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QUESTIONS

20 questions - 182 marks - 1 sub-topic

SUB-TOPIC P4.7a

VECTORS IN 3D: LINES, INTERSECTIONS & ANGLES

Sub-topic P4.7a - 20 questions - 182 marks - lowest tariff first




ANSWER >

Figure 1
Figure 1 shows a sketch of parallelogram 4BCD.
— —>
Given that AB = 6i — 2j + 3k and BC =2i + 5j + 8k

(a) find the size of angle ABC, giving your answer in degrees, to 2 decimal places.

(©))

(b) Find the area of parallelogram ABCD, giving your answer to one decimal place.
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Question 2 continued
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Figure 1
Figure 1 shows a sketch of triangle POR.
Given that
ﬁ
e PQO=2i-3j+4k
.
e PR=8i-5j+3k
. —>
(a) Find RQ
2
(b) Find the size of angle POR, in degrees, to three significant figures.
3
.
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Question 3 continued
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(Total for Question 3 is 5 marks)
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9. With respect to a fixed origin O, the equations of lines /, and [, are given by
2 -1
L:r=| 8|+ 2
10 3
—4 5
Lor=|-1|+ul4
2 8
where 4 and p are scalar parameters.
Prove that lines /, and [/, are skew.
6)
.
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Question 9 continued
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(Total for Question 9 is 5 marks)
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8. With respect to a fixed origin O, the lines / and /, are given by the equations
-1 2 2 4
L: r=| 5[+4] -1 L r=|=2+ul -3
4 5 =5 b
where A and p are scalar parameters and b is a constant.
Prove that for all values of b # 7, the lines /| and /, are skew.
(6)
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-
2. With respect to a fixed origin, O, the point 4 has position vector
7
ﬁ
o4=| 2
-5
Given that
-2
—_
AB =
3
(a) find the coordinates of the point B.
2
The point C has position vector
— £
oC~
where a is a constant.
. —> . . —>
Given that OC is perpendicular to BC
(b) find the possible values of a.
C))
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Question 2 continued

(Total for Question 2 is 6 marks)
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7

6. Relative to a fixed origin O.

» the point 4 has position vector 2i — 3j + 5k

* the point B has position vector 8i + 3j — 7k

The line / passes through 4 and B.
ﬁ
(a) (i) Find 4B

(i) Find a vector equation for the line /

The point C has position vector 3i + 5j + 2k
The point P lies on /

. ﬁ . .
Given that CP is perpendicular to /

(b) find the position vector of the point P
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Question 6 continued
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(Total for Question 6 is 8 marks)
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7

6. Relative to a fixed origin O,
» the point 4 has position vector i+ 2j — 3k
* the point B has position vector 5i + 2j + k
The line / passes through 4 and B.

(a) Write down a vector equation for /

(2)
Given also that
» the point C has position vector 3i + aj + 5k where a is a constant
e the points 4, B and C form the triangle ABC
* angle BAC is 45°
(b) find the exact possible values of a
(6)
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 8 marks)
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7. With respect to a fixed origin O,
4 -4
e the line / has equation r=| 2|+ A [ —=3| where 1 is a scalar constant
-3 5
» the point 4 has position vector 9i — 3j + 2k
Given that X is the point on / nearest to 4,
(a) find
(1) the coordinates of X
(i1) the shortest distance from A4 to /.
Give your answer in the form Jd , where d is an integer.
)
The point B is the image of A after reflection in /.
(b) Find the position vector of B.
(2)
. J
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7

6. Relative to a fixed origin O,
» the point 4 has position vector  i—4j + 3k
* the point B has position vector 5i + 3j — 2k
* the point C has position vector 3i+pj— k
where p is a constant.
The line / passes through 4 and B.

(a) Find a vector equation for the line /

(&)
Given that AC is perpendicular to /
(b) find the value of p

3
(¢) Hence find the area of triangle 4BC, giving your answer as a surd in simplest form.
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Question 6 continued
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Question 6 continued
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8. Relative to a fixed origin O, the lines / and /, are given by the equations

[ r=|-3|+1|-2 where 1 is a scalar parameter

L: r=] 0| +u|-1 where u is a scalar parameter
-9 -3

Given that / and /, meet at the point X,

(a) find the position vector of X.
)

The point P(10, =7, 0) lies on /|
The point Q lies on /,

. — . .
Given that PQ is perpendicular to /,

(b) calculate the coordinates of Q.
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7. Relative to a fixed origin O, the line / has equation

1 4
r=|-10| +4( 4 where A is a scalar parameter
-9 2

—>
Given that OA is a unit vector parallel to /,

ﬁ
(a) find OA4

@
The point X lies on /.
Given that X is the point on / that is closest to the origin,
(b) find the coordinates of X.

6]
The points O, X and 4 form the triangle OX4.
(¢) Find the exact area of triangle OXA. o
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Question 7 continued
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r

4. Relative to a fixed origin O,
* the point 4 has position vector 4i + 8j + k
* the point B has position vector 5i + 6j + 3k
» the point P has position vector 2i —2j + k

The straight line / passes through 4 and B.

(a) Find a vector equation for /.

The point C lies on [ so that PC is perpendicular to /.
(b) Find the coordinates of C.

The point P’ is the reflection of P in the line /.

(c) Find the coordinates of P’

(d) Hence find ‘ﬁ)’ , giving your answer as a simplified surd.
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 10 marks)
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2 1
+ A| 2 | where 4 is a scalar parameter.
-7 2

6. The line /, has equation r

2 4
The line /, has equation r =| 3 |+ x| —1 | where u is a scalar parameter.
-7 8

Given that /| and /, meet at the point P

(a) state the coordinates of P

Given that the angle between lines /, and /, is 0

(b) find the value of cos 6, giving the answer as a fully simplified fraction.

The point Q lies on /, where 1 =6

Given that point R lies on /, such that triangle QPR is an isosceles triangle
with PO = PR

(c) find the exact area of triangle QPR

(d) find the coordinates of the possible positions of point R

M
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 10 marks)
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e ™)
6. With respect to a fixed origin O, the line /| is given by the equation
r=i+2j+5k+A(8i—j+4k)
where A is a scalar parameter.
The point A lies on /,
Given that | 04 | = 510
(a) show that at 4 the parameter 1 satisfies
8147 +524-220=0
3
Hence
(b) (i) show that one possible position vector for 4 is —15i + 4j — 3k
(i1) find the other possible position vector for A.
3
The line /, is parallel to /, and passes through O.
Given that
—
e 04=-15i+4j-3k
* point B lies on /, where | OB | =410
(c) find the area of triangle OAB, giving your answer to one decimal place.
4
\ y,
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Question 6 continued
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(Total for Question 6 is 10 marks)
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e ™)
8. Relative to a fixed origin O
* the point 4 has coordinates (—10, 5, —4)
» the point B has coordinates (-6, 4, —1)
The straight line /, passes through 4 and B.
(a) Find a vector equation for /|
2
The line /, has equation
3 3
r=|p|+u -4
q 1
where p and ¢ are constants and u is a scalar parameter.
Given that / and /, intersect at B,
(b) find the value of p and the value of g.
3
The acute angle between /, and /, is 0
(c) Find the exact value of cosf
3
Given that the point C lies on /, such that AC is perpendicular to /,
(d) find the exact length of AC, giving your answer as a surd.
(2)
\ y,
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Question 8 continued

(Total for Question 8 is 10 marks)
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Leave
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8. With respect to a fixed origin O the points 4 and B have position vectors

6 6
6|and |0

respectively.
The line /, passes through the points 4 and B.
(a) Write down an equation for /,

Give your answer in the form r = p + A1q, where 4 is a scalar parameter.

()

The line /, has equation

where x is a scalar parameter.

(b) Show that /, and /, do not meet.
)

The point C is on /, where u=—1
(c) Find the acute angle between AC and /,

Give your answer in degrees to one decimal place.

)

Q\?ﬂ
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r

8. Relative to a fixed origin O,

» the point 4 has position vector 2i —j + Sk
* the point B has position vector 3i + 4j — 6k
Given that the line / passes through 4 and B,
(@ (i) find 4B

(i) find a vector equation for /.

The point C has position vector pi +4j — k, where p is a constant.
Given that C4 is perpendicular to CB,

(b) find the possible values of p.

The points 4, B and C form a triangle ABC.
Given also that p > 0

(c) find the area of triangle ABC, giving your answer to 3 significant figures.

3

(O]

(C)

Q\?ﬂ
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Question 8 continued
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Question 8 continued

(Total for Question 8 is 11 marks)
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e ™)
8. Relative to a fixed origin O, the line / has equation
2 4
r=-1+4| 2
3 -1
where 4 is a scalar parameter.
The point 4 and the point B lie on line /
Given that
* A has coordinates (-2, a, 4)
* B has coordinates (b, 3, 1)
(a) find the value of the constant a and the value of the constant b.
(2)
ﬁ
(b) Hence find vector AB
2
The point C has coordinates (4, 7, -2).
(c) Find the size of angle CAB, giving your answer in degrees to one decimal place.
4
The point D lies on the line / so that the area of triangle CAD is twice the area of
triangle CAB.
(d) Find the coordinates of the two possible positions of D.
©))
\ y,
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Question 8 continued
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Question 8 continued

(Total for Question 8 is 12 marks)
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5. With respect to a fixed origin O, the lines /| and /, are given by the equations

4 2 13 5
L:r=| 4|+4-3 Licr=|=1{+u| 1
=5 6 4 -3

where 4 and y are scalar parameters.

(a) Show that /, and /, meet and find the position vector of their point of intersection 4.

Q)

(b) Find the acute angle between /, and /,, giving your answer in degrees to
one decimal place.

3
A circle with centre 4 and radius 35 cuts the line /, at the points P and Q.
Given that the x coordinate of P is greater than the x coordinate of Q,

(c) find the coordinates of P and the coordinates of Q.
©))
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(Total 13 marks)
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s

6. Relative to a fixed origin O, the lines /| and /, are given by the equations
[ :r=i+pj+7TKk)+1(2i-5j+4Kk)
L, :r=(8i—2j+5k) +u(4i+j+2Kk)

where A and u are scalar parameters and p is a constant.
Given that /, and /, intersect,

(a) find the value of p,
4

(b) find the position vector of the point of intersection.

)
(c) Find the acute angle between / and /,

Give your answer in degrees to one decimal place.

3
The point 4 lies on /, with parameter 4 = 2
The point B lies on /, with AB perpendicular to /,

(d) Find the coordinates of B
6))
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(Total for Question 6 is 14 marks)
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MARK SCHEMES

official mark schemes, in the same order as the questions
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MARK SCHEME - IAL P4 (WMA14) - January 2021 - Q2 P4.7a Vectors in 3D: lines, intersections & angles < QUESTION

General Principles for Core Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles).

Method mark for solving 3 term quadratic:
1. Factorisation

(x* +bx+c) = (x+ p)(x+q), where|pg| =|c

, leadingtox = ...

(ax® +bx +c) = (mx + p)(nx +q), Where‘pq‘ = ‘c‘ and ‘mn‘ = ‘a

, leadingtox = ...

2. Formula
Attempt to use correct formula (with values for a, b and ).

3. Completing the square
Solving X" +bx+c=0: (xtf)’tgtc, ¢#0, leadingtox=..

Method marks for differentiation and integration:

1. Differentiation

Power of at least one term decreased by 1. (X" = x"")

2. Integration
Power of at least one term increased by 1. (X" —> x")

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent examiners'
reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small mistakes
in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct working
with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for, or
working with surds is clearly required, marks will normally be lost if the candidate resorts to using
rounded decimals.
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MARK SCHEME - IAL P4 (WMA14) - October 2022 - Q3 P4.7a Vectors in 3D: lines, intersections & angles < QUESTION

General Principles for Pure Mathematics Marking
(But note that specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation
(x* +bx +c) = (x+ p)(x+q), where|pg| =|c

, leadingtox=...
(ax? +bx +¢) = (mx + p)(nx +q), where|pg| = |c| and |mn| =|a

, leadingtox=...

2. Formula
Attempt to use correct formula (with values for a, b and ¢).

3. Completing the square
Solving X’ +bx+c=0. (x£3)°+q*c, q#0, jeadingtox=..

’

Method marks for differentiation and integration:
1. Differentiation

-1
Power of at least one term decreased by 1. (Xn — X" )

2. Integration
. n n+l
Power of at least one term increased by 1. (X = X' )

Use of a formula
Where a method involves using a formula that has been learnt, the advice given in recent examiners’
reports is that the formula should be quoted first.

Normal marking procedure is as follows:

Method mark for quoting a correct formula and attempting to use it, even if there are small
mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from correct
working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked for, or
working with surds is clearly required, marks will normally be lost if the candidate resorts to using
rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give details of what
happens in particular cases. General policy is that if it could be done “in your head”, detailed working
would not be required. Most candidates do show working, but there are occasional awkward cases
and if the mark scheme does not cover this, please contact your team leader for advice.
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MARK SCHEME - IAL P4 (WMA14) - October 2022 - Q3

P4.7a Vectors in 3D: lines, intersections & angles

Question
Number Scheme Marks
. t 3X
1 Attemptsto gettintermsof xory. E.g. x=m:>t=m M1
Forms a Cartesian equation and makes progress to making y the subject
E L +2=>y= x-1 +2 M1
AR Y=
7x-1
=Y=3 Al
®)
(3 marks)

M1: For an attempt to get t or % in terms of x or .

Condone poor attempts here. It is the intention that is important
dM1: For a complete attempt to form an equation of the form y =f(x)

Look for

E.g.l. X:L:t:i followed by y=%+23y=

getting tor % interms of x ory

using this to form a Cartesian equation and makes some progress towards making

y the subject.

