M1: Attempts the product rule on —6xy . Look for iax% +fy
Don’t be concerned by the signs here unless they state and use an incorrect product rule vu'—uv'
Al:  Fully correct differentiation 4y % —6x % —6y=14e™" o.e. Allow un-simplified versions

You may see versions like 4ydy —6xdy —6y dx =14e>" dx or 4yy'-6xy'— 6y = 14e™ ' which is

acceptable. If they write % =4 yd—y - 6x% —6y —14e*" = 0 this will be A0 unless the % on the left

dx
subsequently disappears and is ignored.

MIl1: Attempts to substitute in x = 3 with their positive y value to find a value for the gradient of the tangent. It

is dependent upon having exactly two terms in % one each from the differentiation of 2y and 6xy . This

can be implied by a correct value for their % . Allow slips if they attempt to make % the subject before

dy _6byrlde™’ dy_24+14 38
4y—6x dx 16-3 13

substituting in x = > with their positive y value. FYI

Ml:  Uses the value for their % with the point (% , a) where a is their positive y coordinate to find the

equation of the tangent. If they have two positive y values, use of either one would be OK for this mark. It
must follow some attempt at differentiating the equation for C. If the form y = mx + ¢ is used the method

must proceed as faras ¢ = ...

Al:  38x—13y+33=0 (or any integer multiple of this). The order of the terms is not important




< QUESTION

Offers a valid reason why dr o —
d r

Question
Number Scheme Marks
2 dr
o Bl
4 dv
V=—nr ——=4zr
3 dr Bl
, dr
th=Ar" x— Ml
dt
ﬂ _ tk i " 1 v Al*
dt 4z’ At
(4 marks)
dv dr , oy . .
Bl1:  States or uses s =k or o =—k (We don’t know if k is positive or negative).
Ignore any reference to units even if they are incorrect. E.g. o k cm’ / sec
B1l:  States or uses ((ll—V =4zxr’oe.
r
M1: Uses a correct chain rule e.g. a = d—V X dr or equivalent with g =tk and L =Ar
de dr df dr dr
Al*: Completes the proof by looking for the following three elements
+
e achieves —= _k2
dt  4nr

1

gives a minimal conclusion

All previous marks must have been awarded
Examples of acceptable reasons and acceptable conclusions are;

Eg. 1 ar =- k > = —%, hence proven (Note that ¢ cannot be k)
dr Arzr
E.g 11 dr = Lz,as L3 isa constantﬂ o —
dt  4zr 4z r
Eg. 11 dr =- saskand 7 are constants, it is true
dr 4rr
Eg IV £=— k2=—ixi2 or (_LJXLZ‘/
dt 4rr 4z r 4z ) r
e
EgV. Reason
4« 1 ——— Conclusion
7t = :
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Question
Number Scheme Marks
3 dy sin2x
cos” (2x 3sin2x—> |y d 3——dx
yeos' )dx jy 7T J cos’ 2x Ml
j ydy= j 3sec(2x) tan(2x) dx Al
2
%z%sec2x (+C) MIA1
Ezésec 2x +c=>c=...(=5) dM1
2 2 6
y* =3sec2x+10 Al
(6
Main method
. in2
M1: For an attempt to separate the variables OR use of smsz = sec2xtan2x
cos” 2x

For the attempt at separation of variables it is not necessary to have the integral signs but the dx and dy
must be present and in the correct positions (on at least one line)

dy . J' sin2x 2x dy J sin 2x
E.g. ycos’(2x)—==3sin2x—> |y dy= —dx =
& ( )dx Iyy cos” 2x Jy cos’ 2x
Condone a slip on the position (or omission) of the 3
. . in2
Al:  Correct separation of variables AND use of SIHTZX = sec2xtan2x
cos” 2x

E.g. J. ydy= J.3 sec(2x)tan(2x)dx o.e. with or without the integral signs

1
Note that Jg ydy= J.sec(Zx) tan(2x)dx is also correct

M1:  Correct attempted integration of the sec2xtan2x to reach f(y) = asec2x (+c) with or without the ¢

Al: Correct integration.
2

For example, y? = %sec 2x (+c) Accept with or without the ¢

2

Note that that y* = 3sec2x (+c)and y? =sec2x (+c) are also examples of correct work.

dMI1: Substitutes in y=4 and x =— into an integrated equation of the form f(y) = asec2x+ c and proceeds to

o\lg‘ /—\

find c¢. It is dependent on the previous method mark. You may need to check calculations if the

x

2
substitution isn’t shown. You may see this attempted via {y?} = [% sec2x }
4

T

Al:  y*=3sec2x+10 or equivalent such as y° = +10 but ISW after a correct answer.

cos 2x
The answer is required to be in the form y* =

A score of 1,0,1,1,1,1 is possible for candidates who never have a dx and/or a dy when separating the
variables, but do everything else correctly.

&
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Question Scheme Marks
Number

3ALT sin2x

ycos (2x)jx—3s1n2x—>jy dy = J3 dx—)jy dy =3(cos2x)"

cos® 2x
where n=-1 or -3
2

y7 = %(cos 2x)71 (+¢)

6__ 3 +c=>c=..(=5)

2005(”)
3

2_ 3
cos2x

+10

MI, Al

MIl1Al

dM1

Al

. o sin2x . o .
Alt versions will integrate ——— using substitution or reverse chain rule
cos” 2x

The key here is realising that the integral of this is (cos2x)" or u" where u = cos2x

. 2 n
M1: For an attempt to separate the variables OR use of ‘[sm_zxdx = (cos 2x)
cos” 2x

For separation of variables look for example for ycos® (2x) jx 3sin2x — j ydy= J

sin2x

cos® 2x

condoning a slip on the position (or omission) of the 3 and omission of the integral signs

sin2x

Al:  Correct separation of variables AND use of J —dx (cos 2x)" where n=-1 or -3

If the candidate sets u = cos2x it is for integrating I—dx to u" where n=-1 or -3

cos
M1: Correct attempted integration of the J‘&dx to reach f(y) = o (+¢) o.e with or without the ¢
cos cos
2
Al:  Correct integration. For example, 2— = (+¢) o.e. Accept with or without the ¢
2 2cos2x

Note that that y* =

dMI1: Substitutesin y=4 and x = % into an integrated equation of the form f(y) =

to find c¢. It is dependent on the previous method mark.

3
Al: = +10 or equivalent such as y* =
cos2x cos 2x

The answer is required to be in the form y* =

2
(+c)and y? =(cos Zx)f1 (+c)are also examples of correct work.

+10 but ISW after a correct answer.

< QUESTION

+ ¢ o.e. and proceeds

Also note that you may attempt using integration by parts. FYI .[ 3sin 2xsec” 2x dx = %sin 2xtan2x + %cos 2x

Ist Al: Correct separation of variables and ISsin 2xsec’ 2x dx = +Asin 2x tan 2x + k cos 2x

2" M1: I3sin 2xsec’ 2x dx = Asin 2xtan 2x + K cos 2x A,x>0

2" AT j3sin2xsecz 2x dx = %siantan2x+ %cost

&
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P4.5a Integration by substitution & by parts

Al: cao x =-2 (ignore any references to the y coordinate). Do not accept —%

Alt (b)

M1: Solves the parametric equations simultaneously with the line equation to find a value for t

Al: cao Deduces correct value for x.

2@ | gx  (2t+1)-2(t-1 dy  -12
Altl &=# and d—i/:—z o0.e. M1
(2t+1) (2t+1) Al
dy dy  dx
d__-12 -3 __4 (which is a constant,) hence linear AL
dX t+1)° (2t+1) 4)
Alt 1 (a) via differentiation Notes:
M1: Attempts % and 3—¥using appropriate rule for at least one.
Al: Both correct
dM1: Depends on first M. Attempts dy = d_y_% leading to constant.
dx dt dt
Al: Achieves % =—4 and makes suitable conclusion e.g. “hence linear” *
2 (a)
t-1 B 1 3 M1;
Alt 2 =— =A———: = ’
= XA XS T @A) Al
x=1__38
2 2(6/ y) dami
11 .
X=5-7Y hence linear * Al* (4
Alt 2 (a) via division Notes:
. . . t-1 B
M1: Attempts to write x in terms of just 2t+1. E.g X = e X = A—m.
. 1 3
Al X=5 =56t
dM1: Uses y = %Jrlto form an equation linking x and y
Al: x= %—% y and states linear*
2(a) _ k(2t+1
Alt3 | ax+by=2 a+6b_ ( ):a:2k,6b—a:k M1
2t+1 2t+1
a=12b-2a=a=4b Al
2(2t+1
E.g. 4x+y=g=... am1
2t+1
4x+y=2 (oe) hence linear * Al*  (4)

&
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Alt 3 (a) via elimination Notes:

MZ1: Writes ax+by =... as a single fraction and attempts to compare coefficients of numerator
with the denominator.

Al: Correct ratio between a and b deduced.

dM1: Uses their ratio to eliminate t from the equation.

Al: 4x+y =2 (oe) and states linear*

Note: It is possible to spot the correct values for a and b directly so the following would gain

full marks: 2x+% y= 2-2+3 _2t+l =1hence linear. *

2t+1  2t+1
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P4.5a Integration by substitution & by parts

Question Scheme Marks
Number
5 2
3. States or implies Volume = T EX dx B1
5 3X"+5
2
fx dx = fx dx =%In(3x2 +5) M1A1
3X"+5 (3x"+5)
_ 1 1
Volume = {n} 5In(3x25+5) > In(3x5+5) M1
=rzln2 Al
(5 marks)

Notes:

5
B1: States or implies Volume = j T
N3

2

3x

3x* +5

dx o.e. The limits may be implied by

subsequent work, and the dx may be missing. This is for knowing the correct formula rather

than for notation. The z may be implied by
2

3x
3x*+5

M1: Attempts I

later work.

dx to achieve k In(3x” +5) (oe). May use substitution, either u =

3x% or u=3x*+5, in which case they should achieve kIn(u+5) or klIn(u) (oe) respectively.

Allow if the brackets are missing.

Al: Correct result of integration, which may be left unsimplified. May be in terms of u if a
substitution has been used. Allow if missing brackets are recovered, but AO if never recovered.
M1: Having achieved an integral of the form p(x)In(3x*+5) (allowing for missing brackets)
where p(x) is constant or a polynomial in x (oe in terms of u for substitution), uses the limits
within their integral - substitutes correct limits for their variable and subtracts, allowing either
way round. The z may be missing for this mark.

Al: zIn2 cao. Note %In 4 is A0 as form is not as specified.
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%tﬁgg? Scheme Marks
4 (a) a=3b=5 B1
dx du 1
E.g u=\/2x+1:m:u or &:(2x+1) 2 oe. Bl
J J8x+4emdx:J‘ 2ue udu M1
5 , U
:I 2u°e du Al
3
4)
(b) j JBxrde” dx= _[ 2u’e’ du
= 2%’ —J' aue’ du M1
= —%' —(4ueu - 4euj =2u%" —4ue’ + 4e’ dM1 Alft
5
Ilszm eJm dx = [Zuzeu —due' + 49“} = (5095 —20¢° + 495j—(18e3 —12¢’ + 4esj ddM1
4 3
— 34¢° —10¢° Al
5)
(9 marks)
Notes:
@

B1: Forboth a=3,b=5 seen in their solution. Allow if these are recovered in (b).

B1: For a correct expression involving 3—uor j—x or du and dx separately. May be unsimplified
X u

M1: Attempts to fully change I J8x+4 em dx into an integral with respect to u. Must

include an attempt at replacing dx to get du so MO if there are no d terms present or dx becomes

du without an attempt at connecting them first (ie there must have been an attempt at g—uoe).
X

5
Al: Complete method to show I = j 2u e’ du.Must include the correct limits and the du.
3
(b) Note: you may see different ways of presenting the application of parts e.g D/I method.
M1: Use of integration by parts once to obtain puzeu —I qu e’ du, where p,q>0 (ifkis

positive, otherwise signs will be opposite) and may be in terms of k (as can the dM mark).
dM1: Completely integrates by parts twice to a form pu2(eu —queu +re where p,q >0 (ifk>0
as before). Note they may evaluate in stages, but look for the complete integration overall.
b u u u u
Alft: J. ku’e' du= kuZe' —2kue’ + 2ke (oe) accepted with k or their value for k. May have

the last two terms bracketed but must be seen as a complete answer in their work.

ddM1: Substitutes their a and b into a form puzeu —queu +re  and subtracts (either way), but
must be using a value for Kk at this stage. May be done in stages.
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Al: 34¢’ ~10¢’ or exact equivalent in a simplified form such as 2¢° (17e2 _5)

Q\?ﬂ
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< QUESTION

(c) Otherwise: Applies binomial expansion to G—%sz
: 1
B1: Correct simplified expression (E_lx)z :1(1_2)()5
4 2 2

1

1(1_1 1(1_1
M1: Correct structure for 3rd term: %(—Zx)2 but allow %(ikx)2 with or without brackets. Even

allow with k=1

Al: =—=x—=x"+... Ignore extra terms of x3 and above

Direct expansion in ()

a2 ey By

B1: Obtains an expansion with a constant term of 8

M1: Attempts the binomial expansion of G—% XJ ’ to get the third and/or fourth term with an acceptable
structure.
Py o LR ey
—— |X| == - 2 —— | X == |X| ——= 2 3
Look for #(E] Z(ilx) or 2 2 2 (lj z(ilxj
2 4 2 3!
with or without the brackets on the [J_r%)(]

Al: Correct simplified or unsimplified expansion .
Expression at the top of the page is acceptable
Al: Two correct and simplified terms of 8+ 24x+60x* +140x°

Al: All correct and simplified 8+ 24x+60x* +140x>
Direct expansion in (c)
11 2_1% 1(1Y7( 1.}
B1: First two terms which may be unsimplified (Z’Exj ‘[Zj +§(Z) (’Ex] e
)
-=X
2
2

Al: Correct simplified expansion %—%x—%x +...

3
2

2z
Sl Z-1,, -
M1: Correct form for the third term %G)
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%ﬁ;ﬁgp Scheme Marks
2(a)
x=2=4-8y+y’ =13=(y’-8y-9=0=)y=... M1
y=9 Al
)
(®) 2* 52*In2 B1
—4xy—>—4xd—y—4y OR y2—>2yd—y M1
dx dx
2*In2—4xd—y—4y+2yd—y:0 Al
ax ax
dy x dy
——(2y—4x)=4y-2"In2=>—==...
dx( y ) y :dx M1
X X xIn2
d_y:4y 2In2Or d_y:2In2 4yord_y:In2e 4y Al
dx 2y —4x dx 4x-2y dx 4x-2y
(5)
(©) dy 4(9)-2%In2
(2,9) > —=—
e “
n Il_ll - n n _
=y-"9"= 10 (x=2)
y=0m0rg =2 oy o
‘o 4In2+9 e e X_—8In2—18
~2mn2-18 *% *9 X" 2336 Al
3)
Total 10
(a)

M1: Substitutes x = 2 into the equation for C, forms a quadratic equation in y and then solves to obtain at least

one value for y

Al: y=9only
. ,oody o .
(b) Itis acceptable to use y <—>d— in this question
X
B1: Correct differentiation of 2*. Allow also 2* =e*'"? —e*"?In2
M1: Differentiates —4xy —>J_rij—yJ_r By OR differentiates y* —k y%
X X

ALl: Fully correct differentiation. Allow versions such as 2 In2dx—4xdy —4ydx +2ydy =0

dy dy

M1: Attempts to make — the subject with the 2 terms in == coming from differentiating y*and —4xy

dx dx

. d .
Al: Any correct expression for % Note that you can isw after a correct answer.

&
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< QUESTION

(©

M1: Uses x = 2 and their y value from part (a) to find the gradient at P and attempts to form the equation of the
dy
dx
If the form y = mx + c is used they must proceed as faras c = ...

dM1: Substitutes y = 0 into their tangent equation and rearranges to find x. Dependent upon previous M
It is possible for a method to combine this with the previous M.

Look for methods like the following, which score M1, dM1

-"9"="m"(x—2)= X =... where 'm"is the value of their d—yatx =2

dx
||9|| . . o R dy
or ——="m"= x=... where 'm' is the value of their ——atx =2
2—X dx

tangent at P. Condone poor attempts at differentiation but == must have both x and y terms.

L . d
Al: Correct expression in the required form. Must come from a correct %

Do not be concerned about the order of the terms on the numerator and denominator
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P4.5a Integration by substitution & by parts

.
gﬁﬁqsl;:rn Scheme Marks
3(a) x5 _ A B 8x 5-A(4x-3)+B(2x-1)= A=..B=
(2x-1)(4x-3) 2x-1 4x-3 M1
A=1 or B=2 Al
8x-5 _ 1 N 2
(2x-1)(4x-3)  2x-1 4x-3 Al
0 @)
(1+2) dx :lln\Zx—1\+1In\4x—3\(+c) M1, Alft,
2x-1 4x-3 2 2 Alft
Follow through their A and B
@)
c 3k
© [;In(2x—1)+iln(4x—3)} = Lin(6k-1)(12k3) S In(2k -1)(4k -3)
k
1, (6k-1)(12k-3) M1
© 2 (2k-1)(4k-3)
1, (6k-)(2k=3) 1, (6k-D(1k-3)
2 (2k-1)(4k=3) 2 (2k—1)(4k—3) IMAL
= (6k —1)(12k —3) = 20(2k —1)(4k —3) = 88k’ —170k +57 =0
88k?* —170k +57=0=k =... ddm1
k=2 Al
2
(©)
Total 11
(a)

M1: "Correct" P.F form (condoning slips) with strategy to find at least one constant or partial fraction.
Look for an attempt at the correct form (condoning slips) 5—8x = A(4x—3)+B(2x—1) followed by

values for A or B

Al:

Al:

(b)
M1: For 4 dx=pIn|2x-1 OR i dx=In|4x—3
2x-1 4x -3
Allow for example brackets instead of moduli, e.g. In(2x—1) <> In|2x—1|
Condone the omission of moduli/brackets, for example ,[2 a 1
X_
Alft: For A dx:éln\ZX—]J OR B dx:EIn\4x—3\ Follow through their A and B
2x-1 2 4x-3 4

One correct fraction or constant

Correct partial fractions which may be awarded for sight of correct PF in part (b).
Award if the correct answer is just written down with little or no working.
Award if the correct partial fractions are seen in (b)

Allow for example brackets instead of moduli, e.g . In(2x—1) <> In|2x -1
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P4.5a Integration by substitution & by parts

< QUESTION

Question

Number Scheme Marks
7 d
@ du _ . B1
dx
1
246" -2 24(“2)_2 du
—— dx = > X M1
(2" -1) (2u) (u +1)
2
24u+12-2 2 48u+20 12u+5
= 2 X du = YN dU = AN Al
(2u) 2u+1 4u”(2u+1) u(2u+)
x:ln3—>a=§, x:ln8—>b=E B1
2 2
(4)
(@) Note that apart from the limits, this is a given answer so check the work carefully.

B1l:  Any correct equation connecting dx and du e.g.
d—uzex, %:i, du =e*dx, 1:eX%, dx:d—u, dx = du etc.
dx du e* du X U+t
2
M1: A full attempt to substitute u =¢* —% proceeding to an expression in terms of u only (which
is not the given answer). Condone slips such as a poor rearrangement of Z—U =¢* but it must
X
include an attempt to replace dx with a function of u.
Al:  Achieves the given integral with sufficient and no incorrect working seen including invisible
brackets. You can ignore any limits for this mark.
There must be at least one intermediate line of working following the stage at which they obtain
their integral totally in terms of u. This may be seen in “side-working”.
You can condone e.g. a missing “du” in the working as long as it is present in the final answer.
B1:  Correct limits seen at any stage and they do not need to be seen attached to the integral but if

there is any contradiction, the limits attached to the integral take precedence.

Note that an example of minimum acceptable work for the first 3 marks in (a) could be:

2

24 u+1 -2
du_ J’24ex—2 i o 2) ° _du_[24u+10 du _J‘ 12u+5
ax ) (2e-1) (2u)? (M 1] (2u)? u% u?(2u+1)
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(b) 12u+5=A(2u+1)+Bu(2u+1)+Cu’ = A=..or B=..orC=...
ore.g. M1
12u+5=(2B+C)u*+(2A+B)u+ A= A=..or B=..orC=...
20f: A=5B=2,C=-4 Al
5 2 4
U @ur) Al
3)

(b)
M1: Attempts to find at least one of the values for A, B and C by multiplying up and substituting
values or by multiplying up and comparing coefficients.
When multiplying up must have at least one of the terms on the rhs correct for their Ihs.
Al: Twoof A=5B=2,C=-4

Al: Correctfractions:%Jrg— 4 oe. Allow %+Z+— 4
—u” u (2u+) u (2u+1)

If the correct fractions are not seen in part (b), allow this mark to score if the correct fractions
are seen in part (c).

© 5 2 4
J—2+—— du=-5u"+2Inu-2In(2u+1) (+c) M1A1ft
u” u (2u+l

[-5u™+2Inu-2In(2u +1)}Z’2

=(-5x75"+2In7.5-2In(16)) - (-5x 2.5 +2In 2.5 -2In(6)
or

-1 In8 dMl
—S(ex 1 +2In(eX —lj—Zln(Z e* —1j+1)
2 2 2 s
=(-5x7.5"+2In7.5-2In(16)) - (-5x 2.5 +2In 2.5-2In(6))
ﬂ+ In(ﬂj Al
3 64
4)
(11 marks)
(©)
M1: Integrates either 2t —...Inku or —...Ink(2u+1)
u +1)

Alft: —5u™"+2Inu—2In(2u+1) oe following through on their non-zero A, B and C from part (b).

Allow unsimplified.

dM1: Substitutes in their changed limits from part (a) or transforms back in terms of x i.e. In3 and In8
and subtracts either way round.
Depends on the previous method mark.

Al: ﬂ+ln(§j or equivalent in the required formi.e. p+Inq

3
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< QUESTION

Question

Number Scheme Marks
4(a) | AandBarewhere £ —4t=0=1(t’-4)=0=>¢t=20r-2 Ml
Substitutes r=2,x=2x4-6x2=-4 Hence A4=(-4,0) Al
When ¢=-2,x=2x4-6x-2=20,(y=0)Hence B=(20,0) * B1*
3
d
(b) d_y_ﬁ_%z_—4 MIA1
dx‘d)/ C4t-6
dt

. dy 3t'—4 . ( 4)
Sub t=-2into —= dient = |—= M1

u into —=——¢ = gradien 7

Uses their (—;) and (20,0) to produce eqn of tangent = 7y +4x—-80=0%* | M1 A1*

6))
(c) Substitutes x=2¢* —6¢, y=¢"—4¢,into 7y+4x—80=0
= 7(¢* —4t)+4(2 - 6¢)-80=0 Mi
=7 +8*-52t-80=0 Al
= (t+2)*(7t=20)=0
t="£":>x=.... dM1
7
40
= Al
T
C))
(12 marks)

(a)
MI1: Sets ' —4t=0=>t=... toreacht=2 or -2
Al: Substitutes t=2= x=2x4-6x2=—4 and states coordinates of 4=(—4,0)

Accept t =2 = A =(—4,0) provided the M1 has been awarded
B1*: Show that the coordinates of B =(20,0)
Possible ways of this are
1) Solves #* —4¢ =0= t =2 and substitutes into 2¢> —6¢ = x = 20 = B =(20,0).
This is a show that and there must be some evidence for the "20", not just sight of # =-2
Look for 2x(=2)" =6x(=2)=>x=20 or 8+12=x=20




< QUESTION

2) Alternatively sets 2¢> —6¢ =20 =t =—2 and substitutes into y=¢' -4t — y=0= B =(20,0)

This is a show that and there must be some evidence for the "0", not just sight of ¢ = -2

(b)

dy
M1: Attempts to differentiate x(¢) and y(¢)and calculates aby usmg /t in part (b)

dy 37 -4
dx  4t-6

Al:
M1: Sub ‘their’ ¢t =-2 into their%to find the gradient of the tangent at B.

M1: Uses (20,0) and their % to find an equation of the tangent.

If they use y =mx+c they need to proceed as far as ¢ = ...

AT1*: Achieves given answer. cso = 7y+4x—-80=0 The =0 must be seen
ISW after sight of this

(¢)  The demand here is to use algebra which is satisfied by the setting up of the cubic equation.

M1: Attempts to substitute x =2¢* —6¢, y =t —4¢into7y +4x—80=0
Al: Correct simplified equation in . 7¢° +8¢* =52t -80=0 The = 0 may be implied by further work
dM1: Uses a correct method to find x

e Using a calculator this can be scored for finding a value of ¢ # —2 and substituting
this in x (f).You may have to check this on a calculator if their equation is incorrect.
An accuracy of 2 sf'is required for non exact solutions. Note that the equation may be in

different forms under this method so 7¢° +8¢* =52t =80 = ¢ = ? is fine

Note: 7(t3 —4t)+4(2t2 —6t)—80 =0=¢ :?: x= —% would score M1 A0 dM1 A0

e Via factorisation look for factors where the ends work,
E.g "7 +8t° =52t —80"=(Pt+a)(Qt+b)(Rt +c) with POR="7" and abc ="+ 80"

followed by substitution of a value of ¢ # -2 in x (t)

4 . . .
Al: CSO x= —4—(9) Do not accept decimals here but remember to isw following a correct answer.

Ignore any references to the y coordinate. Penalise extra solutions, incorrect factorisation etc on this mark.
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Question
Number Scheme Marks
. du
7(i u=e*-3 =e* B1
(i) = i
> 4(u+3Yy’ 4(u+3)
c o L) R i CL Y M1 AL
e -3 u(u+3) u
J‘ 4u° +24u+36
—————du
j 4u+24+—du—2u +24u+36Inu dMm1 Al
u=4
=[2u +24u +36Inu} M1
u=2
=72+36In2 Al
()
. x 3 x . 3 x .
(i) 3e cos2x dx:ie sin2x— € sin 2x dx M1 Al
3 X . 3 X 3 X
=5¢e sin2x— -2¢ cost+jZe €0s 2x dx dm1
15 X 3 X . 3 X
Collect terms i COS 2X dx:Ee sm2x+Ze €0S 2X ddM1
X 6 X . 3 X
3e cos2xdx=—e sin2x+—e cost(+c) Al
5 5
(5)
(12 marks)
(i) The 4 must be present to score the A marks. No misreads
B1: States or uses u_ e* o.e.such as ox__1 This may be seen within the integrand.
dx du u+3
M1: A "correct” attempt to write the integrand in terms of u.
3x + 3
Look for 4 dx = M du which does not need to be simplified.
e -3 u(u+3)

Condone a missing du but dx is MO
2
4(u+3) .
Al: Correct - du. Condone a missing du (cannot be dx) .

dM1: Integrates by attempting to multiply out and integrating each term.

Look for two "correct" terms, one of which must be J-g du=Plnu .

P(u+3)’
It is dependent upon having achieved '[ M du

Al: Correct 2u” +24u+36Inu o.e.
M1: Uses limits 2 and 4 within their attempted integral and subtracts . Condone poor attempts at the
integration

Alternatively converts their answer in u back to x's using the correct substitution and uses the
given limits.

There must have been some attempt to use the substitution u =e* —3 at some point.

X2
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Al: 72+36In2 or 36In2+72
(i) Condone missing dx's here

M1: Attempts to integrate by parts ISeX cos2x dx = Ae’ sin ZXiJ‘BeX sin 2x dx

2 2

The 3 may have been "removed"/factorised out and replaced at the final answer.
If so you can this would be awarded at the sight of a correct answer.
dM1: Attempts to integrate by parts again. See below of what to look for

Al: J3ex cos2x dx = geX sin 2x—j‘§eX sin2xdx  Condone missing dx's

Look for 3e" cos2x dx = Ae’ sin 2x+ Be” cos ZXiJ‘C e" cos2x dx

ddM1: Dependent upon both previous M's

It is awarded for attempting to collect both terms in j e’ cos2x dx

Al: JSeX €0s2x dx = gex sin 2x+geX cos 2x(+c) condone the omission of the + c.

Alternative method for (ii) . This can be scored in a similar way to the above.

(ii) JSeX cos2x dx =3e" cost+J‘6exsin 2x dx M1 Al
=3¢’ cos2x +6e” sin 2x—j12exc052x dx dm1
15J‘ex cos2x dx = B¢’ sin 2x + 3¢’ cos2x ddMm1
30" cos2x dx = 2 e sin2x + S cost(+c) Al
5 5
(5)

1stM1: I3ex cos2x dx = Pe" cos 2x iQJ‘eX sin 2x dx

2ndM1: j3ex cos2x dx = Pe" cos 2x £ Qe sin 2x + RJ‘eX cos 2x dx

Lo
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General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(x* +bx +c¢) = (x+ p)(x+q), where|pg| =|c

, leadingto x = ...
(ax® +bx +¢) = (mx+ p)(nx +q), where|pg| =|c| and |mn| =|a

, leadingto x = ...

2. Formula
Attempt to use correct formula (with values for a, b and c).

3. Completing the square
Solving X’ +bx+c=0. (x£8)*+q+c, q#0 leading to x = ...

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1. (Xn - Xn71)

2. Integration
Power of at least one term increased by 1. (X" = Xn+1)

Use of a formula
Where a method involves using a formula that has been learnt, the advice
given in recent examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if
there are small mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by
implication from correct working with values, but may be lost if there is any
mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact
answer is asked for, or working with surds is clearly required, marks will
normally be lost if the candidate resorts to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes
will give details of what happens in particular cases. General policy is that if it
could be done “in your head”, detailed working would not be required. Most
candidates do show working, but there are occasional awkward cases and if
the mark scheme does not cover this, please contact your team leader for
advice.
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®)

Notes:

a)

M1: Attempts at correct PF. Correct form identified (may be implicit) and achieves a value for
at least one of the constants.