+2

1
t-3 x-1 ﬂ
x-1

E.g.ll. y:%+2:>t :L followed by

Condone slips, for example in the signs and miscopies/misreads, but the overall

y—-2

:>(7—3y)x=1

mechanics of the attempt should be sound.
In E.g.ll. an attempt must be made to make progress towards y = f (x), so allow for

example when

a linear expression in 'y

Alt Method:

an intermediate line such as g(y)xh(x) =b or g(y)=h(x) where g(y)is

. . _Ix-1 147X
Al: Correct equation y = I but allow y = 3

. . 1 t . ax—1 Lo
M1: Substitutes both y:f+2 and X=1—3 into y= ™ and makes progress to a point in

which sides can be compared

t
aXm—l a-1 3 B
Z42= bXL =5 Tt or b+2bt_(a 1)t+3
t-3
dM1: Compares terms to set up and solve simultaneous equations in both a and b.
FYI 3831, or  b=3 2b=a-1
b b
_Tx-1

Al: y=

3x

NOT just for correct values of a and b
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Question
Number Scheme Marks
3X A B
2 (a) (Zx_l>(x_2)=ZX_1+X_2:>VaIuesforAandB M1
One correct value, either A=-1or B=2 Al
-1 2
Correct PF form 1 x=3 Al
@)
(b) J-% X22d :—%I (2x 1)+2|n(x 2) ( ) M1, Alft
25 25
j {—%In 2x 1+2|n( )}
. (2x -1 ]
1
:{—Eln49+2In23}—{—§In9+2In3J dMm1
529
Inﬁ Al
(4)
(7 marks)
(a)
M1: Attempts a correct PF form leading to values for Aand B .
Condone X =C+—— A B = Values for at least Aand B

(2x—1)(x—2) 2x-1"%-2

Al: One correct value for A or B or one correct term

-1 2
Al: Correct PF form it x—3"
This is not just for correct values for A and B but it may be awarded from work seen in (b)
(b)
A .
ML1: j T 1+—dx Cln(2x 1)+Dln(x 2) o0.e. Condone missing brackets here

) . A B _A
Alft: Correct ft on thelrvaluesforAandBI m+mdx_iln(2x—l)+BIn(x—2)+(c)

Do not condone missing brackets but the brackets can be implied by subsequent working,

E.g.In 49

dM1: Attempts to substitute the limits 5 and 25 (no misreads on the limits but condone slips, so
don't accept a consistent lower limit of O for instance) into an expression of the correct
form (with brackets which may be implied) and subtracts, either way around. Condone
attempts where the substitutions were made into incorrectly combined In terms.

Al: cso In% Also allow in mixed number form In25%
21
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MARK SCHEME - IAL P4 (WMA14) - October 2022 - Q9

P4.7a Vectors in 3D: lines, intersections & angles

Question
Number Scheme Marks
2-2 —4+5u
9 8424 |=| -1+4u
10+34 2+8u
Attempts to solve any two of the three equations
. 2-A=-44+5u 3 3
Either (1) and (2 SA=—5, U=+
() and (2 8+2k=—1+4p} 24772
2-A=-4+5
(1) and (3) “}3 :%,ﬂzg
10+3L=2+8u M1, Al
8+2A=-1+
@) and (3) Wl = 10,= M
10+3A =2+8u 4
Substitutes their values of A and x into both sides of the "third" equation dmi
. 11 .
Eg A= —g into 10+34 =5 and u = g into 2+8u =14
Concludes that lines don't intersect with correct calculations and minimal Al
reason
-1 5
Additionally states that | 2 | is not parallel to | 4 | with a minimal reason AL
3 8
So lines are skew CSO *
(%)
(5 marks)
Notes:

Main method seen
M1: Attempts to solve two of the three equations.
Accept as an attempt, writing down two of the three equations (condoning slips) followed by

values for

both 2 and u
Al: Solves two of the three equations to find correct values for both 4 and g, Allow equivalent

fractions

dM1: Either: Substitutes their values of A and x into both sides of the third equation....or into the

equations of both lines to find both coordinates
Al: Having achieved correct values for 2 and g, the values for the third equation are found to

enable a comparison to be made. E.g. solving equations (1) and (2) and using equation (3) stating

10+3x —g #2 +8xg is sufficient. If the values are found they must be correct.

Important: Additionally, to score this mark, a minimal statement must be made that states
that the lines do not intersect /cross. Condone statements such as 1 # |2

Stating that the lines are skew at this point is not sufficient to score this mark
In the alternative stating that “as the values are not the same, the lines cannot intersect" is sufficient.

Al*: CSO . Hence all previous marks must have been scored.
In addition to not intersecting there must be a statement, with a minimal reason, that the lines are
not parallel and hence skew. Accept statements like, not intersecting, not parallel (with reason),

hence proven.
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< QUESTION

%‘;llenslté(:: Scheme Marks
6(a) 4y’ +3x=6ye ™"
dy
4y* +3x >8y—=+3 BI
Y Y dr
—2x -2x —2x dy
6ye™ > —12ye " +6e " — MI Al
dx
12ye ™ +3
8yd—y+3=—12ye‘2"+6e‘2"d—y:>d—y=y_f— oe M1 Al
dx dx dx 6e -8y
&)
b
®) Sets x=0 in 4y2+3x=6ye"2":>y=%oe Bl
dy 12ye™+3 (7
Substitutes (O,Ej in their 9 % = (—) Ml
2 dv  6e -8y -2
m __l;ﬁl": _"_"x_'_"é" dMl
VT T
—gx+i oee —£)c+i Al
SRS TR
“
(9 marks)
(a)
. . 2 . dy o dy
B1: Differentiates 4y~ +3x to obtain 8 ya + 3. Allow unsimplified forms such as 4x2 ya+ 3
MI1: Uses the product rule on 6ye " to obtain an expression of the form Aye™* + Be™* %

Al: Differentiates 6ye™" to obtain —12ye " +6e " %

M1: Collects two terms in % (one from attempting to differentiate 4)” and one from attempting to

-2x

differentiate 6y ™) and proceeds to make % the subject.

Cdy 12ye™ +3

dy 2e7x6y+3 dy 12y+3e™
6c> 8y Tt 8y dr 6-8yc"

or equivalent e.g. — =
d Bl 6t -8y dx 6-8yc"

" at the start and allow )’ for %

Al

You can ignore any spurious

(b)

. 6 .
B1: Uses x = 0 to obtain y =% oce.g. 1 (ignore any reference to y = 0)

ud_y_
dx

MI: Substitutes x = 0 and their y at x = 0 which has come from substituting x = 0 into the original equation into

dy 12ye™ +3
their ay = % to find a numerical value. Working is normally shown here but you may need to
e

check for evidence. Use of x =0 and y = 0 is MO.




< QUESTION

dM1: Uses the negative reciprocal of "iz" for the gradient of the normal and uses this and their value of y at

x =0 to form the equation of the normal. Depends on the previous M.

Al: —£x+ioee —£)c+g
IR ATt A TR

Note that the use of (0, 0) for P will generally lose the final 3 marks in (b)

Q‘\’/ﬂ'
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Somber Seheme Morks
7(a) 2x 2 1 2x .t 1 2x
Way 1 je smxdx—ze sin x — Ee cosx dx Ml
= —le“cosx— le“sinxdx dM1
- a
e“sinxdx:le“sinx—le“cosx— lez‘*sinxdx Al
2 4 4
5 2x _: 1 2x _: 1 2x 2x
— e sinxdi=—e"sinx——e“cosx= Je'sinxdx=... ddM1
4 2 4
:gez‘*sinx—le“cosx+c Al
5 5
5
T(a
Wz(iy)z J.ezx sin x dx = —e** cos x + jZeh cosx dx M1
=...+2€2“sinx—J‘4e“sinxdx dM1
J‘ezx sin x dx = —e** cos x +2e** sinx—J4eh sin x dx Al
SJ-ez"sinxdx=—ezxcosx+2ezxsinx:>J‘e“sinxdx;.. ddM1
=gez‘“sinx—lez‘”cosx+c Al
5 5
(5)
b
(®) [gez” sinﬁ—lez” cosnj—(geo sinO—le0 cosO):... Ml
5 5 5 5
2z
2162,,4_1:6 +1 AL
5 5 5
(2)
(7 marks)

Note that you can condone the omission of the dx’s throughout.
(a) Way 1
M1: Attempts integration by parts with u = sin x and V' = e** to obtain

J.ez" sinx dx = Ae™* sinxiBJ.e“ cosxdx A>0
dM1: Attempts integration by parts again with u = cos x and v' = ¢ on BJ ¢”* cos x dx to obtain

BJ‘ez“ cosx dx =+Ce* cosx+ DJ. e* sinx dx

Depends on the previous mark.

Al: For Iez" sinxdx:%e“ sinx—%ez’” cosx—J.%ez“ sin x dx

N
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Allow unsimplified e.g. J.ez"' sin x dx = %e“ sin x — {% e’ cosx+ J.iez“' sin x dx}

ddM1: Dependent upon having scored both M's.

It is for collecting jezx sin x dx terms together and making it the subject of the formula

. 2 . 1 . .
Al: J-ez“ sinx dx = gez’” smx—ge“ cosx+c (allow with or without “+ ¢”)

(a) Way 2
MI: Attempts integration by parts with = > and V' = sin x to obtain

je” sinx dx =+4e’ cosx BJ‘ezx cosx dx
dM1: Attempts integration by parts again with u = ¢** and V' = cos x on BJ e** cos x dx to obtain

B'[ez" cosx dx =+Ce* sinx iDje“ sin x dx

Depends on the previous mark.

Al: For Ie“ sin x dx = —e* cos x + 2> sin x —J‘4e“ sin x dx

Allow unsimplified e.g. je“ sinx dx = —e”* cosx — {—2e2" sin x — j—4ez" sin x dx}

ddM1: Dependent upon having scored both M's.

It is for collecting J-ez" sin x dx terms together and making it the subject of the formula

. 2 . 1 . .
Al: je“ sinx dx = ge“ smx—ge“ cosx+c (allow with or without “+ ¢”)

(a) Way 3
M1: Attempts integration by parts with x = sin x and v' = e** to obtain

.ez“ sin x dx = 4e™* sinxiBJ‘ez“ cosxdx A>0
) or attempts integration by parts with # = ¢** and V' = sin x to obtain
.ez“' sinx dx =+4e’ cosx+ B [ e** cosx dx
(;Ml: Attempts integration by p.arts with u = sin x and V' = e** to obtain
.ez" sinx dx =+A4e* sinx+ B .ez’” cosx dx
) and attempts integration b;/ parts with # = e* and V' = sin x to obtain
.ez“' sinx dx =+4e’ cosx* B [ e™* cosx dx

. 1 . 1 _
Al: 1, =J.e2" smxdxzzezx smx—J.Eez" cosx dx AND 7, :J‘e“ sinx dx = —e™* cosx+J-2e2X cos x dx

ddM1: E.g. 41, +1, = 2e”"sinx—e” cosx =5[ = I =... Correct attempt to eliminate Ie“ cos x dx term.
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. 2 . 1 . .
Al: J‘ez" sinx dx = 3 e™ sinx— 3 e’ cosx+c (allow with or without “+ ¢”)

(b)
M1: For applying the limits 0 and 7 to an expression containing at least one term of the form Ae** sin x and
at least one term of the form Be’* cos x . There must be some evidence that both limits have been used.

27
Al*: GTH found correctly from the correct answer in part (a) via at least one intermediate line

. e 1
which could be + 3

27

Note a correct answer in (a) and evidence of use of the limits 0 and pi followed by © with no intermediate

line scores M1A0Q




MARK SCHEME - IAL P4 (WMA14) - January 2021 - Q8 P4.7a Vectors in 3D: lines, intersections & angles < QUESTION
Question
Number Scheme Marks
8 -1 2 2 4 —1424=2+4u (1)
S|HA| -1 |=|2|+u|3|= 5-1=-2-3u (2)
4 5 -5 b 4+51 =-5+ub (3)
Uses equations (1) and (2) to find either 4 or u Mi
e.g (N+2Q2) = u=...0r 3(1)+4Q2) =>1=..
Uses equations (1) and (2) to find both 4 and u dM1
19
p=-Yand 1=-2 Al
2 2
445A=-5+ub= 4+5x—% = —5—%1)
or ddM1
4+5/1=—5+7,u:>4+5><—Q=—5—E><7
2 2
=11b=77= b =7 or obtains —%:—% Al
States that when b = 7, lines intersect or when b # 7, lines do not intersect ALC
S0
Lines are not parallel so when b # 7 lines are skew. *
(6)
Alternative assuming b = 7:
-1 2 2 4 —1+24=2+4u (1)
S1+A| -1 |=|2|+u| 3| 5-4=-2-3u (2)
4 5 -5 7 4+514 =-5+7b (3)
Uses any 2 equations to find either 4 or u Ml
Uses any 2 equations to find both 4 and u dM1
19
,u:—Eand A=—— Al
2 2
Checks in the 3™ equation e.g.
19 11
equation 3: 4+5| —— |=-5+7| —— |=
2 2
19 11
equation 1: =1+2| —— |=2+4| —— |= ddMI
2 2
19 11
equation 2: 5—| —— |= —2—3(— =..
2 2
87 29
Equation 3: DY Equation 1: -20 Equation 2: > Al
States that when b = 7, lines intersect or when b # 7, lines do not intersect ALC
S0
Lines are not parallel so when b # 7 lines are skew. *
(6 marks)
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M1: For attempting to solve equations (1) and (2) to find either A or u
dM1: For attempting to solve equations (1) and (2) to find both 4 and x# Depends on the first M.

19
Al: y:—% and /12—3

ddM1: Attempts to solve 4+ 54 = —5+ ub for their values of A and g . Or uses b = 7 with their A and 1 in an

attempt to show equality. Depends on both previous M’s.
Al: Achieves (without errors) that they will intersect when b =7
Note that the previous 3 marks may be scored without explicitly seeing the values of both parameters e.g.

ﬂz_%,(2)9/1=3,u+794+5(3y+7)=—5+,ub9b=7

Al1*:Cso States that when b =7, lines intersect and since lines are not parallel it shows that when b # 7 lines
are skew.

Alternative:

M1: Uses b = 7 and attempts to solve 2 equations to find either 1 or u

dM1: For attempting to solve 2 equations to find both 4 and g Depends on the first M.

1
Al: ,u:—% and 12—79

ddM1: Attempts to show that the 3™ equation is true for their values of A and u

Depends on both previous M’s.
Al: Achieves (without errors) that the 3™ equation gives the same values for (or equivalent)

Al*: Cso States that when b =7, lines intersect and since lines are not parallel it shows that when b # 7 lines

are skew.

To score the final mark there must be some statement that the lines intersect (or equivalent e.g. meet at a point,
cross, etc.) when b = 7 or that they do not intersect if b # 7 and that the lines are not parallel which may appear
anywhere (reason not needed but may be present) so lines are skew when b = 7.