Al: One correct value or term.

. 3 4
Al: Correct PF form . + TT3x

(not just values) must be seen somewhere in the question. Accept at 3(1— x)_1 + 4(2 + 3x)
(b)(¥)

-1
B1: ﬁ = A(l—x) = A[1+ X+ X +) which may be unsimplified. Allow with their A or

withA=1.

. This may be awarded if seen in (b) but the correct final form

-1

-1
M1: Attempts to expand ﬁ = (2+3x) binomially either by taking out the factor 2 first,

or directly. Look for (1+ kx)fl = ...[li kXer(kx)2 +] where k =1 following an

2+3X 2

direct expansion. Allow missing brackets on kx? in either case.

attempt at taking out a factor 2, or N (2 + Sx)_1 = [2_1 +2 kx+ (=D(=2) 7 (kx)2 +J by

-1
. B B 3X B 3x 9 2 . ) ) B
" 213x _E[H?J —5(1—?+Zx +j oe with their B from (a) or withB=1

M1: Uses their coefficients and attempts to add both series.

Alcao: 5+% X" +... Condone additional higher order terms. Terms may be either order.

(b)(ii)

B1: ‘ X ‘ <§ or exact equivalent. This must be clearly identified as the answer. B0 if both ranges

are given with no choice of which is correct. (But B1 if formal set notation with n used.)
(b)(i) Alt 1:

-1
Bl (1—x) =1+ X+X" +... which may be unsimplified.

M1: Same as main scheme.
Al: Correct expansion (see main scheme, B = 1 allowed).
M1: Attempts to expand all three brackets, achieving the correct constant term at least.

Alcso: 5+% x" +... Condone additional higher order terms. Terms may be either order.
(b)(i) Alt 2

-1
B1: Writes f(x) as (5x+10) {2 + (x —3x2j] or with the 2 extracted, with the [x —3x2j clear.
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-1 -1
M1: Attempts the binomial expansion on (1+ p(x)) or (2+ p(x)) for p(x) of form ax+bx?.
Same conditions as for main scheme.
) . . . 11 2\ 1 2\?
Al: Correct expansion. For direct expansion E_Z(X_3X )+§(x—3x ) +...

M1: Expands the brackets achieving at least the correct constant term.
15
2

Alcao: 5+=x +...Condone additional higher order terms. Terms may be either order.

£
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Question Scheme Marks
Number

2 (a) _t-1 X+l _ 6 _6-y
B X e MV a7 Ty M1
6—y_1
6 B 6 _6-y 2y
B Y ==Yy Ty T ey Al
2% 1 2x ) +1
1-2x y
Eg y= 6 =>y= 6(1_2)() =ax+b
x+1 2><(x+1)+1(1—2x) dm1
2x 1
1-2
6(1-2x *
E.g. y:#y:Z(l—Zx) oe  solinear * Al
4)
(b) y:2(1—2x) and y=x+12= 2(1—2x):x+12:x:... M1
X=-2 Alcao
)
Altd) | 5 11 1
S TS R I M1
e
X=—2 =2 Al
2><—1+1
5
)
(6 marks)

Notes:

(a) Do not recover marks for part (a) from part (b) if there is an attempt at part (a). If there is no
labelling mark as a whole.

t—g1:>t X%V or funl

. X
M1: Foran attemptto gettintermsof xory or xandy y=

method to eliminate t from the equations.

Al: Forms a correct equation linking x and y only. Other forms are possible using t in terms
of x and y in either equation for x or y etc.

dM1: Depends on first M. Attempts to simplify the fraction reaching a linear form in x and y.
Allow if there are slips but an unsimplified equation of form ax + by = ¢ must be achieved.
Al: Achieves y= 2(1—2x) o.e. (and isw after a correct linear equation) and states linear or

hence on line etc. There must be a reference to linearity in some form (similarly for the Alts).
(b)

M1: Solves their “y = 2(1—2x)” (may not be linear) with y=x+12, E.g. 2(1—2x) =x+12=x=..

&
RA
189

< QUESTION



MARK SCHEME - IAL P4 (WMA14) - January 2025 - Q1 P4.5¢c Areas & volumes of revolution < QUESTION

General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:

1. Factorisation

(X* +bx+c)=(x+ p)x+q), Where‘pq‘ = ‘c ,leading to x = ...

,leading to x = ...

(ax® +bx +¢) = (mx + p)(nx +q), where‘pq‘ = ‘c‘ and ‘mn‘ = ‘a

2. Formula
Attempt to use the correct formula (with values for a, b and c).

3. Completing the square
b 2
Solving x* +bx+c=0: (xizj tq+tc=0, ¢#0,leading tox = ...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1.(x" — x"")

2. Integration

Power of at least one term increased by 1. (x" — x"*)

Use of a formula

Where a method involves using a formula that has been learnt, the advice given in
recent examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there
are small errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication
from correct working with values, but may be lost if there is any mistake in the
working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is
asked for, or working with surds is clearly required, marks will normally be lost if
the candidate resorts to using rounded decimals.

N
RA
190



MARK SCHEME - IAL P4 (WMA14) - October 2020 - Q3 P4.5¢c Areas & volumes of revolution < QUESTION

General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:
1. Factorisation

(x* +bx+c) = (x+p)x+q), where‘pq‘ = ‘c , leadingtox=...

(ax® +bx +¢) = (mx + p)(nx +q), where‘pq‘ = \c\ and \mn‘ = ‘a , leadingto x = ...

2. Formula
Attempt to use correct formula (with values for a, b and ¢).

3. Completing the square
Solving X’ +bx+c¢ =0 (xi%)2 tqtc, ¢#0, leadingtox=..

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (¥" = x"™)

2. Integration
Power of at least one term increased by 1. (X" = x""")

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent examiners'
reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small mistakes
in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct working
with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for, or
working with surds is clearly required, marks will normally be lost if the candidate resorts to using
rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give details of what
happens in particular cases. General policy is that if it could be done “in your head”, detailed working
would not be required. Most candidates do show working, but there are occasional awkward cases
and if the mark scheme does not cover this, please contact your team leader for advice
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Question Scheme Marks
Number
1 Assume that there exists a number m such that when m” is even, m is odd Bl

3

If m is odd then m =2p+1 (where p is an integer) and m' = (2p +1) Ml

=8p +12p° +6p+1 Al

2x (4 P +6p +3 p) +1is odd and hence we have a contradiction so if 7’ is Al

even, then » is even.
)
(4 marks)

B1: For setting up the contradiction.

Eg Assume that there exists a number m such that when m’ is even, m is odd
Condone a contra-positive statement here

. 3. .
"Assume that there exists a number m such that when m™ is even, m is not even"

.. . 3. .
As a minimum accept "assume if m" is even then m is odd."

Condone the other way around " assume if 7 is odd then r* is even"

MI1: Attempts to cube an odd number. Accept an attempt at (2 p+ 1)3 , (2 p— 1)3
Look for (2p+ 1)3 =D

Al: (2p+1)' =8p*+12p° +6p+1 or simplified equivalent such as 2><(4p3+6p2+3p)+1.

For (2p-1)' =8p’ —12p” +6p—1or equivalent such as 2><(4p3 —6p° +3p—1)+1

Al: For a fully correct proof. Requires correct calculations with reason and conclusion

E.g. 1 Correct calculations (2p+ 1)3 =8p’ +12p” +6p+1=
Reason (even +1) = odd

. . . . 3. .
Conclusion "hence we have a contradiction, so if n” is even, then n is even."

E.g.2  Correct calculations (2p+1)3 =8p’ +12p> +6p+1
Reason =2><(4p3+6p2+3p)+1 =odd

Conclusion "this is contradiction, so proven."

E.g.3  Correct calculations (2p—1)3 =8p —12p* +6p—1
Reason = 8p’—12p° +6pisevenso 8p —12p° +6p—1isodd
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Question
Number Scheme Marks
1 2 4
5 L
4(a) =(4—xzj =47 (1-.) B1
4-x°
1 1),(.3 2 1] 3] 5 3
1 1X2 771 1 1X2 2 2 1X2 2 2 2 1X2 M1, Al
ISl B I | Rk 2 2T 3l 3
1 1.1 i 3 o 5 5
W 2 2 16" 256 2048 AL Al
®)
®) x| <2 B1
(o
() Substitutes an appropriate value of x in both sides with LHS in terms of \/§ M1
. 2048 3543
EgW|th Xx=1 \/é—rsj- or m Al
)
(8 marks)

(8) Note that the first mark in (a) is M1 on epen. We are now marking it as B1
B1: Correct constant term/ factor.

1
Accept as 4 2 or % as the constant term or as the factor with the bracket starting (1....

M1: Correct attempt at the third or the fourth term of binomial expansion of form (1+ axz)

Look for a correct binomial coefficient with a correct power of x

1 1 1 1 1
E.g. —(J_rax j or (J_rax ) where a could be

2 3!
1
Al: Correct unsimplified
For example
. 1 1 1 1 1
PO IR G ) PP 1 i wd B
b)) PR I
3 4 5 6

) - 1 12
Al: Two correct and simplified terms of 5+76* *756 X T 7048 %

1 1 2 3 4 5 s L S
Al 516X T256 X T 5048 ¢ . Accept as a list, ignore any terms with indices greater than
these.
(b)

B1: States a correct range. E.g ‘ X ‘ <2 0r-2<x<2o0.e.

(c) For example: See **
M1: Substitutes an exact value of x into both sides of their expansion that enables ﬁ to be found

&
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1 1 1 12+i><14

6
E.g. x=1 —4_12 :§+EX 55 +_2048X1

Note that x =—-1and x2 =1all work with the same results

Alternatively correctly solves

= \/§ 0.e. and substitutes this into their expansion
4-x°
2048 3543

This can only be scored from a correct expansion

**There are lots of values of x that work, all more difficult than the one above.
3
8 1L__B and 2=

1
EgxX=2=>——=Y" === —— =3
3 1/4—X2 2 3 l4_x? [

In both these cases the fractions become much more difficult to find.
8 43 55687

2 .43 : 11 _
For X =3= 3—27 and for X _33*/__—55296

Alt 1 (a) By direct expansion

M1: A correct attempt at the third or fourth terms condoning sign slips on the X
Al: Correct and unsimplified expansion. See above
1 3 4 5 s

. o 1 2
Al: Two correct and simplified terms of 5+16% t756 X T 7048 %
1 1 2 3

X +Lx6. Accept as a list

AL S+%6X *256 % * 2048

Alt 11 (a) By difference of two squares

1 R
1 : :<2_x) zx(2+x) 247 4.
4-x

1

B1:For 4 2+

1 1
M1: For correctly writing ! (2— x)_% ><(2+ x)_% = (1_5J_2 x{1+ EJ_Z -
[4_ 2 2 2

with a correct attempt at the third of fourth term in either expansion, followed by an attempt
to combine both the expansions.

. 2 4 6
Al: One correcttermin x ,x or x

3

Al: Two correct and simplified terms of %+ix2 2K x* with no terms in

5
16 ¢ " 256" " 2048

X, X3 or X5

Al: Fully correct
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Question

Number Scheme Marks
K 2

N 12
5. States or implies Volume = T % dx B1
1| (2x7+3)°
N4
2
12, /x _
Attempts % dx = % dx=-18(2x° +3) M1A1
(2x" +3) (2x" +3)

187 187 713
+

Sets - ; =7
(K +3 (@xlez) O Vit

18 9 713

2 2 2
(2k2+3)2+§=m:>(2k +3) =729= k" =... ddMm1

:_

k=23 Al

(6 marks)

K 2
L 12 . S
B1: States or implies VVolume = T % dx o.e. including limits and 7.
1| (2x"+3)

NA
You can condone a missing dx and the limits the wrong way around.

You may not see the limits until the integration has been attempted which is fine.
2

X g
M1: Attempts % dx to achieve A(2x*+3) " oe.
(2x"+3)

With substitution of u =2x?+3 look for Au

12./x - _
Al: Correct integration of % dx to —18(2x" +3) * or —18u”"which may be left
(2x"+3)
unsimplified.
Note that this can be scored with or without the 7 and may even have an incorrect
coefficient of 27

M1: Uses the limits (subtracts either way around) within their attempted integration of y>NOT y

and sets equal to %n . Condone poor attempts at integrating the y° here.

Note that if they change limits to u where u = 2x* +3 look for limits of 2k*+3 and 4
ddM1: Dependent upon both previous M's. It is for proceeding to

either (2k>+3)"" = B where B > 0 leading to a value for k* or k

or setting up a quadratic equation in k* leading to a value for k> or k
FYI

k*+3k*-180=0= [kz —12)@8 +15j —0=k*=12

AlL: k=2,[3 or exact equivalent such as /12 Condone if k=+2,/30.e.
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Conclusion: So if »’ is even then n must be even
Note that BO M1 A1 Al is possible
Question
Number Scheme Marks
2 B
4 orTorE Bl
42
! _1
21 5x) 2
(4—5X) —E(I—TJ
(23
- 2 4 21 4
1 5 75 5
=t xt—— Al
2 16" 256" *
“)
24k 15 75 5
(2_3x)3—(2+kx)(2+16x+256x +)
10 k£ 3 13
b i =..Eg —+—=— =—— M1 Al
(b) Compares x terms leading to k Eg 16+2 10:>k 20
)
2 75 5 13 49
i =.Eg m=—+—x"-—"' =— M1 Al
(©) Compares x terms leading to m E.g. m T 28+ 16 20 = "=12g
(¥))
(8 marks)
71
Alt (2) 4 or— | B
2
_L 3 —lx—— 3 P
2 27 2 2 MI1Al
(4-5x) =4 +(——)4 (-5x)+ =4 (-5x)
1 5 75 o
-4 - Al
2 16" 256" T
“)
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(@
1
B1: For taking out a factor of 4 2 or%

1
For a direct expansion look for 4 2+.... or equivalent.
1
M1: For the form of the binomial expansion (1+ax) 2 where a #1 or =5

To score M1 it is sufficient to see either term two or term three. Allow a slip on the sign.

33

p— x _—

So allow for either (—%J(iax) or %(iax)2
1

—_ X — 5

3
T2 2 2
In the alternative version look for (— %)4 ’ (—Sx) or %4 ’ (—Sx) condoning sign slips

1
Al: Any (unsimplified) but correct form of the binomial expansion for .[1 - %) 2

Ignore the factor preceding the bracket for this mark

4 2! 4
_— AT PN o T PO
In the alternative version look for (4—5x) =4 "+ (— EJ 4 (-5x)+ —5—=4 (-5x)
] 1 5 75 o . N
Al: cao > + 16x+ 256" + ... This must be simplified
2 3 2
(2+kx)(P+ Ox + Rx +) = 1+Ex+mx

(b)

M1: For a correct equation in k formed by comparing the x terms. It must lead to a value for £

Follow through on their expansion. So look for Pk+2Q = % = k =... Condone slips, i.e copying errors.

Condone Pkx+2Qx = %x as long as it leads to a value for &

13

Ck=——
Al 20

(©)

M1: Correctly compares the x2 terms, following through on their expansion and their value for & leading to a
value for m . Condone slips, i.e copying errors.

Look for Qk+2R=m Condone Qloc2 +2Rx? = mx? as long as it leads to a value for m
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. 4 .
Al: m= % oe Condone sight of %xz as evidence for a correct value for m.

Question
Number Scheme Marks
3 Calculates the upper limit as 2In2 or In4 B1
2
'[ (e‘”* —2) dy = j (e* 4™ +4) dr=¢' 8" +4x M1 Al Al
05 "2In2"
Volume = 7T|:"Cx —8e ™" +4x "] =.. dM1
0
Volume = 87In2-57 Al
(6 marks)

B1: Calculates the upper limit as 2In2 or In4 only. Do not accept 1.386, % or anything else.

Recovery from 1(1)1—2 is allowed so if the candidate progresses to 87In2 -5z do not withhold this mark.

MI1: Attempts to square (eo‘sx - 2) with je’“dx — ¢ seen at least once. Ignore any factor of 1

This may be awarded when candidates fails to square ¢*** correctly

2
So for example j (eo's") — 4" +4dx —....+..e™™ is sufficient

Al: Two terms correct ¢* —8¢">* +4x Ignore any factor of &

Al: All three terms correct e* —8e"** +4x Ignore any factor of «

dM1: A full and complete method of finding the volume of the solid generated.

0.5x ’ . . In2
(e —2) dx with a being 2In2, In4, 1.38.. or ——

2

It is dependent upon the previous M so some correct integration must be seen as well as use of

both limits. There must be some evidence for the 0. Those terms cannot just "disappear” or be set to 0.
Al: cao 87In2-57 or -57+8xIn2 Condone 7r(81n2—5)

Look for an attempt to find ﬂj
0

(Note that a requirement of the question is to write in the form aln2+5)




< QUESTION

%‘;llenslté(:: Scheme Marks
6(a) 4y’ +3x=6ye ™"
dy
4y* +3x >8y—=+3 BI
Y Y dr
—2x -2x —2x dy
6ye™ > —12ye " +6e " — MI Al
dx
12ye ™ +3
8yd—y+3=—12ye‘2"+6e‘2"d—y:>d—y=y_f— oe M1 Al
dx dx dx 6e -8y
&)
b
®) Sets x=0 in 4y2+3x=6ye"2":>y=%oe Bl
dy 12ye™+3 (7
Substitutes (O,Ej in their 9 % = (—) Ml
2 dv  6e -8y -2
m __l;ﬁl": _"_"x_'_"é" dMl
VT T
—gx+i oee —£)c+i Al
SRS TR
“
(9 marks)
(a)
. . 2 . dy o dy
B1: Differentiates 4y~ +3x to obtain 8 ya + 3. Allow unsimplified forms such as 4x2 ya+ 3
MI1: Uses the product rule on 6ye " to obtain an expression of the form Aye™* + Be™* %

Al: Differentiates 6ye™" to obtain —12ye " +6e " %

M1: Collects two terms in % (one from attempting to differentiate 4)” and one from attempting to

-2x

differentiate 6y ™) and proceeds to make % the subject.

Cdy 12ye™ +3

dy 2e7x6y+3 dy 12y+3e™
6c> 8y Tt 8y dr 6-8yc"

or equivalent e.g. — =
d Bl 6t -8y dx 6-8yc"

" at the start and allow )’ for %

Al

You can ignore any spurious

(b)

. 6 .
B1: Uses x = 0 to obtain y =% oce.g. 1 (ignore any reference to y = 0)

ud_y_
dx

MI: Substitutes x = 0 and their y at x = 0 which has come from substituting x = 0 into the original equation into

dy 12ye™ +3
their ay = % to find a numerical value. Working is normally shown here but you may need to
e

check for evidence. Use of x =0 and y = 0 is MO.
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General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:

1. Factorisation

(x> +bx+¢) = (x+ p)(x +¢q), where|pg|=|d, leading to x = ...

(ax® + bx +¢) = (mx + p)(nx + q), where‘pq‘ = ‘c‘ and ‘mn‘ = ‘a ,leading to x = ...

2. Formula

Attempt to use the correct formula (with values for a, b and c).

3. Completing the square

b

2
Solving x* +bx+c¢=0: (Xizj tqtc=0, ¢#0, leading to x = ...

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1.(x" — x"™")
2. Integration

Power of at least one term increased by 1. (x" — x"*")

Use of a formula

Where a method involves using a formula that has been learnt, the advice given in recent
examiners’ reports is that the formula should be quoted first.

Normal marking procedure is as follows:

< QUESTION

Method mark for quoting a correct formula and attempting to use it, even if there are small

errors in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct

working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for,
or working with surds is clearly required, marks will normally be lost if the candidate resorts

to using rounded decimals.

N
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< QUESTION

Question

Number Scheme Marks
4-44
7 (a) Co-ordinates or position vector of a pointon/ =| 2-34
-3+54
4-41 9 -5-44
AX =| 2-32 |-| -3 |=| 5-34 MI
-3+54 2 -5+54
—4
Uses AX.|-3|=0= 20+167u—15+97»—25+257»=O:>7u=% dM1 Al
5
4-44
(i) Substitutes their Ainto | 2-31 |[=> X = (%,%,—l) dM1 A1l
-3+54
(ii) AX = —35—3i + %j— 3k
33) (19Y 2
Shortest distance = \/[—?J + (?j + (—3) =67 M1 Al
o ™
(b) Uses AX = XB or similar correct method Ml
point B has position vector —%i + % j—4k Al
2)
(9 marks)
4-44
AIZT(Qay Co-ordinates or position vector of a pointon/ =| 2-31
-3+54
4-44 9 —-5-44
AX =| 2-32 |-| -3 |=| 5-34 MI
—3+54 2 —5+54
Uses d =(=5—44) +(5-34) +(=5+54)" which is smallest when its
gradient =0 = —8(~5—44)—6(5-34)+10(-5+51)=0=> 4 =§ ML Al
(Note that this could be done by completing the square)
4-42
(1) Substitutes their Ainto | 2—-34 |=> X = (%,%,—1) dM1 Al
-3+54
3y . 2V 2V 2V
(ii) Shortest distance = (—5 -4 ng + [5 -3 xgj + (—5 +5 xg) =d =67 M1 Al
Y




< QUESTION

(a)
4-42 4-42 9 -5-44
M1: States or uses a general pointon / = | 2-3A4 | and attempt AX =| 2-34 |-| -3 |=| 5-32
-3+54 -3+54 2 -5+54

either way around with their general point. Condone slips
dM1: Uses a correct method to find a value for 4

This could be
-4
e via scalar products AX.| -3 |=0
5
e via differentiation using minimum distance of
(—5 - 4/1)2 + (5 -32 )2 + (—5 + 5/1)2 in this method condone slips on the
differentiation
2
Al: A==
5
®
dM1: Uses their A to find the coordinates (or position vector) of X This is dependent upon the previous M

12 4
Al: Finds coordinates for X = (?,g, —
(i)
M1: Uses a correct method to find distance AX or distance 4X ? using 4 and their X .
Award if a correct method is seen for two of the three coordinates

Usually look for an attempt at (—5 -4 )2 + (5 -31 )2 + (—5 + 5/1)2 with their 4.

Al1:4/67 Note that d = \/67 so d =67 is quite common. This is fine as d is the constant given in the question
(b)
M1: Uses a correct method to find B.

The method can be implied by two correct coordinates for their coordinates for X and 4.

Al: Correct position vector for B. —%i + ? j—4k . Condone use of coordinates

1) Condone use of position vector

B Note that it is possible (though

i » unlikely) to attempt this questions
r=[ ] N l[ ] via scalar product using C4 and CX.

cicx

(4-41,2-31,-3+5,{;L¥\ FYI |C—X|=@cosez m 22
' CX
Hence x:%:%

\\°A(9, -3,2)




< QUESTION

%‘:}:cnslté(;? Scheme Marks
8 lenxdx—lx3]nx— lx3><ldx M1
@ =3 3Y %
=lx3 lnx—lx3(+c) dM1 Al
3 9
()]
2.2 1 5,2 1 5 1
(b) xXIn“xde==x"Inx—| =x x2lnxx—dx M1
3 3 X
_1 3, 2 2 1 3 1 3
—3xlnx 3(3xlnx 9x] Alft
Volume = 7x” In’x dx = 7z x lx3 lnzx —E(lf 1nx—lx3j dM1
! 3 313 9 .
5 3
202 Al
77 "
C)]
(7 marks)

(a) Note that no marks are available for integrating incorrect functions

1
MI: Attempts to integrate by parts the correct way around. Look for Ixz Inxdx=..x Inx— I...x3 X - dx oe

dM1: And then integrates again to a form px3 Inx-— qx3 where p and ¢ are positive constants.

1 ; | I .
Al: =x"Inx—=x"+c¢  Condone a missing + c.

3 9

3 4
1 1
Candidates who go on to write In x x % - §x3 =In % - §x3 o.e. withhold this final Al
(b)

2 1
MI: Integrates J‘ x" Inx dx by parts, the correct way around to reach a form ...x" In" x — I x' xInx X< dx
You may see a 7z or 27 in front of this expression which is fine.

1 2 2 .
Alft: Achieves I x* In’x dx =§x3 In"x -3 their answer to (a).

1 3. 2 2 .
Accept I zx’ In’x dx = §ﬂx In x —gx 7 x their answer to (@) or other incorrect factors such as

I 27x° In’x dx = %mf In’x —éx 7 x their answer to (a)

. 1 3, 2 2(1 3 1 3
FYI The correct answer is gx In x —g(gx lnx—gx j

dM1: Applies the limits 1 and e to a function of the form 7z x |:0(x3 lnzx - ﬂx3 Inx=+ ;(xs}
1

and subtracts where «, 3, ¥ are positive constants. The 77 must now be seen.
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< QUESTION

M1:

Al:

dM1:

Question Scheme Marks
Number
9(a) " 20 1\?
Volume =144;zJ 22X—+3 dxoreg. « 12(22)(—+3j2 X Bl
o X“+3x+5 X°+3x+5
0
2 20
1447r[ln(x +3x+5)]0 M1
=1447(In465—In5) =1447 In 93 (units®) dM1A1
(4)
(@)
B1l:  Correct integral for the volume of R which may be simplified or unsimplified.

The 144 (or 12?) and the 7 and the limits 0 and 20 must be present or implied by subsequent
work. Condone the omission of “dx”.

20
2 ><144J ﬂ dx scores BO

o X2 +3x+5

Integrates 22X—+3 to obtain ...In(x* +3x+5)
X“+3X+5
Condone missing brackets e.g. ...InX* +3x+5
2X+3

20
x> +3x+5 0

Condone poor notation e.g. 144”,[ dx = Il4472'|:|ﬂ (x2 +3x+5)] dx

This may be implied by substitution e.g. u = x*+3x :>J22X—+3dx =..In(u+5)
X°+3x+5

oru :x2+3x+5:>jzzx—+3dx:...lnu
X~ +3X+5

Substitutes 20 and 0 into their expression of the form ... In (x2 +3X+ 5), subtracts either way

round and proceeds to find an exact expression for the volume e.g. 1447r(ln 465—1In 5)
If they use substitution, the limits must be correct for their substitution e.g.
U=x*+3x=u=0, 460 ore.g. u=x"+3x+5=u=5, 465

Do not allow e.g. 1447 (In465—0) i.e. no evidence of the use of the lower limit.

Depends on the previous mark.
14471n93 (condone lack of units)

Note if 7 is missing throughout in (a), a maximum of BOM1dMZ1AGQ is possible.

Example working if a substitution is used e.g.

465
5

u:x2+3x+5:>3_uzzx+3:>1447[ 2x+3 dx

=1447[Inu]
X u 2x+3

1447 (In465—In5)=14471n93

X2
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< QUESTION

(b) 1447r[|n(x +3x+5)] =3607

:>1447r(ln465—ln(p +3p+5))=3607r
ore.g.
Lot p=20-a: 144z[In(xt+3x+5)] =360z

20-a
= 1447 (In465-In((20-a)’ +3(20~a)+5)) - 3607
ore.g. M1
20-a
447 [In(x*+3x+5) ] =1447In93-3607

:>1447r(|n ((20-a)*+3(20-a)+5)~In 5) ~14471n93-3607
ore.g.
1447[ In(x +3x+5) || =14471n93-3607

:>1447z(ln(p +3p+5 —|n5) 1447 1n93—3607

5 465 > 465
—=In| —— |=>e?2=
2 p’ +3p+5 p’ +3p+5

5
= p°+3p+5-465e 2=0=>p=...

ore.g.
In a’—43a+465 _ 1447In93-3607
5 144~
2 144In93-360 144In93-360 dm1
_a —43:+465=e( ) L garaessd M) —0sac.
ore.g.
In p2+3p+5 _ 14471n93-3607
5 144
2 144In93-360 144In93-360
3%: ( 144 J:>p2+3p+5—5e( 144 )=0: p=..
a=awrt 15.5 Al
3)
(7 marks)

(b)

M1: Sets an expression of the form ...[In (x2 +3x+5ﬂ20 equal to 3607 and substitutes in the limits
P

20 and p (or any other letter — condone a) and subtracts either way round.
20-a
Alternatively sets an expression of the form ...[In(x2 +3x+5)]O ore.g. ...[In (x? +3x+5)]§

(or any other letter — condone a) equal to 360 — their answer to part (a) and substitutes in the

limits 20 —a and 0 or e.g. 0 and p and subtracts either way round.
For this mark, their method, if executed correctly would either lead directly to the value of a or
would enable a to be found by e.g. a = 20 — their value.
dM1: Depends on the previous mark.
Removes Ins, rearranges to form a three term quadratic and attempts to solve, proceeding to
a value for p. In the alternative method this mark is scored for proceeding to find a value for




< QUESTION

a. The usual rules apply for solving their 3TQ although this is most likely to be done on a
calculator so you may need to check.
Al: caoawrt 15.5 with or without units
Note that if they find “p” first then then need to find 20 — “p” to obtain the correct value of a.
For reference, “p” =4.45143.....
Examples in (b) that score no marks:

1447z[ln (x2 +3X+ 5)}: =3607
p?+3p+5

144z [Inu]; " =3607
(Having substituted u = x* +3x+5 in (a))

Example of correct working if a substitution is used e.g. U= x> +3x+5

465

Let p=20-a: 1447r[lnu]p2+3p+5 =360z
5 465 2 465
=—=In — =€ e e e— etc.
2 p°+3p+5 p +3p+5
ore.g.
(2027432005 _ 144710933607

5

1447 [Inu]

= 1447(In((20-a)’ +3(20~a)+5)~In5) 1447 In93-3607 etc.