Ignore any work attempting to show that the lines are perpendicular or not.
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General Principles for Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
1. Factorisation

(X* +bx+c) = (x+ p)(x+0), where|pq| =c| leading to x = ...
(ax® +bx +¢) = (mx + p)(nx +q), where|pg| =|c| and |mn| =|a| leading to x = ...
2. Formula

Attempt to use correct formula (with values for a, b and )
3. Completing the square

Solving X* +bx+c=0: (x£5)*+q+tc, =0 leading to x = ...

Method marks for differentiation and integration:
1. Differentiation

Power of at least one term decreased by 1 (X" — X" ™)
2. Integration

Power of at least one term increased by 1 (X" — x"™)
Use of a formula
Where a method involves using a formula that has been learnt, the advice given in
recent examiners' reports is that the formula should be quoted first.

Normal marking procedure is as follows:
Method mark for quoting a correct formula and attempting to use it, even if there are
small mistakes in the substitution of values.

Where the formula is not quoted, the method mark can be gained by implication from
correct working with values, but may be lost if there is any mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is asked
for, or working with surds is clearly required, marks will normally be lost if the candidate
resorts to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will give
details of what happens in particular cases. General policy is that if it could be done
“in your head", detailed working would not be required. Most candidates do show
working, but there are occasional awkward cases and if the mark scheme does not
cover this, please contact your team leader for advice.

N
RA
86



MARK SCHEME - IAL P4 (WMA14) - January 2023 - Q6 P4.7a Vectors in 3D: lines, intersections & angles < QUESTION

Question Scheme Marks
Number
6 (a)(i) ﬁ:(i)[(a +3j—7k)—(2i—3j+5k)}=... M1
AB = 6i +6j—12k Al
2 1 8 6
(i) | r=[-3|+A| 1| oe.suchasr=| 3|+A| 6 B1ft
5 -2 -7 -12
@)
2+A-3
(b) | Attempts +CP =+| —3+1 -5 M1
5-20-2
1 -1 1
CPek| 1|=0=| -8 |sk| 1|=0=1(r-1)+1(1-8)-2(-21+3)=0
-2 21 +3 -2 dMl
2
2 2 2 5 73
< (A-1) +(1-8) +(-24+3) =64°-30A+74=6| A—=| +—
A (23] + (-] +(-22+3) (1-3] 43
a2 useofﬁin@gives/lzi,useof(ﬁﬂu:_—7 or —/ Al
2 12 2 12
2 5 : 9. 1
oP=|_3|+2 _ 2t ddMi, Al
OP=|-3 +2 1 —2| 2]
°) 7 (5)
(8 marks)
Notes:
Accept either form of vector notation throughout. Accept with i,j and k in their column vectors.
(a)()
M1:  Attempts to subtract vectors OA and OB either way around. May be implied by two
correct components.
Al:  AB=6i+6j-12k o.e.
()i -
B1ft: Any correct equation for the line, may use a correct or follow through multiple of AB for
direction and with any point on the line. Must start r = ... or accept Xi+yj+zk =... (I=... is BO).
(b)
M1: Attempts +CP using point C and a general point on their |
dM1: Sets the scalar product of their CP (either direction) and their direction of | (or AB)to 0
and proceeds to an equation in A . Condone sign slips in components if the intention is clear.
Alternatively attempts to minimise the distance CP (by completing square as shown, or
by differentiation) to obtain a linear equation in A.
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Al: Finds a correct value of 2 for their I. Note if they use AB the correct value is %

ddM1: Substitutes their A (from a correct method) into their |

Al: OP = %i —%j Accept as coordinates, and accept P = ... instead of OP .

Q‘\’/ﬂ'
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Question
Number Scheme Marks
6(a) Attempts  +((Si+2j+k)—(i+2j-3k))=%(4i+4k) Ml
e r=i+2j—3k+Adi+4K) or r=5i+2j+k+A(4i+4k) oe Al
- @)
(b) AC =2i+(a—2)j+8k Bl
|[4B| =42 +47 or [4C| =2 + (@ -2 +8’ M1
|E|:\/3_2 and |R’|=\/68+(a—2)2 Al
8+32
cos45° =
3268+ (a—2) dMl1
cos45° = 40 =a’—4a-28=0 ddM1
32 x,[68+(a —2)
a=2+42 Al
(6)
(8 marks)
Allow vectors to be written in any acceptable form. E.g. column vectors are fine
(@)

Ml1: Attempts to find the difference between the two vectors.
If no method is shown look for two correct components from J_r(4i), 0j), £ (4k)
Al:  Any correct equation for the line in the form given.

Examples of correct equations are;
r=i+2j-3k+A4i+4k), r =5i+2j+1k + u(i+k)

5 -4 2 2 3 -1
r=2+A 0|, r=| 2|+k|0jandr=| 2(+5| O
1 —4 -2 2 -1 -1

Note that the LHS must be correct so / =i+ 2j—3k + A(4i+4k)is A0
Condone the vectors not being bold or underlined

5i —4i
Condone incorrect vector notation for the M but not the A mark. E.g. r=| 2j |+ 4| 0 |is M1AO
k —4k

B(5.2.1)

A(1,2.-3)

C(3.a.3)
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(b) There are many ways to attempt this question.
The following is via the scalar product of AB and AC. Note that it could be attempted via the
scalar product of i(li + 1k) and AC instead of AB and AC . Attempts using an incorrect vector

pair, e.g AB and ﬁf, can only score a maximum of 1 mark (1% M1)
Condone incorrect vector notation throughout (b). E.g. AC =(2i, (a —2)j, 8k)
Bl: A correct AC =2i+(a—2)j+8k (or CA=-2i—(a—2)j—8k)
It must be simplified but may be implied by further work.
Allow in coordinate form (2, a-—2, 8) if used correctly

M1: Attempts to find the magnitude of either their AB or their AC
For example, for an attempt at the magnitude of AC

e there should be attempt to subtract each component of OA and OC
o the three resulting values should then be squared and added
o the answer to this is then square rooted

If the method is not apparent then look for two correct components

Al:  Correct magnitude of both ‘E‘ =32 and ‘R" =68+ (a—2) (: N12—da +a? )

They must be simplified (as above) but can be scored following sign slips on either vector.
You can imply this mark from further work

dM1: Attempts the scalar product of +'4B'and +'AC"

e +ABand £AC must be attempted via a correct method. If the method is not directly seen it may
be implied by two correct components

e There must be a similar correct attempt at the magnitudes of +A4Band +AC
e All should be connected by the equation +A4B e+ AC = |iﬁ||iﬁ'| cos45
ddM1: Allowable method to find at least one value of « from a quadratic equation.
For example,
o (a-2)Y=2=a=..
e ' —4a-28=0=a=..
This can only be awarded if the equation has real roots.
It is dependent upon both previous M’s

Al: a=2+ 4\/5 or exact equivalent

Note: Alternative method via cosine rule

Bl:  AC=2i+(a—2)j+8k (or CA=-2i—(a—2)j—8k ) May be implied by further work.
M1: Attempts to find the magnitude of either AB or AC

Al: |4B|=+32 and [AC|= 68+ (a -2 (:\/72—4a+a2)

dM1: Attempts |BC[" =|4B|" +|AC[ —2|4B||AC]|cos 45

FYI (22 +(0—2)" +4* )= (2% +(a—2) +8> )+ (4% +4° —2\/ 2 4 (a—2) +42)[(4 + 4 V2
(+(a )+)(+(a )+>+(+) (+(a )+)(+)><2
ddM1: Rearranges and proceeds to at least one value for « . This can only be awarded if the equation is quadratic

and has real roots
Al: a=2+ 4\/5 or exact equivalent
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%ﬁ;ﬁg? Scheme Marks
6 u=3+4sinx3d—u=4cosx Bl
dx

i i 2(u-3

J‘ 16sin2x : dx:J' 32smxcos;cdx:J’ (u )du M1 Al

(3+4sinx) (3+4sinx) u’
=I z—izdu=2lnu+g dMI1 Al
u u u

6 6 12 49

imi - D= tIln— M1 Al
Uses limits of 5 and 7 321n7+7 2In5 5 35+ln25

(7 marks)

du
B1: States or uses — =408 x o.e. This may be seen within the integrand.

dx

M1: Attempts to write all in terms of u.

i i w(ut3
Look for J- &mzdxzj wdx:ij‘ (“ )du
(3+4sinx) (3+4sinx) :

u
It is common to lose the square on the u” which would be MO,
Only the penultimate mark would then be available.

2(u-3) . _—
Al: Correct — du o.e. Allow this to be unsimplified.
u

Condone a missing du this can be implied by further work.

...(uir3)

duto ..Inuzx ; o.e Condone a missing du this can be implied by further work.
u

dM1: Integrates J‘

...(uiS) 2L
Note that —zdu—> .Inu i; is acceptable
u

You may see attempts using parts.

1 1 1 1
J. u—zx(2u—6)du:—;x(2u—6)—j —;deu:—;x(Zu—6)+21nu

6 2 6 1
Al: Correct 2Inu + o Note that Inu +; or ——x (Zu - 6) +21Inu is also completely correct

M1: Uses limits 5 and 7 within their attempted integral and subtracts . Condone poor attempts at the integration
Alternatively converts their answer in u back to x's using the correct substitution and uses the given limits

12 4 . 12
Al: —§+lng or equivalent such as ]111.96—§

ISW after a correct answer.




< QUESTION

Question

Number Scheme Marks
4-44
7 (a) Co-ordinates or position vector of a pointon/ =| 2-34
-3+54
4-41 9 -5-44
AX =| 2-32 |-| -3 |=| 5-34 MI
-3+54 2 -5+54
—4
Uses AX.|-3|=0= 20+167u—15+97»—25+257»=O:>7u=% dM1 Al
5
4-44
(i) Substitutes their Ainto | 2-31 |[=> X = (%,%,—l) dM1 A1l
-3+54
(ii) AX = —35—3i + %j— 3k
33) (19Y 2
Shortest distance = \/[—?J + (?j + (—3) =67 M1 Al
o ™
(b) Uses AX = XB or similar correct method Ml
point B has position vector —%i + % j—4k Al
2)
(9 marks)
4-44
AIZT(Qay Co-ordinates or position vector of a pointon/ =| 2-31
-3+54
4-44 9 —-5-44
AX =| 2-32 |-| -3 |=| 5-34 MI
—3+54 2 —5+54
Uses d =(=5—44) +(5-34) +(=5+54)" which is smallest when its
gradient =0 = —8(~5—44)—6(5-34)+10(-5+51)=0=> 4 =§ ML Al
(Note that this could be done by completing the square)
4-42
(1) Substitutes their Ainto | 2—-34 |=> X = (%,%,—1) dM1 Al
-3+54
3y . 2V 2V 2V
(ii) Shortest distance = (—5 -4 ng + [5 -3 xgj + (—5 +5 xg) =d =67 M1 Al
Y




< QUESTION

Question Scheme Marks
4@ 16x° —9kx?y +8y* =875
(8)y* —(8x)3y? % B1
2 o dy
—9kx’y —..kxy+...— 9kx* == M1
dx
48x2—18kxy—9kx2ﬂ+24yzﬂ=o:>ﬂ(z4y2—9kx2)=18kxy—48x2:>d—y=... M1
dx dx dx dx
dy _6kxy—-16x* .
dx  8y? —3kx? Al
(4)
(b) 2
q 5 6k(g)y—16(g)
—y=0,x=—:—2=0 or
6 e a(?)
y 5 M1
5 57 (Y
X=—=16| = | —9k| = | y+8y>=875
2 2 2
15ky —100=0 or 250—%|q+8y3=875 Al
3 2 3
Eq. 16(§j —9k(§) (@}8(@] 875k = (:ﬁ]:k:...
2 2) \ 3k 3k 27 M1
k=2 Al
3
4)
(8 marks)
\Q’/.
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< QUESTION

Notes
(@)
Bl: For y® >3y’ % . Allow if seen in aside working without the 8.
X
M1:  Correct attempt at implicit differentiation on the —9kx®y . Look for —9kx?y —..kxy +...— 9kx? ?
X
M1: Collects both of their % terms together, collects non j—y terms the other side of the equation, factorises
X X
and divides to achieve % =... Must have two % terms, one from the attempt at differentiating —9kx*y
X X
and one from the attempt at differentiating y*, but condone if an extra % =... term has been included.
X
2
AL*:  Achieves &Y :w with no errors
dx 8y —3kx
(b)
M1: Uses the information to produce one equation in k and y, e.g. sets the :—y equal to 0 and substitutes x = g ,
X
or substitutes X :g into the given equation. Allow one slip substituting.
Al: A correct equation without fraction and with simplified coefficients, so 15ky —100=0 oe or
225
250—Tky+8y3 =8750e
M1: For a complete method to find k so solves the equations simultaneously to achieve a value for k. May find y
first e.g substitutes their k = 2—0 into the original equation, solves to find y and substitutes this back into
y
. . 20
k=20 tofindkvia 250—375+8y° =875 = y=5=>k = ——— ...
3y 3x5
AL k=2
3
Alt:
. 5.
If they do not substitute X = 3 initially then score
M1: Uses numerator of j—y equal to 0 to find y in terms of x and k and substitute into original equation (allowing
X
one slip)
Al: Correct equation:
2 2 2\3
By —16x2 =0 = y = 25 = 16x° — 9kt | 2 | 18) B | Z875 oe
3kx 3kx 3kx
. 5 .
M1: Substitutes X = > and solves to find k
Al: k= 4
3

RA
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< QUESTION

Question Scheme Marks
5(a) . . 1\ «
1=2sinu=p=sin?| = |== B1
P [J 6
. dx
X=2sinu=—=2cosu oe M1
du
J 3x7+23 dx:J M 2cosu du:J 65m7u+23 2cosu du M1
(4—x2)E (4—4sin2u)E (4coszu)E
= lan;u 22 du IJG(SseCUtanu+lseczuj du * Al*
8cos“u 4cosu o \2 2
(4)
(b)
§se(:utanu +lsec2u du:Esecu+1tanu M1A1
2 2 2 2
[Ssecu + 1tan u} ° - Ssec("”") + Etan (”j - (351300 + 1tan Oj = M1
2 2 0 2 6 2 6 2 2
7 73—
_ 43 3 7B 3 [ 7B-9 AL
6 2 6 2 6
(4)
(8 marks)
Notes
(@)
B1: p :% Allow if seen anywhere, even in (b). p = 30 is BO.
M1l:  x=2sinu= j—x ==...cosu or any rearrangement of this equation.
u
M1:  Full substitution from an integral in terms of x to an integral in terms of u and uses the identity
sinu+cos*u =1 in the denominator. Do not be concerned with the limits for this mark.
Al*:  Achieves given answer include du (with their p) with no errors and at least one intermediate step with
the fractional power simplified. Condone missing du in intermediate lines.
(b)
) 3 1.2
M1: Esecutanu +Esec u | du=..secu+...tanu
3 1 .
Al: —secu + Etan u ignore any constant c
M1: Depends on having one term of the correct form, attempts to substitute in their p (# 1) and 0, subtracting
either way round. The substitution must be seen or clearly implied, e.g. by correct values for each term
in an intermediate step before the answer (allowing missing 0’s).
Al: ¥ —g or exact equivalent eg 7\@6_ 9 Allow if p = 30° was used.