For reference:

3607

"14471n93"-3607z

A
V.
A
v

4.45... 15.5...

.\\\'{.
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< QUESTION

Question 10

Note that there are many different ways to answer this question.
General Guidance:

B1:  For setting up the correct contradiction.
It must include a word/words such as “assume” or “let” or “if” and p®> —4q+2=0
As a minimum accept just “assume/let/if p>—4q+2=0"
M1: Attempts to make p? the subject.
Al: Makes a correct deduction following correct work.
dM1: Continues the argument/algebra that will lead to a contradiction.
Al: For afully correct proof.
Requires
o all previous marks scored
e no incorrect assumptions/statements
o correct calculations/algebra
e areason: e.g. 2q—2k* =1 is not true

e E.g.hence p?—4q+2#0, hence proven, QED, etc. but not just “contradiction”




< QUESTION

; (@) 2
@ V=(ﬂ)j (1(4—x)e"] dx M1
o \4
j-(f(x))z dx=%j(4—x)2e2"dx =... M1
4
y=" (x2—8x+16)e2"dx Al
16
3)
n " 2x 2x
(b) =( z ]((x —8x+16) j(Zx—S)xe dx] M1
16 2 Al
7Z' 2x er e2x
= [x —8x+16 {(2x—8) —J‘Zx de
16 4 4
2x 2x 2x dMl
=( z ) (Jc2—8x+16)e —(2x—8)e—+e
16 2 4 4

Depends on the first method mark.

" " 2x 2x 2x 4 " " 8
V= % {(x2—8x+16)e2 —(2x—8)=—+5 } =z (0+0+e——5—§—1]

4 4] 16 4 2 4 4 ddaM1
Depends on both previous method marks.
=%(e8—41) (cm®) Al
(5)
" n 2x
®) | | -2 S | (4-x) e e M1
Way 2 16 Al
" " 2x
=(£ (4—x)' S +l(4—x)ez"+ Lo g
16 2 2 2
" " 2x dM1
=( z ) (4= e L gy e Lo
16 2 2 4

Depends on the first method mark.

4
3 "i" B N er l 1 3 l 8_ 1
_( c ){(4 x) 5 +2(4 x)e™ +4e 1)—[ T j(4 8-2 4] dam1

Depends on both previous method marks.

=6l4(e8—41) (cm?) Al




< QUESTION

3(a) y2x+3y =4x* +k
2 dy dy
WX y—\+...)or3 3—
VX — xydx(+ ) y— ™ M1
yzx—>2xyﬂ+ y? Al
dx
...+3y=4x2+k—>...+33—y=8x Al
X
2xyd—y+y2+3d—y=8x:>d—y=... dm1
dx dx dx
dy 8x-y?
—=——" 08 Al
dx 2xy+3
(%)
(b) Y ggx-a-0=x=.. M1
dx
21
p= > Al
k=22x%+3x2—4x%=... M1
k=7 Al
(4)
Alt (b) (p,2) onC = 4p+6=4p*’+k=4p*-4p+k—-6=0
1\ M1
:>4(p—§) -1+k-6=0 or b’ —4ac=16-16(k—6)
(Min, single solution) = p=% or 16-16(k—-6)=0=k=7 Al
1 1Y ,
=k=7-4 57 or 4p°—-4p+7-6=0=p=.. M1
The other of p =% and k=7 Al
4)
(9 marks)
Notes:
(@)
M1: Some evidence of an attempt at implicit differentiation. Look for one of the terms being

differentiated with either the Sg—y or a term with kxyg—y or y> > ky% as part of a product rule
X X

seen appropriately.
Al: y*x differentiated correctly

£
209



< QUESTION

Question
Number Scheme Marks
7 _
@ 31 _ g, o o T M1
X+2 X+2 X+2
3x-1 7
= 3—
X+2 X+2 Al
)
(b) :
V=(ﬂ)H3_Lj dx=. M1
X+2
—(r) || 9-22 s % lax=..—d2in(x+2)+
JU7 x+2 (x42)
or M1
[ 42 49 49
:(;z) - s |OX =+ ——
. X+2 (x+2) X+2
—(r)||9-22 sl a2in(x+2)+..
J X+2 (x+2)
and dm1
=(7) 9—4—2+ 49 - dx:...+...—4—9
. X+2 (x+2) X+2
=(7) 9—£+i2 dx=9x—42|n(x+2)—£ Al
R X+2 (x+2) X+2
— 4
V =(x) 9x—42|n(x+2)—£} =(n){36—42|n6—£—(9—42In3—£j} M1
L X+2 ] 6 3
=7z(g—42ln2J Al
6
(6)
Total 8
(a)
M1: Obtains either A=30r B=-7
Al:  3- é Just stating the values of A and B is insufficient but you may award this mark if it
is seen in (b). Allow 34— and 34——"—
' X+ 2 X+2
(b) Condone transcription errors for the method marks e.g. n —...In(x-2) provided
+
no incorrect method is seen. Condone invisible brackets for the M marks
M1:  Uses their result from part (a) and applies the volume formula (with or without the z and
condone 2z ) and attempts to square the bracket. Condone if they just square the two terms
in the brackets or if their squaring is poor.
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dM1:

Al:

M1:
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Integrates to obtain the correct form for one of the fractional terms i.e. _2 —..In(x+2)
X+

or ———— — ——. This can be scored even if they have not squared any terms originally
(x+2) X+2

if they have one of these terms of the required form. Condone invisible brackets for Inx+2

Integrates to obtain the correct form for both fractional terms i.e. —2 —...In(x+2) and
X+

———— — ——. Itis dependent on the previous method mark. Condone invisible brackets
(x+2) X+2

for Inx+2

9x—42|n(x+2)—4—92 0.e. May be implied by further work.
X+

Applies the limits 1 and 4 to an expression of the form Ax+BIn(x+2)+C(x+2)" where
A, B,C,n =0 and subtracts the correct way round. The expression with values embedded is
sufficient. Condone slips and invisible brackets.

(2—11—42In2j
6

Correct expression in the required form. The fraction does not need to be in simplest
form.

Alternative methods (including not using part (a)) requiring use of a substitutione.g. u = x+2

7 . .
oreg. u= TR Watch out for these longer methods which can still score full marks.
X+

M1:

M1:

dM1:

Al:
M1:

Al:

If using u-x+2then(;ﬂJr 3= 1 dx= (7 )J9—4—2 4—gdu (They will need to divide

PX+

their numerator by the denominator to achieve « +

5 ). Condone slips.

If using u _% then (= )j4—2—§ —7du Condone slips.

As above in the main scheme notes for one of the fractional termsi.e. =2 — ...Inu or
u

=,

u u

Integrates to obtain the correct form for both fractional terms

9u—42|nu—4—9 if using u=x+2 or 42Inu+§—7u if using U:L
u u X+2

Applies the limits 1 and 4 to an expression of the required form (see above in main scheme

notes) if the expression is converted back to being in terms of x

or applies the limits 3 and 6 if in terms of u if using u=x+2

or e T if using u = !
936 U2

As above in main scheme notes.

N
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< QUESTION

Question Scheme Marks
Number
9(a
@ _t _A B (2x-1)+Bx=A=..or B=... M1
x(2x-1) x 2x-1
1 2 1
x(2x-1) 2x-1 x Al
)
b
(b) %=ih(2h 1 cos : iCOS(L)dT M1
dt 50 h(2h 1) 50 \10
1 - (L——jdh—ln(zh—l)—lnh M1
h(2h—1) 2h-1 h
(L—ljdhz icos( jdt:ln(Zh 1)—Inh——sm[ ] (+c) Alft
2h—-1 h 50 10
eg. t=0,h=25= In(2x25-1)-In2.5=c or
— 1sin L Ml
e.g. In 2h = 1=1:s|n( t j+c:M=Xe5 [1"] t=0,h=25=X =16
h 5 10 h
1 t
|n(2h—1)—|nh=lsin( t j+ln1 6 2171y 6ol
5 10 h M1
1sin[Lj
=2h-1.6he® " =1=h=..
B 5
YR o) Al
10-8e® ‘1
(6)
(C) . ( t ) t T 5z 9rx
sin| — =1l —=—, —, —,.=>t=.. M1
10 0 2 2 2
t =457 =141 (s) Al
)
Total 10
(a)
M1: Correct attempt at partial fractions. Sets _t A+ and uses a correct method to
x(2x-1) x 2x-1
identify at least one constant. Incorrect work e.g. §+ 2xB 1 =1=Ax+B(2x-1) etc. is MO.
Al: Correct partial fractions. Note that this mark is not just for the correct constants, it is for the
correct written fractions but allow this mark to be scored if it is seen in part (b) (in terms of h
or X).
2 -1 H -1 -1
Condone ™ +7 or written as e.g. 2(2x—-1)~ —x
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(b) Note that they may work in x throughout, but the final answer must be h=...

M1: Attempts to separate the variables. Do not be concerned by slips with the constants so look

h(2h-1)
or may be implied by their integrated expression.

ML For J.(—A+i) dh=aInh+ BIn(2h-1)

- 1 o . .
for as a minimum j—: jcos(...t) 0.e. May omit an integral sign on one of the sides

h 2h-1

n AII n B n

or e.g. ﬂJ‘(T + m} dh=alnh+ BIn(2h-1) (if they attempt some rearranging first)
Condone invisible brackets.

ALft: Fully correct equation following through their A and B. The “+c” is not required here.

(§+L)dh: icos[ijdt: A|nh+E|n(2h—1):lsin(ij (+¢) 0.€.
h ' 2h—1 50 °\ 10 2 5>\ 10

Condone invisible brackets.

M1: Statesorusest =0, h=2.5 followed by c=... is sufficient for M1. You do not need to check
their substitution/rearrangement but if there is just a value for the constant then you may need
to check they used t = 0, h = 2.5. May be implied by e.g. In8—1In5, In1.6, awrt 0.47
following correct integration. Note that they may have removed Ins first.

M1: To score this mark they must have integrated and achieved an expression of the form

+pinhtqgln(2h-1) =£rsin (;—0] +C 0.e.

Rearranges using correct algebra to make h the subject including when combining logs and
when dealing with the constant. May occur before finding their constant but there must have
been a constant.
Expect to see terms in h collected on one side as part of their manipulation rather than
proceeding to the given answer once they have established the value of k. Alternatively, they
may cancel e.g. % - 2—% and rearrange to make h the subject using correct algebra.
Do not condone sign slips for this mark.

Al: Correct expression (including h=...) in the required form. Requires

e Correct integration
e Correct algebra
Do not penalise brackets recovered in their work or working in x rather than h until the final
answer.
(c) Note that an answer with no working seen scores MOAOQ

M1: Solves sin(%} =1 to find a value for t. Do not allow this mark to be implied by

e.g. 5z, 257z, 457 but allow for e.g. L _Z_t-. Mustbe working in radians.
10 2

Note that attempts that do not use part (b) and just use the differential equation proceeding to
cos(%) =0 score MOAO. (Note if their k is negative condone if they solve sin (%) =-1)

Al: awrt 141 (but do not allow just 457) Units not required.

N
RA
213



MARK SCHEME - IAL P4 (WMA14) - October 2024 - Q10

P4.5c Areas & volumes of revolution < QUESTION

QNL:Jerng? Scheme Marks
10(2) X _6t oe. B1
dt
Area= Isintsinththt =]Jsint><25intcost><6tdt M1
:1ZIZtsin2tcostdt Al
0
3)
(b) t L7 21
=(12)[—sm3t} —(12)| Zsin®tdt M1
3 . , 3
S (2 [:
=(12)[£sin3tT—(Ej sint(1—cos’t)dt M1
3 0 3 0
=3 4 3 E
=| 4tsin t+4cost—§cos t Al
0
4
—o2x—|la_Z
. ( 3j M1
8
=272
V4 3 Al
)
Total 8

(@ On EPEN this is MIM1AL1 but we are marking this as BLM1A1

It is acceptable to work in a different variable such as @ instead of t provided the final

answer is in terms of t but withhold the final mark if there is a mixture of variables in the
same line  of working.
B1: % =6t seen or implied.

6tsintsin 2t implies B1 but 6tsin®tcost does not imply B1.
M1: Uses sin2t =2sintcost within the expression for y i.e. y =sintsin 2t = 2sin®tcost or may

be seen in their integral. May be implied by e.g. f ptsintsin 2t (dt) — IZ ptsintcost (dt)

Condone the omission of t. i.e. y =2sin®cos
Al: Correct integral including dt with k = 12 with at least one intermediate stage of working

(which may only be e.g. % =6t ) The integral sign, dt, limits only need to be present in the

final answer. Ignore any attempts to verify the limits of 0 and %

Do not condone poor notation e.g.sint® or the absence of variables in the main body of the

solution.
12tsin®tcost with or without integration notation and with no other working implies

B1IM1AO0
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(b)

M1:

M1:

Al:

M1:

Al:

Condone working in mixed variables provided the intention is clear or they recover in further
work. Condone the absence of variables in trigonometric functions e.g. sin for sint or cos for
cost

Attempts integration by parts in the correct direction to achieve an expression of the form

.tsin’t i...jsin3t dt Condone the omission of their 12
Uses sin’t =sint(1-cost)to reach the integrable form ...tsin3tJ_r...jsint(l—cos2 t) dt o.e.
May be seen as ...tsin3tJ_r...'fsint—sintcoszt dt .

Alternatively uses compound angle formule to substitute sin®t =...sint+...sin3t to reach an
integrable form. ..tsin’t+...[(..sint+..sin3t)dt  (4tsin’t- [ (3sint—sin3t)dt)

In either approach it may be implied by their integrated expression. Condone the omission of
their 12

Fully correct integration of Itsinztcost dt

or alternatively 4tsin3t—I(3sint —sin3t)dt = 4tsin3t+3cost—%cos3t .

Condone any multiple and condone missing variables e.g. 4tsin3+4cos—%cos3

Applies the limits 0 and % to an expression of the form Atsin®t+ Bcost+C cos’t where
A,B,C #0 or in the alternative « cost+ fcos3t where a, 8 #0

. . 8 . .
Correct answer in the required form. 3 does not need to be in simplest form. isw once a

correct answer is seen.

Alternative substitution method using u =sint

M1:

M1:

Al:

M1:

Al:

Attempts to use the substitution u =sint to proceed to (12)J‘u2 sin""udu and attempts
integration by parts in the correct direction to achieve an expression of the form

w1 u® . .
12)| —sin"u—= du | but condone coefficient slips.
( >[3 A j b

Condone the omission of their 12
Proceeds to an integrable form by using the substitution v =+/1—u?

e.g. (12) Lesintus 2 {(1-v?)av Condone the omission of their 12
3 3

3
Fully correct integration %u3 sin"u +%\/1—u2 —%(Jl—uz) (may not have reverted back to

being in terms of u). Condone any multiple and condone missing variables

3
Applies the limits 0 and 1 to an expression of the form Du®sinu+Ey1-u® + F (\/1—u2 )
where D, Eand F =0
Correct answer in the required form. % does not need to be in simplest form. isw once a

correct answer is seen.

N
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< QUESTION

Alt (b) — Integration by parts twice

M1: Attempts integration by parts in the correct direction to achieve an expression of the form
...tsin3ti..._[sin3t dt Condone the omission of their 12

M1: Proceeds to an integrable form by attempting integration by parts again achieving the form
.tsin®t+...costsin®t J_r....fsintcos2 tdt Condone the omission of their 12

Al: (12)(%sin3t+%costsin2 t +§cosst) 0.e. Condone any multiple and condone missing

variables
M1: Applies the limits 0 and % to an expression of the form ptsin®t+qsin®tcost +rcos’t

where p,qandr =0
Al: Asabove in main scheme notes




< QUESTION

9(a) , ’ B
2
Volume, V =”.[ y dx=r X ~dx B1
3 (1 x)(arctan(\/;)]
3
du 1 -2 M1
tanu =/x =>sec’u—==x ? oe
= sectup =3 Al
1
2xlx7
=V =(x) 2 - dx=(7r)J‘ﬁseczudu dm1
(arctan(\/;)j (1+x) u (1+tan u)
=z 2 mdu—Zﬂ ldu Al
u? seedy, u’
x=3=>u=arctan~/3 =2 z
3 1
1 jn =V =27Z'J- —2du Bl
X=>=u=arctan——=— z 4
3 J3 6
(6)
(b) 17
\Y =(27Z') —E M1
f
—(271’) S
7l3 7l6
3 dM1
1 1 1
or =2z)| —————1| =(27)| - —-
( ){ arctan \/x l (e) arctan\f3 | arctan | y
3 3
=27r{—§+éj=6 Al
T T
3
(9 marks)
INZ)
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B1: For a fully correct integral in x or u with 7, dx or du , correct limits and bracketing.
May be implied by a fully correct (simplified or un simplified) integral in u
May be seen at any stage in the working following correct work.
The limits must be correct for the variable they are working in. So for an integral in u the limits must

be in radians
3 3
1 1 2
X ? X4
Look for V =7 ~dx ORV =7 dx
(1 x)(arctan(\/;)j L VX arCta”(\/;)
3 3
. o 5 2
If the correct integral in x is not seen score for V=72 ——————sec’udu o.e.
z u2<l+tan2u)

M1: Attempts the differentiation of the given substitution achieving the correct form with suitable
placement for du and dx.
Examples;

1
o tanu=./x =sec’udu=ax ?dx
dx
e X=tan’u=—=...tanusec’u

du 1 -
e« u =arctan\/§:>—=—x...x 2
dx 1+x
Al: Correct differentiation, any form. Score when first seen, don’t penalise an incorrect rearrangement.

Examples

1
. tanu:\/;:>seczudU=%x 2 dx

X
. x:tanzu:d—:ZtanuseCZU
du
du 1 1

e U=arctanx=>-—=—"—"x=x2
dx 1+x 2

dM1: Makes a complete substitution for x into Jyz dx.

No need for the = or limits for this mark. It is dependent upon the previous M

Look for the form'[ sec’ u(du) (which may be un-simplified) where k =1or 2

u* (1+ tan’ u)
Condone a missing du. It can be implied if the substitution for dx has been attempted.
Condone missing brackets if the intention is clear.
Al: Correct simplified integral in terms of u including the z from correct working.
Allow recovery from missing brackets. No need for limits for this mark.
Condone a missing du. It can be implied if the substitution for dx has been attempted
B1: Correct limits for the integral found. Allow where seen, even in part (b) and even if not attached to
the integral. Must be in radians

N
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< QUESTION

(b)

M1: Carries out the integration.
. . . 1 a
The z etc may be missing or incorrect for this mark. Accept " - ia

dM1: Substitutes appropriate limits into their integral and subtracts either way round.
If the integral is in terms of u the limits must be in radians, not degrees.

If in terms of x they should be using arctan /3 and arctan %

Al: cso. Cannot be scored if k is guessed or found incorrectly

£
219



MARK SCHEME - IAL P4 (WMA14) - January 2021 - Q9 P4.5¢c Areas & volumes of revolution < QUESTION
Nomber Scheme Morks
9
@) tanG:ﬁjk:%(or 60°) (Allow x:\/§:>¢9:§(or 60°)) Bl
V= (ﬂ)jyzdx = (ﬁ)j(Z sin 219)2 sec’0dO oe MI1Al
4(7[)J.sin2 20sec’ 0 d0:4(7z)j4sin20 Hx/oa;g de dM1
:16(ﬂ)Jsin29d9 oce.g. 16(7[)"‘(1—cos2 0) do Al
sinzé’:#:l“ﬁ)“‘sinze d«9:16(ﬂ)J’# d6 dM1
3
Volume = 87(1—cos26)do Al Cso
0
7
® in20
j(l—cosZﬁ)d&—)H—sm Bl
3 . - 8 ,
Volume = I 87(1—cos26)do = [87[6’ —47rsin 20]3 = 57[ —2\3x MI1 Al
0
3)
(10 marks)
(@)

B1: States or uses tan @ = \/g =k =% (Allow 60° here). May be implied by their integral.

Allow if seen anywhere in the question either stated or used as their upper limit.

MI1: Attempts volume = (Aﬁ)jyzdx = (AH)I(Z sin 29)2 sec” @ d@ with or without 77 or “d6”.

Condone bracketing errors

Al: For a volume of (A7Z)J-(2 sin 26)2 sec’ @ d@ with or without 77 or “d#”. The brackets must be

present but may be implied by subsequent work.

dM1: Uses sin 28 = 2sin @ cos @ and proceeds to Volume = BJ. sin® @ d@ with or without “d9”. (No requirement for

limits yet). Note that if (2 sin 29)2 becomes 2sin’ @ cos” & with no evidence of a correct identity then score dMO

Depends on the first M.

Al: Volume = (A7z)J‘16sin2 0 df oeeg. (Aﬂ')jl6(1 —cos’ 6’) dé with or without 7 or “d6”. (No requirement for

limits yet)

dM1: Attempts to use sin’ @ =

1—cos26 1+ cos26
—————orc =

0s> @

&
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and obtains Volume = J(P +Qcos26) do



< QUESTION

Depends on the first M.

V4

3
Al: CSO J. 87 (1 —cos 29) d@. Fully correct integral with both limits and the “d#” but the 8 and/or the 7 can be
0

either side of the integral sign.

Note this alternative solution for part (a):

V= (Aﬂ')jy dx = (A?Z')I 2s1n2¢9 sec’0dO = (Arx )-“4s1n 26 df@ M1 Al as above
4sin’ 20
= (4 )J. 1
H 1+cos29
dM1: uses cos’ 0 = % in the denominator. Al: Correct integral

—cos? 1 20)(1- 20
_80am) [ 12605720 45 g gy [ (L1 C0320)(1—c0520)
1+cos 26 1+cos26

dM1: Uses sin’ 26 = 1—cos” 20 and the difference of 2 squares in the numerator and cancels

3
Volume = J‘ 87(1-cos20)d® A1CSO
0

Note that a Cartesian approach in part (a) essentially follows the main scheme e.g.

V= (ﬁ)‘[yzdx = (A;z)JA(4xcos2 9)2 sec’0do = 4(A71')J‘4sin2 0 0 x ! dé etc.
cos? D

If in doubt whether such attempts deserve credit send to review.

(b)

sin 26

B1: States or uses J‘(l —Cos 20)d0 —>60-

3 T
M1: Volume = J‘ p(1-c0s20)d6 =[ pf+ kpsin 20]; and uses the limit % (not 60°).
0

(The limit of 0 may not be seen)

Al: %7[2—2\/571' oee.g. 87{%—£]§ 2\/—77, (4 _3\/_) 6\/_”

4




< QUESTION

Question
Number Scheme Marks
. dx . .
6 (a)(i) | AreaR= yadtz 4sint x —4sin 2t dt M1 Al
=—J- 32sin2tcostdt dM1
0 2 % 2
x=0:t=£ and y=0=1=0= Area =—I 32sin tcostdt:J. 32sin tcostdr * Al*
4 z 0
C)]
G
(ii) Area=|:25in3t} _32 22 _8V2 Ml Al
3 N 3 8 3
)
.2 X y :
(b) Attempts to use cos2t =1-2sin t:>§=1—2 T MIA1
y=~8-4x Al
3
(©) Rangeis 0<f <4 Bl
@
(10 marks)
£%A
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(a)(@)

. dx . . o
M1: Attempts to multiply y by Eto achieve an integrand of the form +k sin¢sin 2¢

Look for area R =I y% (dr)= j (4)sinsx+ksin2s (dr) but condone a missing 4 or dr

Al: Correct integrand. Achieves area R = y% (dr)= J‘ 4sintx—4sin 2z (dt)

Condone a missing df and do not be concerned by the limits. Allow unsimplified.
dM1: Substitutes sin2¢ =2sin#cost — seen or implied = J_rj Asin’ tcost dr

Dependent upon previous M. Condone a missing dz and do not be concerned by the limits.

2 0 z
4
Al1*: Achieves area {=J y dx] =—J-” 32sin’ rcost dr —>j 32sin’ fcost dt
0 4 0

4

This is a given answer so you must see
e evidence of the df in at least one line other than the given answer

e correct application of the limits as seen above with as a minimum ~

5
,--dmj i
4 0

(a)(ii)

M1: Integrates to a form [A sin’ t} with some attempt to apply the limit(s)

You may see a substitution u =sinz which is fine. Just look for 4u’ with some attempt to apply the

adapted limits

Al: Correct answer % o.e. following correct algebraic integration.

Cannot be scored without the M mark.
(b)
M1: Attempts to use a double angle formula of the form cos2¢t=+142 sin’ ¢ with the parametric equations to

get a Cartesian equation.
If the parametric equations are substituted into the given form of the answer y =+/ax+b , marks are

only scored when the double angle formula is used

2
Al: Any correct un-simplified equation% =1- 2(%}

On the alternative method, this A mark is scored when the candidate writes down
a+2b=0.-4b=16=a=...,b=...

Al:  y=+8-4x or y=+/-4x+8 ONLY

()
Bl: Rangeis 0<f <4

Allow other acceptable forms suchas 0<y <4, 0< f(x) <4and [0,4]

Examples of unacceptable forms are 0 < x <4, [0,4)
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4@ Area of one face =lx><x><sin 60° =lx2£ oe M1
2 2 2
So surface area of icosahedron is 20><§x2 =53x% * Al*
2)
() dd _ a_15 2
dx_10\/§x and dx—12(3+J§)x M1
dr dv dx dVv d4
L EE L (0o M1
d4 dx d4 dx dx
2
=15(3+\/§)x =(3+\/§)x* AL*
12x104/3x 83
3)
© o025 Bl
dr
dv dv a4 (3+J§)x
D NN Sunialpit x0.025 =
dt d4 dre 83 M
drv 2(3+\/§)
When x =2, =———2%x0.025=
83
awrt 0.019 (cm’s™) Al
3)
(8 marks)
Notes:

(@)

M1: Any correct method to establish a surd form for the area of one face. Must evaluate trigonometric terms.

. 1 , (1Y 1 [3,
Alternatives include e.g. —xxx,[x*—| =x | =—x,[=x
2 2 2 V4

A1*: Correct result achieved after showing side area of one face.
Examples:

3

Area of one face =%x><x><sin 60° =%x2\/§ = S4A= 20><Tx2 =5\/§x2 scores M1 Al

SA=20x (% X X X xsin 60} = 5+/3x* scores M1 A0 for lack of working

(b)
d4 drv
M1: Attempts derivatives of both 4 and V' wrt x. E.g. (a =j ax and (a =J ﬁxz .

545

Note that %(3 + \/g ) x’ is sometimes expanded first as e.g. %x3 + FX3 and allow this mark

if either term is differentiated to Bx”

M1: Applies the correct chain rule with their derivatives. (Condone poor notation — see below)

£
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Question Scheme Marks
6(2) 5-1 4
AB=|3-—-4|=| 7 |=4i+7j-5k M1
-2-3) (-5
eg. r=i—4j+3k+A4i+7j-5k) or r=5i+3j—2k+A(4i+7j-5k) M1A1
3)
(b) 3-1 2
AC=| p——4|=| p+4|=2i+(p+4)j—4k M1
-1-3 -4
2 4
p+4 7 |=8+7p+28+20=0=>p=-8 M1A1l
-4 )| -5
3)
(©)
| AB|= /4 + 72 +(-5)* =90 or | AC|=+/2% +(-4)* +(-4)* =6 M1
Area %x"\/%"x"@':gx/ﬁ dM1A1
3)
(9 marks)
Notes

Accept either vector form throughout but extra i, j k in column vectors will lose A mark in (a).
(a) This is now being marked MMA

M1: Attempts to find AB. Score for subtracting either way round. Implied by 2 out of 3 correct coordinates.

M1: Attempts equation for the line, score for OA+ Ax their AB or OB+ Ax their AB No need for r = for
this mark.

Al: Any correct equation. Mustbe r=... (I =.. is AQ)

(b)

M1: Attempts to find AC . Score for subtracting either way round. Implied by 2 out of 3 correct coordinates.

M1: Takes scalar product of their AB and their AC to form and solve a linear equation in p

Al: p=-8

(© - o

M1: Attempts to find the magnitude of either their AB or their AC using their p

dM1: Attempts to find the exact area of the triangle ABC. It is dependent on the previous method mark. There

most common method will be %‘E‘ ‘E‘ as in scheme but other methods are possible. E.g.
BABC

‘BA‘ ‘ BC‘

A= %‘ﬁ‘ ‘ﬁ‘ sin ZABC . Such a method must be complete, including use of

Pythagorean identity to find sin ZABC . Other more advanced methods (such as cross products) are also
possible. If you see something you feel is worthy of some credit but does not fit the scheme, send to Review.

Al: 9410
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< QUESTION

Question Scheme Marks
7
(@) %:COSI+GCOStSint %:Scost—Zsint B1B1
Q:ﬂxgz SCost—Zsm_t _ 3COS7Z‘—ZSIH-72' o MIAL*
dx dt dx cost+6costsint cosz+6coszsinz
(4)
(b) When t=7, x=-3, y=-2 B1
y_ll_2ll:3(x_ll_3") Ml
y=3x+7 Al
(©)]
(c) y =3x+7=> 3sint+2cost =3(sint—3cos’t) + 7 or
M1
y:3(x+3coszt)+2cost:3x+7:3x+90052t+2005t
=9cos’t+2cost—7=0 * Al*
2
() cost=g Bl
y:3XJ3_2+2XZ:4ﬁ+L M1A1
9 9 3 9
(©)]
(12 marks)
Notes
(@
B1: (%:] cost +6c¢ostsint or cost+3sin2t
t
B1: (d—yzj 3cost —2sint
dt
M1: Attempts dl:dlxg using their %and their &y and substitutes t =7 . (May substitute = before
dx dt dx dt dt
dividing.)