RA
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< QUESTION

2) Alternatively sets 2¢> —6¢ =20 =t =—2 and substitutes into y=¢' -4t — y=0= B =(20,0)

This is a show that and there must be some evidence for the "0", not just sight of ¢ = -2

(b)

dy
M1: Attempts to differentiate x(¢) and y(¢)and calculates aby usmg /t in part (b)

dy 37 -4
dx  4t-6

Al:
M1: Sub ‘their’ ¢t =-2 into their%to find the gradient of the tangent at B.

M1: Uses (20,0) and their % to find an equation of the tangent.

If they use y =mx+c they need to proceed as far as ¢ = ...

AT1*: Achieves given answer. cso = 7y+4x—-80=0 The =0 must be seen
ISW after sight of this

(¢)  The demand here is to use algebra which is satisfied by the setting up of the cubic equation.

M1: Attempts to substitute x =2¢* —6¢, y =t —4¢into7y +4x—80=0
Al: Correct simplified equation in . 7¢° +8¢* =52t -80=0 The = 0 may be implied by further work
dM1: Uses a correct method to find x

e Using a calculator this can be scored for finding a value of ¢ # —2 and substituting
this in x (f).You may have to check this on a calculator if their equation is incorrect.
An accuracy of 2 sf'is required for non exact solutions. Note that the equation may be in

different forms under this method so 7¢° +8¢* =52t =80 = ¢ = ? is fine

Note: 7(t3 —4t)+4(2t2 —6t)—80 =0=¢ :?: x= —% would score M1 A0 dM1 A0

e Via factorisation look for factors where the ends work,
E.g "7 +8t° =52t —80"=(Pt+a)(Qt+b)(Rt +c) with POR="7" and abc ="+ 80"

followed by substitution of a value of ¢ # -2 in x (t)

4 . . .
Al: CSO x= —4—(9) Do not accept decimals here but remember to isw following a correct answer.

Ignore any references to the y coordinate. Penalise extra solutions, incorrect factorisation etc on this mark.




< QUESTION

Question
Number Scheme Marks
5(a) medx:szlnxdx:—xlmx+jxlxldx M1
x x
=—x"'Inx—x"'(+c) dMI1 Al
3)
(b) w=3x’2+2x’l+x’21ﬁx oe Bl
x
4
Area = [—i+21nx"—ln—x—l"} Ml
X x x|
3 In4 1 3 In2 1
= -242m4-2T 2| — 24 2m2 -2 |=142mn2 M1 Al
( 4 4 4) ( 2 2 2) "
4)
(7 marks)
(a)
M1: Attempts by parts to reach a form J’x2 Inx dx = +ax™ lnxibJ.xl «Ldx where a,b#0
x

If a formula is stated it must be correct.
dM1: Integrates again to reach a form +ax™'Inx+hx™"

In 1
Al: —x'Inx—x"'(+¢) o.esuchas —Tx—;—}—c

Condone the omission of the constant of integration. Condone —x ™' In x + (—x'l)

(b)
Bl: 3*2x+inx 2x2+1nx =3x7+2x"'+x " Inx or %+£+ lnzx .
X X x x
2
The — may be implied by later work. That is if they state J.Z—f dx=2Inx or Inx’
X X
3 . Inx 1,7 . .
M1: Area = | ——+2Inx"-————"| following through on their part (a)
X X x

. In !
M1: For substituting 2 and 4 into an expression of the form [ﬁ +glnx+ r—x+£} and attempts to
X x  x],

simplify by using one log law correctly. (Note that the two terms in — may be combined before substitution)

Al: Exact answer: Likely tobe 1+2In2 or 1+1n4

For those who don't read the instruction in (b) to use (a) and do via parts score




< QUESTION

Bl: j wdx=—xl(3+2x+lnx)+“‘ (2+1jxldx

X X X

Ml: Area = [ix’l (3+2x+1nx)'”_r2lnxix’l]z

Question
Number Scheme Marks
6 (a) y=x""=1Iny=sinxlnx Bl
1dy sin
Differentiates &y _smx +Inxcosx M1 Ml Al
ydx x
d .
—yzm+ylnxcosx oe Al
dx x
)
dy sin x
(b) Puts ——=0= +Inxcosx=0 M1
dx x
SInx+x1nx:O:>tanx+xlnx:0* Al*
cos x
)
(7 marks)

(a)

Bl: y=x""=Iny=sinxInx o.e. Condone this writtenlog y = sin xlog x

This may have been found via log y=sinx — Iny =sinx

Inx
M1: For differentiation of In y — l><d—y or log,y—> l><d—y
y o dx y dx
M1: Attempts the product rule on sin xInx If the rule is quoted it must be correct.
If candidates set u =...,u'=...,v=...,v'=... it may be implied by their v '+ uv'
If it is neither quoted nor implied score for Y 4 Inxcosx
X
. . 1dy sinx
Al: Correct differentiation to ——— = +Inxcosx
ydx x
. i . inx+xl
Al: Achieves Y _ysinx + ylnxcosx or exact equivalent such as Y_ y(w)
dx X dx X
Accept this in terms of just x. For instance % =X SIMX L s ycosx
X
ISW after sight of a correct answer.
1~ sinx

Note that you will see candidates who write ; dy= < dx+Inxcosx dx which can be marked in the same




< QUESTION

(b)
M1: Sets their % =0, divides by y or x™"* to form a simplified equation in x.
This may be implied by % =M+ylnxcosx =0=sinx+xlnxcosx=0 o.e.
X

For this to be scored % must be in the form

sinx
y—iylnxcosx

sinx
X Sin x sinx
———+x Inxcosx where ... could be 1

Al1*: CSO Proceeds to the given answer of tanx+xInx=0

sin x
+xlnx=0

showing at least the intermediate line
cosx

It can be implied by sinx+xInxcosx=0 (+cosx)= tanx+xlnx=0

6 (a) y zxsin.vcj y — esinx]nx Bl
A dv .

Differentiates y =e"™*"™* — G _sinrinr o M1

d, . sin x

—(sinxInx)=—=+Inxcosx Ml

dx X

dy sinxInx (Sinx )

—=¢ x| ——+Inxcosx A2

dx X

®

sinxInx

Bl: y=x""=y=e

MI: Differentiates e™™*"* — """ x... where ... could be 1

M1: Attempts the product rule on sin xInx. See main scheme on how to apply this mark.
sinx

A2: Correct differentiation = ——+In xcosx
X




< QUESTION

(@)

Question Scheme Marks
7 (i) Soay
Chooses a suitable substitution for | ——dx
L V2x -1
E.g u=+2x-1 Eg u=2x-1 Bl
dx de 1
2x—1:>£—u u 2x—1:>a—§
J‘ 3x & 3x
V2x-1 N2x—
j—u +—d J‘—u“r u 2du Mi
=—u +3u =—u2+ u2 dM1 Al
2 2 2 2
3 3 17°
.. 1 5 3 1 5.3 2
=| = - = == +— =...
Limits [2u +2u}1 {211 2u 1 Ml
1 5 3 1 5.3 ) 1.2 3 ) (1 3 ) Al
(EXS +5><3]—(5><1 +EX1]_16 [Ex92 +EX92J_(EX1+EXI)_16
(6)
7 (i) 6x” —16 3. 81
(x+1)(2x-3) = 77
6x*-16 _ 2 1 M1 AL
(x+1)(2x—3) x+1 2x-3
2_
6x"—16 a= 134 21 dr
(x+1)(2x-3) x+1 2x-3
=3x+21n|x+l|—%ln|2x—3|+c M1 Alft Al
(©)
(12 marks)

B1:

States or uses a suitable substitution. That is one that will work.
M1: Attempts to change the integral in x to an integral in 'u'
Expect to see all aspects changed including the dx

Foru =~/2x—1 expect to see J-Au2+Bdu
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1 1

For u =2x—1 expect to see JPu2+Qu2du

dM1: For correct method of integration. Allow for correct powers. Dependent upon previous M
Al: See scheme. Correct integration which may be left unsimplified
M1: Uses correct limits for their valid substitution.
Al: CSO 16. Look for 18 -2 or such before the 16.

16 with no working scores no marks. This is evidence of use of a calculator
(ii) Note that epen scoring is M1 M1 A1 M1 Al Al
B1: For a quotient of 3.

This can be scored by setting 6x> =16 = 4(x+1)(2x—3)+B(x+1)+C(2x—3)and reaching 4=3

or by division with 3 in the "correct place"
M1: A full attempt to find 4, B and C.

Either sets 6x” —16=A(x+1)(2x-3)+ B(x+1)+C(2x—3) condoning slips leading to values of 4, B and C

or divides and uses partial fractions on the remainder to form an expression of the correct form.

2
Al: Correct partial fractions seen or implied. (xff) (_ch6—3) =3+ (xil) - (2x1—3)
MI: Twoof 4—..x idx—) In(x+1) de—) In(2x-3)
: X, 1) (2:-3)
B C C
Alft: Two correct of 4 — Ax dx > BIn(x+1) and dx > —In(2x-3)
(x+l) (2x—3) 2

1
Please note that answers such as I dx — —In(4x —6) are correct

2(2x-3)
Al: 3x+2ln|x+l|—%ln|2x—3|+c but condone 3x+21n(x+1)—%ln(2x—3)+c The +c is required.

You should isw after a correct answer.

Note that it is possible to do part (i) by parts. This does not satisfy the demand of the question but can score

some marks
Bl: dx 3xV/2x—-1-| 3+2x-1dx
V2x— '[
MIl: ———dr=axy2x-1-b(2x— 1) FYI: Correct when a =3,b =1

\/2x—

5 3 5
third M1 (5th mark on epen): applies limits to a valid expression 3x dr = ae2x—1-b(2x=12 | =
] \/2)‘:—_1 ax: X ( X )

1

5

={3xm7(2x71)%i| =(45-27)-(3-1)=16 0-e.

1

second A1 (6th mark on epen)

to score on e-epen 110011

Note that in part (ii) some candidates will write

RA
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< QUESTION

2 —_—
6x 16 __B + ¢ and via substitution will get "a correct” 2 1
(x+1)(2x—3) x+1 2x-3 x+1 2x-3

2 " " " " " "
00 g (B T gem Bt (x 1) - n (20 3)
(x+1)(2x-3) x+1 2x-3 2

Scores SC B0 MO A0 M1 Alft AO for 2 out of 6 if ft integration is correct

Question

Number Scheme Marks
4 3 2 2 4431=2+2u
8 (a) =3 |+A]2|=| O|+u|-1|= -3-24=0-1x anytwo ofthese | M1
2 -1 -9 -3 2-11=-9-3u
Full method to find either 4 or x eg (1) +3(3) = u=... M1
Either A =—4 or u=-5 Al
4 3 2 2
Position vector of intersectionis | =3 |—4| -2 |=OR 0|-5-1|= dM1
2 -1 -9 -3
-8
| s Al
6 5
2+2u

(b) Co-ordinates or position vector of point O=| 0-1u
-9-3u

2+2u 10 2u-8
PO=| 0-lu |-|-7|=| 7-1u M1
-9-3u 0 -9-3u

2
Uses P—Q -1 =0:>4y—16—7+,u+27+9/1=0:>y=—% dM1 Al
-3
2+2u
. L 10 2 57
Substitutes their ginto| 0-1u |[=> Q0= ERC Ty ddM1 A1l
-9-3u
)
(10 marks)




< QUESTION

Question
Number Scheme Marks
4 . 4
7 (a) Finds | 4 |=~4"+4’+2* =6 and attempts 3 4 M1
2 2
7
3
OA4 = % oe Al
/4
3
2
1+44
(b) Co-ordinates or position vector of point X = | —10+44 Ml
-9+24
4
OX.|4|=0=4(1+42)+4(~10+44)+2(-9+21)=0 M1
2
36A=54=A1=15 ddM1 A1
X =(7,-4,-6) Al
6)
© | Finds OX =7 +(~4)" +(=6)’ =101 and 04 =1 Ml
AreaOXA=%x1x\/10 :% dM1 Al
(&)
(10 marks)
Handy diagram
b
A
o
(a)
4
M1: Correct attempt at the unit vector. Look for an attempt at v4° +4° +2° and use of |r_| where r=| 4
r
2

or equivalent vector form such as r = (4i +4j+ 2k) . Condone an attempt to find the coordinates of 4
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y 4
3 : — 1 — 1
Al 57 % or equivalent such as O4 = 3 4| or OA= 3
1 2
%

not in coordinate form.

(4i+4j+2K)but must be in vector form and

(b)
1+44
M1: For an attempt at the co-ordinates or position vector of point X = (1+44,-10442,-9+22) or | ~10+44
-9+24
4
dM1: For using OX.| 4 |=0to set up an equation in A
2

Alternatively finds OX~ = (1+44 )2 +(-10+42 )2 +(-9+ 2&)2 and attempts to differentiate and set =0

May use OX g OA2 e to set up an equation in A
ddM1: Solves for A This is dependent upon having scored both previous M's
Al: Correct value for 1 =1.5

Al: Correct coordinates for X = (7,—4, —6) . Condone position vector form 7i—4j—6k o.e.
()
M1: Finds all elements required to calculate the area.
In the main scheme this would be the distance OX or OX 2 AND distance OA or OA* (which is 1)

1
dM1: Correct method of finding the area of OX4 = 7% OX x1

Al: Area = % 0.€

There are various alternatives for part (c). Amongst others are;
Alt I via vector product.

2 2 2
8. 19. 22| 1 |8 19 22\ /101
§‘_?J+T"_2X\/[3j +[_3j +[3j )

1 J
MI1: For an attempt at %x 7 -4 -6 =%><
2RV

dM1: Followed by an attempt at finding the modulus of the resulting vector multiplied by 1/2
Alt II via scalar products
M1: Attempts to find all three components required to find the area triangle OXA

E.g. Angle OXA with length of side OX and X4

Alternatively angle OAX with length of side O4 and X4
For this to be scored

l>< 7 -4 -6 :lx

ijk‘

i——j+—1i

3 37773

8. 19, 22,‘

e appropriate gradient vectors need to be attempted by subtracting
e acorrect attempt at using ab = a||b|cos to find cosé or &

dM1: Full attempt at area of triangle using %|OX || X4|sin(OX4) or equivalent

RA
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(c) Otherwise: Applies binomial expansion to G—%sz
: 1
B1: Correct simplified expression (E_lx)z :1(1_2)()5
4 2 2

1

1(1_1 1(1_1
M1: Correct structure for 3rd term: %(—Zx)2 but allow %(ikx)2 with or without brackets. Even

allow with k=1

Al: =—=x—=x"+... Ignore extra terms of x3 and above

Direct expansion in ()

a2 ey By

B1: Obtains an expansion with a constant term of 8

M1: Attempts the binomial expansion of G—% XJ ’ to get the third and/or fourth term with an acceptable
structure.
Py o LR ey
—— |X| == - 2 —— | X == |X| ——= 2 3
Look for #(E] Z(ilx) or 2 2 2 (lj z(ilxj
2 4 2 3!
with or without the brackets on the [J_r%)(]

Al: Correct simplified or unsimplified expansion .
Expression at the top of the page is acceptable
Al: Two correct and simplified terms of 8+ 24x+60x* +140x°

Al: All correct and simplified 8+ 24x+60x* +140x>
Direct expansion in (c)
11 2_1% 1(1Y7( 1.}
B1: First two terms which may be unsimplified (Z’Exj ‘[Zj +§(Z) (’Ex] e
)
-=X
2
2

Al: Correct simplified expansion %—%x—%x +...

3
2

2z
Sl Z-1,, -
M1: Correct form for the third term %G)
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?\lte;]tggp Scheme Marks
2(2) States or uses S =6x* or %:4 B1
2 ds
States or uses S =6x> and E:4 B1
Attempts to use d—S:d—Sx%:>4=12><xd—X:>d—X=... M1
dt  dx dt dt dt
dx 1
:a =3x oe Al
(4)
(a) Alt States or uses S =6x* or %: 4 B1
2 ds
States or uses S =6x> and E:4 B1
d—S:4:S=4t+c:>S=6x2:>6x2:4t+c:>12xd—xz4:>d—xz...
dt dt dt
or M1
S=6x2:>6x2=4t+c:>12x=4$:d—xz...
dx dt
dx 1
—=_— o€
= dt  3x Al
(b) States or uses ?j—v =3x? B1
X
Attempts to use d—V:d—de—X:d—V=3x2xi:x M1
dt dx dt dt 3x
1
AV _ys Al
dt
(3)
b) Alt 2 1
(b) V:xs,S:6x2:>S:6V3:>§—\S/:4V3 Bl
Attempts to use d_V:d_de_S: ! x4 M1
t dS dt L
VAV
1
=4V _ys Al
dt
(7 marks)
2
RA
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(a) Condone the use of different variables provided the intention is clear.
This will most likely be the use of A rather than S for surface area.

B1: States or uses S =6x* or z—f =4 (ignore any units associated with either)

Note that S = 6x>may be implied by Z—S =12x
X

B1: States or uses S =6x* and ?j_? =4 (ignore any units associated with either)

Note that S = 6x?may be implied by 3—8 =12x
X
M1: Attempts to use d_s:d_sxd_x or equivalent with their ds and ds where as _ kx and as isa
dt  dx dt dx dt dx

constant, in an attempt to find % May be implied by their working.

Jdx 1 % 4 . .
Al: T3 0ee.g. <% on from correct work and apply isw once a correct answer is seen.
1

Allow correct work leading to e.g. k = 3

The 3—): =" must appear at some point in their working for this mark.

(@) Alt.
B1: States or uses S =6x? or C(ij_f =4 (ignore any units associated with either)

Note that S = 6x>may be implied by Z‘—S =12x
X
B1: States or uses S =6x> and i—? =4 (ignore any units associated with either)
Note that S = 6x*may be implied by (;—S =12x
X

M1: Integrates ((jzl_? =4 to obtain S =4t + c or S = 4t and replaces S in terms of x and differentiates wrt t or

wrt x to obtain ax% = or ax :ﬂﬂ
dt dx

Jdx 1 % 4 . .
Al: T 3x oeeg. == oy from correct work and apply isw once a correct answer is seen.
Note that 3_): = 3_1X sometimes comes from incorrect work so check their method.

This can be scored from obtaining S = 4t + ¢ or S = 4t earlier.
The n X =" must appear at some point in their working for this mark.

dt
(b)
dv

B1: States or uses P 3x? Allow this mark to score anywhere in the question.
X

M1: Attempts to use av _ d_VXd_x or equivalent with their av and & which may be implied.
dt  dx dt dx dt
1
Al: (jj—\: =V 3which may be implied by e.g. Oclj_\t/ =x, x=V' = p= %

The dd_\t/ =" must appear at some point in their working for this mark.
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(b) Alt:
ds - z
B1: States or uses W=4V S(from S=6x*,V=x=S=6V?)
M1: Attempts to use v =d—v><d—S or equivalent with their av and @ which may be implied.
d dS dt ds dt
1
Al: av =V 3which may be implied by e.g. av _ x, x=V"' = p= 1
dt dt 3
The (:1_\: =" must appear at some point in their working for this mark.
Note that a common incorrect response involves using S = x? rather than S = 6x?, giving:
@ s=x, 34 I_d5 &_ 4 2B &2 seoring BIBOMIAO
dt dt dx dt dt dt  x
1
() &Y _gye, AV _dV dx AV 50 2 6x—ev? scoring BIMLAO
dx dt  dx dt dt X
N2
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< QUESTION

Question Scheme Marks
Number
3(1) I x’e” dx=%x2e —I xe” dx M1
2x
_ 1 2 2 1 2x
=5Xe 5Xe J de M1
2%
1 2 1 2x e Al
==Xe —=xe +—
2 2 4
2 ¢ 8
2 X
5 2x _122x_1 2x__8_86__£
Lxe dx—Exe 5Xe + =8e 2e+4 7 M1
0
8
_2%e 1 Al
4 4
)
(i) Condone the omission of “dx” throughout
M1: Attempts to integrate by parts once to achieve pxZe” _QIX e”dx, P,Q>0
M1: Attempts to integrate xe”* to achieve axe iluj e’ dx, 1>0
1 1 e
2x 2x 2% . . . . .
Al: I x’e” dx= Exze —5 e’ +=,—which may be unsimplified and isw once a correct answer is seen.

2x

1 1 e
Watch for Ixzezx dx = > x2e”* _(5 xe” —T](%) which scores all 3 marks. ISW after sight of this.

Watch for D & | method which may be seen. You will just see the answer here.

D [
X2 N e2x . . .
= Zx%e¥ _Zyxe¥ 4 Zp¥
x T~ leZX 5 4
2
2 + %e“ Score M2 for Ax%e” £Bxe” +Ce”", A>0
2x
’ T Lo and then AL for = x%e” — = xe”" +e_(+ c)
8 2 2 4

2 2 2
M1: Attempts to substitute both limits into an expression of the form Ax%e” £Bxe  +Ce X, A>0,
. . 8 .
subtracts either way round, and simplifies to the form ae + 5, @, #0 where a and 8 are numeric.
(Allow if the e’ terms are not combined)

25 1 o 1, ,) 250 1
Al: 7O exact simplified equivalent e.g. 1 25 -1, vy e ~75 . Do not condone “+ ¢” here.
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(i) 1l.u :2x—1:>g—z:2 ore.g. du=2dx
OR
2
2. u=(2x—1) :3—2:4(2x—1) ore.g. du=4(2x—1)dx Bl
OR
du
3. Uu=2x=—=2 ore.g. du=2dx
dx
lLu=2x-1=> 4x s dx = 2u—:rledu
(2x-1) ut 2
OR
4x 2Ju+2 1
2. u=(2x-1)"= dx = ——du M1 Al
S e R
OR

Ju=2x=> dex= i2><£du
(2x-1) (u-1) 2

1 1 1 1 1 1 1 1
1. —+—|du=lhu-= OR 2. = —+— |du==Inu—-—
J. [u uz) u 2J. u 3 2 Ju

2
u

dM1 Al
u -1 1 -1
OR 3. ———du=-u(u-1) "+ | —du=-u(u-1) +In(u-1
| F=C R !
1. Uses limi =5 =20: |n20—i - |n5—1
. Uses limits u=5to u=20: 20 5
OR
. (1 1 1 1
2. Uses limits u=25 to u=400: [5'”400 %j (EInZS gj M1
OR
. ] 21 6
3. Uses limits u=6 to u=21: (In 20—2—0j—(ln5—§]
3
=2—0+In4 Al
(7)
(12 marks)

Note that ‘u’ = 2x — 1 is by far the most common approach.
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(i)

B1: Uses an appropriate substitution and differentiates correctly. See scheme for 3 examples.

2 u+1 X 1 5.
Note that for case 2. u = (2x—1) = X= \/; = S—u = Zu ?is also correct and scores B1

M1: Valid attempt to change the integral to one in "u" to obtain an integrand of the correct form:
This requires e.g.

Lk 2Pgu, ab0 orR 2 k| AP L 4 abr00R 3 k| —qu
0 u  Ju (u-1)

Condone the omission of du as long as the form of the integrand is correct.
3

Note that the u’s may appear “combined” e.g. as U? in the denominator of case 2.
Al: A correct integrand in any form in terms of u only.
Condone the omission of du as long as the integrand is correct.
dM1: Correct form of the integration for their substitution: This requires e.g.

1. kj ‘fjlujbdu—>plnu+quf1 OR 2. kJ. @idu—>plnu+i

u Ju Ju

OR 3. k| ——du—au(u-1)"+gn(u-1)
(u-1)

Depends on the previous method mark.
Al: Fully correct integration. Ignore any limits for this mark.

Note that there may be other acceptable attempts to integrate e.g. in case 1.:

u+l -2 1 1 1
J- - du=J- (u+1)u du=—(u+1)a+j Udu=—(u+1)a+lnu

u

In such cases, award M1 for a fully correct method and Al if correct.

M1: Attempts to use the correct limits for their substitution.
Need to see evidence that both correct changed limits have been substituted and the resulting
expressions subtracted either way round.
There must have been some attempt to integrate however poor having used substitution.
The substitution must involve a transformation so e.g. u = x is not acceptable.

. A - 21
Alternatively, reverses the substitution and uses the x limits 3 and — .

Al: In4+2—?:) ore.g. In4+0.15 and apply isw if necessary.
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Special Case: Candidates who answer part (b) without any form of substitution can score
a special case of BOMOAO (no substitution) then M1A1dM1A1l

e.g. Partial fractions:

4x A B 2 2

= + +
(2x—1)2 2x-1 (2x—1)2 2x-1 (2x—1)2

J.ﬁ+ﬁdx =In(2x-1)- (2x1—1)

21
1 |2 1 1 3
{In(zx—l)—miL —|n20—ﬁ—|n5+§—ﬁ+|n4

Mark as BOMOAO then:

A B
Mlfor | ——+———dx=aln(2x-1)+
j CENCETA

Al for L+%dx =In(2x-1)-
2x=1" (2x-1)
dM1 Substitutes both correct limits and subtracts either way round. Depends on first M.

Al: In4+2—3;) ore.g. In4+0.15 and apply isw if necessary.

or Parts:

j(A'—XZ dx = —2x(2x—1)_l +In(2x-1)

2x-1)

2 2 6 3
:[—2x(2x—1)_1+ln(2x—1)}2 :—Eﬂn 20+§—In5zﬁ+ln 20
3

4x 1
M1 for | ——— dx=ax(2x-1) +BIn(2x-1
[ G ey amiacy

4x =
Al for J.m dx =-2x(2x-1)" +In(2x-1)(+c)

dM1 Substitutes both correct limits and subtracts either way round. Depends on first M.

Al: In4+2—% ore.g. In4+0.15 and apply isw if necessary.




< QUESTION

If you find any attempts using a combination of methods that include substitution e.g.

4 __A B _ 2 2
(2x-1)" 2x=1 (2x-1) 2x-1 " (2x-1)’

2 2 2 du

mﬁ'de:[In(zx—l)Jﬁ' u—27 (U=2X—1)
(22 ax=[in(ax-]f +[-2] =mzo-ms- L 1= 2 sine
2x-1 (2X—1)2 - ( )3 uj, B 20 5 20
OR
" ax = 2
Ty dx=[—2x(2x—1) ]+I2X_1 dx
=[—2x(2x—1)_1]+j§ d7u (u=2x-1)
T3 » 21 6 3
= 2
=[—2x(2x—1) L +[Inu]5 =—%+§+In20—ln5=ﬁ+ln20

if fully correct as above then score full marks otherwise send to review.
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Question
Number Scheme Marks
4(a) . . 9
Assume that there exists a positive number k such that k T < 6 B1
9 2 2
k+?< 6=k +9<6k =k -6k+9<0
or
k 9 6=k 9 6<0 k k 0
< 8=k+p—6< :([)([)< M1
or
2
k+%< 6:[k+%} <36:>k2+18+8—3—36<0
k
2 2
2 3 9
:>(k—3) <0 or:{\/ﬁ—ﬁ] <0 or :[k—F] <0 Al
But numbers squared are >0, hence k +2 >6 Al*
(4)
(b) E.g. When k =-3, —3+_i(= -6 )which isnot >6 Bl
1)
(b) Alt k<0:%<0:>k+%<0 which is not > 6 B1
(5 marks)
(@)

B1: For setting up the correct contradiction. It must include a word/words such as “assume” or “let” and

must be a strict inequality. As a minimum accept just “assume/let k +% <6”.