Al*: Achieves % =3 with full working shown and no errors.
X
(b)
B1l: x=-3, y=-2which may be seen within their working
M1: Attempts to find the equation of the tangent with gradient 3. If they use y =mx+c they must proceed as
faras c=...
Al: y=3x+7
(©)
M1: A full attempt to solve simultaneously the given parametric equations with their equation of the tangent
AL*: Achieves 9cost+2cost—7=0 with no errors

(d)

B1: cost:% seen or implied. Allow if seen in (c).

M1: Attempts to find the y coordinate Must attempt to evaluate trig terms. If no substitution/working shown,
then score for awrt 3.44 following a correct value for cos t

42 14
3

Al: —+ 5 or exact equivalent. Withhold if additional answers are given.
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Question Scheme Notes Marks
Number

6 2x 3dx_12v322x3dx
Way 1 e”* cos3x —ge sin x—g e**sin3xdx(+c)
. . ZX . ZV . MlAl
M1: For applying parts to obtain e sin3x+ f | ¢** sin3xdx(+c)
Al: Correct expression
2x 1 2x : 2 1 2x 2 2x
e cos3xdx:§e sm3x—§ —ge cos3x+§ e** cos3xdx (+¢)
M1
Applies parts again to Iez“ sin3xdx and obtains e cos3x ﬁ’jez" cos3xdx
2x 1 2x 2 2 2x 4 2x
e cos3xdx=—e"sin3x+—e"“cos3x—— | e cos3xdx(+c)
3 9 9 Al
Fully correct application of parts twice
4 ! 1, . 2
J-ez’r cos3xdx +§J.e2“ cos3xdx = Eez“ sin 3x+§e2x cos3x(+c)
13 2x 1 2x ¢ 2 2x 2x
:>3 e cos3xdx=§e sm3x+§e cos3x(+c) = | ¢* cos3xdx=... M1
Fully correct strategy for finding I e™* cos3xdx
3 2x : 2 2x
=—e " sin3x+—e " cos3x+k Cao Al
13 13
(6)
Way 2
y J.ez" cos3xdx:%ez“ cos3x+%JAez" sin3xdx(+c)
1 : 2x 2x - MIAI
M1: For applying parts to obtain ae™ cos3x+ S| e sin 3xdx(+c)
Al: Correct expression
2x 1 2x 3 1 2x : 3 2x
e cos3xdr=—e""cos3x+—<—e *sin3x—— | e~ cos3xdx (+c)
2 212 2
M1
Applies parts again to J‘e“ sin3xdx and obtains ae* sin3x + ,BJ‘ e cos3xdx
2x 1 2x 3 2x : 9 2x
e’ cos3xdx =—e* cos3x+=—e**sin3x—— | e’ cos3xdx(+c)
2 4 4 Al
Fully correct application of parts twice
1 .
JAeZ" cos3xdx +%Ie2x cos3xdx = Ee“ cos 3x+%e2x sin3x(+c)
13 2x 1 2x 3 2x 2 2x
:>? e cos3xdx=Ee cos3x+ze sin3x(+c) = | e* cos3xdx =... M1
Fully correct strategy for finding I e™* cos3xdx
3 2x 2 2 2x
=—e"sin3x+—e" cos3x+k Cao Al
13 13
Total 6

N
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Iglzf;l?:rn Scheme Notes Marks
7(a) dv av
g 300-kV = 00—V - de Correct separation of variables Bl
av 1 av
———=——In(300-kV ———=aIn(300-kV
'.-300—kV k n( ) j300—kV “ n( ) M1
—lln (300—kV)=t+c Correct 'equation including a constant of Al
integration
—lln(300—kV) =t+c= ln(300—kV) =—kt+d
k » M1
=300—kV =™
Correct processing to remove the “In”
kV =300-¢ " =V = %— Be™
300 Correct proof Al*
V="t e
3)
®) 300 300 Uses V=0 when ¢ =0 to find 4 in terms
V=0t=0=20=—+A4A=>A4=— M1
k k of k
V=ﬂ—@e”“ :>d—V=SOOe”“ d—V=ae’k’ M1
k k dt dt
2 Uses v _ 200 when ¢ = 10 and correct
300e% =200 = ¢ =S=k= aw oW Ml
processing to find k&
1.2 1.3
k=——In— Oeeg —In— Al
10 3 10 2
(C)
(b) . _ 300 _ 300 Uses V=0 when ¢ = 0 to find 4 in terms
Way 2 V=0,t=0=0= p +A=> A= p of k M1
a =200, =10=200=300—kV Uses _ 200 when =10 to find a
dt dr Ml
= kV =100 value for kV
=390 e = k1 =300 300 '
k Substitutes for kV, k4 and ¢t = 10 and
2 uses correct processing to find k& Ml
=100=300-300e " = e'* =3 =k=..
1.2 1.3
k=——In— Oeeg —In— Al
10 3 10 2
© 6000 = 3000 3000 it
Inl.5 Inl.5
s Correct strategy using V = 6000 to M1
=el" =1-2Inl5 reach ot = ...
= -%ml.s ~In(1-2In1.5)
t=41 Correct value Al
2
Total 11
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< QUESTION

%1?1%2? Scheme Notes Marks
8 Assume that there exist positive real
numbers x and y such Starts the proof by contradicting the Bl
9x +2ce6 given statement
y X
9x y 2, 2
—+=<6=>9x" +y < 6x
y x 7 7 Multiplies through by xy Ml
as x and y are both positive
2 2
=9+ —6xy <0 Reaches a correct contradictory Al
= (3x- y)2 <0 statement
As x and y are positive real numbers, this is
a contradiction and so
9—x+l< 6 must be incorrect and so
Yy x u Makes a suitable conclusion Al*
Ox
EARANYS
y X
()
Total 4




< QUESTION

%111::1%2? Scheme Notes Marks
9(a) 2 2 dx
V= dx = —dée
”I PEETY 40 Applies ¥ = 7 | 1» & do with
deo M1
e I (3sin 6 —sin 20)’ (=5sin 6)d @ or without the 7
) Applies sin 26 = 2sin fcos 0 M1
=7 | (3sin@—2sinHcosH) (—5sin6)do . .
Fully correct integral in terms of Al
sinf and cosé only (x not needed)
= 7z’jsin2 0(3—2cos 6’)2 (—5sin6)do
V= —SﬂI sin’ @(3—2cos 9)2 de Completes correctly with correct
limits and no incorrect statements
0 . Al*
_ 3 0(3-2 9)2 40 previously. The factor of 7 must
V==5z| sin’6(3-2cos be present throughout.
V= SEI sin® @(3—2cos 49)2 do*
0
“
(b) . du
u=cosd =V =5r|sin’0(3-2u )2 Snd Applies the substitution correctly | M1
0=0=u=1, O=r=u=—1 A'ttc.empts to change 6 limits to u M
limits
_ ) _ 2 _ 2 _ 2
V= 57rj-s1n 0(3-2u) du= SﬂJ.(l u )(3 2u) du Al
Correct integral in terms of u only
(l—uz)(3—2u)2 =(1—u2)(9—12u+4u2) Attempt to expand Ml
=9—12u—5u” +12u° —4u* Correct expansion Al
1
V= SnI (9-12u =50 +120° — 4u* ) du
-1
3 5! M1
=5r 9u—6u2—5L+3u4—4u =...
3 51,
Integrates and applies their # limits
196
=—7 Cao Al
()
Total 11
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Question Scheme Marks
Number

8(a) X=2 B1
1)
(b) (25,15) B1
1)
dy_ ¢ M1
dx ,_1
t2
dy 5 3
t=2=>—=—- = y-15=——(x-25 dM1
dx 3 y ( )
3x+5y =15* Al*
3
(d) | crosses x-axisatx =5 Bl
1 ox1s (5—2.5)(: En] M1
3 8
2
X 1 1
V=r|yidx=r yzd—dtzﬁ t—=1|1-5 |dt M1
dt t t
ﬂj[t2—2+t];j[1—tlzj dt:ﬁj(t2+§—é—3jdt:... M1
t* 3 1
— I3t
{3 3 } Al
3 2
€32 af o[22t o {1 alea) "
3t 3 X 3 2 24 3 3
V—Eﬂ+E7r——97t Cao Al
24 8
@)
Total 12
(a)
B1: Correct value. Just look for 2 and condone Q = 2
(b)

B1: Correct coordinates. Allow these to be given separately x=2.5, y=15

(©

M1: Attempts to differentiate both parameters and use —

dx dt dt

quotient rule

dy dy dx

to achieve

1
1+~

1+
t

or equivalent via

dM1: Usest = 2 in their j—y and uses the negative reciprocal gradient with their point P to form equation
X

of normal.lt is dependent upon the previous M

Al1*: Obtains the printed answer with no errors and sufficient working shown.

What is shown in the MS is sufficient

RA
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(d)

B1: Correct x intercept for I. This may appear on the x-axis on Figure 2.
It may be implied by the value appearing in the volume of the cone but not the volume under the
curve

M1: Fully correct method for the cone volume%ﬁx "1.5"("5"-"2.5") =
5
May be awarded for J‘ 7z(3—0.6x)2 dx =

25

7(3-06x)' |  7(3-0.6x25)
-1.8 - 1.8

Condone slips. If they expand (3—0.6x)2 look for a quadratic expression integrating to a cubic of the
correct form followed by use of the limits 5 and their 2.5

M1: Correct strategy for the volume generated by rotating the area under the curve

dx 2
Look for V = ﬁj ydx = ”I y? ot dt leading to ”J‘(t —ﬂ (1J_rtk2j dt, where k is a constant

. . 1 . .
Condone a sign slip on 3—: so allow (lir tZJ . The 7z may be added later in the solution.
The dt may be omitted

2
M1: Attempt to expand (t—i] (11:(2} and integrate term by term.

2
Look for (t—ij (11;) — polynomial in t containing positive and negative indices followed by

some correct integration for both positive and negative indices

2 3
Al: Correct integration of (t—ij (l—tlzj — %—%+§13—3t which does not need to be simplified

2
1 k
M1: Applies the t limits “1” and 2 to an attempt at the integral of (”)j[t_tj (thj at

The = does not need to be included.

Al: % 7 Or exact equivalent.

Part (c) using a calculator
Whilst it is possible to do the integration for the area under the curve using a calculator,
it will not score all of the marks.

21V 1 .
E.g. nI [t—tj (1—t2jdt=0.54167z
1

The marks in (c) available to such a candidate are:
B1(for x = 5),

M1 (for volume of cone),

M1 (Sight of correct integral),

MO (no expansion),

A0,

M1(sight of limits),

A0

N
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< QUESTION

See below for Cartesian approach for (c) and (d)

Y _,
dx

©

x=t+%, y=t—%:x2—y2 =4=2x-2y
or
1 dy L
y2=x2—4:>y=(x2—4)2:>d—=x(x2—4)2 M1
X
Attempts to differentiate a Cartesian equation of the form x2 — y? =k to obtain

. dy dy 1
either ax+ay—==0o0or 2L = 2_4\2
axray dx dx kx(x 4)

41 d 1
dy _x_ T _ 250 Vo525 -4)>
d« y .1 15

—~

:>y—1.5=—g(x—2.5) M1

Uses t =2 in their g—y and uses the negative reciprocal gradient with their point P.
X
If using explicit differentiation, must attempt x using t = 2 first
3x+5y=15*

Obtains the printed answer with no errors and sufficient working shown.

Al*

(©)

(d) | crosses x-axisat x =5 Bl

1 15
Zzx1.5%(5-25) ===
7x1.5%(5 5)[ ﬂj

Fully correct method for the cone volume

V:ﬂjyzdx:ﬂj(x2—4) dx

Correct strategy for the other volume M1

Condone for this V = 7Z'J. y2dx = ﬂI(XZ - k) dx

HI(X2—4) dX=7Z'|:X?3—4X:|

M1: Attempt to integrate I(xz - k) dx M1A1

Al: Correct integration of j (x2 —4) dx

3 25
7Z'|:X——4Xi|
3 2

Applies the limits “2” and their x from t = 2 to an attempted integral of M1

(ﬁ)I(XZ—k) dx

13 15 29

""" 12" Al
Cao

\Y,

@)




< QUESTION

Question
Number Scheme Marks
9(a) 4 |V
(V)=7Z"[ [cosx+—e") dx Bl
. 5
2
(cosx+le") =coszx+ze"cosx+iez" M1
5 5 5
_0082x+1, 2 s osxt e dM1
2
4
=7ZJ (l+0052x+zexcosx+ie2"jdx Al
o\ 2 2 5 25
)
(b) Way I Way Two
Je" cosx dx = +e* sinxi—je" sin x dx Je" cosx dx=¢" cosxi—jex sin x dx Ml
=e"sinx—fe"sinxdx =excosx+Jexsinxdx Al
Iex cosx dx=¢€e" cosx*e’ sinx—je" cosx dx
dM1
ZIe" cosx dx=e"cosx*te'sinx
1 .
Je"cosxdngex(cosx+s1nx)+(c) Al
)
(© 4
ﬂ'J [l+ 008 2x +ge" cosx+ie“jdx
o\ 2 2 5 25
=(7) lx+%+z(le" (sinx+cosx))+iez" 4
2 4 502 500, MIALft
2 2+%+2(le4 (sin(4)+c0s(4)))+ie8 1 dmi
4 5\2 50 50
—awrt 290 (cm?) Al
“)
(12 marks)

(2)

4 2
. . S 1
Bl: A correct expression for the volume including limits and dx E.g. ﬂj (cosx + gex] dx
0

The correct limits may be implied by subsequent work. It can be awarded from a correct final answer (as it
is not a given answer). Don’t be concerned by the non- appearance of a V. Condone it being termed ‘Area’

2
. 1 . x x
MI:  Attempts to multiply out (cos s ex) leading to cos” x+...e" cosx*...e’

dM1: Uses the identity cos2x =2 cos” x+1. Dependent upon previous M

(1 cos2x 2 1
Al:  Fully correct 7 | | =+ +Ze"cosx+—e™ |dx
2 5 25

0 2
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For this final mark
e condone either a missing dx or limits (but not both) if the candidate has already lost the B mark for
the same reason
e condone missing limits if they have already appeared within an expression for the volume
anywhere in part (a)

(b) Condone lack of dx’s throughout part (b).
If you see other methods that you feel deserve credit, and you cannot apply the scheme, then please send
to review.