Condone e.g. Assume that for all positive numbers k, k +% <6

M1: Starting from k+%< 6 or k+%< 6 or k+§= 6, either

2 2 2
o multiplies by k and attempts to reach K ...<0 or k ... <0 or k ...=0

e collects terms to one side to reach k +% +6 < /< /=0and attempts to factorise to
(Vi) (Vk..)< /<=0

2 2 2
e squares both sides and collects terms to reach K ...<0 or kK ...< 0 or kK ...=0

2

2
2
Al: Reaches (k—3) ..0 oreg. [\/F—%J ..0oreg. (k—%] ...0 where ... is<or < or =
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Al1*: For a fully correct proof.
Requires

e correct calculations/algebra
e areason: “numbers squared are > 0 “this is impossible”, “numbers squared are not negative”

- . 9 . _
a minimal conclusion. E.g. hence k + K > 6, hence proven, QED, etc. but not just “contradiction”

Alternatives for A1A1*:

1. Using discriminant:

Al: b*—4ac=6°—-4x9=0 so one root and ‘positive’ quadratic
Al*: For a fully correct proof.
Requires

e correct calculations/algebra

2 . .
e areasone.g.so k —6k+9> 0or curve is on or above the x/k axis

- . 9
a minimal conclusion. E.g. hence k +

X > 6, hence proven, QED, etc. but not just “contradiction”
2. Via sketch:

AL: Sketches y=k” —6k +9: | /

Al1*: For a fully correct proof. \'\ /3’
Requires

\J
e correct calculations/algebra

e areason e.g. graph always on or above (or never below) the x-axis so k® 6k +9>0

- . 9 . -
a minimal conclusion. E.g. hence k + K > 6, hence proven, QED, etc. but not just “contradiction”

3. Via differentiation:

d(k2—6k+9)
AL —~

o —2k-6=0=k=3=k" —6k+9=0 sominimum at (3, 0)
Al1*: For a fully correct proof.
Requires

e correct calculations/algebra

2 . -
e areasone.g.so k —6k +9> 0 or curve is on or above the x/k axis

- . 9
a minimal conclusion. E.g. hence k +

K > 6, hence proven, QED, etc. but not just “contradiction”

If candidates use another variable for k, e.g. x or m then withhold the final mark
unless they revert to k in their conclusion.
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This is also acceptable (working backwards):

Assume k+%< 6 Bl

2
(k-3) 0= k2—6k+9>0:>k—6+§>0 M1
Condone > for >

From (k —3)2 >0 expands and divides by k

=k+ %2 6 Al
Condone > for >
This contradicts the assumption and so k +% >6 Al*

. . . 9
Note: Attempts that use the contradiction: “Assume there are negative numbers for which k + K >6”

generally score no marks but use review if necessary.

(b)
B1: Chooses a negative number, shows the result of substituting into k +% and gives a
minimal conclusion e.g. It is not necessary to evaluate e.g. —3+i is sufficient.

-3
e whichisnot >6
e is<6
(b)Alt:

B1: States that if k < 0 then k +% <0 and gives a minimal conclusion e.g.

e whichisnot >6
e is<6
There must be no incorrect work and no contradictory/incorrect statements.
Do not allow arguments that refer to k = 0 being not valid.
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Question Scheme Marks
Number
5(a) v =X +4x°y =k
y? >3y’ gy M1
4x2y—>8xy+4x2ﬂ M1
dx
32 2, zd_y_ 2%_
y —X"+4x'y=k =3y I 2X+8xy +4x dX_0 Al
(Sy +4x jgy 2x—8xy M1
dy 2x-8xy
U iz 2 Al
3y° +4x
(®)
b
(b) Y__gap M1
dx
Uses g—i =+1 andy = X to set up and solve equation in x, y or ‘p’
2 M1 Al
3p’ +4p°
eg. k="2"-"2"p4x"2m ddm1
k =36 Al
®)
(10 marks)

(a) Allow equivalent notation for the ZI_y e.g.y
X

M1: Differentiates y° — Py’ gi
M1: Uses the product rule to differentiate 4x°y and obtains Qxy + Rx’ %
Al: Correct differentiation including the ““ = 0” which may be implied by subsequent work.
Note that some candidates have a spurious ? =...at the start (as their intention to differentiate) and this
X
can be ignored for the first 3 marks so condone gy =3y’ 3y 2X +8xy +4x° gy 0
Allow versions such as 3y’dy — 2xdx +8xydx + 4xdy =0
MZ1: Dependent upon having achieved two different terms in % one from each of the terms y° and 4x2y.

Look for (...i...)ﬂz...:g—yz... which may be implied by their working.
X

dy

For those candidates who had a spurious oo at the start, they may incorporate this in their
X

rearrangement in which case they will have 3 terms in 3—yand so score MO.

X
If they ignore it, then this mark is available for the condition as described above.
Al 3}/ 2x=8xy or exact equivalent e.g. 3y By-2x
X 3y?+4x° X _3y*—4x’
RA
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(b)
M1: States or uses g—i =—1 which may be implied by their working e.g.
2 2
2x—8xy __ 8xy —2x -1 3y +4x _1 etc.
3y’ +4x° 3y’ +4x° 8xy —2x
Do not award for e.g. “Gradient =—1"
M1: Usesy =xorx=yory=x="“p” in their % sets =+1 and attempts to solve to obtain a value for their
variable.
2x-8x" 2y-8y’ 2p-8p°
e ——=tl=>x=.., #:ﬂ: y=.., &:ﬂ: p=..,
3x° +4x° 3y’ +4y? 3p*+4p°

Al:Forx,yor“p”=2atP
ddM1: Uses their non-zero value for x, y or “p” to obtain a value for k using the given equation of the
curve.
Depends on both previous method marks.
Al: k=36

Correct answer only with no working scores no marks.
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Question Scheme Marks
Number

5@ (2.3-7) B1
1)
(b) 1) ( 4
Attempts | 2 [o| -1 =1><4+2><—1+2><8=(18) M1
2 8
2 .2 2 2 2 2
Attempts a.b:‘aHb‘cose: 18=41+2 +2 x f4 +(—1) +8 cosd dM1
2
cos @ = 3 Al
3)
b) Alt
(b) 4 1 3
eg. || -1]-|2||=% -3 M1
8 |2 6
2 2
32+32+62=12+22+22+42+(—1) 18 21 +2 +2"x /42+(—1) +8° cos® | dMm1
2
cosd = § Al
(©) Uses A =6 to find length PQ E.g.
PQ =6i+12j+12k = PQ = /6" +12° +12° =(18) M1
Or PQ=6xy1 +2°+2° :(18)
2
Area QPR = —absinC == x18"x [1-| 2 | =545
rea QPR = 5 =3 3| M1 Al
3)
(d) Attempts a correct method of finding at least one value for u e.g.
2 2 2 2 2 2
(4;1) +u +(8,u) =6 +12 +12
M1
2 2
4" +(-1) +8
2 4
Attempts one correct position r=| 3|+2|-1 dM1
-7 8
Possible coordinates (10,1, 9) and (—6, 5, —23) Al
®3)
(10 marks)
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. . . . d
M1: Differentiates one term in y to a correct form. Award for either —3y* — ikyd—i or

d . . . . . .
2Xy > ay+ ﬂx% Accept equivalents if they differentiate with respect to y instead.

dM1: Differentiates both y terms to a correct form

dy

Award for Both -3y° — J_rky& dy

and 2xy »> ay+ fx—
dx

Al: Fully correct differentiation. (o.e. if with respect to y). Allow y' for g—y
X

You may see 24x*dx—6y dy +2y dx+2xdy = 0which is fine.

jy +2y+ ZXZ—y =0 is AO unless the extra g—y =is subsequently omitted
X X

Note that ay =24x* -6y
dx
M1: For

. . ., d . I
e either rearranging to find d—i (or % ) in terms of both x and y and then substituting both (2, 5)

e or substituting both (2, 5) then rearranging to find —y (or — )

FY| dl 24x? +2y
dx 6y-—2x
It is dependent upon having exactly two terms in % one each coming from differentiating the 3y”
and the 2xy .
Al: Correct value for either g—i’ i— (accept awrt 4.08) or j; 13 (awrt 0.245)

MZ1: Correct method for the equation of the normal at (2, 5). E.g. y—5 ="—%‘(x—2)

< QUESTION

It is dependent upon them having attempted differentiation (may be only one term in d—i ) and using

x =2,y =5 to find the value of —S—X which must be the negative reciprocal of their g—y
y X
If the form y =mx+c is used then the method must proceed as faras c = ...

Al: Correct answer or any integer multiple of this. The = 0 must be seen

N
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4(a 1o, o dA 25
(@) A_ES (0 sme) :@_?(licose) M1
dA 25
—=—/|(1-cos@
a6~ 2 (-¢) AL
@)
(b) 99 o1 B1
dt
dA dA d@
Q27 Bl
at do a0
dA 25 b4
—="|1-cos— [x0.1
m 2[ cos3Jx M1
5 2
=§ (cm¢ per second) Al
4
(6 marks)
INA
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(@)

M1: Attempts formula for area of segment with r = 5 and differentiates with respect to 4.

Look for &5° (0—sing) = oA _ ﬂ(li cos 9) Allow with either & == or 1
deo 2

. L 1
You may see A=a5’6—a5’sing jj—gzﬁiﬂcose again with a=3 orl

Al: Reaches correct result with no errors seen. Allow with 12.5.

Must follow M1 (the form is given). It cannot just appear without sight of some correct working

(b)
B1: States or uses i—f =0.1

This may be seen anywhere in the question, even in part (a) or next to the Figure
B1: States or uses a correct version of the chain rule for the given problem.
May be seen in (a) or in the question itself.

dA di‘ dj d—g 9A_ d—aretwocorrectversmns
dt do dt dA dt  dt

dA dA do
This may be implied by an equation involving their —or — = K(1—cos & }and their —
Is may be implied by quation involving Id9 40 ( ) |dt

M1: Attempts the chain rule with their (a), a correct%—f =0.1and €= %to find a value for d—A

dA 1 1 dA
If they don’t attempt (a), or use a made up K, condone I = 0.1><E' K'= =% ‘K", but — 40 must be of

the form K (1—cos 9) via this route.
Al: CSO. units not required. Decimal answer is 0.625.
Cannot be scored following an incorrect part (a) but allow if they have
dA r? dA 25

() leftas — =—(1-cos6) followed by (b) - ="| 1-cos 7 |x0.1= > which scores 00 1111.
o 2 2 3 8
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5(a) -2 2=3t-t’=t=..
ey T - M1
(tz—3t+2=(t—1)(t—2)=0:)a=1,b=2 Al
)
(b) o * ix * ) M1
Area under curve = dx = —dt= 2t +2)dt
_[ y Yt TR Al
t="1' 1 1
t=1=>x=3, t=2=>x=8 B1
2
Soarea of R = 1x(8-3) - x (2t +2)dt M1
_13-1)
2
S I Al
RIERD
(5)
©() t+1 _A, B ML

t(3-t) t 3-t
=>t+1=A(3-t)+Bt

M1
Eg.t=0=1=3A= A=%;t=3:>4=3B:>B=%

t+1 1 4

=— 4 —
t(3-t) 3t 3(3-t) Al
(i)
L 1+Ldt=1|nt—fln(3—t) M1
t(3-t) 3t 3(3-t) 3 3
2
Area=5-4 ilnt-fln(s-t) 54/ tm2—2m1i-timis 2
3 3 ) 3 3 3 3
dM1
=5—4[lln2+ﬂln2]
3 3
20
=5-""In2 Al
3
(6)
(13 marks)

(@)

M1: Sets the y equation equal to 1 (condoning slips) and then attempts to solve the resulting quadratic
equation (usual rules). May be implied by correct values if a calculator is used.

Al: Correct values. That is a=1and b=2. Condone (t =) 1 and 2 due to the demand of the question.
Correct answers with no (incorrect) working scores both marks but must be seen in part (a).

If they do state a=3 and b =8followingt=1 and t =2 score A0

£
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(b) M1: Attempts % and multiplies by y condoning slips (e.g. missing brackets).

No requirement to see any integral.
.

Al: Correct unsimplified expression for the area under the curveJ' x (2t +2)dt

L. 13-1)
Allow with their a and b or even with a and b (as letters). May be seen within an expression.
Condone the omission of the dt for this mark. Allow missing brackets to be recovered.

B1: Sight of correct (x) values 3 and 8 at the ends of the given curve. May be awarded from work done

in (a). Award for sight of 5 as the width of the rectangle or for S—I as their attempt at the area of R

M1: Full attempt at finding the area of region R. Be aware that the form is given.
Look for the area of the rectangle subtract the area under the curve. dt’s not required here
It is dependent upon
Use of the correct x, and X, or use of their t values from (a) to find x, and X, which may be implied by
the width of the rectangle
ag

Use of 1x(xb—xa)—‘[ y%dt to find area of R.

2 q z 4(t+1 , : [P4(t+1
(1—y)dx:-“1 (l_y)d)t(dt:_[ <2t+2)_t((3—t))dt:[t +2tl—J‘1 t(<3—t))dt

Al: Correct answer achieved. All aspects including the dt must be present at least once before the final
solution

(©)(i)
M1: Correct form for partial fractions which may be implied
M1: Correct method to find at least one of the constants.
If they use cover up rule etc it may be implied by one correct constant or one correct pf
Al: Correct partial fractions, not just correct constants. May be awarded in (c)(ii)

t="2"

May be achieved by j

t="1"

Allow fractions like %-‘r 43 . Ignore any ... which may be set equal to this.

@-1)
(c)(ii)
M1: Integrates to correct form pInt+qln(3-t)o.e.
Be aware that pInct+qlInk(3—t)where c and k are constants is also correct

dM1: Substitutes their t limits (either way around) and uses the answer from (b) to find the area.
There must be some correct In work seen. E.g In1=0or attempts to combine terms
To score this there must be non-zero values for M, k, a and b.