MI1: Attempts integration by parts. Be generous unless they explicitly state the rule is .[vdu =uv+ ju dv

Score for Way One Iex cosx dx =+e*sinx + J-ex sinx dx
Or Way Two‘[ex cosx dx=¢e" cosxij.ex sinx dx

Al: Correct intermediate form
Score for Way One_[e" cosx dx =€ sinx — J.ex sin x dx

Or Way TWOIGX cosx dx=¢" cosx+.[ex sinx dx

dM1: Attempts integration by parts a second time. It is dependent upon having scored the previous M.
Score for J'e" cosx dx=e"cosxte” sinx—jex cosx dx

AND rearranges to 2[ e"cosx dx=e" cosx e sinx

Al:  CSO J.ex cosx dx = %ex (cosx+sinx)+c o.e. condone lack of +c and the dx

Withold this mark if there is incorrect or unexplained working within the proof

(c)

M1: Attempts to integrate their (a) condoning transcription errors on coefficients achieving

ax+ Bsin2x+ ;(("%ex (cosx +sin x)"j +8¢™ where a, f3, y and J are constants following through on their

attempted integration of e* cosx
They must have an attempted integration for part (b), which may be incorrect, which is then used in (c).

Alft: (ﬁ)(lx+ sin 2x +g(lex (cosx+sinx)J+Lezxj
5.2 50

2 4

Condone the absence of 7 and follow through their coefficients 4, B, C and D from (a). The integration
from part (c) must be correct.

4
So, look for L (A + Bcos2x + Ce” cosx + De™ )dx - (Ax+§sin2x+ C(%e* (cosx+sinx)j+§e”}

dM1: This requires
e the limits 4 and 0 must be substituted into an expression of the form
ax +bsin2x + ce* (cos X *sin x)+a’ezx either way around and subtracted. This may be implied by a
decimal answer which you may need to check.
e the answer to the above multiplied by 27 (An appreciation that the shape consists of two solids)

Al:  awrt 290 cm® (condone lack of units).
If they have correct integration, correct limits followed by awrt 290, the last two marks can be awarded.
Note that an answer of 460 is achieved when candidates are working in degrees and scores the method
mark but not the accuracy mark.

X2
RA
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< QUESTION

3 8x° —3y? +2xy =9
Either 3y2—>kyd—y or 2xy—>ay+,6’xﬂ M1
dx dx
2 dy dy
Both 3y° > ky—= and 2xy »> ay+ fXx— dMm1
dx dx
3 2 2 dy dy
8X* -3y +2xy =9 > 24x" -6y —+2y+2x—=0 Al
dx dx
dy dy dy 53
2,5):96-30—+10+4—==0=>—"T=..|=—
(2.5) dx+ i dx 2dx ( 13} M1
dy 53 ok 18 At
dx 13  dy 53
. w13,
Normal: y—5= 53 (X—Z) M1
13x+53y—291=0 Al
@)
(7 marks)
A
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. . . . d
M1: Differentiates one term in y to a correct form. Award for either —3y* — ikyd—i or

d . . . . . .
2Xy > ay+ ﬂx% Accept equivalents if they differentiate with respect to y instead.

dM1: Differentiates both y terms to a correct form

dy

Award for Both -3y° — J_rky& dy

and 2xy »> ay+ fx—
dx

Al: Fully correct differentiation. (o.e. if with respect to y). Allow y' for g—y
X

You may see 24x*dx—6y dy +2y dx+2xdy = 0which is fine.

jy +2y+ ZXZ—y =0 is AO unless the extra g—y =is subsequently omitted
X X

Note that ay =24x* -6y
dx
M1: For

. . ., d . I
e either rearranging to find d—i (or % ) in terms of both x and y and then substituting both (2, 5)

e or substituting both (2, 5) then rearranging to find —y (or — )

FY| dl 24x? +2y
dx 6y-—2x
It is dependent upon having exactly two terms in % one each coming from differentiating the 3y”
and the 2xy .
Al: Correct value for either g—i’ i— (accept awrt 4.08) or j; 13 (awrt 0.245)

MZ1: Correct method for the equation of the normal at (2, 5). E.g. y—5 ="—%‘(x—2)

< QUESTION

It is dependent upon them having attempted differentiation (may be only one term in d—i ) and using

x =2,y =5 to find the value of —:—X which must be the negative reciprocal of their g—y
y X
If the form y =mx+c is used then the method must proceed as faras c = ...

Al: Correct answer or any integer multiple of this. The = 0 must be seen

N
RA
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< QUESTION

(@)
2
B1: Correct coordinates or position vector e.g. as shownorx=2,y=3,z=-7o0r2i +3j—-7kor| 3
-7
Condone (2i, 3, —7k)
(b)
1 4
M1: Attempts | 2 || =1 | condoning slips. Note that any non-zero multiples of these vectors can be used.
2 8

If the method is not explicit then this mark may be implied by 2 correct components.

dM1: Full attempt at ab = |a||b|cos€ where a and b are the direction vectors or multiples of them.

Depends on the first method mark.

Note that cosé = 4-2+16 would imply both method marks.

\/12 +22 +22 \/42 +1Z +82

) 2
Al: cos@ = 3

(b) Alternative using the cosine rule:

4 1
M1: Attempts *| | =1 |- f| 2
8 2

dM1: Full attempt at the cosine rule using the appropriate lengths.
Depends on the first method mark.
. 2
Al: cosd = 3
(c)
M1: Uses A = 6 to find the length of PQ. E.g. uses Pythagoras to calculate |6i+12j +12k| or 6|i +2j+ 2k|
If the method is not explicit then the attempt at @ may be implied by 2 correct components.

MZ1: Full attempt at %absin C wherea=h= ‘@‘ and C is their & which may be attempted in decimals.

Their 6 or sin & must follow an attempt to use their cos 9.

. 162./5
Al: 54,/5 or exact equivalent e.g. T\f




< QUESTION

(d)
M1: Attempts a correct method of finding at least one value for .

Pythagoras must be used correctly and both sides of their equation must be consistent e.g.
2 2 2 2 2 2 2
(4,u) —u +(8,u) =18 and (4;1) +u +(8,u) =18 both score MO

Must be correct work here so must be using the length of PQ not OQ.

2 4
dM1: Attempts one correct position r=| 3 |+2| —1| Depends on the first method mark.
—7 8

Al: Gives both possible coordinates (10, 1 9) and (—6, 5, —23)

Allow as coordinates or vectorsoras x=...,y=...,Z2=...

£
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< QUESTION

Question Scheme Marks
Number
7(a k(9t+5
@ Substitutes x =3 andt =0 into x= ( +3 ) M1
+
:3=%:k=1.8 * Al*
&)
(b) 4050 B1
@)
© 3 _A B
x(9-2x) x 9-2x M1
. 1 2
Either A_§ or B_§ Al
3 =i+ 2
9x-2x°  3x  3(9-2x) Al
®)
(d)
3% =x(9-2x)= 3 =]
t x(9—2x)
Or
M1 Alft
3d—X= x(9—2x):> ;dx: 1dt
dt x(9—2x) 3
1 1 1 1 1
:>§Inx—§ln(9—2x)=t(+c) or §Inx—§ln(9—2x)=§t(+c)
Substitutes t =0,x=3=c¢c=0 M1
1 1 X 3t
glnx—gln(Q—Zx)zt:(m]:e ddM1
-2 9 g ¥ xe 97&* Al*
X X 2+e
®)
(e) 4500 B1
@)
(12 marks)
(@)
M1: Substitutes x = 3 and t = 0 into the given equation
Al*: Shows that k =1.8 (oe e.g. %) with no errors and with at least one correct line of the form ak =b
k(9x0+5 k(0+5
3 KEX049) 41 3K Ly g 3o k15 ailscore mat
4x0+3 0+3 3
Alternative by verification:
M1: Substitutes k = 1.8 and t = 0 into the given equation
Al1*: Shows that x = 3 with at least one correct intermediate line and a concluding statement that this is 3000
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Special cases:

k(9><0+5)
1. x=——————"=k=1.8 scores M1A0
4x0+3

2. Substitutes x = 3000 and t = 0 into the given equation to obtain k = 1800 (hence k = 1.8) scores M1A0

(b)
B1: 4050 cao. Allow 4.05 thousand.
(©
. 3 A B .
M1: Sets ————=—+——— orequivalente.g. 3= A(9-2x)+Bx
x(9-2x) x 9-2x

Al: One correct value for ‘A’ or ‘B’ or one correct fraction.
12 Loz
=—+ oee.g. 2+ —~L2— ———
x(9-2x) 3x 3(9-2x) x (9-2x)  3x 27-6x

This mark is for the correct partial fractions not for the values of the constants.
Award once the correct fractions are seen and allow if seen in (d) if not seen here.

(d)

M1: Attempts to separate the variables and integrate to obtain a kt term and one of «In #x or yIn 5(9—2x).

Al: Correct fractions e.g.

Condone missing brackets e.g. In9—2x
B
9-2x

The In terms must come from a partial fraction of the form A or
X

Alft: %In x—%ln (9—2x) :t(+c) but ft on their A and B so award for Aln X—%M(Q—ZX) :t(+c) oe

There is no requirement for + ¢
Brackets must be present unless they are implied by later work.

Note that there are various correct alternatives here e.g. %In 3x —%In (27 - 6x) =t (+ c)

M1: Sets t = 0 and X = 3 in an attempt to find “c” having made some attempt to integrate at least one of their
partial fractions to obtain a In term.
If this step is not attempted only the first two marks are available in this part.
They can “state” e.g. ¢ = 0 or e.g. K = 1 provided it follows correct work and there was a “+ ¢”.
ddM1: Dependent upon both previous Method marks.
It is for using correct work to remove the In’s having found a constant of integration.
Al1*: Correct work to reach the given answer showing all necessary steps.
The scheme shows one such way with acceptable minimal working.

N
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< QUESTION

Note that some candidates may rearrange first before finding the constant of integration e.g.

d 3
3d—1(= x(9—2x):j)((T2)()dx =jdt

:%Inx—%ln(9—2x)=t+c

1 X X X 3t
:>§In9_2X_t+c:In9_2X_3t+d :—Q_ZX_Ke

t=0andx=3 =K =1

X e3t = 9e3t —2xe3t =X=X Ze3t +1 =9e3t
9-2x

3t

oy % 9

(Ze3t +1j 2+

In these cases, the first 2 marks are as already defined and then award M1 at the point t =0 and x = 3 are used in
an attempt to find “c” and then ddM1 for using correct work to remove the In’s and A1* for correct work to
reach the given answer showing all necessary steps.

As in the main scheme, if there is no “+ c” then only the first 2 marks are available in (d).

Note that in (d) it is possible to start again e.g.

d 1 1
3d—)t(= x(9—2x): dex=j§dt

1 A B 1 2
— ="+ =—+
x(9-2x) x 9-2x 9x 9(9-2x)
etc.
(e)
B1: 4500 cao or 4.5 thousand
.\'/.



< QUESTION

('g\luestion Scheme Marks
umber
8(a) s B1
@)
(b) dy _ —2sint
dx  6-6c0s2t M1AL
B -2sint _ =2sint ——lcosect .
6-6(1-2sin’t) 12sin’t 6 MI1Al
(4)
(© 3
P= ?—3, \/i Bl
\/7 37
S .
or M1
J2(3r
ﬁ——7(7—3}+030—...
—”\/7 + £ o.e Al
4 2
®)
(@) Attempts % = 4c0s”t(6 -6 cos 2t M1 AL
= (Zcos 2t+ 2)(6—6cos 2t) = 6[2—2cos2 2t] = 6(2—(1+ cos4t)) dm1
2 2 dx ;
= Zdt= - Al
Volume Iny a0t dt J.B”(l cos4t)dt
0 0
(i) =
|:67rt— 6”3;1“ 41 =3 M1, Al
0
(6)
(14 marks)
(@)
B1: For 3z. Condone (377, 0) and allow x = 37 . Remember to check the diagram as the 3z may appear there.
Do not allow decimals here.
(b)
. . dy . dy | dx
M1: Attempts to differentiate x(t) and y(t) and calculates ™ by using E+E'
Condone poor differentiation but one of the terms must be of the correct form so it requires
X—>a+fcos2t or y— Asint
. dy  —2sint . ﬂ B -2sint
Al: "6 60053t or equivalent e.g. i 6—6(coszt—sin2t)
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M1: Uses appropriate trigonometry to reach % = cosect .
X

Condone sign errors only with any identities that are used.

dy 1

Al: L=-_Z=

I 6cosect

dy —-2sint

dx 6—6(cos’—sin’)

You can condone poor notation along the way e.g. as long as the intention is clear.

. . —2sint —2sin’t  —2sin’t 1
An alternative for the final M1Al; ——— =} t=> A= = =—=
6—6cos 2t cosect= 6—6cos2t 12sin’t 6
(©
3z

B1l: AtP, x= 7—3, yzﬁ or exact equivalents

May be implied by being seen embedded in their tangent equation.
M1: Full method of finding the y coordinate of N
Requires:

I . _d . .
e substitution of t = % into their d—i = ¢ cosec t to find gradient of tangent

3r
o use of their [7—3, ﬁ] (which may be inexact) in the formation of the equation of the tangent or the
substitution of these values into y = mx + ¢ with the coordinates correctly placed.
o the setting of x = 0 as well as finding the y value or rearranging to find “c”
1
\/§ .
Does not need to be identified as a value for y so just look for the correct exact expression (may bec=...).
dx
dt
Condone poor notation e.g. cost? for cos’t as long as it is recovered and the intention is clear.

L2 2 L . .
Al: 5o exact simplified equivalent. E.g. _Zﬁ

(d) (i) Note that the first 3 marks only involve the consideration of y2 i.e. not an integral.

% with their %

M1: Attempts y2 i i

condoning slips

2
Al: y2 % =4cos’ t(G—GCos 2t)oe. Allow e.g. (Zcost) (6—6005 2t) with both sets of brackets present unless

they are implied by subsequent work.
dM1: A full method to form an expression in terms of cos4t.
Condone sign errors only with any identities that are used. Depends on the first method mark.
There are many ways of achieving the result so you will need to check their work carefully.

E.g. 4coszt(6—60052t):4coszt[125in2t):12sin22t:6—60054t
or
2 2 .2 2 4
4cos t(6—60052t):4cos t| 12sin t |=48cos t—48cos t
2 .2 2 2 .2 P 4 2
cos4t =cos 2t—sin 2t=| 2cos t—1| —4sin tcos"t=8cos t—8cos t+1

= 480052t—48cos4t = 6(1—cos4t)

2
A
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< QUESTION

2

Al: Volume = j67z(1— c0S 4t)dt . All correct with correct limits and including the “dt”.
0

(d)(ii)

sin 4t

M1: For Iﬂ(l—cos4t)dt—> ﬂ[t—TJ . Allow with their g, a made up g or the letter .

2
Al: 3z following full marks in (d)(i) and correct integration and correct limits.

Q‘\’/ﬂ'
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