Condone with M and k leading to a correct expression in M and k. E.g. M —K {;In 2+%In 2]

It is dependent upon the previous M1 and must be of the form M —K [; In 2+%In 2]"

. . 15-20In2
Al: Correct answer or equivalent simplest form. E.g. —3 ISW after a correct answer.

Condone other simple equivalents such as 5—%In 16 or 5—%In 32

N
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Question Scheme Marks
2
6(a) ‘OA‘ = (1+84) +(2-2) +(5+44) M1
‘O—A‘:5J1_0:>(1+8/1)2+(2—/1)2+(5+4ﬂ)2:250 M1
= 6442 +164+1+ A% —4A+4+161% + 404 +25=250 ALx
= 8142 +524-220 = 0*
(3)
(b)
81,12+52,1—220=o:>(81,1—11o)(/1+2)=o:>,1=... 110
81
1+8x"theird" M1
=O0A= 2-"theirA"
5+ 4x"theird"
g 10) (961
1 8) (-15 1811 812
—_— —_— * -
Eg=O0A=|2|-2/-1|=| 4|* :or0A=| 2-110]_| 32 AL
; . 5 81 81 Al
5rax1t0| | 845
81 81
(3)
(© -15\( 8
41| -1
3| 4 M1
cosf =+ =
157 + 47 + 3 /82 +12 + 42
_ 136 (~09557..) oreg. o=awrt 0299 (rad) /17.1°
45,10 Al
AreaOAB:%S 10 x4,/10sin@ =... M1
=awrt 29.4 Al
(4)
(10 marks)

(@)
M1: Attempts to find the distance, or distance squared, from O to a general point on the line, or to A.
Condone slips. It is acceptable to use a different variable rather than A.

M1: Attempts to use ‘@‘ = 5\/TO to set up a quadratic equation in 4, need not be expanded for this mark.

Condone slips on the 250 for OA? on this mark. Allow it to appear as 5x10 =50
Al*: Expands and reaches the correct equation from correct work.

An intermediate line equivalent to 644% +164+1+ 1> —41+4+164% + 401 +25=250 must be
written out before the final given answer is seen.
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(b)
M1: Correct attempt at solving the quadratic equation, (allow a calculator), and substitutes at least one of
their values for A into the equation for the line to find a possible position vector. The (-15, 4, —3)is

given so they cannot just write A = 2, A = (-15, 4, —3) without some evidence. However, sight of a

correct second coordinate (961 52,845onuld imply M1
81 81 81
Al*: Correct value 1 = —2 found, and substituted to reach the given position vector.
1+8x-2) (-15
Scored for sight of OA=| 2—(-2) |=| 4|o.e.
5+4x-2 -3

Also allow the coordinate (—15, 4, —3) but not an incorrect hybrid version. E.g. (~15i, 4j, —3k)

Al: Correct second possible position vector but condone in coordinate form.[gifll, 2?8:15] Must be
exact. Do not allow hybrid versions but if this form has been penalised already, allow here.

(©)

M1: Attempts the scalar product of +OA = i(—lSi +4j —Sk) and the direction vector of the line

J_r(8i -1j +4k) to find cosé for the angle between OA and I,. Condone slips but the intention must be
clear. If the method of finding modulus is not shown award if one of the two is correct. For example,
4410 is a common error/slip on the modulus of ir(8i -1j +4k)as this length is given in the question.

Note that it is acceptable to find the scalar product of +OA with i(8yi —1luj +4/1k)as long as p is used

consistently within the calculation on the numerator. Note any variable may be used here.

Al: Correct value for cos@ (either sign acceptable). Implied by use of 8 =awrt 0.299rads or awrt 17.1°
M1: Uses formula for area of triangle in a complete method to find the area required. It is dependent upon
having found cosé via a scalar product of the two correct vectors.

Al: Correct area, awrt 29.4

Alt: There are alternative methods most of which involve finding the perpendicular distance
between the two lines. An example of such a method is shown below.

Alt -127
(c) L . , . _ 1 21 2 2 2 _
Midpoint of possible A’s is M = a1 188 | and OM = 81\/127 +188°+301° =... M1
301
=4.6534... Al
Area = %x4 10x4.6534...;=29.43... M1; Al
(4)
M1: Finds the midpoint for the two possible positions for A and proceeds to find the distance from O to
this point.

Al: Correct distance between lines.

M1: Uses formula for area of triangle in a complete method to find the area required.

Al: Correct area, awrt 29.4

There may be longer alternatives, such as finding point B first and using a different angle, but the scheme
will apply in like manner.

N
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Question Scheme Marks
Number
8(a) +(—6i +4j—k —(—10i +5j— 4k)) M1
e.g. r=—10i+5j—4k + A(4i —j+3K)
Al
e.g. r=—6i+4j—k+A(4i—j+3K)
)
(b) 3+3u=—6=u=-3 M1
p+12=4—= p=... or q—3=—-1=(0=... dmMm1
(©)
(©) (4i—j+3K)(3i—4j+k)=12+4+3 M1
(4i —j+3K)(3i—4j+k)=26+26cosd =19 = cos O =... M1
19
(coso =) 6 Al
@)
(d) 19)?
AC = ABsin 6 =+/26 1—(?6j M1
3\/29610 oe. Al
(2)
Total 10
(a)

M1: Attempts the direction of | . The expression is sufficient condoning one sign slip or may be
implied by 2 correct components of +(4i—j+3k)
Al: Any correct equation including ‘r =". Allow any parameter to be used including s

-10 4 -6 -4
Allow r=—10i+5j—4k £ A(4i—j+3k), r=| 5 |£4|-1| r=| 4 |£4/ 1
4 3 ~1) (-3
Do not accept i, j, k notation in either bracket using column vector notation
-10 4i
eg. = 5 |+ A] -1j
—4 3k

(b)
M1: Equates the x component of |, to —6 and proceeds to find a value for ..
dM1: Uses the value of  to find p or g. It is dependent on the previous method mark.
Alternatively,
o forms a correct equation for the x component using their |, and |,
e proceeds to find A
e uses this value of 4 with the value of x correctly to find p or q by forming an
equation for the y or z component.
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Al:

Do not be concerned by the mechanics of the rearrangement in solving.
Correct values

Alt (b)

M1:

Forms three correct equations 3+3u=—6, p—4u=4, q+u=-1

dM1: Solves simultaneously to find a value for p or . Do not be concerned by the mechanics of the

Al:

rearrangement.
Correct values

(c)
M1:

M1:

Al:

Attempts the scalar product using their direction vectors or may find another direction vector
which should be a multiple of the one for |, or I, (condoning slips e.g. if they restart using

another point on |1, to find a direction vector). Look for at least two correct products using
their |,. May be implied by “+19”. May find the obtuse angle which can still score this mark.

Completes the scalar product method using their direction vectors to find cos  (acute or
obtuse). Attempts the magnitude of both of their direction vectors and uses these values in the
correct positions in the equation for cos 9

19 . . . .
%6 or exact equivalent. Do not accept fractions where the numerator or denominator is not

an integer (square roots must be evaluated). Isw if they proceed to find 8

Alt (c) There will be many alternatives such as the one below. Send to review if unsure.

M1:

M1:
Al:

(d)
M1:

Al:

The first mark should be for finding the required components to use in the cosine rule e.g.
attempts to find another point P on |, and attempts to find the lengths of AB, BP and PA
The second mark should be using all the components required in the cosine rule. E.g.uses

their lengths for AB, BP and PA in the correct positions in the cosine rule.
As above in the main scheme notes.

Fully correct method to find the exact value for the length of AC.
May alternatively attempt e.g.
47

S 7 26 47V (25Y ’
ale|—13-ap =05 u=-T S Aac=| B | maco [AT) 4 2B) 420
1 6 26 13 26 13 26

+u 59

26

Note the coordinates for C are (—% % —gj and they may use their coordinates for C
with point A to find the distance AC. Condone one sign slip in the distance formula. i.e. there
must be sufficient evidence that they were attempting the differences between appropriate
coordinates.
Look out for other fully correct methods to find the exact value for the length of AC.

e.g. attempts to find |BC| and uses either trigonometry or Pythagoras’ Theorem.

Correct value. Allow g or 3 E
\l 26 \/26

N
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; (@) 2
@ V=(ﬂ)j (1(4—x)e"] dx M1
o \4
j-(f(x))z dx=%j(4—x)2e2"dx =... M1
4
y=" (x2—8x+16)e2"dx Al
16
3)
n " 2x 2x
(b) =( z ]((x —8x+16) j(Zx—S)xe dx] M1
16 2 Al
7Z' 2x er e2x
= [x —8x+16 {(2x—8) —J‘Zx de
16 4 4
2x 2x 2x dMl
=( z ) (Jc2—8x+16)e —(2x—8)e—+e
16 2 4 4

Depends on the first method mark.

" " 2x 2x 2x 4 " " 8
V= % {(x2—8x+16)e2 —(2x—8)=—+5 } =z (0+0+e——5—§—1]

4 4] 16 4 2 4 4 ddaM1
Depends on both previous method marks.
=%(e8—41) (cm®) Al
(5)
" n 2x
®) | | -2 S | (4-x) e e M1
Way 2 16 Al
" " 2x
=(£ (4—x)' S +l(4—x)ez"+ Lo g
16 2 2 2
" " 2x dM1
=( z ) (4= e L gy e Lo
16 2 2 4

Depends on the first method mark.

4
3 "i" B N er l 1 3 l 8_ 1
_( c ){(4 x) 5 +2(4 x)e™ +4e 1)—[ T j(4 8-2 4] dam1

Depends on both previous method marks.

=6l4(e8—41) (cm?) Al
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(b) 4 4 4 4
I (x2—8x+16)e2xdx=J- xzezxdx—j 8xe2*dx+j 16¢™ dx
Way 3 0 0 0 0
" " 2x 2x
T , € e
= — || x*——2xx—dx+... Mi1Al
( 16 j[ 2 I 2 j

4 4 4
j xzez’“dx—J‘ 8xezxdx+j 16e** dx
0 0 0
" " 2x 2x 2x 2x 2x dM1
S O | S-S VO [ L G VIV I L P
16 2 2 2 2 2

Depends on the first method mark.

2 2x 2x 20
(1) ¥e’t 9xe™  4le =£(8e8—18e8+ﬂe8—ﬂj
2 2 4 | 16 4 4

Depends on both previous method marks.

ddM1

:6”_4( "—41) (em) Al

(8 marks)

Notes:

(@

M1: Sets up the volume using the volume formula, but allow limits and z and the “dx” to be
missing. No need to square f(x) for this mark as long as the intent to do so is clear.

There should be an integral
M1: Attempts to square f(x) (need not be part of an integral). The power of e should be correct and

1
the bracket expanded, but allow if the Z is not squared.

A1: Correct expression for the integral, 7 and limits must be included, and no errors seen in working
so the “dx” must be present throughout.

(b)

M1: Attempts integration by parts the correct way at least once on the given integral to obtain

a(x2 —8x+16)e“ iﬂj(ax—b)ezxdx

2x 2x
Al: Correct first application of parts: (x* —8x+16) 62 —j(2x - 8) X 62 dx or equivalent.

2
€

dM1: Attempts integration by parts again in the same direction on I(2x - 8) X 7 dx and proceeds

to complete the integration. Look for K [ +a (ax - b) e + ﬂJ‘ ez"'dxj .

ddM1: Applies the limits to their integral and subtracts, (but this need not have the K or z for this
mark.) May be done in stages, so look for reaching a value using correct limits on each part
of their integral.
A1: Correct answer achieved from correct work and the 7 must have been introduced before the
final step, it should have been part of their answer to (a). Condone lack of units.
Way 2

X2
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Question Scheme Marks
Number
8(a)(i) +((3i+4j—6k)—(2i—j+5k)) M1
=i+5j-11k Al

| egr=2i—j+5k+A(i+5j-11k) or r=3i+4j—6k+A(i+5j-11k) oe. |  Alft
(©)

(@)

i
f\/l)l: Attempts to find the difference between the two vectors either way round.
The expression e.g. ((3i+4j—6k)—(2i—j+5k)) is sufficient.
If no working is shown, it may be implied by 2 correct components of +(i+5j—11k) or e.g.
+(1, 5, -11)
1 1 i
Al:  i+5j-11k o.e.e.g.| 5 |andcondone 5 butnot| 5j |andnot(l,5-11)
-11 -11 -11k
But allow this mark once a correct form is seen.
(if)
Alft: Any correct vector equation for the line following through their AB but must follow M1.
Must include “r =" (not e.g. “l =) and allow any parameter.
2 1 3 -1
eg.r=| -1|+A4| 5|oreg.r=| 4|+u| -5
5 -11 -6 11
2 i i
Donotallowe.g. r=| -1 |+t| 5j | unless the notation 5j | has already been penalised
5 -11k -11k
on the previous A mark and this is the only error in their notation.
2 1 2 1
Donotallowe.g. I=| -1 |+A| 5|oreg.l:| -1|+A 5
5 -11 5 -11
2 1
But condone I:r=| -1 |+A| 5
5 -11
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(b) CA=(2-p)i-5j+6k CB = (3- p)i—5k M1
(2-p)B-p)-30=0 dM1
=6-5p+p*-30=0=p°-5p-24=0=>p=... ddm1
p=-3, p=8 Al
4)
(© [CA|=\/2-8)*+(-5)"+6 or [CE| = J(3-8)2 +(-5)° M1
‘C—A‘:\/Q_7 or ‘@‘:\/ﬁ Al
Area of triangle =%x|ﬁ|x|@| = %x 50 x+/97 = awrt 34.8 units?
ore.g. dM1A1
1 = ==l 1 . 50 .
= x|CA|x|AB|sin BAC = =x /50 x+/147 sin| cos™ =awrt 34.8 units?
L[58 L 50 [ J14—7J
(4)
(11 marks)
(b) Allow all marks in (b) for correct work using +CA and/or +CB

Al: Correctvalues p=-3, p=8
(©)

for p.

‘C—B‘using Pythagoras. May be implied.

Al:  For |C—A| =497 or |@| =+/50 seen or implied.
dM1: Depends on the previous method mark.

M1: Attempts to find either +CA or +CB using subtraction.
If no working is shown, it may be implied by 2 correct components.
dM1: Depends on the previous method mark.

Attempts both +CA and +CB using subtraction and attempts the scalar product between their
+CA and their +CB and sets = 0 to obtain +(2— p)x+(3— p) £k =0 where k =0

ddM1: Depends on both previous method marks.
Multiplies out, collects terms and attempts to solve their three term quadratic (usual rules apply
—see general guidance). May be implied by correct roots for their 3TQ.
Do not condone work where they lose or ignore their k.

M1: Uses at least one of their values of p from part (b) (which may be negative) and attempts ‘ﬁ‘ or

Attempts to find the area of the triangle using a correct method e.g. %x their‘C—A‘x their‘@‘

It is dependent on the previous method mark and it is dependent on having used a positive value

If they use a less direct method e.g. %x‘ﬁ‘x‘ﬁ‘sin BAC then it must be a correct method,

including an attempt to find ‘ﬁ‘ using Pythagoras.

Al: awrt 34.8 This answer and no others. Do not allow for exact answers.
If they use the other value of p and give another area which is not rejected, score A0

X2
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For reference:

Note that other methods may be possible in (c) for the area e.g. using a vector product:
p=8=CA=-6i—5j+6k, CB=-5i-5k
i J k 25
CAxCB=|-6 -5 6|=| 60
5 0 -5 (-25

Area of triangle = %\/252 +60° +25° =34.8

Score as:

M1:  Attempts the vector product between 2 appropriate vectors e.g. CA and CB
May be implied by 2 correct components.
Al:  Correct vector

dMm1: Attempts %xthe magnitude of their vector
Al: Forawrt34.8

£
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Question
Number Scheme Marks
7 dx
= 1 — Bl
x= 4sinf = 10 4cosb
J‘ 1 3dx=J. 4cosf 3d‘9=J. 4cos30 40 M1 AL
2\5 .2\ 64cos’ 6
(16-x) (16-16sin’ 0)?
= Ltan 0 dM1
16
Uses limits of % and g or 30° and 60° within their attempted integration
- x Ml
and subtracts the right way round e.g. f [?j —f (g) or £(60°)—f(30°)
:itanl_ital‘lZ:ﬁ Al
16 3 16 6 24
(6 marks)
Notes:

B1:  States or uses % =4cosf o.e.e.g. dx=4cosddO. This may be seen within the integrand.

3
M1: Simplifies (16 —x’ )E using the given substitution to k cos’ @ using the Pythagorean identity

This may be implied if the work is correct and they proceed correctly to e.g. %J‘cos2 0 deo

Al: ;3 dx = ﬂ d@ or exact equivalent e.g. i cos >0 dé or ;Zdﬁ
s 64cos’ @ 16 (4cosd)
(16—x )2

ore 4cosO 40
€ (4cos@)(4cos@)(4cosb)

Condone if the “d#” is missing but is otherwise correct.

dM1: For Jk 00539 df@=..tan@
cos’ 0

T o . . . .
M1: Uses limits of 2(30") and §(60 ) correctly with their attempted integration.

Condone poor integration here.

Al: 2_431 or exact equivalent e.g. 1

83
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Nember Scheme ek
8(a) States or implies that @ = -3 or 5= 10 Bl
States or implies that ¢ = -3 and b = 10 Bl
2)
(b) "on (-2
Attempts =| 3 |_|n_3v [_ either way around Mi
1 ] 4
12
5| o | or12i+6j-3k Al
i
(2)
(© 4 -2 6
Attempts AC=| 7 |-|"=3" |=| 10 M1
-2 4 -6
6 12
Attempts AC.AB=| 10 |o| 6 |=72+60+18 dM1
-6 -3
Attempts AC.AB =|AC||AB|cos @ =150 =172 x/189 cos 0 = O = ...
(NB 72 =23, 155 -3421) o
6 =awrt 33.7° Al
(c) Alternative using the cosine rule:
4 -2 6
AC=| 7|-|"-3" |=| 10 M1
) 4 -6
4 -2 6 4 ("10m) (-6
AC=| 7|-|"-3" |=| 10| and BC=| 7|-| 3 |=| 4
=) 4 -6 -2 1 -3 dMm1
= AB* =12>+6"+3*, BC* =6" +4 +3°, AC* =6’ +10° +6°
BC? = AB* + AC* -2ABx AC cos 0
61=189+172—-2/189+/172 cos § = cos O = ... ddml
0 =awrt 33.7° Al
“)
(a)

B1:  States or implies that a = -3 or b = 10 (Note that a comes from A =-1 and b from 1 =2)

B1:  States or implies that @ = -3 and b = 10 (Note that a comes from 4 =-1 and b from 1=2)
In the rest of the question, you can condone slips in writing down vectors as long as the intention is clear.

(b)

M1: Attempts to subtract their vectors OAand OB either way round.
If no method is shown, it can be implied by at least 2 correct components for their vectors.
Al: Correct vector using correct notation.

X2
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12i
Do not allow as coordinates and do not allow | ¢j | but apply isw once a correct vector is seen.
-3k
()
M1: Attempts to subtract OC and their vector OA either way around
dM1: Attempts to find the scalar product of +AC and their vector +AB
This may be implied by their value so you may need to check.
If the value is incorrect and no method is shown score M0
ddM1: Full attempt to find angle CAB using the scalar product of +AC and their vector +AB
Al: O =awrt 33.7°and no other angles (Degrees symbol not required)
Note that in (a) they can use any multiples of +ACand +4B to find the required angle.
Alternative:
M1: Attempts to subtract OC and their vector OA either way around
dM1: Attempts to subtract OC and their vector OA either way around and attempts to subtract oC
and their vector OB either way around and attempts the lengths or lengths® of AB, BC and AC
ddM1: Full attempt to find angle CAB using the cosine rule
Al: @ =awrt 33.7°and no other angles (Degrees symbol not required)
(d) Attempts a correct method of finding one position for D. Ml
See notes for possible approaches.
(22,9,-2) or (-26,-15,10) Al
Attempts a correct method of finding both positions for D.
. dM1
See notes for possible approaches.
(22,9,-2) and (-26,-15,10) Al
@
(12 marks)
(d)
M1: Attempts a complete and correct method for finding one position for D.
(May be implied by at least 2 correct or correct ft components)
Examples:
2 2 4 2 4
Starting from | -1 |: | -1 |+5| 2| or | -1|-7| 2
3 3 -1 3 -1
-2 -2 4 -2 4
Starting from 4 | "-3"|: |"=3"[+6] 2| or |"-3"|-6| 2
4 4 -1 4 -1
"10" ’llOH 4 HIOH 4
Starting fromB | 3 |: 3 [+3] 2| or 3 |-9] 2
1 1 -1 1 -1
Note that some candidates may use their AB rather than the direction vector e.g.
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2 2 2
Starting from | -1 |: | -1 +§Z§ or | -1 —%ZE
3 3 3
-2 -2 -2
Starting from 4 | "-3" |: |"=3" |+24B or |"-3"|-24B
4 4 4
"10" lllOH HIOU
Starting fromB | 3 |: 3 [+4B or 3 |-34B
1 1 1

Al:  One correct point (22,9, —2)or (—26,-15,10)
Condone if given as a vector e.g. 22i+9j—2k or —26i—15j+10k

dM1: Attempts a complete and correct method for finding both possible positions for D.
(May be implied by at least 2 correct or correct ft components)

Examples:
2 2 4 2 4
Starting from | -1 |: |-1|+5| 2| and | -1 |-7| 2
3 3 -1 3 -1
-2 -2 4 -2 4
Starting from 4 | "-3"|: |"-3"|+6| 2| and |"-3"|-6| 2
4 4 -1 4 -1
"10" "10" 4 "10" 4
Starting fromB | 3 |: 3 |[+3] 2| and 3 -9 2
1 1 -1 1 -1
Note that some candidates may use their AB rather than the direction vector e.g.
2 2 2
Starting from | -1 |: | -1 |+ %E and | -1 —%E
3 3 3
-2 -2 -2
Starting from 4 | "=3"|: | "-3"|+24B and |"-3"|-24B
4 4 4
"10" "10" "10"
Starting from B | 3 |: 3 |+4B and 3 |-34B
1 1 1

Al:  Gives both possible coordinates (—26,—15,10) and (22,9, -2)
Condone if given as vectors e.g. 22i+9j—2k and —-26i—-15j+10k
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Question Scheme Notes Marks
Number
5(a) 4424 =13+5u
4-31=—1+u For writing down any 2 of these M1
S464=4-3y equations.
E.g.
4422 =13+5u
4-31=—1+u Full method for finding 4 or Ml
=>A=..0r u=..
A=2, u=-1 Both correct values Al
—5+64=-5+12=7 Shows that the parameters satisfy the
4-3u=4+3=7 third equation and makes a Bl
So lines intersect conclusion.
A=2—>(4+4)i+(4-6)j+(-5+12)k
or Uses their A or g to find A4. Ml
p=-1-(13-5)i+(-1-1)j+(4+3)k
8i—2j+7k Correct vector or coordinates Al
()
(b) 2 5
“3le| 1]=10-3-18=+27+3>+67/5> +1>+3* cos® i
6) \-3
Full attempt at the scalar product between the direction vectors
11 Correct magnitude for cos @ (may be
cosf == implied by e.g. §=105.4... or Al
735 74.6...
0="74.6° Awrt 74.6 Al
. . . . (3)
(© | 2i-3j+ 6k| 213168 =7 1;?}(115 the magnitude of the direction M
35+7=5=1=5
8i—2j+7k+5 (2i _3j+ 6k) Correct strategy for one of the points | M1
(18,-17,37) or (-2,13,-23) One correct point (ignore labels) Al
P (1 8,—17, 37) and Q(—Z, 13, —23) Correct points with correct labels Al
“
Total 13

T
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< QUESTION

2(a) 3x+4 A N B N C
(x-2)(2x+1)* x-2 2x+1 (2x+1)?
3x+4=A(2x+1)*+B(x-2)(2x+1) +C(x-2)
E.g.X=2—>10=A><25:>A=...0rX=—%—>%=Cx—g:>0=... M1
orx’:0=4A+2B,x:3=4A-3B+C,x°:4=A-2B-2C > A=...
2 4
Oneof A== B=——,C=-1
c z Al
= A=..,B=...andC=... M1
3x+4 2 4 1 2 4
= — — r :—,B:——,C:—l
(x—2)(2x+1)? 5(x—2) 5(2x+1) (2x+1)’ 5 5 Al
4)
(0) de:aln X—2) or g dx=glIn(2x+1
X-2 ( ) 2x+1 4 ( )
8x+9 8x+4 5 2 M1
Alt: dex= -+ 2dx=;/ln(2x+1)+
(2x+1) (2x+1)* (2x+1)
k dx = K M1
(2x+1)? 2x+1
12 3 4 " 2 " ||4|| II1II 2
X x| < In(x-2)- —><—In(2x+1)+ Alft
, (X=2)(2x+1) 5 4x+2
2 2 1 2 2 1
=| =In(10)—=In(25)+— |—| =In(5) —=In(15) +— |=...
(5 (10) ¢ In( )+50j (5 (5)- ¢ In >+30] DM1
2,10, 1 2,5 12 10x15 M1
5 25 50 5 15 30 5 25><5
2.6 1
=In=—=—(oe
5n5 75 (0e) Al
(6)
(10 marks)

£
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MARK SCHEME - IAL P4 (WMA14) - January 2024 - Q6 P4.7a Vectors in 3D: lines, intersections & angles < QUESTION

Notes:

(@)

M1: Attempts a correct method leading to one of the constants. E.g. Multiplies through to

3x+4=A(2x+1)* +B(x—2)(2x+1) +C(x—2) (allowing for minor slips) and substitutes x = —% or

x = 2 or other method such as comparing coefficients. Implied by a correct value for A by cover-up
rule if no incorrect working is seen. If e.g. multiplies through by a wrong term such as (2x +1)°
then allow M1 here for the attempt.

Al: Any one of the three constants correct (probably A or C).

M1: For a full and correct method to obtain all three of the constants. If e.g. multiplies through by a
wrong term such as (2x+1)° then MO here. Implied by correct values if no method shown following
a correct identity (otherwise MO for just incorrect values stated).

Al: For a correct full partial expression form or correct values stated.

Note: if by comparing coefficients allow both M’s for achieving any 3 values following three
equations from the attempt at comparing with at least one correct.

(b)
M1: For integrating to obtain at least one In term. Note aln(5x—1o) and ,b’ln(10x+5) are equally

fine, as are other constant multiples of the inner brackets.
k

(2x+1)° - (2x+1)

ALft: Fully correct integration following through on their non-zero constants.

DM1: Depends on at least one the first two M’s being scored. Substitutes the limits and subtracts

either way round.

M1: Achieves a single log term with evidence of a correct use of at least one log law (e.g. power or

addition law). (Note log terms may initially have been combined earlier correctly, in which case

look for reaching a single log term.)

Al: Correct answer accept equivalents in the correct form (including if the modulus signs are left

in).

Use of constants (if no values for A, B and C are found) can score the M’s but not the A’s.

M1: For (any K) oe.

X2
RA
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< QUESTION

3(a) y2x+3y =4x* +k
2 dy dy
WX y—\+...)or3 3—
VX — xydx(+ ) y— ™ M1
yzx—>2xyﬂ+ y? Al
dx
...+3y=4x2+k—>...+33—y=8x Al
X
2xyd—y+y2+3d—y=8x:>d—y=... dm1
dx dx dx
dy 8x-y?
—=——" 08 Al
dx 2xy+3
(%)
(b) Y ggx-a-0=x=.. M1
dx
21
p= > Al
k=22x%+3x2—4x%=... M1
k=7 Al
(4)
Alt (b) (p,2) onC = 4p+6=4p*’+k=4p*-4p+k—-6=0
1\ M1
:>4(p—§) -1+k-6=0 or b’ —4ac=16-16(k—6)
(Min, single solution) = p=% or 16-16(k—-6)=0=k=7 Al
1 1Y ,
=k=7-4 57 or 4p°—-4p+7-6=0=p=.. M1
The other of p =% and k=7 Al
4)
(9 marks)
Notes:
(@)
M1: Some evidence of an attempt at implicit differentiation. Look for one of the terms being

differentiated with either the Sg—y or a term with kxyg—y or y> > ky% as part of a product rule
X X

seen appropriately.
Al: y*x differentiated correctly

£
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